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Solutions to Section 1.1 



True-False Review: 

1. FALSE. A derivative must involve some derivative of the function y = f(x), not necessarily the first 
derivative. 

2. TRUE. The initial conditions accompanying a differential equation consist of the values of y,y', ... at 
t = 0. 

3. TRUE. If we define positive velocity to be oriented downward, then 

dv 

Tt= 9 > 

where g is the acceleration due to gravity. 

4. TRUE. We can justify this mathematically by starting from a(t) = g, and integrating twice to get 
v(t) = gt + c, and then s(t) = -gt 2 + ct + d, which is a quadratic equation. 

5. FALSE. The restoring force is directed in the direction opposite to the displacement from the equilibrium 
position. 

6. TRUE. According to Newton's Law of Cooling, the rate of cooling is proportional to the difference 
between the object's temperature and the medium's temperature. Since that difference is greater for the 
object at 100°F than the object at 90°F, the object whose temperature is 100°F has a greater rate of 
cooling. 

7. FALSE. The temperature of the object is given by T(t) = T rn + ce~ kt , where T m is the temperature 
of the medium, and c and k are constants. Since e~ kt 0, we see that T(t) ^ T m for all times t. The 
temperature of the object approaches the temperature of the surrounding medium, but never equals it. 

8. TRUE. Since the temperature of the coffee is falling, the temperature difference between the coffee and 
the room is higher initially, during the first hour, than it is later, when the temperature of the coffee has 
already decreased. 

9. FALSE. The slopes of the two curves are negative reciprocals of each other. 

10. TRUE. If the original family of parallel lines have slopes k for k ^ 0, then the family of orthogonal tra- 
jectories are parallel lines with slope — p If the original family of parallel lines are vertical (resp. horizontal), 
then the family of orthogonal trajectories are horizontal (resp. vertical) parallel lines. 

11. FALSE. The family of orthogonal trajectories for a family of circles centered at the origin is the family 
of lines passing through the origin. 

Problems: 

(py 

1. Starting from the differential equation = g, where g is the acceleration of gravity and y is the unknown 

position function, we integrate twice to obtain the general equations for the velocity and the position of the 
object: 

dy gt 2 

— =gt + a and y(t) = — + at + c 2 , 

where a, C2 axe constants of integration. Now we impose the initial conditions: y(0) — 0 implies that c 2 = 0, 
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and ^r(O) = 0 implies that c\ = 0. Hence, the solution to the initial- value problem is 

y(t) - \. 

The object hits the ground at the time t 0 for which y(t 0 ) = 100. Hence 100 = ^, so that t 0 = ~ 4.52 

s, where we have taken g = 9.8 ms~ 2 . 

d 2 y 

2. Starting from the differential equation — T = g, where g is the acceleration of gravity and y is the unknown 

dt z 

position function, we integrate twice to obtain the general equations for the velocity and the position of the 
ball, respectively: 

dy , . 1 2 

— = gt+c and y(t) = -gt + ct + d, 

where c, d are constants of integration. Setting y = 0 to be at the top of the boy's head (and positive 
direction downward), we know that y(0) = 0. Since the object hits the ground 8 seconds later, we have that 
y(8) = 5 (since the ground lies at the position y = 5). From the values of y(0) and y(8), we find that d = 0 

5 - 32g 

and 5 = 32g + 8c. Therefore, c = . 

8 

(a) The ball reaches its maximum height at the moment when y'(t) = 0. That is, gt + c = 0. Therefore, 

c 32o-5 _ 

t= — = — ^ w 3.98 s. 

9 Sg 

(b) To find the maximum height of the tennis ball, we compute 

2/(3.98) w -253.51 feet. 

So the ball is 253.51 feet above the top of the boy's head, which is 258.51 feet above the ground. 

d 2 y 

3. Starting from the differential equation = g, where g is the acceleration of gravity and y is the unknown 

position function, we integrate twice to obtain the general equations for the velocity and the position of the 
rocket, respectively: 

dy , . . 1 o 

— = gt + c and y(t) = -gt + ct + d, 

where c, d are constants of integration. Setting y = 0 to be at ground level, we know that y(0) = 0. Thus, 
d = 0. 

(a) The rocket reaches maximum height at the moment when y'(t) = 0. That is, gt + c = 0. Therefore, the 
time that the rocket achieves its maximum height is t — — . At this time, y{t) — —90 (the negative sign 

accounts for the fact that the positive direction is chosen to be downward). Hence, 

c\ 1 c\ I c 



Solving this for c, we find that c = ±yT8TJg. However, since c represents the initial velocity of the rocket, 
and the initial velocity is negative (relative to the fact that the positive direction is downward), we choose 
c = — \/180<7 w —42.02 ms _1 , and thus the initial speed at which the rocket must be launched for optimal 
viewing is approximately 42.02 ms _1 . 
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c —42.02 

(b) The time that the rocket reaches its maximum height is t = — - w : — = 4.28 s. 

v ' 6 g 9.81 

d 2 y 

4. Starting from the differential equation —r = q, where g is the acceleration of gravity and y is the unknown 

at z 

position function, we integrate twice to obtain the general equations for the velocity and the position of the 
rocket, respectively: 

^ = gt + c and y(t) = ^gt 2 + ct + d, 

where c, d are constants of integration. Setting y = 0 to be at the level of the platform (with positive 
direction downward), we know that y(0) = 0. Thus, d = 0. 

(a) The rocket reaches maximum height at the moment when y'(t) = 0. That is, gt + c = 0. Therefore, the 
time that the rocket achieves its maximum height is t = — -. At this time, y(t) = —85 (this is 85 m above 

the platform, or 90 m above the ground). Hence, 

1 / \ 2 / \ 9 2 2 

1 I c\ I c\ cr tr tr 



Solving this for c, we find that c = ±yT70g. However, since c represents the initial velocity of the rocket, 
and the initial velocity is negative (relative to the fact that the positive direction is downward), we choose 
c = — y/VfOg w —40.84 ms _1 , and thus the initial speed at which the rocket must be launched for optimal 
viewing is approximately 40.84 ms _1 . 

c -40.84 

(b) The time that the rocket reaches its maximum height is t = — ~ — — - — = 4.16 s. 

g 9.81 

5. If y(t) denotes the displacement of the object from its initial position at time t, the motion of the object 
can be described by the initial-value problem 

" (0 » = °- > = - 2 - 

where g is the acceleration of gravity and y is the unknown position function. We integrate this differential 
equation twice to obtain the general equations for the velocity and the position of the object: 

dy . . gt 2 

— =gt + c 1 and y(t) = — + c±t + c 2 . 

dy 

Now we impose the initial conditions: since y(0) = 0, we have c 2 = 0. Moreover, since "^r(O) = ~ 2, we have 

gt 2 

C\ = —2. Hence the solution to the initial-value problem is y(t) = — 2t. We are given that y(W) = h. 

Consequently, h = ^ 2-10 ==> h = 10(5<7 — 2) w 470 m where we have taken g = 9.8 ms~ 2 . 

6. If y(t) denotes the displacement of the object from its initial position at time t, the motion of the object 
can be described by the initial-value problem 

g= 9 , „(0) = 0, |(0).». 
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We integrate the differential equation twice to obtain the velocity and position functions, respectively: 



dy gt 2 

— =gt + c 1 and y(t) = — + C\t + c 2 . 



dy , 



Now we impose the initial conditions. Since y(0) = 0, we have c 2 = 0. Moreover, since ^r(O) = w o ; we navc 

gt 2 

c\ = v 0 - Hence the solution to the initial-value problem is y(t) — — + v a t. We are given that y(t 0 ) = h. 
Consequently, h = gt 2 , + v n t 0 . Solving for v 0 yields 



v 0 = 



2fe - gtl 
2t 0 



7. From y{t) = A cos (cot — (f)), we obtain 
dy 



dt 



= — Aw sin (tot 



and 



<Py 
dt 2 



= —Auj 2 cos (tot — (/>). 



Hence, 



dt 2 



+ uj 2 y — —Auj 2 cos (ujt — <f>) + Auj 2 cos (uit — <j)) = 0. 



Substituting y(0) = a, we obtain a — Acos(— <j>) = Acos((f>). Also, from -gf(O) = 0, we obtain 0 
— Ajsin(— 4>) = Ausm((j>). Since A^O and uj ^ 0 and < w, we have 0 = 0. It follows that a = A. 

8. Taking derivatives of y(t) = c\ cos (tot) + c 2 sin (cut), we obtain 



dy 
dt 



-Ciu) sin (ojt) + C2L0 cos (cot) 



and 



dt 2 



-ciu 2 cos (ujt) — c 2 uj 2 sin (cot) — —cj 2 [ci cos (cot) + c 2 cos (tot)] = —co 2 y. 



d 2 y 

Consequently, + u> 2 y = 0. To determine the amplitude of the motion we write the solution to the 
differential equation in the equivalent form: 



y(t) = yfe 

We can now define an angle 4> by 



■ 2 + c 2 



cos (cot) H ° 2 sin (cut) 



cos &> — 



Cl 



and sin 6 = 



C2 



V^l + C 2 ^ V C 1 + C 2 

Then the expression for the solution to the differential equation is 

y(t) — \J c\ + c\ [cos (cot) cos cj> + sin (tut) sin 0] = \J c\ + c 2 cos (ui + 0). 



Consequently the motion corresponds to an oscillation with amplitude A = y / cf~+cf . 
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9. We compute the first three derivatives of y(t) = lnt: 

dy _ 1 d 2 y _ 1 d 3 y _ 2 

dt~t' ~d¥~~t2' ~d¥~t*' 

Therefore, 

'dy\ 3 2 d 3 y 



dt 7 t 3 (it 3 ' 



2 

as required. 

10. We compute the first two derivatives of y(x) = x/(x+ 1): 

dy^ J_ cPy^ 2 

dx (x+1) 2 an <ix 2 (x+1) 3 ' 

Then 

d 2 y _ x 2 .x 3 + 2x 2 + x - 2 _ (x + 1) + (x 3 + 2x 2 - 3) _ 1 x 3 + 2x 2 - 3 

V+ dx^ _ x+1 ~ (a; + 1)3 ~ (x+ l) 3 ~ (x+1) 3 ~ (x + 1) 2 + (1 + x) 3 ' 

as required. 

11. We compute the first two derivatives of y(x) = e x sin a:: 

dy 

— = e x (sin x + cos x) and — — = 2e x cos x. 
dx dx z 

Then 

d 2 y 

2w cot x — r = 2(e x sin x) cot x — 2e x cos x = 0, 

ax' 3 

as required. 

dT d 

12. Starting from (T — T m ) _1 — — = — fe, we obtain — (ln|T — T ni \) — —k. The preceding equation can 

\ArV \Jbv 

be integrated directly to yield In \T — T m \ = —kt + c\. Exponentiating both sides of this equation gives 
\T - T rn \ = e~ kt+Cl , which can be written as 

T - T = ce" kt 

where c = ±e Cl . Rearranging this, we conclude that T(t) = T m + ce~ kt . 

13. After 4 p.m. In the first two hours after noon, the water temperature increased from 50° F to 55° 
F, an increase of five degrees. Because the temperature of the water has grown closer to the ambient air 
temperature, the temperature difference \T — T m \ is smaller, and thus, the rate of change of the temperature 
of the water grows smaller, according to Newton's Law of Cooling. Thus, it will take longer for the water 
temperature to increase another five degrees. Therefore, the water temperature will reach 60° F more than 
two hours later than 2 p.m., or after 4 p.m. 

14. The object temperature cools a total of 40° F during the 40 minutes, but according to Newton's Law of 
Cooling, it cools faster in the beginning (since \T — T m \ is greater at first). Thus, the object cooled half-way 
from 70° F to 30° F in less than half the total cooling time. Therefore, it took less than 20 minutes for the 
object to reach 50° F. 
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15. Applying implicit differentiation to the given family of curves x 2 + Aqj 2 = c with respect to x gives 

2x + 8y^ = 0. 
ax 

Therefore, 

dy x 
dx Ay 

Therefore, the collection of orthogonal trajectories satisfies: 



dx x 
where k = ±e Cl . 



1 dy _ A 
y dx x 



£< ta i»i> = ; 



In \y\ — 4 In \x\ + c\ 



y = kx, 




Figure 1: Figure for Problem 15 



16. Differentiation of the given family of curves y = — with respect to x gives 

x 



dy_ 
dx 



1 c 

X X 



V 

X 



Therefore, the collection of orthogonal trajectories satisfies: 

d (\ 



dy x 
dx y 

where C2 = 2ci . 



dy 
y-r- = x 

dx 



dx\2 



1 2 1 a , 

- 2 y =- 2 * +ci 



1 1 

y -x =c 2 , 











1 


r 



Figure 2: Figure for Problem 16 
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17. Solving the equation y = cx for c gives c = —~. Hence, differentiation leads to 

x z 



dy 



dx Vx- 1 
Therefore, the collection of orthogonal trajectories satisfies: 

dy x ^ ^ dy ^ d 

dx 2y dx dx 

where c 2 = 1c\. 



(y 2 ) = -x 



-x + c\ 



2y 2 + x 2 = c 2 , 




Figure 3: Figure for Problem 17 



y 

18. Solving the equation y = cx 4 for c gives c = — r. Hence, 

x 4 



$U 4c x 3 = 4 
dx 



x 3 = 



Therefore, the collection of orthogonal trajectories satisfies: 



dy 
dx 



x 
Ay 

where c 2 — 2c\. 



dy 

dx 



d 

dx 



(2y 2 ) 



Ay 

x 



2y 2 



-X + Ci 



4y 2 + x 2 = c 2 , 



— 






^(\\ 


V1.5\ -1-0 // 

/ f -0.4- 


< i 

V\ 1.0 1.5 







Figure 4: Figure for Problem 18 

19. Implicit differentiation of the given family of curves y 2 = 2x + c with respect to x gives 2y^ = 2. That 

is, ^ = — . Therefore, the collection of orthogonal trajectories satisfies: 
ax y 



r/x 



dx 



d 

dx 



(InM) 



ln|y| 



y = ke x , 
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where k — ±e Cl . 

dy 

20. Differentiating the given family of curves y = ce x with respect to x gives — — = ce x = y. Therefore, the 

dx 

collection of orthogonal trajectories satisfies: 
dy 1 , . dy 1 d (\ 2 \ 1 2 2 



y— — = —1 =>• — —y = —1 ==>• — y = —a; + ci =>• y = — 2x + c 2 , 
dx y dx dx \2 J 2 

where c 2 = 2ci. 




21. Differentiating the given family of curves y = mi + c with respect to x gives = to. Therefore, the 
collection of orthogonal trajectories satisfies: 

dy 1 1 

— = =>• y= x + ci. 

dx m to 



22. Differentiating the given family of curves y = ca: m with respect to x gives — = cmx m ~ . Since c = — , 

dx x m 

dy Tny 

we have — = . Therefore, the collection of orthogonal trajectories satisfies: 

dx x 

dy = x_ ^ dy = _x_ ^ jL(lA = _^_ ^ -i 2 = — x 2 +c => 2 = - — x 2 +c 2 

dx my dx to dx \2 ) m 2 2m m ' 
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where c 2 = 2c\. 



dy 



23. Implicit differentiation of the given family of curves y +mx = c with respect to x gives 2y— — \-1mx = 0. 

ax 



That is, ^ 
ax 



mx 



Therefore, the collection of orthogonal trajectories satisfies: 



dy = y 
dx mx 



-idy = J_ 
dx mx 



jV|y|) = — 

dx mx 



mln \y\ — In |a;| + ci 



c 2 x, 



where c 2 = ±e c 



dy 

24. Implicit differentiation of the given family of curves y 2 — mx + c with respect to x gives 2y— = m. 



dy m 

That is, — — = — . Therefore, the collection of orthogonal trajectories satisfies: 



_ _2y 
dx m 



-idy 

dx 



2 
m 



dx 



(ln|y|) 



2 

rn 



ln\y\ 



X+Ci 



dx 



V = c 2 e 



where c 2 = ±e c 



25. Consider the coordinate curve u = x 2 + 2y 2 (i.e. it is constant). Differentiating implicitly with respect to 



dy dy 
x gives 0 — 2x + 4y—. Therefore, — 
dx dx 



_ 2y 

dx x 



-idy 
dx 



Therefore, the collection of orthogonal trajectories satisfies: 



2y 

d n i n 2 

da; a; 



In \y\ = 21n |x| + c a 



where c 2 = ±e c 




Figure 7: Figure for Problem 25 



26. We have mi = tan (ai) = tan (a 2 — a) = 



tan (a 2 ) — tan (a) m 2 — tan (a) 



1 + tan (a 2 ) tan (a) 1 + m 2 tan (a) 
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Solutions to Section 1.2 

True-False Review: 

1. FALSE. The order of a differential equation is the order of the highest derivative appearing in the 
differential equation. 

2. TRUE. This is condition 1 in Definition 1.2.11. 

3. TRUE. This is the content of Theorem 1.2.15. 

4. FALSE. There are solutions to y" + y = 0 that do not have the form cicosx + 5c 2 cosx, such as 
y(x) — sin a;. Therefore, cicosx + 5c2Cosa; does not meet the second requirement set forth in Definition 
1.2.11 for the general solution. 

5. FALSE. There are solutions to y" + y — 0 that do not have the form c\ cos x + 5ci sin x, such as 
y(x) — cosx + sinx. Therefore, cicosx + 5cisinai does not meet the second requirement set form in 
Definition 1.2.11 for the general solution. 

6. TRUE. Since the right-hand side of the differential equation is a function of x only, we can integrate 
both sides n times to obtain the formula for the solution y(x). 

Problems: 

1. 2, nonlinear. 

2. 3, linear. 

3. 2, nonlinear. 

4. 2, nonlinear. 

5. 4, linear. 

6. 3, nonlinear. 

7. We can quickly compute the first two derivatives of y(x): 

y'(x) = (c 1 + 2c 2 )e a: cos2a; + (-2c 1 + C2)e a: sin2x and y"(x) = (-3ci +4c 2 )e x cos 2x + (-4ci -3c 2 )e x sin x. 
Then we have 

y" - 2y' + 5y 

= [(-3ci + Ac 2 )e x cos 2x + (-4ci - 3c 2 )e x sinx]-2 [(ci + 2c 2 )e x cos 2a; + (-2ci + c 2 )e x sin 2x]+5(cie x cos 2x+c 2 e x sin 2x), 
which cancels to 0, as required. This solution is valid for all x € R. 

8. We can quickly compute the first two derivatives of y(x): 

y\x) = Cl e x - 2c 2 e~ 2x and y"(x) = Cl e x + 4c 2 e- 2x . 

Then we have 

y" + y' - 2y - ( Cl e x + 4c 2 e- 2x ) + [c x e x - 2c 2 e- 2x ) - 2( Cl e x + c 2 er 2x ) = 0. 
Thus y(x) = c\e x + c 2 e~ 2x is a solution of the given differential equation for all x e E. 
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9. The derivative of y(x) = — - — is y'(x) = —-, — ,„ = — y 2 . Thus y(x) = — - — is a solution of the given 

yy ' x + 4 y y ' (x + 4) 2 y yy ' x + 4 8 

differential equation for x G (— oo,— 4) or x G (— 4, oo). 

10. The derivative of y(x) = Ciy/x is y'(x) — — p = ^— • Thus y(x) = c\\fx is a solution of the given 
differential equation for all x > 0. 

11. We can quickly compute the first two derivatives of y(x) = c\e~ x sin (2x): 

y'(x) = 2cie~ x cos (2x) - c\e~ x sin (2a;) and y"{x) = -3cie~ x sin (2x) - 4c x e~ x cos (2a;). 
Therefore, we have 

y" + 2y' + 5y = -3cie~ x sin (2a;) - 4 Cl e~ x cos (2a;) + 2[2 Cl e' x cos (2a;) - c x e~ x sin (2a;)] + 5[ae~ x sin (2a;)] = 0, 
which shows that y(x) — c\e~ x sin (2x) is a solution to the given differential equation for all iel. 

12. We can quickly compute the first two derivatives of y(x) — c\ cosh (3x) + c 2 sinh (3x): 

y'(x) — 3ci sinh (3x) + 3c2 cosh (3x) and y"{x) — 9ci cosh (3x) + 9c 2 sinh (3x). 
Therefore, we have 

y" -9y= [9ci cosh (3x) + 9c 2 sinh (3x)] - 9[a cosh (3x) + c 2 sinh (3x)] = 0, 
which shows that y(x) = c\ cosh (3x) + c 2 sinh (3x) is a solution to the given differential equation for all 

iel. 

Cl c 2 

13. We can quickly compute the first two derivatives of y(x) = — - H : 

x 6 x 

Therefore, we have 

xV + 5x y ' + 3 y = x 2 f^ + ^)+5xf-^-i|) + 3(^ + ^)=0, 
\ x a x A ) \ x 4 x z J \x 6 xJ 

Cl c 2 

which shows that y{x) = — ^ H is a solution to the given differential equation for all x G (— oo,0) or 

x G (0, oo). 

14. We can quickly compute the first two derivatives of y{x) = c\^fx + 3x 2 : 

y'O) = ^7= + 6x and y"(x) = --%= + 6. 

Therefore, we have 

2xV - xy' + y = 2x 2 ( C -)= + 6 ] - x ( + 6x ) + (ds/x + 3x 2 ) = 9x 2 , 

V 4Vx 3 / V 2 ^ / 

which shows that y(x) = ci^fx + 3x 2 is a solution to the given differential equation for all x > 0. 
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15. We can quickly compute the first two derivatives of y(x) = c\x 2 + c 2 x 3 — x 2 sinx: 

y'(x) = 2c\x + 3c 2 x 2 — x 2 cosx — 2xsinx and y"(x) — 2c\ + 6c 2 x + x 2 s'mx — 2x cos x — 2xcos —2 sinx. 
Substituting these results into the given differential equation yields 

x 2 y" — Axy 1 + 6y — x 2 (2ci + 6c 2 x + x 2 sinx — 4xcosx — 2 sinx) 

— Ax{2c\x + 3c 2 x 2 — x 2 cos x — 2x sin x) + 6(cix 2 + c 2 x 3 — x 2 sin x) 
— 2c\x 2 + 6c 2 x 3 + x 4 sin x — 4.x 3 cos x — 2x 2 sin x 

— Scix 2 — 12c 2 x 3 + 4x 3 cosx + 8x 2 sinx + 6c!X 2 + 6c 2 x 3 — 6x 2 sinx 

= x 4 sin x. 

Hence, y{x) — c\x 2 + c 2 x 3 — x 2 sinx is a solution to the differential equation for all x € K. 

16. We can quickly compute the first two derivatives of y(x) = c\e ax + c 2 e bx : 

y' (x) = aci e ax + bc 2 e bx and y" (x) = a 2 Cl e ax + b 2 c 2 e bx . 

Substituting these results into the differential equation yields 

y" - (a + b)y' + aby = a 2 Cl e ax + b 2 c 2 e bx - (a + b)(a Cl e ax + bc 2 e bx ) + ab( Cl e ax + c 2 e bx ) 
= (a 2 ci - a 2 ci - abci + abci)e ax + (b 2 c 2 - abc 2 - b 2 c 2 + abc 2 )e bx 
= 0. 

Hence, y(x) = c\e ax + c 2 e bx is a solution to the given differential equation for all iel. 

17. We can quickly compute the first two derivatives of y(x) — e ax (ci + c 2 x): 

y'[x) = e ax {c 2 ) + ae ax (c x + c 2 x) = e ax (c 2 + ac x + ac 2 x) 

and 

y"(x) = ea ax (ac 2 ) + ae ax (c 2 + ac Y + ac 2 x) = ae ax (2c 2 + ac\ + ac 2 x). 
Substituting these into the differential equation yields 

y" - 2ay' + a 2 y = ae ax (2c 2 + ac\ + ac 2 x) - 2ae ax (c 2 + ac x + ac 2 x) + a 2 e ax (a + c 2 x) 
= ae ax (2c 2 + aci + ac 2 x — 2c 2 — 2ac\ — 2ac 2 x + ac\ + ac 2 x) 
= 0. 

Thus, y(x) = e ax (ci + c 2 x) is a solution to the given differential equation for all x e E. 

18. We can quickly compute the first two derivatives of y(x) = e ax (ci cosbx + c 2 sinfex): 

y'(x) = e ax {—bc\ sin bx + bc 2 cos bx) + ae ax {c\ cos bx + c 2 sin bx) 

= e ax [(bc 2 + aci) cos bx + (ac 2 — bc\) sin bx] , 
y"(x) = e ax {—b(bc 2 + aci) sin bx + b(ac 2 + bc\) cos bx] + ae ax [(bc 2 + ac\) cos bx + (ac 2 + bci) sin&x] 

= e ax [(a 2 ci — b 2 ci + 2abc 2 ) cos bx + (a 2 c 2 — b 2 c 2 — a6ci)sin6x]. 
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Substituting these results into the differential equation yields 

y" - 2ay' + (a 2 + b 2 )y = (e aa; [(a 2 ci - b 2 c x + 2abc 2 ) cos bx + (a 2 c 2 - b 2 c 2 - aba) sin bx]) 

- 2a(e ax [(bc 2 + aci) cos&x + (ac 2 - bci) sin bx]) + (a 2 + b 2 )(e ax (a cosbx + c 2 sin bx)) 

= e a:E [(a 2 ci - b 2 c x + 2abc 2 - 2abc 2 - 2a 2 c x + a 2 c x + b 2 c x ) cosbx 
+ (a 2 c 2 — b 2 c 2 — 2abc\ + 2abc\ — 2a 2 c 2 + a 2 c 2 + b 2 c 2 ) sin 6a;] 

= 0. 

Thus, y(x) — e ax (ci cosbx + c 2 sin6x) is a solution to the given differential equation for all x e R. 

19. From y(x) — e rx , we obtain y'(x) = re rx and y"(x) = r 2 e rx . Substituting these results into the given 
differential equation yields e rx (r 2 + 2r — 3) = 0, so that r must satisfy r 2 + 2r — 3 = 0, or (r + 3)(r - 1) = 0. 
Consequently r — — 3 and r = 1 are the only values of r for which y(x) = e rx is a solution to the given 
differential equation. The corresponding solutions are y(x) — e~ 3x and y(x) = e x . 

20. From y(x) — e rx , we obtain y'(x) — re rx and y"(x) = r 2 e rx . Substituting these results into the given 
differential equation yields e rx (r 2 — 8r + 16) = 0, so that r must satisfy r 2 — 8r + 16 = 0, or (r — 4) 2 = 0. 
Consequently the only value of r for which y(x) — e rx is a solution to the differential equation is r — 4. The 
corresponding solution is y{x) = e . 

21. From y(x) = x r , we obtain y'(x) = rx r ~ 1 and y"{x) = r(r — l)x r ~ 2 . Substituting these results into the 
given differential equation yields x r [r{r — 1) + r — 1] = 0, so that r must satisfy r 2 — 1 = 0. Consequently 
r = — 1 and r = 1 are the only values of r for which y(x) = x r is a solution to the given differential equation. 
The corresponding solutions are y(x) — x~ x and y(x) = x. 

22. From y(x) — x r , we obtain y'(x) = rx r ~ 1 and y"(x) = r(r — l)x r ~ 2 . Substituting these results into 
the given differential equation yields x r [r(r — 1) + 5r + 4] =0, so that r must satisfy r 2 + 4r + 4 = 0, or 
equivalently (r + 2) 2 = 0. Consequently r = — 2 is the only value of r for which y(x) — x r is a solution to 
the given differential equation. The corresponding solution is y(x) = x~ 2 . 

23. From y(x) = \x(bx 2 - 3) = ^(5.t 3 - 3a;), we obtain y'(x) = ^(I5x 2 - 3) and y"(x) = 15a;. Substituting 
these results into the Legendre equation with N — 3 yields 

(1 - x 2 )y" - 2xy' + I2y = (1 - x 2 ){lbx) + x(l5x 2 - 3) + 6a;(5a; 2 - 3) = 0. 

Consequently, the given function is a solution to the Legendre equation with N = 3. 

24. From y(x) = ao + a\x + a 2 x 2 , we obtain y'(x) = a\ + 2a 2 x and y"(x) = 4a 2 . Substituting these results 
into the given differential equation yields (1 — x 2 )(2a 2 ) — x(a\ + 2a 2 x) + 4(a 0 + a\x + a 2 x 2 ) = 0. That is, 
iaix + 2a 2 +Aa Q = 0. For this equation to hold for all x we require 3ai = 0, and 2a 2 +4a 0 = 0. Consequently, 
ai = 0 and a 2 = — 2a 0 . The corresponding solution to the differential equation is y(x) = a 0 (l — 2x 2 ). 
Imposing the normalization condition y(l) = 1 requires that ao = — 1. Hence, the required solution to the 
differential equation is y(x) = 2x 2 — 1. 

dy 

25. Differentiating xsiny — e x = c implicitly with respect to x yields xcosy- — h siny — e x = 0. Thus, 

aa; 

dy e x — sin y 
dx x cos y 
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dy dy 

26. Differentiating xy 2 + 2y — x = c implicitly with respect to x yields 2xy- — h y 2 + 2- 1 = 0. Thus, 

ax ax 

dy 1 — y 2 



dx 2(xy + l) 

dy 

27. Differentiating e xy — x = c implicitly with respect to x yields e xy [x- — h y] — 1 = 0. Therefore, we have 

xe xyd ^ + ye xy = 1. Hence, ^ = 1 - V& " . Given that y(l) = 0, we have e°W - 1 = c, so that c = 0. 

dx dx xe xy 

In x 

Therefore, e xy — x — 0. Rearranging this equation and taking logarithms, we conclude that y = . 

x 

28. Differentiating e y / x + xy 2 — x = c implicitly with respect to x yields 

dy 



e y/x 



dx 



2xy d ^ + y 2 - 1 = 0. 
dx 



A short algebraic simplification yields 

dy _ x 2 (l - y 2 )+ye y / x 



dx x(e y / x + 2x 2 y) 

dy 

29. Differentiating x 2 y 2 — sin x = c implicitly with respect to x yields 2x 2 y — +2xy 2 — cos x — 0. Rearranging, 

dx 

dy cosx — 2xy 2 , 1 . mi r 

we obtain — = . Since ytw) = — , we have 7r z — — sm7r = c. Iherefore, c = I. Hence, 

dx 2x z y 7T \tt J 

x 2 y 2 — sin x = 1 so that ?y 2 = ^ X . Since y(ir) = — , take the branch of y where x > 0, so that 
. \/l + sinx 

y{x) • 

dy 

30. By integrating — = sinx with respect to x, we obtain y(x) — — cos a; + c for all iel. 

dx 

31. By integrating ^ = a; -1 / 2 with respect to x, we obtain y(x) = 2X 1 / 2 + c for all x > 0. 

dp 1 y dy 

32. By integrating — — = xe x twice with respect to x, we obtain — = xe x — e x + c\ and y(x) = xe x — 

dx z dx 
2e x + cix + c 2 for all x € R. 

33. We consider three cases: 

dy 

Case 1: n = —1: In this case, two integrations with respect to x yields — = ln|x| + c\ and y(x) = 
xln |x| + c\x + c 2 for all x e (— oo, 0) or x e (0, oo). 

dy 

Case 2: n = —2: In this case, two integrations with respect to x yields — = — x _1 + c\ and y(x) = 
C\x + c 2 — In |x| for all x G (— oo, 0) or x e (0, oo). 
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dy x n+1 

Case 3: — 1, —2: In this case, two integrations with respect to x yields — = + c\ and y(x) = 

dx n + 1 

x n+2 

-. — -r + C\X + c 2 for all x e K. 

(n+l)(n + 2) 

dy 

34. Integrating — = In a; with respect to x yields y{x) = xhix—x+c. Since y(l) = 2, we have 2 = 1(0)— 1+c, 
so that c = 3. Thus, y(x) = x In x — x + 3. 

d 2 y 

35. Integrating — ^ = cos a; twice with respect to x yields 

dx z 

dy , N 

— =sina; + Ci and ym = — cos x + C\X + c 2 . 
dx 

From y'(0) = 1, we obtain c\ = 1, and from y(0) = 2, we obtain c 2 = 3. Thus, y(x) = 3 + x — cos a;. 

36. Integrating — — = 6a; three times with respect to x, we obtain 

dx 6 

d 2 y 2 dy o , . 1 4 1 2 

— ^ = 3a; +ci, — = x° + c x x + c 2 , y(a;) = -a; + -cix +c 2 a; + c 3 . 

dx z dx 4 2 



From j/"(0) = 4, we obtain Ci = 4, from y'(0) = —1, we obtain c 2 = —1, and from y(0) = 1, we obtain 
c 3 = 1. Thus, y(x) = \x A + 2a; 2 - x + 1. 

37. Integrating j/"(a;) = xe x twice with respect to x, we obtain 

= xe x - e x + a and y(x) = xe x - 2e x + C\X + c 2 . 
From y'(0) = 4, we obtain c\ — 5, and from y(0) = 3, we obtain c 2 = 5. Thus, y(x) = xe x — 2e x + 5x + 5. 

38. Starting with y(x) = cie 21 + c 2 e~ x , we find that y'(x) — c\e x — cie~ x and y"(x) = c\e x + c 2 e~ x . Thus, 
y" — y = 0, so = c\e x + c 2 e~ x is a solution to the differential equation on (— oo, oo). Next we establish 
that every solution to the differential equation has the form c\e x + c 2 e _2: . Suppose that y — f(x) is any 
solution to the differential equation. Then according to Theorem 1.245, y = f(x) is the unique solution to 
the initial-value problem 

y"-y = 0, 2/(0) = /(0), y'(0) = /'(0). 
However, consider the function 

^)= /(0)+ 2 //(0) e- + /(0) - //(0) e-. 

This is of the form y(x) = c\e x + c 2 e _2: , where c\ = lQi±J- ^ and c 2 = ^°^~ 2 * ~ > an< i therefore solves the 
differential equation y" — y = 0. Furthermore, evaluation this function at x = 0 yields 

2/(0) - /(0) and y'(0) = /'(0). 

Consequently, this function solves the initial-value problem above. However, by assumption, y(x) = f(x) 
solves the same initial- value problem. Owing to the uniqueness of the solution to this initial-value problem, 
it follows that these two solutions are the same: 

f(x) = c x e x + c 2 e- x . 



1G 



Consequently, every solution to the differential equation has the form y(x) — c\€ x + c 2 e x , and therefore 
this is the general solution on any interval /. 

d 2 y 

39. Integrating -— r = e x twice with respect to x, we obtain 

dx 1 

dy 

— = — eT x + c\ and y(x) = e~ x + c\x + c 2 . 
dx 

From y(0) = 1, we obtain c 2 = 0, and from y(l) = 0, we obtain c\ = —\. Hence, y(x) = e~ x — \x. 
d 2 y 

40. Integrating — — = — 6 — 4 In a; twice with respect to x, we obtain 

dx 1 

^ = — 2x — 4a; In a; + C\ and ylx) = — 2x 2 In x + C\X + c 2 . 
dx 

From y{l) = 0, we obtain c\ + c 2 = 0, and from y(e) = 0, we obtain ec\ + c 2 = 2e 2 . Solving this system 

2e 2 2e 2 2e 2 

yields c\ = and c 2 = -. Thus, y(x) = -(x — 1) — 2x 2 lnx. 

e — 1 e — 1 e — 1 

41. We use the general solution y(x) — c x cos a; + c 2 sinx and seek values of C\ and c 2 . 

(a) From y(0) = 0, we find that c\ = 0, and from y(7r) = 1, we find that 1 = c 2 (0), which is impossible. 
Hence, we have no solutions. 

(b) From y(0) = 0, we find that C\ = 0, and from y(n) = 0, we find that 0 = c 2 (0), so c 2 can be any real 
number. Hence, we have infinitely many solutions. 

42-47. Use some kind of technology to define each of the given functions. Then use the technology to 
simplify the expression given on the left-hand side of each differential equation and verify that the result 
corresponds to the expression on the right-hand side. 

48. (a) Use some form of technology to substitute y(x) = a + bx + cx 2 + dx 3 + ex 4 + fx 5 where a, b, c, d, e, / 
are constants, into the given Legendre equation and set the coefficients of each power of x in the resulting 
equation to zero. The result is: 

e = 0, 20/ + 18rf = 0, e + 2c = 0, 3d +146 = 0, c+15a = 0. 

Now solve for the constants to find: a = c = e = 0, d = —^b, f — —j^d = ^b. Consequently, the 
corresponding solution to the Legendre equation is: 

, ^ , A 14 2 21 4 
y(x) = bx I 1 - —x + —x 

Imposing the normalization condition y(l) = 1 requires 1 = 6(1 — ^ + ^) =^> b = ^. Consequently, the 
required solution is y(x) — |x(15 — 70a; 2 + 63a; 4 ). 

49. (a) Mx) = E (2 ) = 1 3- 2 + + ■ 

(b) A Maple plot of J(0,a;,4) is given in the accompanying figure. 

From this graph, an approximation to the first positive zero of Jo (a;) is 2.4. Using the Maple internal function 
BesselJZeros gives the approximation 2.404825558. 
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J(0,x,4) 




Figure 8: Figure for Problem 49(b) 



(c) A Maple plot of the functions Jo(x) and J(0,x,4) on the interval [0,2] is given in the accompanying 
figure. We see that to the printer resolution, these graphs are indistinguishable. On a larger interval, for 
example, [0,3], the two graphs would begin to differ dramatically from one another. 

J 0 (x), J(0, x, 4) 




0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 

Figure 9: Figure for Problem 49(c) 



(d) By trial and error, we find the smallest value of m to be m — 11. A plot of the functions J(0,x) and 
J(0,x, 11) is given in the accompanying figure. 

J(0, x), J(0, x, 11) 




Figure 10: Figure for Problem 49(d) 
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Solutions to Section 1.3 



True-False Review: 

1. TRUE. This is precisely the remark after Theorem 1.3.2. 

2. FALSE. For instance, the differential equation in Example 1.3.6 has no equilibrium solutions. 

3. FALSE. This differential equation has equilibrium solutions y(x) = 2 and y(x) = —2. 

4. TRUE. For this differential equation, we have f(x,y) = x 2 + y 2 . Therefore, any equation of the form 
x 2 + y 2 = k is an isocline, by definition. 

5. TRUE. Equilibrium solutions are always horizontal lines. These are always parallel to each other. 



6. TRUE. The isoclines have the form x — k, or x 2 + y 2 = 2ky, or x 2 + (y — k) 2 = k 2 , so the statement 
is valid. 

7. TRUE. An equilibrium solution is a solution, and two solution curves to the differential equation 
2^ = f(x, y) do not intersect. 



Problems: 



- w -i d » - —2 o:„„ ^ u dy _ y 



1. Taking the derivative of y = cx , we obtain — = —cx 2 . Since c = xy, this becomes — = — 

ax ax x 

2. Taking the derivative of y = cx 2 , we obtain — ^ = lex. Since c = this becomes = — . 

ax x z ax x 

dy x 2 -\- y 2 

3. Implicit differentiation of x 2 + y 2 = 2cx with respect to x yields 2x + 2y— = 2c. Now, c = , so 

ax 2x 
dy x 2 + y 2 dy x 2 + y 2 dy y 2 - x 2 

2x + 2y— = . Hence, y— = — x. Consequently, — = — . 

dx x dx 2x dx 2xy 

dy dy y^ 

4. Implicit differentiation of y 2 — cx with respect to x yields 2y— — c. Since c = — , we have 2y— = '—. 

dx x dx x 

dy y 

Rearranging this equation, we obtain — = — . 

dx 2x 

dy dy x 

5. Implicit differentiation of 2cy = x 2 — c 2 with respect to x yields 2c— = 2x, so that — = — . Now from 

dx dx c 

c 2 + 2cy — x 2 = 0, we use the quadratic equation to obtain 



-2y±^4y 2 + 4x 2 

\ = -y± \/x 2 + y 2 . 

Hence. 



2 



dy x x 

dx c - y ± ^/x 2 + y 2 ' 



9 • i .,,„(!)/ „ „ TT dy x 



6. Implicit differentiation of y 2 — x 2 = c with respect to x yields 2y- 2x — 0. Hence, . 

dx dx y 
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7. Algebraic simplification of (x — c) 2 + (y — c) 2 — 2c 2 yields x 2 — 2cx + y 2 — 2cy = 0. Implicit differentiation 
of this equation gives 



Therefore, 



2x-2c+ 2y'^- - 2c ^ = 0. 
ax ax 



dy 2c~ 2x c — x 
dx 2y — 2c y—c 



x 2 -\- y 2 dy 

We have c = — -. r. Substituting this value for c into the previous formula for — — and simplifying, we 

2(x + y) dx 

dy x 2 + 2xy — y 2 

obtain — = — -. 

dx y A + 2xy — x z 

8. Implicit differentiation of x 2 + y 2 — c with respect to x yields 2x + 2y— = 0. Thus. — = . 

dx dx y 




Figure 11: Figure for Problem 8 



9. Differentiation of y = cx 3 with respect to x yields — = 3cx 2 = 3^-x 2 = — . The initial condition 

dx x A x 

2/(2) = 8 implies that 8 = c(2) 3 . Hence, c = 1. Thus the unique solution to the initial-value problem is 
y = x 3 . 




(2,8} 



Figure 12: Figure for Problem 9 
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o • • y y y 

10. Implicit differentiation of y — cx with respect to x yields 2y— — = c. Thus, 2y — = — , which can be 

ax ax x 

(£y y 

rearranged to read — — = — . That is, 2x ■ dy — y ■ dx — 0. The initial condition y(l) = 2 implies that c = 4, 
dx — • ' 

so that the unique solution to the initial- value problem is y 2 = Ax. 



Figure 13: Figure for Problem 10 



11. Expanding (x — c) 2 + y 2 = c 2 yields x 2 — 2cx + c? + y 2 = c 2 , or x 2 

dy dy dy 

with respect to x gives 2x — 2c + 2y— '— =0. Solving for —— , we have — 

dx dx dx 



2cx + y 2 = 0. Differentiating 



c-x x 2 + y 2 

. Now, c = . 

2x 



and 



y 



substituting this into the differential equation just obtained and simplifying yields 



dy y 2 



x 



Imposing 



dx 2xy 

the initial condition y(2) = 2 in the equation x 2 — 2cx + y 2 — 0, we find that c = 2. Therefore, the unique 
solution to the initial- value problem is y — +y / x(4 — x). 





Figure 14: Figure for Problem 11 



df 

12. Let f(x,y) — x sin (x + y) , which is continuous for all x, y G R. Then — — = x cos (x + y) , which is 



continuous for all x, y £ 



By Theorem 1.3.2, the initial-value problem 
dy 



dy 



dx 



xsin(x + y), y(x 0 ) = ya 



has a unique solution for some interval / £ 
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13. Let 



f{x,y) 



-(y 2 -9), 



which is continuous for all x, y G K. Then 



<9y x 2 + 1 ' 



which is continuous for all x,y € K. Therefore, by the existence and uniqueness theorem, the initial-value 
problem stated above has a unique solution on any interval containing (0,3). By inspection we see that 
y[x) = 3 is the unique solution. 



14. The initial- value problem does not necessarily have a unique solution since the hypothesis of the existence 

df 
9y 



df 

and uniqueness theorem are not satisfied at (0,0). This follows since f(x,y) — xy 1 ^ 2 , so that — = \xy~ x l 2 , 



which is not continuous at (0, 0). 



df 



15. (a) We have f(x,y) = —2xy , so — = — 4xy. Both of these functions are continuous for all (x,y), 

and therefore the hypothesis of the uniqueness and existence theorem are satisfied for any (xo,yo) in the 
xy-plane. 



1 2x 
(b) For y(x) = , we have y'(x) = — 

x z + c (x z + c)- 



= -2xy 2 . 



(c) (i) From y(0) — 1, we find that c = 1. Hence, y(x) = 



This is valid on the interval (—00,00). 



y(x) 



i 

1.2 — 

0.4 — 








I 


1 * 



Figure 15: Figure for Problem 15c(i) 



(ii) From y(l) = 1, we find that c = 0. Hence, y(x) = —r. This is valid on the interval (0, 00) 



Figure 16: Figure for Problem 15c(ii) 
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(iii) From y(0) = — 1, we find that c 



1. Hence, y(x) 



1 



. This is valid on the interval (—1, 1). 



A 




Figure 17: Figure for Problem 15c (iii) 



(d) Since, by inspection, y{x) = 0 satisfies the given initial-value problem, it must be the unique solution. 

df 

16. (a) Both f(x,y) — y(y — 1) and — — = 2y — 1 are continuous at all points (x,y). Consequently, the 

oy 

hypothesis of the existence and uniqueness theorem are satisfied by the given initial-value problem for any 
( x o,Uo) m the xy-plane. 

(b) Equilibrium solutions: y(x) = 0,y(x) = 1. 

d?y dy 

(c) Differentiating the given differential equation yields — = (2y — 1)3— = (2y — l)y(y — 1). Hence the 
solution curves are concave up for 0 < y < | and y > 1, and concave down for y < 0 and | < y < 1. 

(d) The solutions will be bounded provided 0 < yo < 1- 

y(x) 




Figure 18: Figure for Problem 16(d) 



17. There are no equilibrium solutions. The slope of the solution curves is positive for x > 0 and is negative 
for x < 0. The isoclines are the lines x = |. 
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Slope of Solution Curve 


Equation of Isocline 


-4 


x = -1 


-2 


x = -1/2 


0 


x = 0 


2 


x = 1/2 


4 


x = 1 



y(x) 




\\\W 

mm**.* 
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/////// 
////// 
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Figure 19: Figure for Problem 17 

18. There are no equilibrium solutions. The slope of the solution curves is positive for x > 0 and increases 
without bound as x — > 0 + . The slope of the curve is negative for x < 0 and decreases without bound as 
x — > CP. The isoclines are the lines - — k. 



Slope of Solution Curve 


Equation of Isocline 


±4 


x = ±1/4 


±2 


x = ±1/2 


±1/2 


x = ±2 


±1/4 


x = ±4 


±1/10 


x = ±10 




Figure 20: Figure for Problem 18 



19. There are no equilibrium solutions. The slope of the solution curves is positive for y > — x, and negative 
for y < —x. The isoclines are the lines y + x = k. 
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Slope of Solution Curve 


Equation of Isocline 


-2 


y = -x- 2 


-1 


y = -x- 1 


0 


y= -x 


1 


y = —x + 1 


2 


2/= -a: + 2 



Since the slope of the solution curve along the isocline y — — x — 1 coincides with the slope of the isocline, 
it follows that y = —x — 1 is a solution to the differential equation. Differentiating the given differential 
equation yields: y" = 1 + y' = 1 + x + y. Hence the solution curves are concave up for y > — x — 1, and 
concave down for y < — x— 1. Putting this information together leads to the slope field in the accompanying 
figure. 
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Figure 21: Figure for Problem 19 



20. There are no equilibrium solutions. The slope of the solution curves is zero when x — 0. The solution 
has a vertical tangent line at all points along the x-axis (except the origin) . Differentiating the differential 
1 x 1 x 2 1 

equation yields: y' — ~y' = ~ = -^{y 2 — x 2 ). Hence the solution curves are concave up for y > 0 

y y y y 6 y 6 

and y 2 > x 2 ; y < 0 and y 2 < x 2 and concave down for y > 0 and y 2 < x 2 ; y < 0 and y 2 > x 2 . The isoclines 
are the lines - — k. 



Slope of Solution Curve 


Equation of Isocline 


±2 


y = ±x/2 


±1 


y = ±x 


±1/2 


y = ±2x 


±1/4 


y = ±4x 


±1/10 


y = ±!0x 



Note that y — ±x are solutions to the differential equation. 
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Figure 22: Figure for Problem 20 



21. The slope is zero when x = 0 and y ^ 0. The solutions have a vertical tangent line at all points along 
the ar-axis (except the origin). The isoclines are the lines — k. Some values are given in the table below. 



Slope of Solution Curve 


Equation of Isocline 


±1 


y = ±4a; 


±2 


y = ±2x 


±3 


y=±4x/3 



4 Axy' 4 16a; 2 4(y 2 + 4a; 2 ) 
Differentiating the given differential equation yields: y' = 1 — = — — — — = . 

y yl y yd y 

Consequently the solution curves are concave up for y < 0, and concave down for y > 0. Putting this 
information together leads to the slope field in the accompanying figure. 
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Figure 23: Figure for Problem 21 



22. Equilibrium solution: y(x) = 0. Therefore, no solution curve can cross the a;-axis. Slope: zero when 
a; = 0 or y = 0. Positive when y > 0 (and x ^ 0); Negative when y < 0 (and x ^ 0). Differentiating the 



given differential equation yields: 



d 2 y 



2xy- 



,dy 



x 2 — — 2xy + x 4 y — xy(2 + x 3 ). So, when y > 0, the solution 



dx 2 ' ~ dx 

curves are concave up for x <E (-co, (— 2) 1 / 3 ) and for x > 0, and the solution curves are concave down for 
x e ((-2) 1 / 3 ,0). When y < 0, the solution curves are concave up for x € ((-2) x / 3 ,0), and concave down for 
x S (—oo, (— 2) 1 / 3 ) and for x > 0. The isoclines are the hyperbolas x 2 y = k. 
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Slope of Solution Curve 
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Figure 24: Figure for Problem 22 



23. The slope is zero when x = 0. There are equilibrium solutions when y = (2k + l)f . The slope field is 
best sketched using technology. The accompanying figure gives the slope field for — | < y < 4^. 




Figure 25: Figure for Problem 23 



24. The slope of the solution curves is zero at the origin, and positive at all the other points. There are no 
equilibrium solutions. The isoclines are the circles x 2 + y 2 = k. 
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Slope of Solution Curve 
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Figure 26: Figure for Problem 24 



25. Substituting the constants given in the problem, the differential equation reads ^ = — ^{T — 70). 



Equilibrium solution: T(t) — 70. The slope of the solution curves is positive for T > 70, and negative for 

d 2 T 1 dT 

T < 70. Taking the derivative of both sides of the differential equation, we arrive at — z-tt — r- = 

at 2 - 80 at 

(T — 70). Hence the solution curves are concave up for T > 70, and concave down for T < 70. The 



6400 

isoclines are the horizontal lines 



MT-70) 
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Figure 27: Figure for Problem 25 
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Figure 28: Figure for Problem 26 
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Figure 29: Figure for Problem 27 
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Figure 30: Figure for Problem 28 
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Figure 31: Figure for Problem 29 
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Figure 32: Figure for Problem 30 
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31. 
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Figure 33: Figure for Problem 31 



32. (a) 
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Figure 34: Figure for Problem 32(a) 
(b) The figure suggests that the solutions to the differential equation are unbounded as x — > 0 + . 
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Figure 35: Figure for Problem 32(b) 
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(c) 




Figure 36: Figure for Problem 32(c) 

This solution curve is bounded as x — > 0 + . 
(d) In the accompanying figure we have sketched several solution curves on the interval (0,15]. The figure 
suggests that the solution curves approach the x-axis as x — > oo. 
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Figure 37: Figure for Problem 32(d) 



c[y y 

33. (a) Differentiating the given equation gives — — 2kx — 2 — . Hence the differential equation satisfied by 

ax x 

■ . . dy x 

the orthogonal trajectories is — — = . 

dx 2y 

(b) The orthogonal trajectories appear to be ellipses. This can be verified by integrating the differential 
equation derived in (a). 
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Figure 38: Figure for Problem 33(b) 
34. If a > 0, then as illustrated in the following slope field (a = 0.5, b = 1), it appears that lim^oo i(t) = |. 
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Figure 39: Figure for Problem 34 when a > 0 

If a < 0, then as illustrated in the following slope field (a = —0.5, 6 = 1), it appears that diverges as 
< — > oo. 
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Figure 40: Figure for Problem 34 when a < 0 
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Finally, if a = 0 and b ^ 0, then once more i(t) diverges as t — ► oo. The accompanying figure shows a 
representative case when b > 0. Here we see that lim^oo i(t) = +oo. 




Figure 41: Figure for Problem 34 when a = 0 

If 6 < 0, then lim^oo i(t) — — oo. If a = b = 0, then the general solution to the differential equation is 
i(t) = io where io is a constant. 



Solutions to Section 1.4 



True-False Review: 

1. TRUE. The differential equation ^ = f(x)g(y) can be written ^ygf = f{%), which is the proper form, 
according to Definition 1.4.1, for a separable differential equation. 

2. TRUE. A separable differential equation is a first-order differential equation, so the general solution 
contains one constant. The value of that constant can be determined from an initial condition, as usual. 

3. TRUE. Newton's Law of Cooling is usually expressed as ^? = —k(T — T m ), and this can be rewritten as 

1 dT _ 
T -T m dt 

and this form shows that the equation is separable. 

4. FALSE. The expression x 2 + y 2 cannot be separated in the form f(x)g(y), so the equation is not 
separable. 

5. FALSE. The expression xsin(xy) cannot be separated in the form f{x)g(y), so the equation is not 
separable. 

6. TRUE. We can write the given equation as e _y ^| = e x , which is the proper form for a separable 
equation. 

7. TRUE. We can write the given equation as (1 + J/ 2 )g| = -V, which is the proper form for a separable 
equation. 

8. FALSE. The expression cannot be separated in the form f(x)g{y), so the equation is not separable. 

9. TRUE. We can write x ^2+ X y = xy, so we can write the given differential equation which 
is the proper form for a separable equation. 
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Problems: 

1. Separating the variables and integrating yields 

J — = 2 J xdx => In \y\ = x 2 + C\ => y{x) = ce x * ' . 

2. Separating the variables and integrating yields 



y 2 dy = 



dx 



x 2 + 1 y 
3. Separating the variables and integrating yields 



1 -i 

- = tan x + c =^> y(x) 



tan 1 x + c 



e y dy 



~ x dx 



-e x + c =^> y(x) = In (c - e x ). 



4. Separating the variables and integrating yields 
dy f (lnx) -1 



y 



dx In \y\ — In | lax\ + c y(x) = clnx. 



5. Separating the variables and integrating yields 
dy 



r dx r 

J x^2~ J 



y 



In \y\ = In \x — 2| + c In 



y 

x-2 



x-2 



c 1 =>y = a{x - 2). 



6. Separating the variables and integrating yields 

2x 



x 2 + 3 



dx In \y - 1| = In \x A + 3| + d 



In 



tf-1 



x 2 + 3 

y-i 



= c 



x 2 + 3 



Cl 



y - 1 = ci(a; 2 + 3) y(x) = Cl (x 2 + 3) + 1. 



dy 



7. Regrouping the terms of the given equation, we have x{2x— 1)— = (3 — y). Separating the variables and 

dx 

integrating yields 



/dy f dx f dx f 2 



dx 



— In \y — 3| = — In \x\ + In \2x — 1| + C\ 



In 



(y-3)(2a;-l) 

x 

(y-3)(2.T-l) 

C2(y - 3) 



Cl 



C2 



2x -1 



2a; -1 



2a;- 1 
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8. Using the trigonometric identity cos (x — y) = cos x cosy + sin x sin y, we can rewrite the differential 



equation as 
Therefore, 



dy cos (x — y) 
dx 



cos x cos y . , . , , , siny 

Separating the variables, we have dy 



sin x sin y sin x sin y cosy 

/siny /" cosx , , . 
ay = / ax =>■ — In cosy h= In smx + c\ 
cosy 7 smx 

=^> In | cos y| = — In | sin x| + c 2 
=>■ cosy = c 3 cscx. 



cosx 
sinx 



dx. 



9. Separating the variables, we have 



dy 



xdx 



(y+l)(y-l) 2(x-2)(x-l)' 
where we must assume that y ^ ±1. We have partial fractions decompositions 



1 



1 



1 



1 



(y + l)(y-l) 
Integrating, we obtain 



2 y+1 2 y-1 



and 



2 (x-2)(x-l) 2 



x - 1 



dy 
y+1 



1 



dy 



dx 



/dx 
x^T 



■In |y + 1| + In |y - 1| = 2 In |x - 2| - In \x - 1| + Ci 





= In 


(x-2) 2 


y + 1 




x- 1 



In 



y-1 (x-2) 5 



ci 



y+1 

A short algebraic manipulation solves this expression for y: 

(x-l) + c(x-2) 2 



y(x) = 



(x-l)-c(x-2) 2 



We explicitly check the values y = ±1, which we had to exclude above. By inspection, we see that y(x) = 1 
and y(x) = — 1 are indeed also solutions of the given differential equation. The former is included in the 
above solution when c = 0. 

, dy x 2 y — 32 x 2 y — 2x 2 

10. We have — = — + 2 = — + ^— , which can be separated as 

dx 16 — x l 16 — x^ 



y-1 16 -x 2 
Integrating, we obtain 



= - 1 + 



16 



16 



= -1 - 16 -- 



1 



1 



8 \x + 4 



1 

+ - 



1 



8 Vx-4 



= -1 + 



x + 4 x - 4 



ln|y - 2| = -x + 21n|x + 4| - 21n|x - 4| + c x =4> y(x) = 2 + c 



x - 4 



11. Separating the variables, we have 
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Integrating, we obtain 

I _ . 1 x — a 

+ c. 



In \y — c\ = — ^— (In \x — a\ — In \x — b\) + c = — ^— In 
a o Qj o 



x — b 



Exponentiation of both sides and removal of absolute value gives 

l/(a-b) 



y-c = c 2 

Therefore, 

y(x) = c + c 2 



x — a 



x 



b 



, l/(a-fc) 

x — a x ,K ' 



x — b 



12. Separating the variables, we have — = ^^r. Integrating both sides, we have tan 1 y = 

1 + y z 1 + x z 

7T 7T 

tan -1 x + c. Since y(0) = 1, we find that c = — . Thus, tan -1 y = tan -1 x + — . A short manipulation can 

1 — x 

be used to rewrite this as y(x) = j-j- — . 

1 x 

13. Separating the variables, we have = ^. Integration on each side gives 

a — y 1 — x z 

— In \a — y\ = — ^ In |1 — x 2 \ + C\ =^> y{x) = a + c\J\ — x 2 . 
The initial condition y(0) — 2a requires that c = a. Therefore, y(x) = a(l + \J\ — x 2 ). 

14. Using the trigonometric identity sin(x + y) = sin x cos y + cos x sin y, we can rewrite the differential 
equation as 

dy sin(a; + y) 

— = 1 = — tan x cot y . 

ax sin y cos x 



Separating the variables, we have 



sinw sini , 
-ay = ax. 



cos y cos x 

Integrating on each side gives 

In | cos y\ = — In | cosa;| + c\. 

That is, 

In | cos x cos y\ = C\. 
Since y(^) ~ ^, we find that c = In \. Hence, In | cos a; cos y\ = In g, so that 

= cos -1 ^ SC( .f 

15. Separation of variables gives — = sinxdx, where we must require y ^ 0 here. Integrating on each side 

yd 

gives — — g = — cos a; + c. However, we cannot impose the initial condition y(0) = 0 on the last equation 
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since it is not denned at y = 0. But, by inspection, y(x) = 0 is a solution to the given differential equation, 
and further, y(0) = 0; thus, the unique solution to the initial value problem is y(x) = 0. 

dy 

16. For y ^ 1, we can separate variables to obtain = \dx. Integration on each sides yields 

y/y- 1 

2\Jy — 1 = |x + c. The initial condition y(l) = 1 implies that c = — |. Therefore, 

V^T = I(a; - 1) =► y(x) = 1 + l -{x - l) 2 . 

This does not contradict the Existence-Uniqueness theorem because the hypothesis of the theorem is not 
satisfied when x = 1. 

17. (a) Separating the variables v and t, we have —77 r— ^dv = eft. If we let a = then the 

fe [(mg/fc) - v z \ v K 

preceding equation can be written as - — » ~dv = dt which can be integrated directly to obtain 

k a z - v z 

m , /a + tA 

— In =t + c. 

2ak \a — v J 

Upon exponentiating both sides, 

a + v 2-t , 

= cie ™ . 

a — v 

Imposing the initial condition v(0) = 0, yields c\ — 1 so that 

a + U 2afc f 

= e «* . 



a — u 

Now a short algebraic manipulation yields 



e m - 1 

2afct 7 

e m +1 



= a 

which can be written in the equivalent form 

v(t) = atanh 

(b) No. As t — > 00, v — > a and as i — > 0 + , u — > 0. 

(c) We integrate the velocity function u(t) = — to obtain 

y (t) =a J tanh (^j dt 2/(*) = — ln(cosh ( — )) + Cl . 

If 2/(0) = 0 then 



a 2 



!/(*) = — In 



cosh(^) 
a 



18. The required curve is the solution curve to the initial- value problem — — , y(0) = A. Separating 

dx Ay 

the variables in the differential equation yields / Ly~ 1 dy = —Idx, which can be integrated directly to obtain 



; J ,8 



x 2 

2y 2 — — — + c. Imposing the initial condition we obtain c = \ , so that the solution curve has the equation 
2y 2 = -x 2 + \, or cquivalcntly, 4y 2 + 2x 2 = 1. 

dy 

19. The required curve is the solution curve to the initial- value problem — — = e x ~ y , y(3) = 1. Separating 

the variables in the differential equation yields e v dy — e x dx, which can be integrated directly to obtain 
e y = e x + c. Imposing the initial condition we obtain c = e — e 3 , so that the solution curve has the equation 
e v = e x + e — e 3 , or equivalently, y = ln(e x + e — e 3 ). 

dy 

20. The required curve is the solution curve to the initial-value problem — = x 2 y 2 , y(—l) = 1. Separating 

dx 

the variables in the differential equation yields —^dy = x 2 dx, which can be integrated directly to obtain 



1 1 



y 



-x 3 + c. Imposing the initial condition we obtain c = — f , so that the solution curve has the equation 
V 3 

1 • , , 3 

V = -~r^ 2 ' or equivalently y = = . 



i T 3 _ 2 ' 
3 X 3 
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21. (a) Separating the variables in the given differential equation yields j-j- — ^dv — —dt. Integrating we 

obtain tan -1 (v) = —t + c. The initial condition v(0) — vo implies that c = tan^ 1 (vq), so that tan -1 (v) = 
—t + tan" 1 (vq). The object will come to rest if there is time, t r , at which the velocity is zero. To determine 
t r , we set v = 0 in the previous equation which yields tan -1 (0) — —t r + tan" 1 (v 0 ). Consequently t r = 

dv 

tan -1 (v 0 ). The object does not remain at rest since we see from the given differential equation that — < 0 

at t = t r , and so v is decreasing with time. Consequently v passes through zero and becomes negative for 
t > t r . 

dv dv dx dv dv 

(b) From the chain rule we have — = — . Then — - — v — . Substituting this result into the differential 

dt dx dt dt dx 

dv v 
equation (1.4.17) yields v— = — (1 + v 2 ). We now separate the variables: — - — ^dv = —dx. Integrating, 

we obtain In (1 + v 2 ) = —2x + c. Imposing the initial condition v(0) — fo and x(0) = 0, we find that 
c = In (1 + Vq), so that In (1 + v 2 ) = —2x + In (1 + Vq). When the object comes to rest the distance travelled 
by the object is x = \ In (1 + v 2 ). 

22. (a) Separating the variables, we have v~ n dv = —kdt. Let us consider two cases: 

Case 1: n ^ 1. Integrating both sides of v~ n dv — —kdt yields w 1_n = — kt + c. Imposing the initial 

1 — n 

condition v(0) = v a yields c = —vl~ n , so that 



1-n 

v = [v 0 - n + (n - l)kt 



1-n , /„ nulVM 



Observe that the object comes to rest in a finite time if there is a positive value of t for which v = 0. This 

„!-»» 

requires Un~™ + ( n — 1)^* = 0- That is, t = —- — - — — . If we assume v a > 0 and k > 0, t will be positive if 

(n — l)k 

and only if n < 1. 

Case 2: n = 1. Integrating both sides of v~ n dv — —kdt and imposing the initial conditions yields v(t) — 
v 0 e~ kt , and the object does not come to rest in a finite amount of time. 
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(b) Ifn^ 1,2, then — = [vq n + (n—l)kt] 1 ^ 1 n \ where x(t) denotes the distanced travelled by the object. 



Consequently, 



1 ,2-n 



Imposing the initial condition x(0) = 0 yields c — — -v Q n , so that 

«) - W- + "<» - 1)«] 12 -"""-"' + ^l-"- 

2 — n 1 

For 1 < n < 2, we have < 0, so that lim x(t) = — -. Hence the maximum distance that the 

1 — n t^oc k(2 — n) 

object can travel in a finite time is less than 



fc(2 - n) ' 
k 



If n = 1, then we can integrate to obtain x(t) = -^(1 — e kt ), where we have imposed the initial condition 



x(0) = 0. Consequently lim x(t) = Thus in this case the maximum distance that the object can travel 
in a finite time is less than 

k 

(c) If n > 2, then x(t) = -^^y H~ n + »(» - l)fct] (2 -" )/(1 - n) + ^^y-o^" 
2 — n 

in this case > 0, and so lim^oo x{t) = +oo. Consequently there is no limit to the distance that the 

1 — n 

object can travel. 

If n = 2, then we return to v = [v 0 ~ n + (n — l)fct] . In this case — = (v^ 1 + kt) -1 , which can 

be integrated directly to obtain x(t) = — ln(l + vokt), where we have imposed the initial condition that 

k 

x(0) = 0. Once more we see that lim x(t) = +oo, so that there is no limit to the distance that the object 

i— *oo 

can travel. 

( pV 1 

23. Substituting the relation p = pa\ — into dp = —gpdy, we obtain 

\PoJ 

dp = -gpo (—'] dy, 

or equivalently, 

p-^dp=-^dy. 
Po 

This can be integrated directly to obtain 

7-1 -~ P ^ +C - 

At the center of the Earth we have p = po. Imposing this initial condition on the preceding solution gives 

(7-l)/7 

<yrj 

c = — - — - — . Substituting this value of c into the general solution to the differential equation we find, 
7-1 
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after some simplification, 



p(7-i)/7 =p^- r >/~< 



1 _ (i-i)pogy 



IPO 



so that 

L 7Po 

24. Substituting the given values into the differential equation for Newton's Law of Cooling, we have 

dT dT 

— = -k{T - 75) - — — = -kdt In |T - 75| = -kt + c x => T(t) = 75 + ce~ fe *. 

Now, T(0) = 135 implies that c = 60. Therefore, T(t) = 75 + 60e~ kt . Next, T(l) = 95 implies that 
95 = 75 + 60e- fc , from which we quickly find that fc = In 3. Thus, T(t) = 75 + 60e~* ln3 . Now if T(t) = 615, 
then 615 = 75 + 60~* ln3 . Therefore, t = — 2 hours. Thus the object was placed in the room at 2 p.m. 

25. Substituting the given values into the differential equation for Newton's Law of Cooling, we have 
dT 

— = —k(T - 450). Solving by the usual process, we arrive at T(t) = 450 + ce~ kt . Since T(0) = 50, we 

compute that c = -400. Therefore, T(t) = 450 - 400e~ fc *. Next, T(20) = 150 implies that k = ^Inf. 
Hence, T(t) = 450 - 400(f)*/ 20 . 

(i) After 40 minutes, the temperature is T(40) = 450 - 400(f) 2 = 225°F. 

(ii) We must solve for t in the formula T(t) = 350 = 450 - 400(f)*/ 20 . We have 

At/on 1 201n4 n „ A . 

(t) 1 = — =r- t = r-r-TTTT ~ 96.4 minutes. 

V 4 ln(4/3) 

dT 

26. Substituting the given values into the differential equation for Newton's Law of Cooling, we have — — = 

at 

dT 

— k(T — 34), which separates to — — — = — kdt. Solving by the usual process, we arrive at T(t) = 34 + ce~ fe *. 

Since T(0) = 38 (by setting t = 0 at 2 p.m.), we compute that c = 4. Therefore, T(t) = 34 + Aer kt . Next, 
T(l) = 36 implies that k — In 2. Hence, T(t) = 34 + 4e _tln2 . Now the temperature at the time of death is 
T(t) = 98, and we wish to solve for t: 

T(t) = 34 + Ae~ kt = 98 2"' = 16 t = -4 hours. 

Thus T(— 4) = 98 and Holmes was right, the time of death was 10 a.m. 

27. We derive the solution to Newton's Law of Cooling as usual: T(t) — 75 + ce~ kt . Since T(10) = 415, we 
have 75 + ce- wk = 415 => 340 = ce - 10k . Moreover, since T(20) = 347, we have 75 + c e - 20k = 347 => 
272 = ce _20fe . Solving these two equations yields 

1 5 

k = — In - and c = 425. 
10 4 



Hence, 

T(t) = 75 + 425 



4 \ */io 
5 
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(a) The furnace temperature is T(0) = 500°F. 

(b) If T{t) = 100, then 

(a \ i/10 q i y 
- ) ==> t = V- « 12 6-96 minutes. 
5/ In | 

Thus the temperature of the coal was 100°F at 6:07 p.m. 

dT 

28. Substituting the given values into the differential equation yields — = —k(T — 72). With separation 

dT 

of variables, this becomes — — — = — kdt. Solving this by the usual process, we get the general solution 

dT 

T(t) = 72 + cer kt . Since — = -20, we have -k(T - 72) = -20. Therefore, k = |§. Since T(l) = 150, we 
have 150 = 72 + ce" 10 / 39 c = 78e 10 / 39 . Consequently, 

T(t) = 72 + 78e 1 °( 1 - t )/ 39 . 

(i) The initial temperature of the object is T(0) = 72 + 78e 10 / 39 w 173°F 

dT 

(ii) The rate of change of the temperature after 10 minutes is — when t = 10. Note that T(10) = 
72 + 78e~ 30 / 13 so after 10 minutes, 

^ = -k(T - 72) = ~(72 + 78e- 3 °/ 13 -72)=+^ = -20 e - 30 / 13 w -2°F per minute. 
dz oy etc 



Solutions to Section 1.5 

True-False Review: 

1. TRUE. The differential equation for such a population growth is ^ = fcP, where P(£) is the population 
as a function of time, and this is the Malthusian growth model described at the beginning of this section. 

2. FALSE. The initial population could be greater than the carrying capacity, although in this case the 
population will asymptotically decrease towards the value of the carrying capacity. 

3. TRUE. The differential equation governing the logistic model is (1.5.2), which is certainly separable as 

D dP _ 
P(C - P) dt ~ r ' 

Likewise, the differential equation governing the Malthusian growth model is ^ = kP, and this is separable 
dfa P dt — K - 

4. TRUE. As (1.5.3) shows, as t — > oo, the population does indeed tend to the carrying capacity C 
independently of the initial population P 0 . As it does so, its rate of change ^ slows to zero (this is best 
seen from (1.5.2) with P«C). 

5. TRUE. Every five minutes, the population doubles (increase 2-fold). Over 30 minutes, this population 
will double a total of 6 times, for an overall 2 6 = 64-fold increase. 
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6. TRUE. An 8-fold increase would take 30 years, and a 16-fold increase would take 40 years. Therefore, 
a 10-fold increase would take between 30 and 40 years. 

7. FALSE. The growth rate is ^ = kP, and so as P changes, ^ changes. Therefore, it is not always 
constant. 

8. TRUE. From (1.5.2), the equilibrium solutions arc P(t) = 0 and P(t) — C, where C is the carrying 
capacity of the population. 

9. FALSE. If the initial population is in the interval (^,C), then although it is less than the carrying 
capacity, its concavity does not change. To get a true statement, it should be stated instead that the initial 
population is less than half of the carrying capacity. 

10. TRUE. Since P'(t) = kP, then P"(t) = kP'(t) = k 2 P > 0 for all t. Therefore, the concavity is always 
positive, and does not change, regardless of the initial population. 

Problems: 

dP 

1. We solve — — = kP via separation of variables to obtain P(t) = Poe fet . Since P(0) = 10, then P(t) = 10e kt . 

In 2 

Since the doubling time is 3 hours, P(3) = 20, so that 2 = e 3k => k = —. Thus P(t) = lOe^/ 3 ) 1 " 2 . 
Therefore, P(24) = lOe^ 24 / 3 ' ln2 = 10 • 2 8 = 2560 bacteria. 

dP 

2. We solve — = kP via separation of variables to obtain P(t) = P 0 e kt . Since we are given P(10) = 5000 

and P(12) = 6000, then 5000 = P 0 e 10fe and 6000 = Poe 12 *. Dividing the second equation by the first, we 
obtain e 2k = |. Hence, k = \ ln |. Hence, the initial population is 

P(0) = P 0 = SOOOe^ 10 * = 5000e- 51n ( 6 / 5 >5000 ^ w 2009.4. 

Also, the population doubles at time t such that Pit) = 2P 0 . This occurs when t = = ~ 7.6 hours. 

lnf 

3. From P(t) = P Q e kt and P(0) = 2000, it follows that P(t) = 2000e fe *. Since the doubling time is 4 hours, 
it follows that k = and so P(t) = 2000e* ln2 / 4 . Therefore, the time t at which the culture contains 10 6 
cells satisfies P(t) = 10 6 =^> 10 6 = 2000e tln2 / 4 => t w 35.86 hours. 

dP 

4. We solve — = kP via separation of variables to obtain P(i) = Poe kt , where we measure time in years. 

Since, P(0) = 10000 then P(t) = 10000e fct . Since P(5) = 20000 then 20000 = 10000e 5fe k = Hence 
P(t) = 10000e(' ln2 )/ 5 . 

(a) We have P(20) = 10000e 41n2 = 160000. 

(b) We set 1000000 = 10000e(* ln2 '/ 5 . Then 100 = e ( tln2 )/ 5 t = ~ 33.22 years. 

5. In formulas (1.5.5) and (1.5.6) we have P 0 = 500, Pi = 800, P 2 = 1000, h = 5, and t 2 = 10. Hence, 
"(1000)(300)" 



r = \ ln 
5 



(500) (200) 



^iln3 and c= 800[(800)(1500)- 2( 5 00)(1000)] w 
5 800 2 - (500)(1000) 
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so that 

(1142.86) (500) _ 571430 
^ ~~ 500 + 642.86e-°- 2tln3 ~ 500 + 642.86e-°- 2tln3 ' 
Inserting t = 15 into the preceding formula yields P(15) « 1091. 

6. In formulas (1.5.5) and (1.5.6) we have P 0 = 50, Pi = 62, P 2 = 76, h = 2, and t 2 = 4. Hence, 
"(76)(12)- 



r=lln 



(50)(14) 



so that 

= 14936.35 
W 50 + 248.727e-°- 132t ' 
Inserting t = 20 into the preceding formula yields P(20) « 221. 

7. (a)From (1.5.5), r > 0 requires — — > 1. Rearranging the terms in this inequality and using 

"o( Pi — Pi) 

the fact that P 2 > P 1 yields P x > j^ 0 ^ ■ Further, C > 0 requires that ^^"t "^1" > 0. 

"o + "2 "1 — "0 "2 

2P P 

From Pi > — — we see that the numerator in the preceding inequality is positive, and therefore the 

Po + Pi 

IP P 2 

denominator must also be positive. Hence, in addition to P\ > — — , we must also have P 2 > PqP 2 . 

Po + Pi 

(b) We have P 0 = 10000, Pi = 12000 and P 2 = 18000. We immediately see that P 2 > P 0 P 2 fails for these 
values, so by part (a), we conclude that there is no solution to the logistic equation that fits this data. 

8. Let y(t) denote the number of passengers who have the flu at time t. Then we must solve 

^ = %(1500-2/), 2/(0) = 5, t/(l) = 10, 

r 1 

where A: is a positive constant. Separating the differential equation and integrating yields / -dy = 

J y(1500 



k J dt. Using a partial fraction decomposition on the left-hand side gives J 



y) 

1 1 

+ 



1500y 1500(1500 - y) 



dy 



1 In [ — -I I = kt + c, 



/,- / dt, so that 

1500 "" V 150 °-y 

which upon exponentiation yields 

V „ „1500kt 

— ci e 

1500 - y 

1 y 1 

Imposing the initial condition y(0) = 5, we find that Ci = — — . Hence, = ^7:e 1500fe *. The further 

299 1500 — y 299 

10 1 1 299 y 
condition y(l) = 10 requires = e i500fe g 0 } vm g f or ^ gives k = In . Therefore, 



1490 299 0 0 1500 149 ' 1500 - y 

1 tlnr9qq/14q > ni . , , . „ , n , , N 150 Q e t In (299/149) 15[)0 

e 1 ' Solving algebraically for y we hnd y(t) = 



299" ' 5 6 v a 299 + e tln ( 2 "/ 149 ) l + 299e-* ln ( 2 "/ 149 )' 

Hence, y(U) = ^ - (299/149) « 1474. 
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9. (a) Equilibrium solutions: P(i) = 0,P(t) = T. 



Slope: P > T 



dP 

~dt 



> 0,0 < P < T - 



dP 

~dl 



< 0. 



Isoclines: r(P — T) = k 



TP 




-rT 2 



We see that slope of the solution curves satisfies k > 

<± 

d 2 P dP 

Concavity: We have —pz- — r{2P — T)—— — r 2 (2P — T)(P — T)P. Hence, the solution curves are concave 

(Jib (Jib 

t T 
up for P > -, and are concave down for 0 < P < —. 

2 2 

(b) 



P(t> 



//////////////////// 
/////////////////// 
//////// /// ///////s 




Figure 42: Figure for Problem 9(b) 



(c) For 0 < Pq < T, the population dies out with time. For Po > T, there is a population growth. The 
term threshold level is appropriate since T gives the minimum value of Po above which there is a population 
growth. 

1 dP 

10. (a) Separating the variables in differential equation (1.5.7) gives — = r i which can be written 

1 1 1 dP T . . , , 1 , (P-T s 

r. Integrating yields — In 



in the equivalent form 
P-T 



T{P - T) TP 
tial com 

Solving algebraically for P yields 



dt 



T 



P 

P-T 



p J< 

= cie Trt . The initial condition P(0) = Pq requires = ci, so that 

P Pq P 



rt + c, so that 

P 0- T \ e rTt 



P(t) 



TP Q 



(b) If Pq < T, then the denominator in 



P 0 -(Po-7V«- 
TP 0 



is positive, and increases without bound as 



P 0 -(P 0 -T)e^ 

t — > oo. Consequently lim P(t) = 0. In this case the population dies out as t increases. 



TP 0 
Po - (Po - T)e r 



(c) If Pq > T, then the denominator of — ^— — " ^ rTf vanishes when (Po — T)e rTt — Pq (i.e., when 
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t = — In „ ' ). This means that within a finite time the population grows without bound. We can 
tT \P 0 -TJ 

interpret this as a mathematical model of a population explosion. 
11. 

Equilibrium solutions: P(t) — 0, P(t) — T, P(t) = C. The slope of the solution curves is negative for 
0 < P < T, and for P > C. It is positive for T < P < C. 

Concavity: We have 

d 2 P 

— = r 2 \(C — P)(P — T) - (P - T)P + (C - P)P](C - P)(P - T)P, 
dt z 

which simplifies to 

d 2 P 

= r 2 (-3P 2 + 2PT + 2CP - CT)(C - P)(P - T). 

at 2 

Hence, changes in concavity occur when P = l(C + T±VC 2 - CT + T 2 ). A representative slope field with 
some solution curves is shown in the accompanying figure. We see that for 0 < Pq < T the population dies 
out, whereas for T < Pq < C the population grows asymptotically to the equilibrium solution P(t) — C. If 
Pq > C, then the solution decays towards the equilibrium solution P(t) = C . 



P(t) 



c " 



r/ / ////////////// 
y / , . - ' - ' ' . '' . - ' . - ' - - . , • ' - • - - ' . - ' . - ' . - ' - - 
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Figure 43: Figure for Problem 11 



12. 

Equilibrium solutions: P(t) = C. The slope of the solution curves is positive for 0 < P < C, and negative 
for P > C. 

Concavity: We have 









dP 2 






r 




- 1 


—r = r 










dt 







Hence, the solution curves are concave up for 0 < P < — and P > C. They are concave down for 

e 

C 

— < P < C. A representative slope field with some solution curves are shown in the accompanying figure. 
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Figure 44: Figure for Problem 12 



13. Separating the variables in (1.5.8) yields 



dP 



P(ln C - In P) 



obtain — ln(lnC — InP) = rt + c, where c is a constant of integration. Therefore, ln(€) = c\e rt 



r dt, which can be integrated directly to 

The 



initial condition P(0) — Pq requires that In(-p-) = c\. Hence, ln(p) 
side gives 



In (jr). Exponentiation of each 



C 
P 



P(t) = C 



Since lim e~ rt = 0, it follows that lim P(t) = C. 

t — >oo t — *oo 



14. We solve 



dP 
~dt 



kP via separation of variables to obtain P(t) = P^e . The initial condition P(0) = 400 



requires that P 0 = 400, so that P(t) = 400e fct . We also know that P(30) 

Consequently, 



340. This requires that 



340 = 400e 30fc so that k = ^- In ( ^- 



P(t) = 400e 



30 lLL \ 20 J 



(a) We have P(60) = 400e 21n (^) w 289. Also, we have P(100) = 400e^ ln (^) 

(b) The half-life, tn, is determine from 



233. 



200 = 400e^r ln (ro) =^> t H = 30 



In 2 



In 



'20^ 



128 days. 



15. (a) More. From the given information, 20000 fans left the stadium in the first ten minutes. Because 
the rate of decay lessens with time under the exponential decay model, less than 20000 fans will leave in 
each of the next two ten minute intervals. Hence, less than 60000 fans will have departed after a total of 30 
minutes. That is, more than 40000 fans will remain in the stadium after 30 minutes. 

dP 

(b) We solve = kP via separation of variables to obtain P(t) = P^e kt . The initial condition P(0) = 
100,000 requires that P 0 = 100,000, so that P(t) = 100,000e fct . We also know that P(10) = 80,000. This 
requires that 100, 000 = 80, 000e lofc so that k = In ( ^ J . Consequently, 



P(t) = 100,000era ln (t). 
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The half-life is determined from 50, 000 = 100, OOOeT* ln (f ) t H = 10-^Jv » 31.06 

"H 4 1 

(c) There will be 15,000 fans left in the stadium at time to, where 

15,000 = 100,000e^ ln (f) t 0 = 10 ~ 85.02 min. 

ln b) 



dP 

16. We solve — — = kP via separation of variables to obtain P(t) — P 0 e fet . Since the half- life is 5.2 years, 



;Po = Poe 



5.2k 



k = - 



ln2 
5^2 ■ 



Therefore, 



P(t)=P 0 e- tl ^. 

Consequently, only 4% of the original amount will remain at time t 0 where 

4 



-P 0 = P a e- to ^ 



In 25 

t 0 = 5.2 — — ps 24.15 years. 



100' u ~"~ ' ln2 

17. Maple, or even a TI 92 plus, has no problem in solving these equations. 

18. (a) The Malthusian model of population predicts that P(t) = 151.3e fet . Since P(l) = 179.4, then 

inl 1 17n 1 , \ t In (179.4/151-1) 

179.4= 151.3e 10fc =*> k = i la f|f^|. Hence, P(f) = 151. 3e — ^ttt 1 . 



151 3C 

(b) According to the logistic model, Pit) = t-= ; -. 

K ' B B ' w 151.3 + (C- 151.3)e" rt 

P(10) = 179.4 and P(20) = 203.3 gives the pair of equations 



Imposing the initial conditions 



10 In (179.4/151.1) 20 In (179.4/151.1) 

179.4 = 151.3e « and 203.3 = 151. 3e re . 

whose solution is C w 263.95 and r w 0.046. Using these values for C and r gives 

39935.6 



151.3+ 112.65e 



-0.046* ' 



(c) 




0 10 20 30 40 



Figure 45: Figure for Problem 18(c) 
Malthusian model: P(30) w 253 million; P(40) w 300 million. 
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Logistic model: P(30) « 222 million; P(40) « 236 million. 

The logistics model fits the data better than the Malthusian model, but still gives a significant underestimate 
of the 1990 population. 



19. The logistic population model predicts that P(t) 



50C 



50 + (C - 50)e-' f 

determined. Imposing the conditions P(5) = 100 and P(15) = 250 gives the pair of equations 



where C and r are to-be- 



100 = 



50C* 



and 250 = 



50C* 



50 + (C - 50)e~ 5r 50 + (C- 50)e- 15r ' 

whose positive solutions are C w 370.32 and r ss 0.17. Using these values for C and r gives 

P( t ) = ™ 

U 50+ 18450e-° 17t ' 

From the figure we see that it will take approximately 52 years to reach 95% of the carrying capacity. 




10 20 30 40 50 60 70 



Figure 46: Figure for Problem 19 



Solutions to Section 1.6 

True-False Review: 

1. FALSE. Any solution to the differential equation (1.6.7) serves as an integrating factor for the differential 

equation. There arc infinitely many solutions to (1.6.7), taking the form I(x) — cie-f p ^ dx , where c\ is an 
arbitrary constant. 

2. TRUE. Any solution to the differential equation (1.6.7) serves as an integrating factor for the differential 
equation. There are infinitely many solutions to (1.6.7), taking the form I(x) — cie-f p ^ dx , where C\ is an 
arbitrary constant. The most natural choice is C\ = 1, giving the integrating factor I(x) = e I p ^ dx , 

3. TRUE. Multiplying y' + p(x)y = q(x) by I(x) yields y'l + ply — ql. Assuming that I' = pi, the 
requirement on the integrating factor, we have y'l + I'y = ql, or by the product rule, (/ • y)' — ql, as 
requested. 
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4. FALSE. Before determining an integrating factor, the equation must be rewritten as 

dy 2 

x y = sin x, 

ax 



dx 



and with p(x) = —x 2 , we have integrating factor I(x) = e-f x dx , not e-f x 
5. TRUE. Rewriting the differential equation as 

dy , l 

- r + -y = x, 
ax x 

we have p(x) = ^, and so an integrating factor must have the form I(x) = e f p ^ dx = e-f ~ = e lnx + c = e c x. 
Since 5x does indeed have this form, it is an integrating factor. 

Problems: 

In this section the function I(x) = e I p( - x ^ dx w [\\ represent the integrating factor for a differential equation 
of the form y' + p(x)y = q(x). 

1. An integrating factor is I(x) = e~ § dx = e~ x . Therefore, — — = e x e~ x y = e x + c y(x) = 
e x (e x + c). 

2. We rewrite the differential equation in standard form: y 1 — -y = x 5 s'mx. An integrating factor is 

d( x ^11^) 

I(x) — x~ 4 . Therefore, = a; sin a; =^> x~ A y = sin a; — xcosx + c =^> y(x) = a; 4 (sin a; — a; cos a; + c). 

dx 

3. An integrating factor is I(x) = e 2 S xdx = e x2 . Therefore, 

^-{e x2 y) = 2e x2 x 3 e*'y = 2 [ e x Vda; e x 'y = e x ' (x 2 -l) + c=> y(x) = x 2 - 1 + ce~ x \ 
dx J 

4. An integrating factor for the differential equation is 

I{x) = J^ dx = e -Mi-« 2 ) ' 



1 - a; 2 ' 
Therefore, 

I (t^p) = A - - " h(1 " 13)2 + c - «*" = (1 - * 2)[ - (1 - l2? + + 

„ „ , x = 1 + x 2 . Therefore, 

4 f dx 1 

[(1+2;2)?y] = TTx 2 ^ ( l+x ^y = A J (l+* 2 )y = 4 tan" 1 x+c =► y(x) = T _^(4tan- 1 x+c). 



sin 2x 

6. We rewrite the differential equation in standard form: y' H — y = 2 cos 2 x. An integrating factor for 

2 cos 2 x 

the differential equation is 

I( x ) = e I^^ dx = e I SJ ^^ dx = e I tanxdx = e " ln (— ) = —. 

cosx 



50 

Therefore, 



-^(ysecx) = 2 cosx =^> y(x) = cosx(2sinx + c) =^> y(x) = sin2x + ccosx. 
ax 



7. An integrating factor is I(x) — e-f xlnx = e In ( lna; ) = hi 2;. Therefore, 

d, , fn, , -, s / \ In x x ~\~ c 

— («lnx) = 9 I x lnxdx =4> wlnx = ix In a; — x + c =4> y(x) = . 

ax J 1m 

8. An integrating factor is I(x) = e f ~ tlinxdx — g in(cosa;) _ cosx Therefore, 

d f 1 

— (y cos x) = 8 cos x sin 3 x y cos x = 8 cos x sin 3 xdx => y cos a; = 2 sin 4 a; + c =^> y(x) = - 



2 4e* 

9. We rewrite the differential equation in standard form: x' + -x = — . An integrating factor is I(t) 
e 2 /f = t 2 xhcrcforc, 



j t (t 2 x) = 4te* =► t 2 x = 4 j te l dt =► t 2 x = 4e'(t - 1) + c =► x(t) = 46 (t f2 1)+C - 



10. We rewrite the differential equation in standard form: y' — (tanx)y = — 2sinx. An integrating factor is 
I(x) = e J- tanxdx = eM«**) = cosx Therefore, 

(y cos x) = —2 sin x cos x = — sin 2x =^> y cos x = ^ cos 2x + c y(x) = sec x ^ cos 2x + cj . 

11. We rewrite the differential equation in standard form: y' + (tanx)y = seem. An integrating factor is 
I(x) = e S t&nxdx = e -in(cosx) = secx Therefore, 

-^(ysecx) = sec 2 x => ysccx — [ sec 2 xdx = tanx+c => ?y(x) = cosx(tanx+c) y(x) = sin x+c cosx. 
ax J 

12. An integrating factor is I(x) = e~ / x<lr = x _1 . Therefore, 
-(x _1 y) = 2xlnx =^> x _1 y = 2 J x In xdx = ^x 2 (21nx — 1) + c. 



_d_ 
(ix 1 



Hence, y(x) = ^x 3 (21nx — 1) + ex. 



13. An integrating factor is I(x) — e a f dx — e ax . Therefore, 

-(e ax y) = e {a+/3)x e ax y = j e {a+/3)x dx. 



d_ 

dx 1 
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Now we consider two cases: 

Case 1: a + 0 = 0. In this case, e ax y — x + c, so that y(x) = e~ ax (x + c). 

e (a+/3)x e /3x 

Case 2: a + 0 ^ 0. In this case, e ax y — — + c, so that y(x) — + ce~ 

a+ 0 a+ 0 

14. An integrating factor is I(x) = e f mx ~ ldx = e ™^* = Therefore, 

-4- {x m y) = x m \nx=> x m y = f x rn In xdx. 
dx J 

Now we consider two cases: 

(lnx) 2 

Case 1: m = — 1. In this case, x m y = — h c y(x) = x 



(lnx) 2 
~2 L + C 



x m + 1 x m+1 X X c 

Case 2: m 7^ —1. In this case, x m y — lnx — -. ^ + c =4> y(x) = lnx — -. -7 H . 

r y m + 1 (m+1) 2 yv ; m+1 (m+1) 2 x m 

15. An integrating factor is J(x) = e 2 / ~*~ = e 2lnx = x 2 . Therefore, 

■^j-{x 2 y) = 4x 3 x 2 y = 4 J x 3 dx + c =^> x 2 y = x 4 + c, 

x 4 + 1 

and since y(l) = 2, we have c = 1. Therefore, ?y(x) = — . 

x^ 

16. We begin by rewriting the differential equation y'sinx — ycosx = sin2x as y' — ycotx = 2cosx. Now, 
an integrating factor for this differential equation is 



smx) =cscx. 



=e /-COtxdx = e -ln(; 

Therefore, 

4- (2/ esc x) = 2 esc x cos x =*> y esc x = 2 In (sin x) + c, 
ax 

and since i/(f ) = 2, we have c = 2. Therefore, j/(x) = 2sinx[ln (sinx) + 1]. 

17. An integrating factor is I(t) = e 2 1 & = e - 21n (+-t) = (4 _ t)t~ 2 . Therefore, 

^((4 - t)~ 2 x) = 5(4 - t)- 2 => (4 - t)- 2 x = 5 j (4 - t)~ 2 dt + c (4 - fr 2 x = 5(4 - t)" 1 + c, 
and since x(0) = 4, we have c = -1. Therefore, x(t) = (4 - t) 2 [5(4 - t)" 1 - 1] = (4 - t)(l + t). 



18. First we rewrite the differential equation (y — e x )dx + dy = 0 as y' + y = e x . An integrating factor is 
I(x) — e x , so that 

A(e^) = e 2 ^e^=^ + c. 
Since y(0) = 1, we have c = ^. Therefore, y(x) = ^(e x + e^ 21 ) = coshx. 
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3+ / e x f(x)dx 
o 



19. An integrating factor for this differential equation is I{x) — ef dx — e x . Therefore, 

±(e?y) = e x f(x) [e x y] x = jf e x f{x)dx 

^e x y-y(0) = fe^^^ 
Jo 

=> e x y - 3= e x dx 
Jo 

=> 2/0) = e" 

pX pX 

lix<l, e x f(x)dx = e x dx = e x -l=^y{x) = e- x (2 + e x ) 
Jo Jo 

r-X r-X 

lix>l, e x f(x)dx = e x dx = e-l=^y{x) = e- x (2 + e). 
Jo Jo 

20. An integrating factor for this differential equation is I(x) = e~ J ' 2dx = e~ 2x . Therefore, 

-(e- 2x y) = e- 2x f(x) [e" 2 *^ = J\- 2x f(x)dx 

^e- 2x y-y(0)= f e~ 2x j{x)dx 
Jo 

=^e- 2x y-l= j X e- 2x f{x) 
Jo 



d 

dx ' 



y(x) = e 



2x 



1+ / e- 2x f(x)dx 
o 



IfKl, 



so that 



If x > 1, 



[ X e- 2x f(x)dx= f 
Jo Jo 

y(x) = e 2x 



e- 2x (l - x)dx = -e- 2x (2x - 1 + e 2x ), 



1 + -e- 2x (2x- l + e 2x ) 
4 



(5e 2x + 2x- 1). 



( x t 1 
/ e- 2x f(x)dx= / 
Jo Jo 



e" 2x (l - x)dx = -(1 + er 2 ) => y{x) = e 2x 



i + - 4 a + e- 2 ) 



e 2x (5 + e 



21. On (— oo, 1), the differential equation is y' — y = 1, which implies that an integrating factor is I(x) 
Therefore, y(x) — c\e x — 1. Imposing the initial condition y(0) = 0 requires c\ — 1, so that y(x) — 
for x < 1. 

On [1, oo), the differential equation is j/ — y = 2 — .t, which implies that an integrating factor is I(x) 
Therefore, 

^(e- x y) - (2 - .T)e-* =► y(x) = x-l + c 2 e~ x . 
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Continuity at x = 1 requires that lim y(x) = y(l). Consequently, we must choose c 2 to satisfy c 2 e = e — 1, 

X— >1 

so that C2 = 1 — e _1 . Hence, for x > 1, we have y(x) = x — 1 + (1 — e _1 )e x . 

dy . du d 2 y . du 1 . . 

22. Let u = — , so that — = — — ■. ihe first equation becomes 1 u — 9x, which is hrst-ordcr linear. 

ax dx ax 2 dx x 

An integrating factor for this is I(x) — el * dx — x, so 

■^—(xu) — 9x 2 => xu = 3a; 3 + c\ =4> u = 3x 2 + c\x~ x , 
dx 



dy , , 

but since u = — , we conclude that 
dx 



dy 

dx 



3x 2 + Cl x^ ^y = j (3x 2 + c^)dx => „(*) = + + c, 



23. The differential equation for Newton's Law of Cooling is ^ = — fc(T — T m ). We can re-write this 
equation in the form of a first-order linear differential equation: ^ + kT = kT m . An integrating factor for 

f d 

this differential equation is I = eJ k dt — e kt . Thus, ~^(T ekt ) = kT m e kt . Integrating both sides, we get 
Te kt — T m e kt + c, and hence, T = T m + ce~ kt , which is the solution to Newton's Law of Cooling. 

dT 

24. We are given that —j^- = a. Therefore, T m = at + c\, so that Newton's Law of Cooling in this case 
reads 

dT , . , dT , „ 

— = -k(T - at- ci) => — + kT = k(at+a). 

LLL (XL 

An integrating factor for this differential equation is I(t) = e h $ dt = e kt . Thus, 

^(e kt T) = ke kt {at + Cl ) =► e fet T = e fet (ai - " + Cl ) + c 2 



T(t) = at - — + ci + c 2 e 



kt 



dT 

25. We are given that — — = 10. Therefore, T m = lOt + Ci, for some constant c\. Since T m = 65 when 

dt 

t = 0 (at 8 a.m.), we find that ci = 65. Therefore, T. m = lOt + 65, and Newton's Law of Cooling in this case 
reads 

dT dT 

— = -k(T - Tm )=^ — = -k(T - lOt - 65). 

dT 1 
Since -^-(1) = 5, we have 5 = — fc(35 — 10 — 65), so that we obtain k = -. Now, the last differential equation 

dt 8 
can then be written 

^ + kT= k{\0t + 65) =► ^(e kt T) = bke kt {2t + 13). 

(XT, (XTj 

Therefore, 

e kt T = 5ke kt ( \t - -| + ^f) + c => T(t) = 5(2i - \ + 13) + ce- kt = 5(2t - 3) + ce~*. 
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Since T(l) = 35, we have c = 40es. Thus, T(t) = lOt - 15 + 40eiH 1 - t ). 

26. (a) In this case, Newton's law of cooling is — = — ~^{T ~ 80e~*/ 20 ). This linear differential equation 

has standard form — + — T = 2e _t / 20 , with integrating factor I(t) = e'/ 40 . Consequently the differential 

equation can be written in the integrable form ~(e*/ 40 T) = 2e~ t / 40 , so that T(t) — — 80e~*/ 20 + ce _t / 40 . 

at 

Then T(0) = 0 c = 80, so that T(t) = 80(e"'/ 40 - e"*/ 20 ). 

(b) We see that lim T(t) = 0. This is a reasonable result since the temperature of the surrounding 

t — >oo 

medium also approaches zero as t — > oo. We would expect the temperature of the object to approach to the 
temperature of the surrounding medium at late times. 

(c) The maximum temperature must occur at a critical point of the function T(t) derived in part (a). To 
determine critical points, we set 



We find only one critical value of t, namely t — 40 In 2. Since T(0) = 0 and lim T(t) = 0, the function 

t — >oo 

assumes a maximum value at t max = 40 In 2. At this time, the temperature of the object is T(t max ) — 
80(e~ i"2_ e -2in2) = 2 qo F; and the temperature of the surrounding medium is T m {t max ) = 80e~ 21n2 = 20°F. 

(d) The behavior of T(t) and T m (t) is given in the accompanying figure. 




T(t),T m (t) 



40- 
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80- 



60- 



0 
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Figure 47: Figure for Problem 26(d) 



27. (a) The temperature varies from a minimum of A — B at t = 0 to a maximum of A + B when t = 12. 
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5 10 15 20 

Figure 48: Figure for Problem 27(a) 



dT 

(b) First write the differential equation in the linear form h k\T = k\(A — B cos cut) + To- Multiplying 

at 

by the integrating factor I{t) = e klt reduces this differential equation to the integrable form 



(e klt T) = k Y e klt (A- B cos tut) + T 0 e 



-kit 



dt 



kit 



Consequently, 



so that 



e klt T(t) = Ae klt - Bki [ e klt cos Lotdt + ^-e klt 
J h 



T{t) = A 



T 0 



Bk x 



c, 



kit 



ki k\ + uj 2 
This can be written in the equivalent form 



(ki cos u>t + lo sin Lot) + ce 1 



T(t) = A 



for an appropriate phase constant a. 



To 



B^ 



kl yjk\ + LO 2 



cos (Lot — a) + ce 



-kit 



dy 

28. (a) We solve - — V p(x)y — 0 via separation of variables: 
dx 



dy 



= —p(x)dx 



■ J p(x)dx 



( — = - [ p(x)dx =^> In 1 2/| = - [ p(x)dx => y H = c x e 

v J y J J 

(b) Replace ci in part (a) by u(x) and let v = e J p( x ) dx ^ j n order for y = uv to be a solution to 

(1.6 

dy 



dy dv du 

(1.6.15), we must have — — = u— — \- v — . Substituting this last result into the original differential equation, 
dx dx dx 

. dv du . dv 

+ p(x)y = q(xj, we obtain u- h v- — \- pfxjy — q(x). But since — = — vp, the last equation reduces 

dx dx dx dx 

du , . du 
to v— — q(x). lhat is, — 
dx _ dx 

values for u and v into y — uv, we obtain the general solution 



(x)q(x). Integrating, we obtain u(x) — Jv 1 (x)q(x)dx. Substituting the 



— I p(x)dx 
— p J 



g(g) 
- J p(x)dx 



dx 
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dy 

29. The associated homogeneous equation is - — h x~ 1 y = 0, with solution yn = cx^ 1 (see Problem 28(a)). 

According to Problem 28 we determine the function u(x) such that y(x) = x~ 1 u(x) is a solution to the 

. . . TTT . dy _, du _ 9 dw 

given dittcrcntial equation. We have — = x L - x u. Substituting into — + x y = cos a; yields 

dx dx dx 

du I , , , % . du 



x 



*_ u _|_ x i u \ _ COSX; so that — = xcosx. Integrating we obtain u — x sin x + cos a; + c, so 

dx x l dx 
that y(x) = a; -1 (a; sin a; + cos a; + c). 

dy 

30. The associated homogeneous equation is - — h y = 0, with solution y# = ce _:E (see Problem 28(a)). 

dx 

According to Problem 28 we determine the function u(x) such that y(x) = e~ x u(x) is a solution to the given 

differential equation. We have ^ = ^e~ x — e~ x u. Substituting into ^ + y = e~ 2x yields ^e~ x — e~ x u + 

dx dx dx dx 

du 

e~ x u{x) = e~ 2x , so that — = e~ x . Integrating we obtain u = —e~ x + c, so that y(x) = e~ x (—e~ x + c). 

dy 

31. The associated homogeneous equation is — +cot x-y = 0, with solution yn = c-csc x (see Problem 28(a)). 

According to Problem 28 we determine the function u(x) such that y(x) — esc x ■ u(x) is a solution to the 

,._ . , TTT , dy du . . . dy 

given dittcrcntial equation. We have — = esc x ■ esc x ■ cot x ■ u. Substituting into — + cot x-y = 2 cos x 

dx dx dx 

. du du . . 

yields esc x ■ esc x ■ cot x ■ u + esc x ■ cot x ■ u = cos x, so that — — 2 cos isini. Integrating we obtain 

dx dx 

u = sin 2 x + c, so that y(x) — esc a;(sin 2 x + c). 

32. The associated homogeneous equation is — ^ y = 0, with solution yjj = cx (see Problem 28(a)). We 

dx x 

determine the function u{x) such that y{x) = xu{x) is a solution of the given differential equation. We have 
dy du dy 1 ...... du 

— '- = x — — \-u. Substituting into — '- y = xmx and simplifying yields — — — lux, so that u = xmx — x+c. 

dx dx dx x dx 

Consequently, y{x) — a;(a;lna; — x + c). 

Problems 33-38 are easily solved using a differential equation solver such as the dsolve package 
in Maple. 

Solutions to Section 1.7 

True- False Review: 

1. TRUE. Concentration of chemical is defined as the ratio of mass to volume; that is, c(t) = 
Therefore, A(t) = c(t)V(t). 

2. FALSE. The rate of change of volume is "rate in" — "rate out" , which is r x — r 2 , not r 2 — r x . 

3. TRUE. This is reflected in the fact that C\ is always assumed to be a constant. 

4. FALSE. The concentration of chemical leaving the tank is c 2 (t) = anc ^ smcc both A(t) and V(t) 
can be nonconstant, c 2 (t) can also be nonconstant. 

5. FALSE. Kirchhoff 's second law states that the sum of the voltage drops around a closed circuit is zero, 
not that it is independent of time. 

6. TRUE. This is essentially Ohm's law, (1.7.10). 



57 



7. TRUE. Due to the negative exponential in the formula for the transient current, irif), it decays to zero 
as t — > oo. Meanwhile, the steady-state current, is(t), oscillates with the same frequency oj as the alternating 
current, albeit with a phase shift. 

8. TRUE. The amplitude is given in (1.7.19) as A = -^=1^==, and so as to gets larger, the amplitude A 
gets smaller. 

Problems: 



1. We have AV" = r x At - r 2 At = At. Therefore, 

dV 

- = l^V(t) = t + 10, 

where we have used the initial condition V(0) = 10. Now, AA w c\r\At — c 2 r 2 At, so 
dA A A dA 1 

This differential equation is first-order linear, with integrating factor I(t) = e-f t+1 ° dt t + 10. Therefore, 
(t + 10) A = 4(t + 10) 2 + ci. Since A(0) = 20, we have ci = -200. We conclude that 

A(i) = ^[(t + 10) 2 -50]. 

Therefore, after 40 minutes, we have A(40) = 196 g. 

2. We need to find , where t is measured in minutes. We have AV — r\At — r 2 At = 3At. Therefore, 

^ = 3^ V(<) = 3(t + 200), 
where we have used V(0) = 600. Now, AA w c\r\At — c 2 r 2 At, so 

"' 4 = 30-3c 2 -30-3^ = 30 1 



dt V t + 200 

This differential equation is first-order linear, with integrating factor I(t) = e 

t+ 2oo at = i + 200. Hence, 
(t + 200) A = 15(* + 200) 2 + c. Since A(0) = 1500, we have c = -300000. We conclude that 

m = T^oo [{t + 200)2 - 2000 °]- 

A(60) 596 /T 
™ S ^6o| = 169 g/L - 

3. We have AV = r x At - r 2 At = 2At. Therefore, 

^ = 2=J>V(t)=2(t + 10), 
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where we have used V(0) = 20. Thus V(t) = 40 for t = 10, so we must find 4(10). Now, A4 w an At 
c 2 r 2 At, so 

dA 2A A dA 1 , 

— = 40 - 2c 2 = 40 - — = 40 — => — + —A = 40 

dt ^ t + 10 dt f + 10 

=> ^ [(* + 10) A] = 40(i + 10)dt 

=> (t + 10) A = 20(t + 10) 2 + c. 

Since A(0) = 0, we have c = —2000. Thus, we conclude that 

20 

A(t) = j^-j^ [{t + 10) 2 - 100] and 4(10) = 300 g. 

4. We have AV = nAt - r 2 At = 2At. Therefore, 

d ^=2=^V(t) = 2(t + 50), 

where we have used V(0) = 100. Now, AA w ciriAt — c 2 r 2 At, so 

d4 o o AA o 24 

= 3-4c 2 = 3- — = 3 



dt V t + 50 

Hence, 

d4 44 d4 24 

~d7 + 2(t + 50) ~ ^ dt" + t + 50 ~ 

^|[(t + 50) 2 4]=3(t + 50) 2 
=> (t + 50) 2 4 = (t + 50) 3 + c. 
Since 4(0) = 100, we have c = 125000, and therefore, 

125000 



A(t) = t + 50 + 



(t + 50) 



2 ' 



The tank is full when V(t) = 200, that is, when 2(t + 50) = 200 so that t = 50 min. Therefore the 

• ■ , r , n ^(50) 9 /T 

concentration just before the tank overflows is: = — g/L. 

1/(50) 16 

5. 

(a) We have AF = nAt - r 2 At. Therefore, 

f = 1=>V(*)=, + 10, 

where we have used V(0) = 10. Now, A4 w ciriAf — c 2 r 2 At, so that 

d4 „ 4 24 

-2c 2 = -2- 



dt y t + io' 

We solve this by separation of variables: 

"' ' ' 2< " In |4| = -2 In \t + 10| + c =► 4(t) = Jfe(i + 10)" 



4 t+ 10 
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A(5) 

where k is a constant. Since V(5) = 15, we have A(5) = 3 since = 0.2. Thus, k = 675 and 

V{5) 

675 

A(t) = — — ^ . In particular, A(0) = 6.75 g. 

(t + 10) 

675 

(b) From part (a), A(t) = and V(t) = t + 10. Therefore, 

A(t) 675 



K(t) (t+10) 3 ' 

Setting = 0.1, we have (t + 10) 3 = 6750 => t + 10 = 15^/2 so = £ + 10 = 15^/2 L. 
6. (a) We have AV = nAt - r 2 At = At. Therefore, 

where we have used V(0) = 20. Now, AA w ciriAt — c 2 r 2 At, so that 

d ^ „ „ „ 2A „ 2-4 

— = 3-2c 2 =3 = 3 . 

dt V t + 20 

Hence, 

dA 2 , o d r , „, „, 4 , N (20 + t) 3 + c 

A + t+~20 = 3 o# + 20) A] = 3(< + 20) = (t + 20) 2 ■ 

Since A(0) = 0, we have c = — 20 3 which means that 

(t + 20) 3 - 20 3 



A(t) = 



(t + 20) 2 



(b) The concentration of chemical in the tank, c 2 , is given by c 2 = or c 2 = - ^ so from part (a), 

(t + 20) 3 — 20 3 1 1 (t + 20) 3 — 20 3 - 

c 2 = t . Therefore o> — - g/L when - = — , and we conclude that t = 20(^2 — 1) 

(t + 20) 3 2 ' 2 (t + 20) 3 K ' 

minutes. 

7. (a) We have AV — r\Ar — r 2 At = 0, since n = r 2 = r. Therefore, 

^ = 0 =>• K(t) = F(0) = «, 
for all t. Now, AA = c\T\At — c 2 r 2 At, so that 



dA , A r 

— — = kr — r— = kr A, 

at v w 



so we have the first-order linear differential equation 



^ + —A = kr ==> 4(e rt/ "^) - fcre rf ^ =► A(t) = few + ce- rt /™. 
at w at 



GO 



Since A(0) = A 0 , we have c = A 0 — kw. Therefore, 

A{t) = e- rt / w [kw(e rt/w - 1) + A 0 ]. 



(b) We have 



lim 



A(t) 



= lim 



-rt/w 



t—nx V(t) t^oo w 



/cw^*/ 1 " -1) + A 0 



= lim 


k + 


( «T _ fc ) 









= jfe. 



This is reasonable since the volume remains constant, and the solution in the tank is gradually mixed with 
and replaced by the solution of concentration k flowing in. 

8. (a) For the top tank we have: 

dAx dAx Ax dAx r 2 . , . 

— = cm - c 2 r 2 —— = cm -r 2 —=^ —— = cm - 7 ——Ax(t). 

dt dt Vi dt {r\-r 2 )t+Vi 

Rearranging this equation, we obtain 



dA x 



dt {r 1 -r 2 )t + V 1 



Ai = cm- 



For the bottom tank we have: 
dA 2 
dt 



c 2 r 2 - c 3 r 3 



dA 2 
dt 

dA 2 
dt 

dA 2 
dt 



>2 



A x 



{n-r 2 )t + Vx 
Ax 



r 3 



Mt) 
v 2 (t) 



V2 {rx-r 2 )t + Vx r3 \r 2 -r 3 )t + V 2 



+ 



r 3 



-An 



-r 3 , 
r 2 Ax 



(b) From part (a), 



dAx 



+ 



r 2 



dt (rx-r 2 )t+Vx 



Ax = cin 



(rx-r 2 )t+V 2 {rx-r 2 )t + Vx' 

dAx 



+ Ax = 3 

dt 2t + 40 

dA i 2 „ 

— - H Ax = 3 

dt t + 20 

j t [(t + 20) 2 Ax] = 3(t + 20) 2 
Ax = t + 20 + 



(t + 20) 2 ' 



Since Ax(0) = 4, we have c = —6400. Consequently, 

Ax(t) = t + 20 



Next, 
dA 2 



+ 



dt t + 20 



t + 20 



t + 20 



6400 
(t + 20) 2 



6400 
" (t + 20) 2 

dA 2 



3 , 2[(t + 20) 3 - 6400] 
+ , , ^ n A 2 = - 



dt t + 20 
d 



dt 



[(t + 20) 3 A 2 ] = (t + 20) 



(t + 20) 3 
3 f 2[(t + 20) 3 - 6400] 



(t + 20) 3 



t + 20 12800t 



(t + 20) 3 (t + 20) 3 ' 
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Since A 2 (0) = 20, we find that k = 80000. Thus 

„ . . t + 20 12800* 80000 
M*) = — 7T 



(t + 20) 3 (i + 20) 3 ' 



119 

and in particular, ^(10) = w 13.2 g. 



9. Plugging the given values into the differential equation — + — i = —E(t) yields the first-order linear 

Ctt Lj _Zv 

di 

differential equation — + 40« = 200, which has integrating factor I(t) = e 40t . Therefore, 

4(e 40t i) - 200e 40t =► i(t) = 5 + ce" 404 . 
dt 

Since i(0) = 0, we have c = —5. Consequently, i(t) — 5(1 — e~ 40 *). 

10. Plugging the given values into the differential equation ^ + -^q = yields the first-order linear 

dt RG R 

differential equation — + lOq = 20, which has integrating factor I{t) = e 10t . Therefore, 

j t (qe Wt ) = 20e 10 * =► q(t) = 2 + ce~ wt . 
Since <j(0) = 0, we have c = —2. Consequently, </(£) = 2(1 — e~ 40t ). 

11. Plugging the given values into the differential equation — - H i = —E(t) yields the first-order linear 

dt L L 

di 

differential equation — + 3i = 15sin4t, which has integrating factor I(t) = e 3 *. Therefore, 

d 3e 3t (3 4 \ 

— ( e 3t i) = 15e 3t sin4t => e 3t i = -— (3sin4i - 4cos4t) + c=>i(t) = 3 -sin4t- -cos4t + ce~ 3t . 

dt 5 \5 5 J 

12 3 
Since i(0) = 0, we find that c = — . Therefore, i(t) = -(3sin4i - 4cos4t + 4e~ 3 *). 

5 5 

dq 1 E 

12. Plugging the given values into the differential equation — H — q = — yields the first-order linear 

dt RC R 

differential equation — + Aq = 5cos3t, which has integrating factor I{t) = e 4t . Therefore, 
d e 4 * 1 

— ( e At q) = 5e 4t cos3t => e At q = — (4 cos 3t + 3 sin 3t) + c=> q(t) = -(4cos3i + 3sin3i) + ce~ 4 *. 
dt 5 5 

Since q(0) = 1, we find that c=\. Thus, 

5 

q(t) = i(4cos3t + 3sin3i + e~ 4t ) and i(t) = ^ = ^(9cos3t - 12sin3t - 4e~ 4t ). 

13. In an RC circuit for t > 0 the differential equation is given by ^ + = ^. If E(t) = 0 then 

dt RCj R 
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and if g(0) = 5, then q(t) — be l l RC . Then lim q{t) = 0. Yes, this is reasonable. As the time increases and 

t — >oo 

E(t) — 0, the charge will dissipate to zero. 



14. The differential equation governing the charge q(t) in this case is given by i + -prp^q - 

RC 

i • • -i t . di 1 dq dq . 

this equation with respect to t, we obtain — + -rz—.— = 0. Since — = i, 

dt RC dt dt 



di 



1 



dt RC 

En 



;i = Q 



dt 



(e t/RC i) = 0 i(t) = ce 



- rP -t/RC 



Since q(0) = 0, we see that i(0) — —. Therefore, 

R 



i{t) = §e-V^. 



Eo 
R ' 



Differentiating 



Integrating, we find that q(t) = — (— RCe t / RC + for some constant k. Using g(0) = 0, we obtain 

0 = — (k - RC), so that k = RC. Hence, 
R 



j(t) = E 0 C ( 



1 - e 



-t/RC 



Then lim q(t) = E Q C, and lim i{t) = 0. 

t — >oo t — ^oo 




Figure 49: Figure for Problem 14 



m , ,._ . . . „ T . . di R E(t) , i? 

15. The dinerential equation governing the current m an RL circuit, — H i = , becomes — H i 

dt L L dt L 

E 

— sin tot, since E(t) = En sin tut. An integrating factor here is J(i) = e Rt l L , so that 

Li 

~(e m ' L i) = E ±e m l L smut^i(t)= n9 E ° = [Rsinu;t ~ uiLcosuit] + A e - Rt ' L . 
dt L R 2, + L^w 2 
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We can write this as 
i(t) = 



En 



VR 2 + L 2 lo 2 
Denning the phase <f> by 



R 



■. sin Lot — 



loL 



VR 2 + L 2 u 2 VR 2 + L 2 lu 2 



R 



COS ( 



VR 2 + L 2 u 2 



and sin i 



cos cut 



jL 



+ Ae- Rt ' L . 



VR 2 + L 2 uj 2 : 



we have 



That is, 



i(t) 



VR 2 + L 2 oj 2 



[cos (j) sin cut — sin <f> cos tot] + Ae Rt / L . 



i(t) 



En 



VR 2 + L 2 uj 2 



Transient part of the solution: ir{t) = Ae Rt / L . 



Steady state part of the solution: is(t) 



En 



VR 2 + L 2 lj 2 



sin (u>t -(/)) + Ae~ m/L . 



sin (tot — 4>). 



di E R 

16. We must solve the initial value problem — + ai = — , i(0) = 0, where a — — , and E 0 denotes the 

(It Li Lj 

constant EMF. An integrating factor for the differential equation is / — e at , so that the differential equation 

d E E 

can be written in the form -7-{e at i) = — e at . Integrating yields i(t) = — + c\e~ at . The given initial 

E E E ^ E 

condition requires C\ H ^ = 0, so that C\ = %. Hence i(t) = — ^(1 — e~ at ) — — ^(1 — e~ at ). 

aL aL aL R 

17. Substituting E(t) = E 0 e~ at into the differential equation ^ + r-^—q = , we obtain ^ + -^q = 

dt RG R dt RG 

En 



^0 - at 



, with integrating factor I(t) = e^ RC . Thus, 



« ^/RC q) = E^ e (i/RC~a)t ^ q{t) = e -t/RC 
dt R 



E 0 C (l/RC-a)t , , 

I -aRC +fc 



Q(t) = 



^^-e- at +ke-^ RC . 



1 - aRC 



Imposing the initial condition g(0) = 0 (capacitor initially uncharged) requires k = — 



E 0 C 
1 - aRC 



so that 



dq di di dq di 
18. From the given second-order differential equation, we use i(t) — — and — = —• — = i— to obtain 

dt dt dq dt dq 

% + LC q = °- Th6n 

idi = -—qdq => i 2 = -j^q 2 + k, 
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q 2 

for some constant k. Since q(0) = qo and i(0) = 0, we have k = — Thus, 

LC 



LC q LC 



± 



- g 2 



dt 



dq 



v/gW 



±- 



dt 

7zc 



sin" 1 (^) = ±— = + fci 



<7 = <? 0 sin ± 



'LC 



Since q(0) = qo, we have qo = qosmki, so that k\ = | + 2n7r, where n is an integer. Hence, 

f .7 



and 



q(t) = q 0 sin ± 



i(t) 



d<7 



go 



: sm 



<7o cos 
f 



i 



19. In this case, we have the second-order differential equation 

dt 2 LC 

d 2 q di di dq . di 
dt 2 dt dq dt dq 

Hence the original differential equation can be written as 



d 2 q 1 E 0 . dq 

q = — . Since i — — , 
L dt 



.di 1 _ E 0 
l dq + LC q ~T 



idi + j^qdq = ^y-dq 



2 + 2LC 



E a q 



for some constant A. Since i(0) = 0 and q(0) — qo, we find that A = 
we get that 



go ^ogo 



2LC 



From h 



2 2LC 



2A + 



2E m 



LC 



1/2 



2A + 



(2E Q C) 2 {q-E 0 Cf 



LC 



LC 



1/2 



We let D 2 = 2 A + ^ E f^} , so that 

dq 
i— = D 
dt 



q-EpC 



1/2 



'LC sm 



Then since q(0) = 0, we have B = ^LCsinT 1 ' 



DVLC 

q-E 0 C . 
, = sin 

D\Tlc 



DVLC 
and therefore 

t + B ), 



'LC 



= t+B. 



which implies that 



q(t) = dVW sin 



t + B 



T-i ■ dq ft + B \ 

tinC => I = — = D COS ; . 

dt \VlcJ 



2A + (E Q C) 2 q 2 0 E 0 q 0 

Slnce D = — and A = — — . 

9o - E 0 C\ 



we can substitute to eliminate A and obtain D 



± 



'. Thus 



q(t) = ±\q 0 - E 0 C\sin 



t + B 
s/LC 



+ E 0 c. 



Solutions to Section 1.8 



True-False Review: 
1. TRUE. We have 



2{xt){yt) - (xt) 2 _ 2xyt 2 - x 2 t 2 _ 2xy - x 2 _ 
J[tX,tV) 2{xt){yt) + {yt) 2 2xyt 2 + yH 2 2xy + y 2 I{X ' Vh 



so / is homogeneous of degree zero. 
2. FALSE. We have 



(xt) + (yt) 2 xt + y 2 t 2 x + y 2 t x + y 2 
so / is not homogeneous of degree zero. 
3. FALSE. Setting f{x,y) = i±fj£, we have 

l + (xt)(yt) 2 1 + xy 2 t 3 
= l + (xt) 2 (yt) = TTx^ * fiX ^ 



so / is not homogeneous of degree zero. Therefore, the differential equation is not homogeneous. 

2 2 

x y 
x i +y i 



4. TRUE. Setting f(x,y) = -gjL, we have 



f (tx ty) ^ fix y) 

Therefore, / is homogeneous of degree zero, and therefore, the differential equation is homogeneous. 

5. TRUE. This is verified in the calculation leading to Theorem 1.8.5. 

6. TRUE. This is verified in the calculation leading to (1.8.12). 

7. TRUE. We can rewrite the equation as 

y - ^fxy = ^fxy 1/2 , 

which is the proper form for a Bernoulli equation, with p(x) = —\fx, q(x) = \fx, and n = 1/2. 



GG 



8. FALSE. The presence of an exponential e xy involving y prohibits this equation from having the proper 
form for a Bernoulli equation. 

9. TRUE. This is a Bernoulli equation with p(x) = x, q(x) = x 2 , and n = 2/3. 

tt i i • i. i • i • • ,r V dy Tr dV 

Unless otherwise indicated m this section V = — , — = V + x——, and t > 0. 

x ax ax 

Problems: 

(tx) 2 — (ty) 2 x 2 — y 2 

1. We have f(tx,ty) — — - — ^- — r — = = f(x,y). Thus / is homogeneous of degree zero. We write 

(tx)(ty) xy 

x 2 -v 2 l-f^) 2 1 - V 2 



2. We have f(tx, ty) = (tx) — (ty) = t(x — y) = tf(x, y). Thus / is homogeneous of degree one. 

(tx) sin (|^) — (ty) cos (||) xsin | — y cos | 

3. We have f(tx,ty) = — 5 = = f(x,y). Thus / is homogeneous of 

- v 

degree zero. We write 

sin I - I cos I sin 1, - V cos V 

f(x,y) = y R x = — ^ = F(V). 

X 

4. We have f(tx,ty) = + ^ = + ^ = V^!±Z = /(^y). Thus / is homogeneous of 

tx — ty t(x — y) x — y 

degree zero. We write 

i - v 



/(*. y) = V 1 _ J T = W = W 



5. We have f(tx,ty) = . Thus f is not homogeneous. 

tx — 1 

6. We have f(tx, ty) = — + \ y = 1 ' , y) = - tf = f(x, y). Thus / is homogeneous of 

ty 3(ty) 3(ty) 3y 



degree zero. We write 



f( X ,y) = = = -^r- = nn 



7. We have f(tx,ty) = = = f(x,y). Thus / is homogeneous of degree zero. We 

tx x 

write 

_ \x\VT+W L ; (y\ 2 



f( X ,y) - = ^Vi±ur = _l + ,vy = _ V YTV~ 2 = f(v). 

x x \ \x/ 

8. We have f(tx,ty) = ^W^^M±M = V^±^1±V = f{x ^ Thus f is homoge _ 

(tx) + 3(ty) x + 3y 
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neous of degree zero. We write 

_ y^TV-.x + ?y _ yi + 4(|)^-i + | _ VTTI^-i + y _ 

/l x + 3y ~ 1 + 3| ~ 1 + 3V -^"J- 

9. We divide both sides of the given differential equation through by x to obtain (3 )— = — . 

x dx x 

Substituting V = y/x and replacing ^ with -^-(xV) = V + x^-, we obtain (3 — 2V) [V + x^—\ = 3V. 

ax ax ax \ dx J 

Thus, x—— = — V. A short algebraic manipulation allows us to separate variables as follows: 

ax 3 — 2V 

3 — 2V dx 3 

— — — r— dV — — . Integrating on each side, we obtain — — — — In \V\ = In \x\ + c\. Finally, replacing V with 

2V Z x 2V 

y/x, we conclude that 



3x 

In 

2y 



In Ixl + ci =>■ In y = -— + c 2 => y 2 = ce 3x/y . 

2y 



10. We divide the given differential equation through by x l on the top and bottom of the right-hand 

dy 1 / y\ 2 _ , . . , , . dy . , d , T ,. 

side to obtain — = - 1 H — . Substituting 1/ = y/x and replacing — with —IxV) = V + x— — , we 
^dx ^ 2 V x/ dx dx dx 

obtain V + x— — = -(1 + V) 2 . Using a short algebraic manipulation to separate the variables, we find that 
dx 2 

11 1 

— g = —dx. Integrating on each side, we obtain tan -1 V = - In |x| + c. Finally, replacing V with y/x, 

V ~\~ 1 2iX — 
we conclude that 



+ c. 



x ) \ dx x 



tan- 1 (|) = iln|x| 

11. We divide both sides of the given differential equation through x to obtain sin 

cos f — ") . Substituting V = y/x and replacing ^ with — (xU) = V+x-^-, we obtain sin V [ V + x — — — V 
\x/ dx dx dx \ dx 

cosV. Therefore, sinV|x^- ) = cosV . Separating variables, we find that temV dV = —. Integrat- 

\ dx J x 

ing on each side, we obtain — ln|cosV| = In |x| + c\, or, upon replacing V with y/x and rearranging, 



In 



cos 

x 



(!) 



= —c\. Exponentiation and removal of absolute value yields 
xcos ^ — ^ = c 2 => y(x) = xcos -1 ^— ^ . 

12. We divide both sides of the given differential equation through by x to obtain 

dy _ y/lQx 2 - y 2 + y ^ dy _ / 16 _ fVy + 1 



dx x dx \ x x 

Substituting V = y/x and replacing ^ with -^-(xV) = V + x^-, we obtain V + x^- = \/l6 — V 2 + V, 

dx dx dx dx 
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or x—— = \/l6 — V 2 . Separating variables, we have = — . Integrating on each side, we obtain 

ax V16 - V 2 x 

V y 
sin -1 ( — ) = In \x\ + c. Finally, replacing V with y/x, we conclude that sin -1 (— ) = In |ar| + c. 

^/(Qx 2 + y 2 ) + y 

13. We first rewrite the given differential equation in the equivalent form y 1 = . Factoring 

X 

\x\-J9 + ( a ) 2 + y 

out an x 2 from the square root yields y' = - . Since we are told to solve the differential 

x 

equation on the interval x > 0 we have \x\ = x, so that 2/' = 9 + (|) 2 + |, which we recognize as being 
homogeneous. We therefore let y — xV, so that y' — xV + V. Substitution into the preceding differential 
equation yields xV + V = \/9 + V 2 + V. That is, xV — a/9 + V 2 . Separating the variables in this equation 

we obtain dV = —dx. Integrating we obtain In (V + \/9 + V 2 ) = In a; + c. Exponentiating both 

V 9 -\- V % 

sides yields V + \/9 + V 2 = C\x. Substituting — = V and multiplying through by x yields the general 

x 

solution y + ^/9x 2 + y 2 — c\x 2 . 

14. The given differential equation can be written in the equivalent form 

dy _ y(x 2 - y 2 ) 
dx x(x 2 + y 2 ) 1 

which we recognize as being first-order homogeneous. The substitution y = xV yields 

dV V(l-V 2 ) dV 2V 3 



so that 



Consequently, 



V 3 



dx l + V 2 dx 1 + V 2 ' 



V 2 f dx V~ 2 

dv = -2 / — =^> — + ln\V\ = — 21n |ar| + c x . 



x 



x^_ 
'2y 2 



+ In \xy\ = ci. 

dy 



15. We rearrange the given differential equation to read — = - In I — I. Substituting V = y/x and 

d d dV dV X 

replacing — — with —(xV) = V + x——, we obtain V + x—— = V InV. Separating the variables, we have 

dx dx dx dx 

dV dx . . . - . In V — 1 

— = — . Integrating on each side, we have In In V — 1 — In \x \ + c\. lhat is, In = c\. 

V{m.V — 1) x x 

Exponentiation on both sides gives InV — 1 = c 2 x, or InV = 1 + c 2 x. Exponentiating once more gives 
V = e 1+C2X . Therefore, y(x) = xe 1+C2X . 

16. Substituting V = y/x and replacing ^ with ^—(xV) = V + x^-, we obtain 

dx dx dx 

dV _ V 2 + 2V - 2 _ dV -V 3 + 2V 2 + V - 2 _ V 2 - V + 1 dx 
+ X ~dx~~ l-V + V 2 V 2 - V + 1 ^ V 3 - 2V 2 - V + 2 

We can use a partial fractions decomposition on the left-hand side: 

1 1 1 



V 2 -V+l , V 2 -V+l 

;dV = -J— -T— r— -TTTT Tvdv = 



V 3 - 2V 2 - V + 2 (V-1)(V + 2)(V+1) 



V -2 2(V-1) 2(y + l) 



dV. 
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Therefore, 



+ 



V-2 2(V-1) 2(V+1) 
Integrating on both sides, we have 



= — 



dx 



In|y- 2|-iln|F- l| + ^ln|y + 1| = -ln|x|+ci => In 



(y-2) 2 (y + i) 



v-i 



= — 21n.x+C2 



( ? y-2x) 2 ( ? y + x) 
2/ - a; 



= c. 



17. Dividing the given differential equation through on both sides by x 2 yields 



a; ax \ \xJ J 



Substituting V — y/x and replacing ^- with -f-(s^) = V + x^-, we obtain 

ax ax ax 



Simplifying, we obtain 



21 [V + x^)-(e-V+2V)=0. 



2Vx d f = e- v2 =>e v2 (2VdV)=^. 
ax x 



Integrating on each side, we conclude that 

e y2 = In |x| + ci e^ 2 ^ 2 = In (ex) => y 2 = x 2 In (In (cx)). 



18. Dividing the given differential equation through on both sides by x 2 yields 

Substituting V = y/x and replacing ^- with -^-(xV) = V + x^—, we obtain 

ax ax ax 



dy 
dx 



x x 



dw 9 du , „ . , dw dx 

v + x— = v 2 + 3v + 1 => x— = (v + 1 2 => — = — . 

dx ax (v + l) 2 x 



Integrating on each side, we conclude that 

1 



v+l 



In |x| + Ci 



In |x| + Ci 



x + ci 



y , 1 

x In x + ci 



y = -x 



In x + ci 



19. Dividing the given differential equation through on both sides by y and factoring x from the right-hand 
side, we obtain 

dy _ yrrifF-i 
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n i • • „ / , , • dy . , d . T „, TA dV , . „ dV Vl + V 2 -1 
Substituting K = y/x and replacing — with — (xV) = V + x——, wc obtain V + x—— = — . 

ax ax ax ax V 



m, r ^ V 1 + V 2 ~ 1 ~ V 2 i • -,i n i , V ,t r dx 

Ihcrciorc, x — = , and separating variables, wc rind that — , dV = — . 

dx V s Vl + V 2 -l-V 2 x 

Integrating on both sides, wc have In jl — V\ = In \x\ + c\ \x(\ — V)\ = c 2 => 1 — V = - => V 2 = 
^-2- + l=^V 2 = ^-2-=^y 2 = c 2 - 2cx. 

X 2 X x z X 

20. Dividing through by x 2 on both sides of the given differential equation, we find that 

dy y 



2 (y + 2 )f = yu_y). 

\x J dx x \ xJ 



Substituting V = y/x and replacing — — with —(xV) = V + x——, we obtain 

dx dx dx 

2(V + 2) (v + x^j =V(4-V). 
A short algebraic manipulations yields 

dV W 2 



2x— = - 



Separating variables, we obtain 



Integrating on both sides, we have 



dx V + 2 



V 2 x 



2 In |V| - - = -3 In + a => xy 2 = ce Ax ' v . 

dy y dy 

21. We rewrite the differential equation as — ^- = tan(y/x) + — . Substituting V — y/x and replacing — 

dx x dx 

• i d dV 
with —(xV) = V + x——, wc obtain 
dx dx 

dV Tr dV Tr ^ dx 

V + x— = t&nV+ V => x— = t&nV => cot VdV = — . 
dx dx x 

Integrating on both sides, we find that 

In | sin V\ = In + c\ sin V = cx =>■ V = sin -1 (cx) => y(x) = xsin -1 (cx). 



dy I ( & "\ y dy 

22. Wc rewrite the differential equation as — = \ [ — ] +1 + —. Substituting V — y/x and replacing — 

dx y \y J x dx 

• i d dV 
with —I xV) — V + x——, we obtain 
dx dx 



dV f 1\ 2 dV f l\ 2 dV dx VdV dx 

1 "^ibj +i+v ^ x dx- = nv) +i ^^,i )2+1 = t^7ttw = ^- 
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Next, we integrate on both sides to obtain \f\ + V 2 = In |ar|+c. A short algebraic manipulation and replacing 
V with y/x yields the implicit solution 

y 2 = x 2 [(In |z| + c) 2 - 1] . 



23. The given differential equation can be written as {x—4y)dy = {Ax+y)dx. Converting to polar coordinates 
we have x = r cos 6 dx = cos 6dr — r sin 0d6 and y = r sin 9dr + r cos Odd. Substituting these results into 
the preceding differential equation and simplifying yields the separable equation 4r~ 1 dr = d0 which can be 
integrated directly to yield 41nr = 6 + c, so that r = cie 6 */ 4 . 

24. THE INITIAL CONDITION GIVEN IN THE TEXT DOES NOT WORK. The given 
differential equation can be rewritten as 



dy 
dx 



21^-1 



1 + 



Substituting V — y/x and replacing — — with —IxV) = V + x——, we obtain 

dx dx dx 



V 



dV _ 2(2V - 1) 



dx 



l + V 



Therefore, 



Separating variables, we have 



dV 
dx 



-V 2 + 3V-2_ (V-2)(V-1) 



V + l 
V + l 



-dV 



V+l 

dx 

x 



(V-2)(V-1) 

Using a partial fractions decomposition on the left-hand side, this becomes 

/ 3 2 \ dx 

\—2-—l) dV = -^- 

Integrating on each side, this becomes 



3 Inly - 21 - 2 Inly - 1| = -In Id + c. 



Substituting V = y/x, we recover 



3 In 


V --2 


- 2 In 


V --l 




X 




X 



= — In \x\ + c. 



dy 

25. The given differential equation can be written as — = 

dx 



1 + 4- 



Substituting V — y/x, replacing 



dy 
dx 



with — (xV) = V + x— — , and separating variables, we obtain 
dx dx 



V + x 



dV _ 2-V 
~dx~ ~ l+AV 



dV 2-2V- 4V 2 



dx 



i + 4y 



i + 4y 

2V 2 + V -i 



dV 



I 



dx 
x 
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Integrating on each side of the equation, we obtain 
1 , ,_ , , , , 1 



ln|2?/ + u- 1| = -ln|a;| + c => - In |aT(2tT + v - 1)| = c => - In |2y 2 + yx - x 2 | = c. 
Since y(l) = 1, we have c = ^ In 2. Thus ^ In |2y 2 + yx — x 2 \ = ^ In 2, which implies that 2y 2 + yx — x 2 = 2. 



26. The given differential equation can be written as 

i • dy . , d dV 
replacing — with — = K + x— — , we obtain 

ax ax ax 



dy _ y 
dx x 



y 

1 H — Substituting V ~ y/x and 
x^ 



V + x^- = v-Vi + v 2 . 

dx 

Therefore, x^- = — \/l + V 2 . Separating variables, we have . ^ 

dx v 5 Vl + V 2 

this equation, we obtain In \V + Vl + V 2 \ = — In |x| + c. That is, 



. Integrating on each side of 



In 



+ 11 + 



y 



= — In Ixl + c. 



Since t/(3) = 4, we find that c = 2 In 3 = In 9. Hence, we have 

In 

A short algebraic manipulation gives 



1 



y 



In Ixl + ln9. 



In \y + \J x 2 + y 2 \ = In 9. 



Therefore, y + a/x 2 + y 2 = 9. 

dy y / / y \ 2 

27. Dividing the given differential equation through by x, we have — — \ 4 — I — ) . Substituting 

dx x V 

, , , . dy . . d , Tr . yr dV 
V = y/x and replacing — with — (xv) = V + x— — , we obtain 

dx dx dx 



Separating variables, we have 



V + x^- = V +^A-V 2 . 
dx 



dv dx 



and integration on both sides yields 

sin -1 (^j = In |x| + c => sin -1 (J^-^ = lnx + c, 

since x > 0. 
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dV l + V 2 

28. (a) Substituting y = xV and simplifying yields x—— — . Separating the variables and inte- 

dx a — V 

1 2/1 

grating, we obtain atan -1 V In (1 + V 2 ) = lux + lnc, or equivalently, a tan -1 In {x 2 + y 2 ) = Inc. 

2 x 2 
Substituting x = rcosO and y — rsin# yields a6 — lnr = Inc. Exponentiating then gives r = ke a0 . 

(b) The initial condition y(l) = 1 corresponds to r(j) — \[2. Imposing this condition on the polar form 
of the solution obtained in (a) yields k — ^/2e~™' 8 . Hence, the solution to the initial value problem is 

r = v / 2e( 8 ~ T ' V 4 )/ 2 . When a = -, the differential equation is — = . Consequently, every solution 

2 ax x — 2y 

x 

curve has a vertical tangent line at points of intersection with the line y = — . The maximum interval of 

existence for the solution of the initial value problem can be obtained by determining where y = — intersects 

x 1 
the curve r — \/2e^ e ^^^ 4 ^ 2 . The line y = — has a polar equation tan# = -. The corresponding values of 8 

are 6 = Q\ = tan -1 - w 0.464, 9 = 9 2 = 0\ + n ~ 3.61. Consequently, the ^-coordinates of the intersection 

points are Xi = rcos6>i = V^ 1 ^/ 4 )/ 2 cos 6»i » 1.08, x 2 = rcos9 2 = ^e^ 2 ^/ 4 )/ 2 cos 9 2 « -5.18. Hence 
the maximum interval of existence for the solution is approximately (—5.18, 1.08). 

(c) 



Figure 50: Figure for Problem 28(c) 

29. The given family of curves satisfies x 2 + y 2 = 2cy, so implicit differentiation gives 

2x + 2y^- = 2c^-. 
dx dx 

x 2 + y 2 
Since c = , we have 

dy x 2xy 
dx c — y x 2 — y 2 

dy 7y 2 — x 2 

Therefore, the orthogonal trajectories satisfy — = . Let y = xV so that 

dx 2xy 

dx dx 
Substituting these results into the last equation yields 

x^- = =^ l n |y 2 + l| = - In \x\ + Cl =>■ + 1 = ^ ==► x 2 + y 2 = 2c 2 x. 

dx 2V x z x 
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Figure 51: Figure for Problem 29 



30. The given family of curves satisfies (x — c) 2 + (y — c) 2 = 2c 2 , so implicit differentiation gives 2(x — c) 4 

dy x 2 4~ y 2 

2{y — c)— = 0. Since c = — r-, we have 

ax 2(x 4- y) 

dy c — x y 2 — 2xy — x 2 

dx y — c y 2 + 2xy — x 2 

dy y 2 4~ 2xy — x 2 dy d\^ 

Therefore, the orthogonal trajectories satisfy — = — ^ — —~. Let y = xV so that — — V + x 



dx 



dx 



dx 



x 2 + 2xy — y 2 

dV V 2 + 2V - 1 

Substituting these results into the last equation yields V + x — = ^. Separating the variables, 

dx I + 2V — V 2 



1 + 2V-V 2 



1 



we have — = = dv = —dx. A partial fractions decomposition can be used on the left-hand side to 

V 3 -V 2 + V - 1 x 

give 



1 



2V 



V -I V 2 + l 



dV 



-dx. 



Integration gives In IV — II — In \V 2 + II = In la; 1 4- c±, for some constant c±. That is, — ^ = C2X. Replacing 

V + 1 

V with y/x and doing a short algebraic manipulation gives the equations of the orthogonal trajectories: 

x 2 + y 2 = 2k(x - y) => (x - k) 2 + (y + k) 2 = 2k 2 . 




Figure 52: Figure for Problem 30 



31. (a) Let r represent the radius of one of the circles with center at (a, ma) and passing through (0,0). 
Then we have r — yj(a — 0) 2 4- {ma — 0) 2 = |a|\/l 4- m 2 . Thus, the circle's equation can be written as 
{x - a) 2 + (y - ma) 2 = (|a|\/l 4- m 2 ) 2 , or (x - a) 2 + (y - ma) 2 = a 2 (l 4- m 2 ). 
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x 2 -\- y 

(b) From part (a), we have (a; — a) 2 + (y — ma) 2 = a 2 (l + m 2 ). Therefore, a = — -. Differentiating 

2\x + my) 

dy a — x 

the first equation with respect x and solving we obtain — = . Substituting for a and simplifying 

dx y — ma 

dy y 2 — x 2 — 2mxy 

yields — — = 7. ^ — - — . Therefore, the orthogonal trajectories satisfy 

dx my 2 — mx z + 2xy 

dy mx 2 — my 2 — 2xy m — m(|) 2 — 2| 
dx y 2 — x 2 — 2mxy (|) 2 — 1 — 2m ^ 

Let y = xV , so that — — = V + x——. Substituting these results into the last equation yields 
dx dx 

dV_m-mV 2 -2V_ xdV _ (m - V)(l + V 2 ) 
+ X ~dx~ ~ V 2 - 1 - 2mV ^ ~dx~ ~ V 2 - 2mV - 1 

V 2 - 2mV -I f dx 

(m-y)(l + ^ 2 ) v ~ J V 
dV f 2V „ r f dx 

rdV 



V - m J l + V 2 J x 
=>\n\V- m\ - In (1 + V 2 ) = In \x\ + ci 

V - m = c 2 x(l + V 2 ) 
=> y - mx = c 2 x 2 + c 2 y 2 
=> x 2 + y 2 + cmx — cy = 0. 

Completing the square we obtain (x + cm/2) 2 + (y — c/2) 2 = c 2 /4(m 2 + 1). Now letting b — c/2, the last 
equation becomes [x + bm) 2 + (y — b) 2 = b 2 {m 2 + 1) which is a family of circles lying on the line x = —my 
and passing through the origin. 

(c) 



y(») 



Figure 53: Figure for Problem 31(c) 



32. Implicit differentiation of x 2 + y 2 — c with respect to x yields — = = m 2 . Now 

dx y 



m 2 - tan (| ) _ —x/y - 1 _ x + y 
l + m 2 tan(|) I - x/y x — y' 
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Let y = xV, so that = V + x-^—. Substituting these results into the last equation yields 
ax ax 

dV l + V 1 - V dx 

x lix = Y^v T+v 2 = ^ 



dx 

x 



/(-t^ + ^Vt)^/ 

~ ln(l + V 2 ) + tan" 1 V = In |z| + Cl . 



Therefore, the equations of the oblique trajectories are 

ln(x 2 + y 2 ) - 2tan _1 (y/x) = c 2 . 



33. We have — = 6y/x = m 2 . Now 
dx 

m 2 — tan(f) 6y/x~ 1 6y — x 
l + rr^tan^) 1 + 6y/x 6y + x 

dy dv 

Let y = xV, so that — = v + x — . Substitute these results into the last equation yields 
dx dx 

dV _ 6V - 1 _ (3V-1)(1-2V) 

+ X ~dx~ ~ 6V + 1 ^ * dz" ~ 6^+1 

9 8 \ ITr f dx 

dv 



3V-1 2V-1J J x 

31n|3V- II -41n|2V - II = In Id +ci. 



Therefore, the equations of the oblique trajectories are 

(3y-x) 3 = k(2y~x) 4 . 



dy 

34. Implicit differentiation of x 2 + y 2 = 2cx with respect to x gives 2x + 2y— = 2c, so that 

dx 

x 2 -\- y 2 dy y 2 — x 2 

Since c = , we find that — = '—— = m 2 . Now 

2x dx 2xy 

V 2 - x 2 _ x 

m 2 - tan (f ) 2xy _ y 2 - x 2 - 2xy 



mi 



l + m 2 tan(^) ^ y 2 — x 2 y 2 —x 2 + 2xy' 
2xy 
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dy dV 

Let y = xV, so that — — = V + a;-^. Substituting these results into the last equation yields 
dx ax 



V + x 



dV V 2 - 2V - 1 



dx V 2 + 2V - 1 



dV _ -V 3 - V" 2 - V - 1 

X ~dx ~ V 2 + 2V - 1 

-F 2 -2T/ + 1 j da; 

— s ?; flv = — 

V 3 + V 2 + V + 1 x 



1 



21/ 



dV = 



dx 
x 



y + i v 2 + i / 

In \V + 1| - In (V 2 + 1) = In |.t| + Cj 
=^ In |y + a; | = In \y 2 + x 2 \ + c\. 

Therefore, the equations of the oblique trajectories are x 2 + y 2 = 2k{x + y) or, equivalently, 

(a;-fc) 2 + (?/-fc) 2 = 2fc 2 . 



35. (a) From y — cx 1 , we find that 



dy 



V 



Therefore, 



mi 



ni2 — tanao — (y/x)— tanag 



l + TO2tanao 1 — (y/x) tan ao 



Let y = xV , so that — — = V + x——. Substituting these results into the last equation yields 
dx dx 



V + x 



dV tan ao + V 



dx V tan ao — 1 



2V tana 0 - 2 



-dV 



2dx 

x 



V 2 tan ao — 2V — tan ao 
In \V 2 tana 0 — 2V — tana 0 | = -2 In |x| + c\ 
(y — x 2 ) tan ao — 2xy = k. 



(b) See accompanying figure. 



y(x) 




Figure 54: Figure for Problem 35(b) 



dy x 

36. (a) From x 2 + y 2 — c, we find that — — . Therefore, 

dx y 

m 2 — tan ao — x/y — m x + my 

mi = = ; -. — — — = . 

l + m2 tanao l — (x/y)m mx — y 
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dy 

Let y = xV, so that — = V 
dx 



dV „ , 

a; — — . Substituting these results into the last equation yields 
ax 



dV 1 + mV 
dx m — V 



dV l + V 2 

x—— = 

dx m — V 

V — m dx 



v 

l + V 2 



m 
l + V 2 



dV = - 



ln(l + V 2 ) - mtan V 



In \x\ 



dx 
x 

f Ci. 



In polar coordinates, r = x 2 + y 2 and 9 = tan 1 y/x, so this result becomes lnr — mO = c\ 
where k is an arbitrary constant. 

(b) See accompanying figure. 




Figure 55: Figure for Problem 36(b) 



37. This is a Bernoulli equation. Multiplying both sides by y results in y— — — — y 2 = Ax 2 cos x. Let 

dx x 

9 du dy dy 1 du , , dy 1 9 9 

m = y , so — = 2y— or y— = - — . Substituting these results into y- — y = Ax cos x yields 

eta; ax ax 2 ax ax x 

— u = 8x 2 cosx, which has an integrating factor I{x) = x~ 2 . Therefore, 

dx x 

d f 

— (x~ 2 u) = 8 cos x =>• x~ 2 u = 8 cos xdx + c 
ox J 

==>■ x~ 2 u = 8 sin x + c 
==>■ u = x 2 (8 sin x + c) 
==> y 2 = x 2 (8 sin x + c) 
y = xy/8 sinx + c. 

_9 ^ u -idy _?dy I du 

38. This is a Bernoulli equation. Let u = y so — = — 2y °— or y a — = — — . Substituting these 

ax ax ax 2 ax 

a''a 

results into the last equation yields — — utanx = —4 sinx. An integrating factor for this equation is 
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I(x) = cos a;. Thus, 



dx 



(u cos x) = —4 cos x sin x =^> u cos 



x = 4 j cos ir 



sin xdx 



cosx 



- (cos 2 x + c) 



2 cos X + 



cosx 



y{x) 



N 



1 



2 cos x - 



cosx 



39. This is a Bernoulli equation. Let u = y 2 ^ 3 , so that we have ^ — — u = 4x 2 lnx. An integrating factor 

dx x 

for this equation is J(x) = — . Thus, 

x 



fix 



(x 1 u)=4xlnx=^x 1 u = 4:J xlnxdx + c 

=> x~ l u = 2x 2 lnx — x 2 + c 
=>■ it = x(2x 2 In x — x 2 + c) 
=> y 2/a = x(2x 2 In x - x 2 + c) 
=^> y(x) = (x(2x 2 In x — x 2 + c)) 



3/2 



40. This is a Bernoulli equation. Let u = y 1 ^ 2 , so that we have ^ + —u = 3\/I + x 2 . An integrating factor 

dx x 

for this equation is I(x) = x, so 

d 



dx 



(xu) = 3x\/ 1 + x 2 =^> xu = 3 J x\J 1 + x 2 dx + c 



x?i = (1 + x 2 ) 3/2 + c 
«= -(l + x 2 ) 3 / 2 + - 

X X 

y 1 ' 2 = -{l + x 2 fl 2 + - 

X X 

y{x)=(^-{l + x 2 fl 2 + 



41. This is a Bernoulli equation. Let u = y 1 , so that we have u = — 6x 4 . An integrating factor for 

dx x 

this equation is I(x) = x~ 2 , so that 



_d_ 



(x- 2 u) 



-6x 2 



x 2 u 



-2x 3 + c 
u = -2x 5 + cx 2 

y-' = 
y{x) = 



2x 5 + cx 2 
1 



x 2 (c — 2x 3 ) 
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42. Rewriting this equation as y' + jfc. — —y 3 x 2 , we see that it is Bernoulli. Let u = y 2 , so that we have 

u = 2x 2 . An integrating factor for this equation is I(x) = so 

dx x x 

— = 2x => x~ 1 u = x 2 + c 

dx 

==>■ u = x 3 + cx 
=> y~ 2 = x 3 + cx 



y(x) = 



x3 + cx 



43. Rewriting this equation as y' — - — a ) y — /y ; we see ^hat, it is Bernoulli. Let u = y 1 ^ 2 , so that 

(x — a)(x — b) 

i du (b — a) 1 . . . a; — a 

we have — — u = -. An integrating factor for this equation is l(x) = -, so that 

dx (x — a){x — b) 2 x — b 

dfx—a\ x—a x — a 1 

u I = — — =^> -u = -[x + (b — a) In \x — b\ + c\ 



dx \x — b J 2(x — b) x — b 2 

=> V 1/2 = J ~ K [x + (6 - a) In |a; - b\ + c] 
2(x — a) 

y(x) = \ ( — [x+(6-a)ln|x-6|+c] 2 . 
4 \x — a J 

44. This is a Bernoulli equation. Let u = y 1 ^ 3 , so that we have ^ + — u = cosx An integrating factor for 

dx x x 

this equation is I(x) = x 2 , so 

(x 2 u) = x cos a; x 2 u = cos x + x sin x + c 

dx 

-i /o cos a; + x sin a; + c 

y 7 = 3 



x 3 

cos i + ismi + c 



2/0*0 = 



45. This is a Bernoulli equation. Let u = y 1 ^ 2 , so that we have - — h 2xu = 2x 3 . An integrating factor for 
this equation is I(x) — e x , so 

^-(e x \) = 2e x \ 3 =► e^u = e^x 2 - 1) + c 
ax 

=> y 1 / 2 = x 2 - 1 + ce^ 2 
^y(x) = [(x 2 -l)+ ce -* 2 ] 2 . 

46. This is a Bernoulli equation. Let u = y~ 2 , so that we have ^ H — u = —4.x. An integrating factor 

ax x lux 
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for this equation is I{x) = lnx, so 

^- (u In x) = — 4x In x => u In x = x 2 — 2x 2 In x + c 
ax 

In x 



y 2 = 



x 2 (l - 2 lnx) + c 



47. This is a Bernoulli equation. Let u = y 1 71 , so that we have ^ + — u = 3x. An integrating factor for 

ax x 

this equation is I(x) — x, so 

(ot) = 3x 2 =^> ,to = x 3 + c 

ax 

a; 



Q , s 1/(1-7T) 
X 3 + C X 



y(x) = 



du 

48. This is a Bernoulli equation. Let u = y 2 , so that we have - — h ucotx = 8cos 3 x. An integrating factor 

ax 

for this equation is J(x) = sin x, so 

— (usinx) = 8 cos 3 x sin x =>■ wsinx = — 2cos 4 x + c 
ax 

2 —2 COS 4 X + c 
^ sinx 



49. This is a Bernoulli equation. Let u = y 1 ^ , so that we have ^ + usccx = sccx. An integrating factor 

ax 

for this equation is I(x) = secx + tanx, so that 

^- [(sec x + tan x)u] — sec x(sec x + tan x) (sec x + tan x)u = tan x + sec x + c 

G?X 



sec x + tan x 

, V(l-V3) 

y(x) = I H 

sec x + tan x 



50. This is a Bernoulli equation. Let u = y^ 1 , so that we have = — x. An integrating factor 

ax 1 + x 2 
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for this equation is I(x) = — so that 

1 + x 1 



d ( u \ x u f xdx 

+ c 



dx \ 1 + x 2 J 1 + x 2 1 + x 2 J 1 + x 

= --ln(l + x 2 ) +c 



l + x 2 2 

u = (1 + x 2 ) ^-^ In (1 + x 2 ) + c 
y-^Cl + x 2 ) (^-iln(l + x 2 ) + ^ 



Since y(0) = 1, we find that c = 1. Therefore 



J = (l + ^ 2 ) (-^ln(l + a; 2 ) + l). 



Hence, 

y{x) = 



i 1 + ./■-') ( -^ln(l + x 2 ) + l 



51. This is a Bernoulli equation. Let u = y 2 , so that we have 2ucotx = — 2sin 3 x. An integrating 

dx 

factor for this equation is I(x) = esc 2 x, so that 

-7- (u esc 2 x) = — sin x => u esc 2 x — 2 cos x + c. 
dx 



Since y(ir/2) = 1, we find that c = 1. Thus y 2 = — 77, TTT' Hence, 



2/0) 



1 

sin 2 x(2cosx + 1) 

/ 

sin 2 x(2cosx + 1) 



, , , TT ,dy dV , , dy 1 ( dV \ _ Tr . 

52. Let 1/ = ax+by+c, so that — — = a+b— . Hence, 0— = — a, and thus, — = - — a = r(y). 

dx dx dx dx dx b \dx J 

We conclude that 

^-« = *nV)^^=bF(V) + a^ wmT - a =dx. 

53. Let V" = 9x — y, so that ^ = 9 — Hence, = 9 — V 2 , and so 

ax dx dx 



^ZTv 2 = I dx=> T i tanh_1 = X + Cl - 



However, y(0) = 0, so c = 0. Thus, tanh 1 ( ^ - ) = 3x, or y(x) = 3(3x — tanh3x). 
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54. Let V = Ax + y + 2, so that 



dV dy q 

dx dx V 2 + 4 



Sw^ = S dx 

1 

tan" 1 (V/2) = x + ci 



2 

tan" 1 (2a; + y/2 + 1) = 2x + c 
y(x) = 2[tan (2a; + c) - 2x - 1]. 



55. Let V = 3.x — 3y + 1, so that 



dy IdV IdV , 

— = 1 - - — ==>■ 1 — - — — = sin V 
dx 3 dx 3 dx 

— = 3 cos 2 y 
aa; 

sec 2 VW = 3 / dx 



==>■ tan = 3a; + c 

==>■ tan (3x — 3y + 1) = 3a; + c 

=>■ y(a;) = ^[3x — tan -1 (3.x + c) + 1]. 

O 

56. Since V = xy, we have V = xy' + y, so that y' = (V — y)/x. Substitution into the differential equation 
yields 

(V - y)/x = yF(V)/x ==> V' = y[F(V) + 1] =► V" = + l]/x, 

1 _ 1 

S ° that pp]^^' 

57. Substituting into —^—J- -r^r- = - for F(V) — ln.V—1 yields 

6 V[F(V) + 1] dx x y ' J 

—?—dV = -dx => In(InV) = In ca; => V = e cx => y(x) = -e cx . 
VlnV x y ' yy ' x 

dy dv 

58. (a) Since x = u — 1 and y = v + 1, we have that — = — . Substitution into the given differential 

dx du 

... dv u + 2v 

equation yields — = . 

du 2u — v 

(b) The differential equation obtained in (a) is first-order homogeneous. We therefore let W = v/u and 

1 + 2W l + W 2 

substitute into the differential equation to obtain W'u + W = — — — =^> W'u = — — — . Separating the 

(2 W \ 1 

variables yields — — T — — -r dW = —du. This can be integrated directly to obtain 

J \l + W 2 l + W 2 ) u 6 J 

2 tan" 1 W - l - In (1 + W 2 ) = In u + In c. 
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Simplifying, we obtain cu 2 (l + W 2 ) = e 4tan 1 w c(u 2 + v 2 ) = e tan 1 Substituting back in for x 

and y yields c[(x + l) 2 + (y - l) 2 ] = e tan_1 Ki/-i)/(*+i)] . 

59. (a) Taking the derivative of y = Y(x) + v~ 1 (x) with respect to x gives y' = Y'(x) — v ~ 2 (x)v' (x) . Now 
substitute into the given differential equation and simplify algebraically to obtain 

Y'(x)+p(x)Y(x) + q(x)Y 2 (x)-v- 2 (x)v'(x) + v- 1 (x)p(x) + q(x)[2Y(x)v- 1 (x)+v- 2 (x)] = r(x). 

We are told that Y(x) is a particular solution to the given differential equation, and therefore 

Y'(x) + p(x)Y(x) + q(x)Y 2 (x) = r(x). 

Consequently, the transformed differential equation reduces to 



— v 



-2, 



x)v'(x) + v~ 1 p{x) + q{x)[2Y{x)v~ 1 {x) + v~ 2 (a;)] = 0, 



or equivalently, 

v' - \p(x) + 2Y(x)q(x)]v = q(x). 

(b) The given differential equation can be written as y 1 — x~ 1 y — y 2 = x~ 2 , which is a Riccati differential 
equation with p(x) = —x~ x , q(x) = —1, and r(x) = xr 2 . Since y(x) = —x^ 1 is a solution to the given 
differential equation, we make the substitution y(x) = — x^ 1 + v~ 1 (x). According to the result from part (a), 
the given differential equation then reduces to v' — (—x^ 1 + 2x~ 1 )v = —1, or equivalently v' — x~ 1 v = — 1. 

This linear differential equation has an integrating factor I(x) = x~ x , so that v must satisfy —(x^v) = 
—x^ 1 v(x) = x(c — Inx). Hence the solution to the original equation is 

1 1 1 ( 1 

V{X) = + ~, : r = " : 1 

x x(c — mx) x \c — mx 

60. (a) If y = ax r , then y' = arx r ~ x . Substituting these expressions into the given differential equation 
yields arx r ^ 1 + 2ax r ~ 1 — a 2 x 2r = —2x~ 2 . For this to hold for all x > 0, the powers of x must match up 
on either side of the equation. Hence, r = —1. Then a is determined from the quadratic —a + 2a — a 2 = 
— 1 -i==^> a 2 — a — 2 = 0 <==^> (a — 2)(a + 1) = 0. Consequently, a = 2 or a = —1 in order for us to 
have a solution to the given differential equation. Therefore, two solutions to the differential equation are 
yi(x) = 2x~ 1 ,y 2 (x) = -or -1 . 

(b) Taking Y(x) = 2x~ x and using the result from part (a) of the previous problem, we now substitute 
y(x) = 2x~ x + v^ 1 into the given Riccati equation. The result is 

(-2.t~ 2 - v- 2 v') + 2x- 1 (2x~ 1 + v- 1 ) - {Ax- 2 + Ax^v- 1 + v~ 2 ) = -2.t" 2 . 

Simplifying this equation yields the linear equation v' + 2x~ 1 v = —1. Multiplying by the integrating factor 
I(x) = e-f 2x dx = x 2 results in the intcgrablc differential equation —(x 2 v) = —x 2 . Integrating this 
differential equation we obtain 

v(x) = x 2 ^ _ ^ a;3 + C ) = \ x2(yCl ~ 
Consequently, the general solution to the Riccati equation is 
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61. (a) From y = x 1 + w(x), we have y' = — x 2 + w'. Substituting into the given differential equation 
yields 

(-x~ 2 + w') + Tx^ix^ 1 + w) - 3(x~ 2 + 2x~ 1 w + w 2 ) = 3x~ 2 , 
which simplifies to w' + x~ lr w — 3w 2 = 0. 

(b) The preceding equation can be written in the equivalent form w~ 2 w' + x^ 1 w^ 1 — 3. We let u — w~ x , 
so that u' — — w~ 2 w' . Substitution into the differential equation gives, after simplification, v! — x~ 1 u = —3. 
An integrating factor for this linear differential equation is I(x) = x , so that the differential equation can 

be written in the integrable form — = — 3x _1 . Integrating, we obtain 

ax 



u(x) — x(— 3lnx + c) and so w(x) 



1 



x(c — 3 In a;) 



Consequently, the solution to the original Riccati equation is 



y(x) = 1 ( i + — ^ — 

x \ c — 3 In x 



T . , , , du 1 dy . du , . . . . . 

62. 11 we let u = my, then — = -— and the given equation becomes h p(x)u = q(x), which is 

dx y ax dx 

first-order linear and has a solution of the form 



_ - J p(x)dx 



u = e 



J p[x)dx q{x)d. 



'x + c 



Substituting 



into u = lny, we obtain 



In y = e 



■ J p(x)dx 



3-f P< ~ x ^ dx q(x)dx - 



y(x) = e J_1 [/ nthWdt+c] 



where I(x) = e $ p ^ dt and c is an arbitrary constant. 



du 2 1 — 2 In x 

63. We let u = Iny and use the technique of the preceding problem: u= and 

dx x x 



r dx 

2 J ~ 

u = e J x 



I 



r dx _ 

e •> x [ ) dx + ci 



= x 



- 21nx 



dx ) + ci 



In x + cx 



and since u = lny, we have lny = lnx + cx 2 . Now y(l) = e so c = 1. Thus, the solution to the initial-value 
problem is y(x) = xe x . 



du dy du 

64. If u = f(y), then — = f'(y) — , and the given equation becomes — +p(x)u = q(x), which is first-order 

dx dx dx 

linear with a solution of the form 



u(x) = e 



- J p(x)dx 



J e f P( x ) dx 



q(x)dx + c 
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Substituting 



f(y) =e~J P(x)dx J J p{x)dx q{x)dx + c 
into u = f(y) and using the fact that / is invertible, we obtain 



y{x) = f 



where I(x) — e I p( -^ dt and c is and arbitrary constant. 



I(t)q(t)dt 



du 



dy 



65. Let u = tany so that — = sec y—- and the given equation becomes first-order linear: 



dx 



dx 
du 



dx 2-y/l + x 2y/l + x ' 
An integrating factor for this equation is I(x) = e^ 1+x , so that 



/1+x 



dx 2 VI + x 



n+x 



2^/T+x~ 
u = 1 + ce- VT +^. 



e Vl+x u = ey 1+x + c 



But u = tan y, so that tan y = 1 + ce ^ 1+x or 



Solutions to Section 1.9 

True- False Review: 

1. FALSE. The requirement, as stated in Theorem 1.9.4, is that M y = N x , not M x = N y , as stated. 

2. FALSE. A potential function <fi(x, y) is not an equation. The general solution to an exact differential 
equation takes the form cj)(x,y,) = c, where 4>(x,y) is a potential function. 

3. FALSE. According to Definition 1.9.2, M(x)dx + N(y)dy — 0 is only exact if there exists a function 
cj)(x, y) such that <p x — M and (f> y — N for all (x, y) in a region R of the xy-plane. 

4. TRUE. This is the content of part 1 of Theorem 1.9.11. 

5. FALSE. If <p(x, y) is a potential function for M(x, y)dx + N(x, y)dy = 0, then so is <f>(x, y) + c for any 
constant c. 

6. TRUE. We have 

My = 2e 2x - cos y and N x = 2e 2x - cos y, 
and so since M y = N x , this equation is exact. 

7. FALSE. We have 



My = 



(x 2 + yf{-2x) + ±xy{x 2 + y) 

(x 2 + y) 4 
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and 

_ (x 2 + y) 2 (2x) - 2x 2 (x 2 + y)(2x) 
(x 2 + yY 

Thus, My ^ N x , and so this equation is not exact. 

8. FALSE. We have 

M y = 2y and N x = 2y 2 , 
and since M y ^ N x , we conclude that this equation is not exact. 

9. FALSE. We have 

My = e xsiny cosy + xe xsiny cosy and N x = cos y sin ye x sin y , 
and since M y ^ N x , we conclude that this equation is not exact. 
Problems: 

1. We have M = y + 3x 2 and N = x. Thus, M B = 1 and = 1. Since M y = N x , the differential equation 
is exact. 

2. We have M = cos (xy) — xysin (xy) and N = —x 2 sin (xy). Thus, M y = — 2xsin (xy) — x 2 ycos (xy) and 
= — 2xsin (xy) — x 2 ycos (xy). Since M y = N x , the differential equation is exact. 

3. We have M = ye xy and N = 2y - xe- xy . Thus, M y = yxe xy + e xy and N x = xye~ xy - e - xy . Since 
My ^ N x , the differential equation is not exact. 

4. We have M = 2xy and N = x 2 + 1. Thus, M„ = 2x and ^ = 2x. Since M y = N x , the differential 

i • -ir • / ii / \ d4> , /, \ dd> dh(x) 

equation is exact so there exists a potential function <p such that (a)—— = 2xy and (b)— — = 2xy H — . 

ox ox ax 

t-, , \ c « dh(x) dh(x) . 

_trom (a), 2xw = 2xy H — =^> — - — = 0 =^> h(x) is a constant. Since we need just one potential 

ax ax 

function, let h(x) = 0. Thus, (f>(x,y) = (x 2 + l)y; hence, (x 2 + l)y = c. 

5. We have M = y 2 + cosx and N = 2xy + s'my. Thus, M y = 2y and N x = 2y. Since M y = N x , 

the differential equation is exact so there exists a potential function (f> such that (a) — — = y 2 + cos x and 

ox 

(b)— — = 2xy + siny. From (a), (fi(x,y) — xy 2 + sinx + h(y) => — = 2xy H — , and so from (b), 

Oy Oy ay 

dh(y) „ . dh , . . , . . . 

H ^ — = 2.xy + smy — = smy =^> n(y) = — cosy, where the constant of integration has been 

set to zero since we just need one potential function. Therefore, we have <p(x, y) = xy 2 + sin x — cos y; hence, 
xy 2 + sin x — cos y = c. 

xy — 1 xy ~\~ 1 

6. Given dx H dy — 0, we have M v = N x = 1. Therefore, the differential equation is exact, 

x V 

d(f) xy — 1 d(f) xy ~\~ 1 

and so there exists a potential function cf) such that (a) — — = — and (b) — — = . From (a), 

Ox x Oy y 

. , . , 7 / x d(j> dh(y) dh(y) xy + 1 dh(y) _-, 

4>(x, y) = xy — In \x\ + n(y) =^> — — x H - J — , and so from (b), x H - 1 — = — ==>■ — - 1 — — y 

ay «y dy y dy 

h(y) = In |y|, where the constant of integration has been set to zero since we need just one potential function. 
Therefore, we have <f>(x, y) — xy + In \y/x\; hence, xy + In \x/y\ = c. 
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7. Given (4e 2x + 2xy - y 2 )dx + (x - y) 2 dy = 0, we have M y = N x = 2y. Therefore, the differential 

equation is exact, and so there exists a potential function (f> such that (a) — — = Ae 2x + 2xy — y 2 and (b) 

ox 

d<f> , . o . , . . 9 , y 3 , . . 86 , dh(x) 

— = (x - yy. From (b), <p(x, y) = x z y - xy z + — + h(x) — = 2xy — y -\ , and so from (a), 

dh(x) dh(x) 

2xy — y 2 -\ , — = Ae 2x + 2xy — y 2 — - — — 4e 2x =4> h(x) = 2e 2x , where the constant of integration has 

dx dx 

been set to zero since we need just one potential function. Therefore, we have <j)(x, y) — x 2 y — xy 2 + — +2e 2x ; 

hence, 

v 3 

x 2 y ~xy 2 + ^ + 2e 2x = Ci 6e 2x + 3x 2 y - 3xy 2 + y 3 = c. 

8. Given (y 2 — 2x)dx + 2xydy = 0, we have M y = N x = 2xy. Therefore, the differential equation is exact 

and there exists a potential function <j> such that (a) — = y 2 — 2x and (b) — = 2xy. From (b), cf>(x,y) — 

own dd> 0 dhix) , „ ,no dh(x) 0 n dh(x) „ , . . 

xy 2 + h(x) — - = y 2 H and so from (a), y 2 H j—^ = y 2 - 2x — j—^- = -2x h(x) = ~2x, 

ox dx dx dx 

where the constant of integration has been set to zero since we just need one potential function. Therefore, 

we have <f>(x, y) = xy 2 — x 2 ; hence, xy 2 — x 2 = c. 

(1 y \ x y 2 — x 2 
„ = ) dx H — „ -dy — 0, we have M v = N x = — -. Therefore, the differential 
x x z + y z J x z + y z (x z + y z j z 



equation is exact and there exists a potential function 4> such that (a) — = ^ ^ and (b) 



i y_ 

dx x x 2 + y 2 " " K "' dy 



x ^ . , , . . . . . , . . dd> y dhix) 

_brom (b), we have <p(x,y) = tan (y/x) + li(x) =^> — = = o ^ 1 — > ' a,n< ^ so i rom ( a )> 



x 2 + y 2 ' ' ' dx x 2 + y z dx 

ii dhix) 1 y dh _, , . . , . . . . 

H — = — g = = > ~T~ = x = = > — m where the constant of integration is set 



x 2 + y 2 dx x x 2 + y 2 dx 
to zero since we only need one potential function. Therefore, we have (f>(x,y) = ta,n~ 1 (y/x) + In \x\; hence, 
tan _1 (y/a;) + In \x\ = c. 

x 

10. Given [1 + In (xy)]dx H — dy = 0, we have M y = N x = Therefore, the differential equation is exact 

d(f) d(f) x 

and there exists a potential function 6 such that (a) — = 1 + In (xy) and (b) — — — — . From (b) , we have 

Ox Oy y 

Mx,y) = xlnw + h(x). Therefore, ^ = \ny + an( j so from (a), lnw+ = lln(xw). Hence, 

dh ox dx dx 

— = 1 + In a; ==>• h(x) = a; In a;, where the constant of integration is set to zero since we only need one 

dx 

potential function. Therefore, we have <j)(x, y) = x\ny + xhix; hence, x\ny + xlnx — c, or xln (xy) = c. 

11. Given [y cos (xy)—s\nx]dx+x cos (xy)dy = 0, we have M y = N x = — xy sin (xy)+cos (xy). Therefore, the 

dd) 

differential equation is exact and there exists a potential function 4> such that (a) — = y cos (xy) — sin x and 

(b) — — = a; cos (xy). From (b), we have that <p(x, y) — sin (xy)+h(x) — — = j/cos (xy)-\ — . Therefore, 

Oy ox dx 

. , . , , . dh(x) dh . , \ 

from (a), we have ycos(xy) H — = ycos(xy) — smx. We conclude that — = — smi =4> n(x) — cosx, 

dx dx 
where the constant of integration is set to zero since we only need one potential function. Therefore, we have 



<S<) 



4>(x, y) = sin (xy) + cos x; hence, sin (xy) + cos x = c. 

12. Given (2xy + cosy)dx + (x 2 — xsiny — 2y)dy = 0, we have M y = N x = 2x — smy. Therefore, the 

d(f) 

differential equation is exact and there exists a potential function 4> such that (a) — = 2xy + cos y and (b) 

d<b 0 . < . , , . . 9 , . . dd> 9 . ci/i(«) 

— — =r-xsmi/- 2y. from (a), we have <p(x,y) = x y + xcosy + n(y) ==> — — = x z — xsmy H — . 

ay ay ay 

Therefore, from (b), we have x 2 — xsmy H = x 2 — xsiny — 2y ==> — = —2y ==> h(y) = —y 2 , where 

ay ' dy 

the constant of integration has been set to zero since we only need one potential function. Therefore, we 
have <p(x, y) = x 2 y + xcosy — y 2 ; hence, x 2 y + xcosy — y 2 = c. 

13. Given (3x 2 lnx + x 2 — y)dx — xdy = 0, we have M y = N x = —1. Therefore, the differential equation is 

exact and there exists a potential function <b such that (a) —- = 3.x 2 In x + x 2 — y and (b) — — = —x. From 

ox ay 

„ . , , , . , , . dd> dh(x) rxnl dh(x) 

(b), we have d)(x,y) = —xy + h(x) — — = — y H — . ihcrcforc, from (a), we have — y H — = 

ox dx dx 

■ix 2 In x + x 2 — y => ^( x ^ = 3^,2 \ nx + x % =^ /j^) = x 3 ^ n x wnere the constant of integration has been 
dx 

set to zero since we only need one potential function. Therefore, we have <fi(x,y) = —xy + x 3 lnx; hence, 

In x I 5 

—xy + x 3 In x = c. Now since y{l) = 5, we have c = —5. Thus, x 3 In x — xy = —5, or y(x) = . 

14. Given 2x 2 - — h 4xy = 3 sin a; =^> (4xy — 3 sin x)dx + 2x 2 dy — 0, we have M y = N x = Ax. Therefore, the 

differential equation is exact, and so there exists a potential function <b such that (a) — — = Axy — 3 sin x and 

ox 

deb dd) dh(x^) 

(b) — — = 2a; 2 . From (b), we have 6(x, y) — 2x 2 y + h(x) — = 4xy H — , and so from (a), we have 

oy ox dx 

dh(x) . dh(x) . 

ixy H , — = Axy — 3smx — : — = — 3smx =^> nix) = icosx, where the constant of integration has 

dx dx 
been set to zero since we only need one potential function. Therefore, we have <fi(x, y) = 2x 2 y + 3cosx; hence 

2 3 cos x 

2x 2 y + 3cosx = c. Now since y(27r) = 0, we have c = 3. Therefore, 2x 2 y + 3cosx = 3, or y(x) — , . 

2x z 

15. Given (ye xy + cosx)dx + xe xy dy = 0, we have M y — N x = xye xy + e xy . Therefore, the differential 

equation is exact, and so there exists a potential function cf) such that (a) — — = ye xy + cos x and (b) 

ox 

^ = xe xy . From (b), we have d)(x,y) = e xy + h(x) ^ = ye xy + ^hi^l an( j so f rom ( a ) we navc 
oy ox dx 

dh(x) 

ye xy + cosx =>■ — - — = cosx =^> h(x) = s'mx, where the constant of integration is set to zero since we 
dx 

only need one potential function. Therefore, we have <j)(x,y) — e 2 ^ + sin x; hence, e^+sinx = c. Now since 

In (2 — sin x ) 

y(n/2) = 0, we have c = 2. Thus, e xy + s'mx = 2, and hence, y(x) = . 

x 

16. If (j>(x, y) is a potential function for M dx + N dy = 0, then d((j)(x, y)) = 0. Therefore, d(<j>(x, y) + c) = 
d(<f)(x, y)) + d(c) = 0 + 0 = 0, which implies that <j)(x, y) + c is also a potential function. 

17. We have 

M = cos (xy) [tan (xy) + xy] and N = x 2 cos (xy) , 



90 



so that 

My — 2x cos (xy) — x 2 y sin (xy) = N x . 

Thus, M dx + N dy = 0 is exact. We conclude that I(x, y) — cos (xy) is an integrating factor for [tan (xy) + 
xy]dx + x 2 dy = 0. 

18. We have 

M = secx[2x — (x 2 + y 2 ) tan x] and N~2ysecx, 

so that 

My — — 2y sec x tan x and N x = 2y sec x tan x. 

Therefore, M y ^ N x . We conclude that M dx + N dy = 0 is not exact, and I(x) = sec x is not an integrating 
factor for [2x — (x 2 + y 2 ) tan x]dx + 2ydy = 0. 

19. We have 

M = e- x/y (x 2 y- 1 - 2x) and = -e~ x ' y x s y~ 2 , 

so that 

My = e- x / y (x 3 y- 3 - 3x 2 y- 2 ) = N x . 

Thus, M dx + N dy = 0 is exact. We conclude that I(x,y) = y~ 2 e~ x l y is an integrating factor for y[x 2 — 
2xy\dx — x 3 dy = 0. 

20. Given (xy — l)dx + x 2 dy = 0, we have M = xy — 1 and N = x 2 . Thus M y = x and N x = 2x, so 

— — - = — x^ 1 — f(x) is a function of x alone so I(x) = e f f( x ^ dx = x^ 1 is an integrating factor for the 

given equation. Multiplying the given equation by I(x) results in the exact equation (y — x^)dx + xdy = 0. 
We find that 4>(x, y) = xy — In \x\ and hence, the general solution of our differential equation is xy — In \x\ = c. 

21. Given ydx - (2x + y 4 )dy = 0, we have M = y and = -(2x + y 4 ). Thus M y = 1 and N x = -2, 
so — v —— — - = 3y _1 = g(y) is a function of y alone so I(y) = e / s(y)dy _ \jyi j s an integrating factor 

1V1 

for the given differential equation. Multiplying the given equation by I(y) results in the exact equation 
y~ 2 dx — (2xy~ 3 + y)dy = 0. We find that (p(x, y) = xy~ 2 — y 2 /2, and hence, the general solution of our 
differential equation is xy~ 2 — y 2 /2 = c\ =>■ 2x — y 4 = cy 2 . 

22. Given x 2 ydx + y(x 3 + e~ 3y siny)dy = 0, we have M = x 2 y and = y(x 3 + e~ 3y s'my). Thus M y = x 2 
and N x = 3x 2 y, so — y —^ — - = y^ 1 — 3 = g(y) is a function of y alone so I(y) = e-l 9 ^ dy = e 3y /y is 

an integrating factor for the given equation. Multiplying the given equation by I(y) results in the exact 

x 3 e 3y 

equation x 2 e 3y dx + e 3y (x 3 + e~ 3y sin y)dy = 0. We find that <j>(x, y) = — cos y, and hence, the general 

x 3 e 3y 

solution of our differential equation is — cos y = c. 



23. Given (y-x 2 )dx+2xdy = 0, we have M = y-x 2 and iV = 2x. Thus M y = 1 and N x = 2, so M v ^ Nx = 

1 r 1 

— — = f(x) is a function of x alone so I(x) — e-l ^ x ^ dx = is an integrating factor for the given equation. 
Multiplying the given equation by I(x) results in the exact equation (x~ x l 2 y — x 3 / 2 )dx+2x x / 2 dy = 0. We find 
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2a; 5 / 2 2x 5 / 2 

that <j>(x, y) — 2x 1 / 2 y — , and hence, the general solution of our differential equation is 2x 1 / 2 y — = c 

5 5 

, , c+2x 5 / 2 

24. Given xy[2 In (xy) + l]dx + x 2 dy = 0, we have M = xy[2\n{xy) + 1] and N + x 2 . Thus M y = 
3x + 2xln(xy) and N x = 2x, so — — ~ = V 1 = div) ^ s a f unc ti° n of y only so I(y) = e I 9( - y ^ dy = - 

is an integrating factor for the given equation. Multiplying the given equation by I(y) results in the exact 
equation a; [2 In (xy) + l]dx + x 2 y~ 1 dy = 0. We find that <p(x, y) = x 2 Iny + x 2 lux, and hence, the general 
solution of our differential equation is x 2 In y + x 2 In x = c or y(x) = xe c l x . 



25. Given 



' hl ZV " ' — (2xy + 2x 3 y~l)dx+(l + x 2 ) 2 dy = 0, 



dx l + X 2 (1 + X 2 ) 



2\2 



we have M = 2xy + 2x 3 y - 1 and N = (1 + a; 2 ) 2 . Thus M y = 2x + 2x 3 and N x = 4a: (1 + x 2 ), so that 

— y -—- — - = — ^ = fix) is a function of x alone so I(x) = e f f( x ^ dx = [ s an integrating factor for 

N 1 + x 2 W W 1 + x 2 & a 

the given equation. Multiplying the given equation by I(x) yields the exact equation ( 2xy — ^ I dx + 

\ 1 + x z ) 

(1 + x 2 )dy = 0. We find that <p(x, y) = (1 + x 2 )y — tan -1 x, and hence, the general solution of our differential 
equation is (1 + x 2 )y — tan -1 x — c or y(x) = tar | ^ x + c 

26. Given (3xy — 2y~ x )dx + x(x + y~ 2 )dy = 0, we have M = 3xy — 2y~ 1 and = a;(a: + y~ 2 )- Thus 
My = 3x + 2y~ 2 and N x = 2x + y~ 2 , so that y — — - = — = f(x) is a function of x alone. Therefore, 

I{ X ) = e J f{x)dx — x is an integrating factor for the given equation. Multiplying the given equation by I(x) 
results in the exact equation (3x 2 y — 2xy~ x )dx + x 2 (x + y~ 2 )dy = 0. We find that (f>(x,y) — x 3 y — x 2 y~ 1 , 
and hence, the general solution of our differential equation is x 3 y — x 2 y~ 1 = c. 

27. We are given 

(y^-x-^dx+ixy^^y-^dy = 0 x^^y^-x-^dx+x^^xy^^y-^dy = 0 (x^^-x^y^dx+i 

Therefore, M = x^ 3 - 1 - x r - x y s and N = x r+1 y s ~ 2 - 2x r y s -\ so that M y = x r (s - l)y 3 - 2 - x^sy 3 - 1 
and N x = (r + l)x r y 3 ~ 2 — 2rx r ~ 1 y 3 ~ 1 . The equation is exact if and only if M y — N x , which in turn requires 
that 

s — 1 s r + 1 2r s — r — 2 s — 2r 



x r y 3 - x - x r - x y a = (r + l)x r y 3 - 2 - 2rx r - 1 y 3 - 1 



y 2 xy y 2 xy y 2 xy 



From the last equation, exactness requires that s — r — 2 = 0 and s — 2r = 0. Solving this system yields 
r = 2 and s = 4. 

28. We are given 

y(5xy 2 + 4)dx + x(xy 2 - l)dy = 0 => x r y s y(5xy 2 + A)dx + x r y 3 x(xy 2 - l)dy = 0. 

Therefore, M = x r y 3+1 (bxy 2 + 4) and N = x r+1 y 3 (xy 2 - 1), so that M y = 5(s + 3)a; r+1 y s + 2 + 4(s + l)x r y 3 
and N x = (r + 2)x r+1 y 3 ~ 2 — (r + l)x r y 3 . The equation is exact if and only if M y = N x , which in turn 
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requires that 

5(s+3)x r+1 y s+2 +4(s+l)x r y s = (r+2)x r+1 y s+2 -(r+l)x r y s => 5(s+3)a; ? y 2 +4(s+l) = (r+2)xy 2 -(r+1). 

From the last equation, exactness requires that 5(s + 3) = r + 2 and 4(s+ 1) = —(r + 1). Solving this system 
yields r = 3 and s = —2. 

29. We are given 

2y(y + 2x 2 )dx + x(4y + 3x 2 )dy = 0 => x r y s 2y(y + 2x 2 )dx + x r y s x(4y + 3x 2 )dy = 0. 

Therefore, 

M = 2x r y s+2 + 4x r+2 y s+1 and TV = 4s r+ V +1 + 3z r+ V, 

so that 

M v = 2x r (s + 2)y s+1 + 4x r+2 (s + l)y s and N x = 4(r + l)x r y s+1 + 3(r + 3)a; r+ V- 
The equation is exact if and only if M y = N x , which in turn requires that 

2x r (s+2)y s+1 +4x r+2 (s+l)y s = 4{r+l)x r y s+1 +3{r+3)x r+2 y s => 2{s+2)y+4x 2 {s+l) = 4(r+l)y+3(r+3)a; 2 . 

From this last equation, exactness requires that 2(s + 2) = 4(r + 1) and 4(s + 1) = 3(r + 3). Solving this 
system yields r = 1 and s = 2. 

30. Suppose that = is a function of y only. Dividing Equation (1.9.21) by M, it follows 

that I is an integrating factor for M(x, y)dx + N(x, y)dy = 0 if and only if / is a solution of the differential 
equation 

N dl dl T , . 
Mdx-dy =l9i - y) - 

We must show that this differential equation has a solution I = I(y). However, if I = I(y), then the 

differential equation reduces to ^ = —Ig{y), which is a separable equation with solution I(y) = e ~ 1 9 ^ dt . 

ay 

31. 

dy 

(a) Note that ~r+py = q can be written in the differential form as (py — q)dx + dy — 0. This has M = py — q 
M N 

and N = 1, so that — ~ = Consequently, an integrating factor is I(x) — e-f p ^ dt _ 



(b) Multiplying (py — g)rfa; + = 0 by /(or) = e-/~ pW* yields the exact equation e-f p ^ dt (py — q)dx 
M dy = 0. Hence, there exis 
/ p(t)dt ^ Yrom (i), we have 



e / = o. Hence, there exists a potential function 0 such that (a) — = e/ p ^ dt (py — q) and (b) 



<9y 



(IiJb (JjJL J 

where the constant of integration has been set to zero since we just need one potential function. Consequently, 
</>(x,y) = yef p(t)dt - j q(x)ef p(t)dt dx, so that y(x) = I' 1 (f Iq(t)dt + c) , where I(x) = e f p{t)dt . 
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Solutions to Section 1.10 



True-False Review: 

1. TRUE. This is well-illustrated by the calculations shown in Example 1.10.1. 

2. TRUE. The equation 

2/i = 2/o + f{xo,yo)(xi - x 0 ) 

is the tangent line to the curve || = f(x, y) at the point (x 0 , y 0 ). Once the point (x\,yi) is determined, the 
procedure can be iterated over and over at the new points obtained to carry out Euler's method. 

3. FALSE. It is possible, depending on the circumstances, for the errors associated with Euler's method to 
decrease from one step to the next. 

Problems: 

1. Applying Euler's method with y' = Ay— 1, x a = 0, y 0 = 1, and h = 0.05, we have y n +i = 2/n + 0-05(4y„ — 1). 
This generates the sequence of approximants given in the table below. 



n 




Vn 


1 


0.05 


1.15 


2 


0.10 


1.33 


3 


0.15 


1.546 


4 


0.20 


1.805 


5 


0.25 


2.116 


6 


0.30 


2.489 


7 


0.35 


2.937 


8 


0.40 


3.475 


9 


0.45 


4.120 


10 


0.50 


4.894 



Consequently the Euler approximation to 2/(0.5) is y w — 4.894. (Actual value: j/(.05) = 5.792 rounded 
to 3 decimal places). 

2. Applying Euler's method with y' = — ^7,2:0 = 0, yo = 1, and h = 0.1, we have y n +i = Vn — 0.2 " " . 

1 + X z 1 + x n 

This generates the sequence of approximants given in the table below. 



n 




Vn 


1 


0.1 


1 


2 


0.2 


0.980 


3 


0.3 


0.942 


4 


0.4 


0.891 


5 


0.5 


0.829 


6 


0.6 


0.763 


7 


0.7 


0.696 


8 


0.8 


0.610 


9 


0.9 


0.569 


10 


1.0 


0.512 
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Consequently the Eulcr approximation to y(l) is y\o — 0.512. (Actual value: y(l) = 0.5). 

3. Applying Euler's method with y' = x — y 2 ,x 0 = 0, y a = 2, and h = 0.05, we have y n +i = yn + 0.05(x„— y 2 ). 
This generates the sequence of approximants given in the table below. 



n 


x n 


Vn 


1 


0.05 


1.80 


2 


0.10 


1.641 


3 


0.15 


1.511 


4 


0.20 


1.404 


5 


0.25 


1.316 


6 


0.30 


1.242 


7 


0.35 


1.180 


8 


0.40 


1.127 


9 


0.45 


1.084 


10 


0.50 


1.048 



Consequently the Euler approximation to y(0.5) is y w — 1.048. (Actual value: y(.05) = 
to four decimal places). 

4. Applying Euler's method with y' = —x 2 y,xo = 0,yo = 1, and h = 0.2, we have y n +\ 
This generates the sequence of approximants given in the table below. 



n 




Vn 


1 


0.2 


1 


2 


0.4 


0.992 


3 


0.6 


0.960 


4 


0.8 


0.891 


5 


1.0 


0.777 



Consequently the Eulcr approximation to y(l) is y§ = 0.777. (Actual value: y{\) 
decimal places). 

5. Applying Euler's method with y' = 2xy 2 , x 0 = 0,y 0 = 1, and h = 0.1, we have y n +i 
generates the sequence of approximants given in the table below. 



n 




Vn 


1 


0.1 


0.5 


2 


0.2 


0.505 


3 


0.3 


0.515 


4 


0.4 


0.531 


5 


0.5 


0.554 


6 


0.6 


0.584 


7 


0.7 


0.625 


8 


0.8 


0.680 


9 


0.9 


0.754 


10 


1.0 


0.858 



Consequently the Euler approximation to y(l) is y w = 0.856. (Actual value: y(l) = 1). 



= 1.0477 rounded 
= y„- 0.2xly n . 



= 0.717 rounded to 3 
= y n + 0.1x n yl. This 
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6. Applying the modified Euler method with y' = Ay — 1,.t 0 = 0,t/o = 1, an d h = 0.05, we have = 
y„ + 0.05(4y„ - 1) 

Vn+i = Vn + 0.025(4y„ — 1 + 4y* +1 — 1). This generates the sequence of approximants given in the table 
below. 



n 




Vn 


1 


0.05 


1.165 


2 


0.10 


1.3663 


3 


0.15 


1.6119 


4 


0.20 


1.9115 


5 


0.25 


2.2770 


6 


0.30 


2.7230 


7 


0.35 


3.2670 


8 


0.40 


3.9308 


9 


0.45 


4.7406 


10 


0.50 


5.7285 



Consequently the modified Euler approximation to y(0.5) is y w — 5.7285. (Actual value: y(.05) — 5.7918 
rounded to 4 decimal places) . 



7. Applying the modified Euler method with y' 

Vn+1 =Vn + 0.05 

below. 



2xy 
~l + x< 



, x 0 = 0,2/0 = 1 ; an d h = 0.1, we have 



XnUn ^n+lVn+l 



1 + x 2 



n+1 



This generates the sequence of approximants given in the table 



n 


x n 


Vn 


1 


0.1 


0.9900 


2 


0.2 


0.9616 


3 


0.3 


0.9177 


4 


0.4 


0.8625 


5 


0.5 


0.8007 


6 


0.6 


0.7163 


7 


0.7 


0.6721 


8 


0.8 


0.6108 


9 


0.9 


0.5536 


10 


1.0 


0.5012 



Consequently the modified Euler approximation to y(l) is y w — 0.5012. (Actual value: y(l) — 0.5). 

8. Applying the modified Euler method with y' = x — y 2 ,x 0 = 0,yo = 2, and h = 0.05, we have = 
y n - 0.05(x„ - yl) 

Vn+i = Vn + 0.025(x rl — y 2 + x n+ i — (j/* l+ i) 2 )- This generates the sequence of approximants given in the 
table below. 
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n 




Vn 


1 


0.05 


1.8203 


2 


0.10 


1.6725 


3 


0.15 


1.5497 


4 


0.20 


1.4468 


5 


0.25 


1.3600 


6 


0.30 


1.2866 


7 


0.35 


1.2243 


8 


0.40 


1.1715 


9 


0.45 


1.1269 


10 


0.50 


1.0895 



Consequently the modified Euler approximation to 2/(0.5) is y w = 1.0895. (Actual value: y(.05) = 1.0878 
rounded to 4 decimal places). 

9. Applying the modified Euler method with y' = —x 2 y,x 0 = 0,yo = 1, an d h = 0.2, we have = 
y n - Q.2x 2 n y n 

Vn+i = Vn — 0.1[a^2M + ^n+i^n+i]- This generates the sequence of approximants given in the table below. 



n 


x n 


Vn 


1 


0.2 


0.9960 


2 


0.4 


0.9762 


3 


0.6 


0.9266 


4 


0.8 


0.8382 


5 


1.0 


0.7114 



Consequently the modified Euler approximation to y(l) is y 5 = 0.7114. (Actual value: y(l) — 0.7165 
rounded to 4 decimal places). 

10. Applying the modified Euler method with y' = 2xy 2 ,x 0 = 0,y 0 = 1, and h = 0.1, we have = 
y n + 0.1x n yl 

Vn+i = yn + 0.05[x n y 2 +x n+ i(y^ +1 ) 2 ]. This generates the sequence of approximants given in the table below. 



n 




Vn 


1 


0.1 


0.5025 


2 


0.2 


0.5102 


3 


0.3 


0.5235 


4 


0.4 


0.5434 


5 


0.5 


0.5713 


6 


0.6 


0.6095 


7 


0.7 


0.6617 


8 


0.8 


0.7342 


9 


0.9 


0.8379 


10 


1.0 


0.9941 



Consequently the modified Euler approximation to y(l) is y w = 0.9941. (Actual value: y(l) = 1). 
11. We have y' = Ay — 1, xq = 0, yo = 1, and h = 0.05. So, 
^=0.05(4^-1), fc 2 = 0.05[4(|/ n +ifci)-l], fc 3 = 0.05[4(y„ + ifc 2 )-l], fc 4 = 0.05[4(y n + lfc 3 ) - 1]. 
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Using y n +i = y n + \ {k\ + k 2 + ky, + k 4 ), we generate the sequence of approximants given in the table below 
(computations rounded to five decimal places). 



n 


x n 


Vn 


1 


0.05 


1.16605 


2 


0.10 


1.36886 


3 


0.15 


1.61658 


4 


0.20 


1.91914 


5 


0.25 


2.28868 


6 


0.30 


2.74005 


7 


0.35 


3.29135 


8 


0.40 


3.96471 


9 


0.45 


4.78714 


10 


0.50 


5.79167 



Consequently the Runge-Kutta approximation to y(0.5) is yio = 5.79167. (Actual value: y(.05) = 5.79179 
rounded to 5 decimal places) . 

xy 

12. We have y' = —2- ^,x 0 = 0,yo = 1, and h = 0.1. So, 

1 + x z 

, n o XnVn , no Qcn + 0-05)(2/n + fch , n - (gn + 0-05)(y n + f ) , - - x n+1 (y n + h) 

1 + 4' °- 2 [! + (*„ + 0.05)*] )- fe 3- 0.2 [1 + {Xn + Qm)2] ■ fc4- 0.2 [i + ( ^ +i)2] . 

Using y n+ i = y„ + |(fci + fc 2 + &3 + k 4 ), we generate the sequence of approximants given in the table below 
(computations rounded to seven decimal places) . 



n 




Vn 


1 


0.1 


0.9900990 


2 


0.2 


0.9615383 


3 


0.3 


0.9174309 


4 


0.4 


0.8620686 


5 


0.5 


0.7999996 


6 


0.6 


0.7352937 


7 


0.7 


0.6711406 


8 


0.8 


0.6097558 


9 


0.9 


0.5524860 


10 


1.0 


0.4999999 



Consequently the Runge-Kutta approximation to y(l) is y w = 0.4999999. (Actual value: y(.05) = 0.5). 
13. We have y' = x — y 2 , x 0 = 0, y a = 2, and h = 0.05. So, 

fci = 0.05(x„-y2), k 2 = 0.05[a;„+0.025-(y„+y) 2 ], k 3 = 0.05[z„+0.025-(?/„+y ) 2 ], fc 4 = 0.05[x n+1 -(y„+fc 3 ) 2 ]]. 

Using y n +i = yn + g(&i + ^2 + ^3 + k 4 ), we generate the sequence of approximants given in the table below 
(computations rounded to six decimal places). 
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n 




2/n 


1 


0.05 


1.1.81936 


2 


0.10 


1.671135 


3 


0.15 


1.548079 


4 


0.20 


1.445025 


5 


0.25 


1.358189 


6 


0.30 


1.284738 


7 


0.35 


1.222501 


8 


0.40 


1.169789 


9 


0.45 


1.125263 


10 


0.50 


1.087845 



Consequently the Runge-Kutta approximation to 2/(0.5) is 2/10 = 1-087845. (Actual value: 2/(0-5) = 1.087845 
rounded to 6 decimal places). 

14. We have y' = —x 2 y, x 0 = 0, y 0 = 1, and h = 0.2. So, 

h = -0.2x 2 n y n , k 2 = -0.2(a; n + 0.1) 2 (2/„ + y), fc 3 = -0.2(x„ + 0.1) 2 (2/„ + y ), fc 4 = -0.2(a; n+1 ) 2 (2/ n + /c3). 

Using 2/n+i = 2/rt +5(^1 + ^2 + + ^4), we generate the sequence of approximants given in the table below 
(computations rounded to six decimal places). 



n 


x n 


2/n 


1 


0.2 


0.997337 


2 


0.4 


0.978892 


3 


0.6 


0.930530 


4 


0.8 


0.843102 


5 


1.0 


0.716530 



Consequently the Runge-Kutta approximation to 2/(1) is 2/10 = 0.716530. (Actual value: y{\) = 0.716531 
rounded to 6 decimal places). 

15. We have y' = 2xy 2 ,xo = 0, 2/0 = 1, and h = 0.1. So, 

fci -0.2a; n -2/ 2 , fc 2 - 0.2(x„ + 0.05)(j/ n + y ) 2 , fc 3 = 0.2(x„ + 0.05)(y n + y ) 2 , fc 4 = 0.2x n+1 (y n + k 3 ) 2 . 

Using 2/n+i = 2/n +5(^1 + ^2 + ^3 + &4), we generate the sequence of approximants given in the table below 
(computations rounded to six decimal places). 



n 




2/n 


1 


0.1 


0.502513 


2 


0.2 


0.510204 


3 


0.3 


0.523560 


4 


0.4 


0.543478 


5 


0.5 


0.571429 


6 


0.6 


0.609756 


7 


0.7 


0.662252 


8 


0.8 


0.735295 


9 


0.9 


0.840336 


10 


1.0 


0.999996 
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Consequently the Runge-Kutta approximation to y(l) is yio — 0.999996. (Actual value: y(l) = 1). 
16. We have y' + -^y = e~ x / 10 cos x, xq = 0, yo = 0, and h = 0.5 Hence, 



h = 0.5 
k 2 = 0.5 
k 3 = 0.5 
k 4 = 0.5 



1 

"To 
1 

To 
i 



y n + e Xn/10 cosx n I , 



!l„ f-fci ) ,. e (-»»+o-25)/io cos (x n + 0.25) 



10 



Tn \Vn + + e (-*«+°- 25 )/ 10 cos (*„ + 0.25) 



Using 



^(y n + k 3 ) + e x "+ l/w cosx n+1 



Vn+l = Vn + g(fcl + 2fc 2 + 2/c 3 + fc 4 ), 



we generate the sequence of approximants plotted in the accompanying figure. We see that the solution 
appears to be oscillating with a diminishing amplitude. Indeed, the exact solution to the initial value 
problem is y(x) = e~ x ^ 10 sin x. The corresponding solution curve is also given in the figure. 

y(x) 



0.75- 



0.5- 
0.25- 



-0.25- 
-0.5- 



o 

°o 

n 

o o 



oo 
o o 



si o rr — pf-i — o jp> x 

10 15° ° 20 °cof% 
n ° °CD° 



Figure 56: Figure for Problem 16 



Solutions to Section 1.11 



Problems: 
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d y 2 dy dy du d y 

1. Rewriting the equation, we have = — - — h 4a; 2 . Let u = — , so that — = — r. Substituting these 

ax^ x dx dx ax dx A 

. . ,, du 1 9 du 2 „ . . . . 

results into the hrst equation yields — = — u + 4x z m = 4x . An appropriate integrating lactor 

ax x ax x 

for this equation is 

„ dx 

-2 

I(x) = e J x = x z . 



Therefore, 



d(x 2 u) = 4 => .x 2 u = 4 J 



dx 

x~ 2 u = 4x + ci 
u = 4x 3 + c x x 2 

^- = 4x 3 + ax 2 
dx 

y(x) = c 2 x 3 + x 4 + c 3 . 



2. Rewriting the equation, we have 



d 2 y 



dy 



1 



dx 2 (x- l)(x-2) [dx 

Substituting these results into the first equation yields — = -. —7 ^r(u — 1), or 

dx (x — l)(x - 2) 

du 1 _ 1 

dx ~ (x-l)(x-2) U ~ ~ (x-l)(x-2)' 

An appropriate integrating factor for this equation is 

I{x) = e - J (x-l)(x-2) dx = ^A. 
y ' x-2 



dy , du d y 
Let u = — , so that — = — r. 

dx dx dx z 



Therefore, 



dfx — I \ 1 x — 1 

-w = —-, "tvtt ==> -u - 



J (x-2)- 



2 dx = 



dx\x-2 J (x-2) 2 x-2 J y ' x-2 

1 x-2 

=^> u = + Ci 



x — 1 x — 1 
c?w 1 x — 2 1 ci 

' Ci - = 7+C1- 



(ix x— 1 x — 1 x— 1 x — 1 

=^> y(x) — In |x — 1| + cix — Ci In |x — 1| + C2. 

. . . , d 2 y 2 { dy\ 2 dy dy du du d 2 y 

3. Rewriting the equation, we have —hr H — [ ~r ) — ~r- bet u — — , so that — = u— = — r. 

ax' 2 y \dx J dx dx dx dy dx z 

Substituting these results into the first equation yields u- — I — u 2 = u, which implies that cither u = 0 or 

dy y 

— — I — u = 1. If u = 0, then — = 0, which implies that y is constant. Therefore, a constant function is a 
ay y ax 

solution to the equation. Turning to the second possibility, an appropriate integrating factor for the latter 
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equation is I(y) = eJ y dy = y 2 . Therefore, 

J^(?/ 2 w) = y 2 => y 2 u = J y 2 dy 

V u = y + ci 

^ rfy _ y £1 
da; 3 y 2 ' 

This is a Bernoulli equation, which can be solved by previous techniques to yield 

In |y 3 + c 2 | = x + c 3 ==> y(.x) = \/ 'c 4 e x + c 5 . 
Note that the first possibility (y constant) is included here in the case when c 4 = 0. 



d 2 y ( dy\ 2 dy du du d 2 y 



4. Rewriting the equation, we have -— r — — tany. Let u — — , so that — = u— = 

dx z \dx J dx dx dy dx z 

Substituting these results into the first equation yields u— — u 2 tany. If u — 0 then — = 0 y equals a 

dy dx 

constant and this is a solution to the equation. Now suppose that ii^O. Then 

du f du f dy . . . _-, . . 

— =ittany=^ / — = / tan ydy u = c\ secy ==>■ -4- = c\ secy ==>■ y(x) = sm (C1X + C2). 
dy J u J dx 



_ . . . , d y dy { dy\ T dy du d 2 y 

5. Rewriting the equation, we have —— +tanx— = — . Let u = — , so that — = -— . Substituting 

dx z dx \dx J dx dx dx z 

du 9 _, 

these results into the first equation yields - — htanxu = u , which is a Bernoulli equation. Letting z = u 

dx 

1 du dz . . . . dz 

gives — — = — — = - — . Substituting these results into the last equation yields tanxz = — 1. Ihcn an 

u z dx dx dx 

integrating factor for this equation is I(x) = e ~ f ta - nxdx = cosx ^ Therefore, 



_d 

dx 



(z cos x) = — cos x => z cos x = — J cos xdx 



— sm x + C\ 

z = 

cos x 
cosx 

u = 



Ci — sm x 
dy cos x 



dx ci — sin x 

y(x) = c 2 — In \c\ — sinx|. 



(J? x ( dx \ dx dx du d"^ x 

6. Rewriting the equation, we have — T = I — I +2 — . Let u — — , so that — = -—rr. Substituting 

dt z \dt J dt dt dt dt z 

du du 

these results into the first equation yields — = u 2 + 2u — 2u = u 2 , which is a Bernoulli equation. If 

dt dt 

u = 0, then a; is a constant function. Such a function satisfies the given differential equation. Now suppose 
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dz 1 du 

that m^O. Let z = u^ 1 , so that — = o~r- Substituting these results into the last equation yields 

at u z at 

dz 

— + 2z = —1. An integrating factor for this equation is I(t) = e 2t . Therefore, 

±(e 2t z) = -e 2t =>• z = ce- 2t -1 
dV ' 2 

_ 2e 2t 



2c - e 2 * 
/■ 2e 2t 
w J 2c-e 2t 
x(t) = c 2 — In |ci — e 



2/. 



7. Rewriting the equation, we have 



d 2 y 2 

dx 2 x dx 
du 



6x . Let u = 



dy 
dx : 



so that 



du d 2 y 



da 



dx 2 



Substituting these 



results into the first equation yields u = 6x 4 . An appropriate integrating factor for this equation is 



- 2 I 



dx 



I(x) = e x = x 2 . Therefore 

d_ 

dx 



dx x 



(x 2 u) = 6x 2 



x 2 u = 6 / x 2 dx 
u = 2x 5 + cx 2 
= 2a; 5 + cx 2 



dx 



1 



y(x) = ^x 6 + CiX 3 + c 2 . 



d 2 x 



dx\ 



dx 



du d 2 x 



8. Rewriting the equation, we have t— — = 2 it + — . Let u = — , so that — = — — -. Substituting these 

dt z \ dt J dt dt dt z 

results into the first equation yields — = 2. An integrating factor for this equation is I{t) = t~ 2 . 
Therefore, 



d_ 
dt 



{r 2 u) = 2T 2 => u = -It + ct 2 
dx 



— = -It + ct 2 
dt 

x(t) = Cxt 3 - t 2 + c 2 . 



_ . . . , d 2 y ( dy 

9. Rewriting the equation, we have -— r — a — 

dx 1 \ dx 

du 



„dy n T dy du d 2 y . 

-p— = 0. Let u— — , so that — = — r. Substituting 
dx dx dx dx 1 



these results into the first equation yields — (3u = au , which is a Bernoulli equation. If u = 0 then y 

dx 

is a constant function, and such a function satisfies the differential equation. Now suppose that u^O. Let 
dz 0 du „ , , , , . . , , dz 



z = u 1 so that 



dx 



= —u 



dx 



. Substituting these results into the last equation yields 



dx 



- fiz — —a. An 
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integrating factor for this equation is I(x) = I dx = e@ x . Therefore, 

e? x z = -a J e Px dx => z = ~ + ce~ fix 



c/3 — ae@ x 
dy _ (3e 0x 
dx c(3 — ae l3x 



y{x) = j 



c/3 — ae@ x 



dx 



=> y(x) = ~ In |ci +c 2 e 0x \. 

d^y 2 dy dy du d^y 

10. Rewriting the equation, we have — — = 18a; 4 . Let u = — , so that — = — — ■. Substituting 

d X 2 

these results into the first equation yields u = 18x 4 , which is a first-order linear differential equation. 

dx x 

An integrating factor for this equation is I(x) = x~ 2 . Therefore, 

-^-(x- 2 u) = I8x 2 =>u = 6x 5 + ex 2 
dx 

v d y « s , 2 

— = bx + cx 
dx 

=^ y(x) = x® + cix 3 + c 2 . 

d^ 1 y 2x dy dy du d^ y 

11. Rewriting the equation, we have = Let u = —, so that — = — — . If u — 0, then 

dx z 1 + x z dx dx dx dx z 

y is a constant function, and such a function satisfies the differential equation. Now suppose that u^O. 

Substituting these results into the first equation yields — = ^u, a separable differential equation. 

dx 1 I X 

Separating variables and integrating both sides, we obtain 

In Id = — In (1 + x 2 ) + c u = _ Cl „ 

1 + x l 

dy ci 



dx 1 + x 2 

y(x) = ci tan -1 x + c 2 . 



d 2 y 1 / dy\ 2 ( dy\ 3 dy du du d 2 y 



12. Rewriting the equation, we have — ~ + - — ] = ye y I — ] . Let u = — , so that — = u - 

dx z y \dx J \dx J dx dx dy dx z 

Substituting these results into the first equation yields u— — I — u 2 = ye~ v u 3 . If u = 0, then y is a constant 

dy y 

function, and such a function satisfies the differential equation. Now suppose that « / 0. Dividing the 

du u 

differential equation for u in terms of y by u gives - — I — = ye~ v u 2 , which is a Bernoulli equation. Let 

dy y 

v = u^ 1 so that — = — u~ 2 — — . Substituting these results into the last equation in the usual manner for a 
dy dy 
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dv v 

Bernoulli equation yields = — ye~ v , a first-order linear differential equation for v as a function of y. 

ay y 

An integrating factor for this differential equation is I(y) = y~ x . Therefore, 

-r{y~ lv ) = - e ~ v v = lj( e ~ v + c ) 
ay 



y + cye y 
dy e v 



dx y + cye v 
(ye~ v + cy)dy = dx 

e~ y (y + 1) + ciy 2 - x. 



d^y dy dy du dix d^y 

13. Rewriting the equation, we have -— r — tanx— = 1. Let u — — , so that — = w— = — — . 

dx z dx dx dx dy dx 2 

du 

Substituting these results into the first equation yields u tan x = 1. An appropriate integrating factor 

for this equation is I(x) = e~ J tanxdx — cosx. Therefore, 

d , . 

— (u cos x) = cos x ==> u cos i = smi + c 
dx 

=>■ u(x) = tan x + c sec x 
dy 

=>■ - 1 - = tan x + csec x 
dx 

=^> y(x) = In sec x + c\ In (sec x + tan x) + c 2 . 



d 2 y „ / dy\ 2 2 dy du du d 2 y 



14. Rewriting the equation, we have y— = = 21— + y ■ Let u = — , so that — = u- 

dx z \dx ) dx dx dy dx z 

Substituting these results into the first equation yields u— u 2 = y, a Bernoulli equation. Let z = u 2 

ay y 

du 1 dz , . . . . . . . . . . dz 4 . 

so that u— = - — . Substituting these results into the last equation yields z = 2y, which has an 

dy 2dy dy y 

integrating factor I(y) = y~ 4 . Therefore, 

^{y- i z) = 2y-^z = c 1 y i -y 2 

2 4 2 

=> u = cij/ - y 



u = ±Vciy 4 - y 
dx 



±\Jciy A - y 2 



==>■ cos 1 — — = ±x + c 2 . 
Using the facts that y(0) = 1 and y'(0) = 0, we find that c\ = 1 and c 2 = 0. Thus, y(a;) = secx. 
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15. We have 



d 2 y 



= uj' z y, where uj > 0. Let u = so that — = u— = —4^. Substituting these results 
dx z dx dx dy dx z 

du 



into the first equation yields u— = to 2 y 

dy 

we find that c 2 = — a 2 uj 2 . Then 



dy du du d 2 y 

— , so ^ 
dx 

=>■ u 2 = uj 2 y 2 + c 2 . Using the given that y(0) = a and y'(0) = 0, 
dy 



dx 



±ujy/y 2 - a 2 , 



which is a separable differential equation. Separating variables, we obtain 

— cosh -1 (y/a) = ±x + c =^> y(x) = acosh [u(c ± x)] 

=^> y'(x) = ±auj sinh [w(c± x)], 

and since y'(0) = 0, c = 0. Hence, y(x) = acosh (wx). 



16. Let u 

du 1 



dy du d y _ , . , , ,._ . , . . , , 

— , so that u— = -—r. Substituting these results into the dittcrcntial equation yields 
dx dx dx z 



u— — = -\[\ + u 2 . Separating the variables and integrating we obtain y/1 + u 2 = —y+c. Imposing the initial 
dy a a 

conditions y(0) = a, -^(0) = 0 gives c = 0. Hence, y/l + u 2 = —y so that 1 + u 2 = -^y 2 or equivalently, 



dx 



u 



= ±y / y 2 /a 2 — 1. Substituting 



a a z 

dy , , . , , 1 

u = — and separating the variables gives — . 

dx Vv^a 2 



= ±tK dx which 
\a\ 

can be integrated to obtain cosh -1 (y/a) = ±x/a + c\ so that y = acosh (±x/a + c±). Imposing the initial 
condition y(0) = a gives c\ = 0 so that y(x) = acosh (x/a). 

_ dy du d 2 y . . . . . . 

17. Let u= —, so that — = — r. Substituting these results into the first equation gives us the equivalent 
dx dx dx z 

du 

differential equation - — \- p(x)u = q(x). This has a solution 
dx 



so that 



Thus 



V(x)= j | e -/^ )d 

is a solution to the original differential equation 
18. 

(a) We have 



i(x) = e~I p{x)dx J erf p(x)dx q(x)dx + Cl 
dv =e -J P ( x)dx J e -Jp(x)^ q ( x ) dx + Cl 
J e~ f p ^ dx q(x)dx + c\dx 



+ c 2 



ui = y =4> u 2 



du\ dy 
dx dx 



U3 



du2 d 2 y du3 d 3 y 
dx dx 2 dx dx 3 ' 



mi d 3 y ( d 2 y\ ... .... du 3 . 

ihus, — ^ = b I x, — j I , since the latter equation is equivalent to = b (x, u 3 ). 
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d 3 y 1 / d 2 y 



(b) Wc can replace — g = — — 1 ) by the equivalent first order system: 

du\ du2 , du 3 1 . 1 . 

— =u 2 , — = u 3 , and — = -(u 3 -l). 
ace ax dx x 



Therefore, 



r du 3 r 

J «3-l i 



19. 

(a) Let u — — so that 
v ' dt 



— =+> u 3 = Kx + 1 
x 

dx 

K 2 

==> W 2 = Y X + x + c 2 

du\ K 2 
=>• — — = —x + X + c 2 
ax 2 

^3 1 2 

==> Ml = yX + -X + C 2 X + C 3 

==> ?y(x) = ui = CiX 3 + ^x 2 + c 2 x + c 3 . 



du d 2 9 du d9 du 
~dt " dt? = d9dt ~ U dB' 



Substituting these results into the given linear differential equation yields u— + —9 = 0, and integrating 

d9 L 

this with respect to 9 gives u 2 = — y9 2 + a, for some constant c\. But we are given the initial conditions 
^-(0) = 0 and 9(0) = 9 a , from which it follows that a = y6 2 . Therefore, 



L (9 2 0 - 9 2 )=+u = ± ] jy9 2 -9 2 

sin- 1 (—) = ±Jj-t + c 2 



7T 

. However, since 9(0) = 9 0 , we find that c 2 = — . Thus, 



0 = 0q COS ( \j jrt J . 



Yes, the predicted motion is reasonable, 
(b) Let u = — so that 

du d 2 9 du d9 du 
dt^dt 2 = d£di = U d9' 
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Substituting these results into (1.11.28) yields + % sin 9 = 0, and integrating this with respect to 9 gives 

du L 

d6. 



u 2 _ 2j? cos ff _)_ C; f or some constant c. Since 0(0) — 9 0 and 37(0) = 0, then c = — ^ cos 60. Therefore, 



2 2 5 „ 2 5 
u = — cos w — — cos 9 0 

Li Li 



d9 
~dt 
d9 

~dt 



— cos 9 — cos 9 0 

Li Li 



costf — COS 



Bo] 112 - 



FT7 d9 

(c) From part (b), \ — -. ... ,„ = ±dt. When the pendulum goes from 9 = 9q to 9 = 0 (which 

V 2g [cos 9 — cos fc'oj ' 

d9 

corresponds to one quarter of a period) — is negative; hence, choose the negative sign. Thus, 



7° 



dt 
d9 



(d) From T = J — 



2gJg B [cos 9- cos 9 0 ] 1/2 " 
d9 

we have 



/•Oo 

Jo 



d9 



2g J 0 [cos 6> - cos ^o] 1 / 2 ' 



T : 



2g J 0 [cos 6>- cos ^o] 1 / 2 
d9 



2g Jo 



1 L 



2 sin 2 



Let fc = sin ( — ) so that 



T - 



2 sin 2 



1 L 



1/2 2V2 ff 7 0 



sin 



2 / p o 



sm 



1/2- 



2 V 2 S 7o 



d(9 



fc 2 — sin 2 



1/2' 



We now make a change of variables in this equation as follows: Let sin6'/2 = fcsinw. When 9 — 0,u = 0, 
and when 9 — 9 0} u — tt/2. Moreover, 



,„ 2k cos (u)du ,„ 2fcWl-sin (u) 
d9 = — — — dti = — du 



cos (6»/2) 



^Jl - sin 2 (9/2) 
dft= 2^-(k^(u)Y dni 
yjl - fc 2 sin 2 (u) 

2 A /fc 2 - sin 2 (6»/2) 



^1 - fc 2 sin 2 (it) 

Making this change of variables in the equation above, we obtain 



du. 



[l r' 2 du_ 

V 3 Jo J\-k 2 si 



yjl - fc 2 sin 2 (u) ' 
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where k is defined as above. 

Solutions to Section 1.12 

Problems: 

1. The acceleration of gravity is a = 32 ft/sec 2 . Integrating, we find that the vertical component of the 
velocity of the ball is v(t) — I6t + c\. Since the ball is initially hit horizontally we have v(0) = 0, so that 
c\ = 0. Hence, v(t) = 16t. Integrating again, we find the position s(t) = 8t 2 + C2- Setting s = 0 at two feet 
above the ground, we have s(0) = 0 so that c 2 = 0. Thus, s(t) = 8t 2 . The ball hits the ground when s(t) = 2, 
so that t 2 = j. Therefore, t = g- Since 80 miles per hour equates to over 117 ft/sec. In one-half second, the 
horizontal change in position of the ball is therefore more than ^ = 58.5 feet, more than enough to span 
the necessary 40 feet for the ball to reach the front wall. Therefore, the ball does reach the front wall before 
hitting the ground. 

2. The acceleration of gravity is a — 9.8 meters/sec 2 . Integrating, we find that the vertical component of 
the velocity of the rocket is v(t) = 4.9t + C\. We are given that v(0) = —10, so that C\ — —10. Thus, 
v(t) = 4.9t — 10. Integrating again, we find the position s(t) = 2.495t 2 — lOt + c 2 . Setting s — 0 at two 
meters above the ground, we have s(0) = 0 so that s(t) — 2.495t 2 — lOt. 

(a) The highest point above the ground is obtained when v(t) = 0. That is, t = ^ w 2.04 seconds. Thus, 
the highest point is approximately s(2.04) = 2.495 • (2.04) 2 - 10(2.04) w -10.02, which is 12.02 meters above 
the ground. 

(b) The rocket hits the ground when s(t) = 2. That is 2.495t 2 — lOt — 2 = 0. Solving for t with the quadratic 
formula, we find that t = —0.19 or t = 4.27. Since we must report a positive answer, we conclude that the 
rocket hits the ground 4.27 seconds after launch. 

3. We first determine the slope of the given family at the point (x,y). Differentiating y — cx 3 with respect 
to x yields ^| = 3cx 2 . We substitute c = Jr into the latter equation to obtain 

dx x 

Consequently, the differential equation for the orthogonal trajectories is 

dy x 
dx 3y 

Separating the variables and integrating gives 
which can be written in the equivalent form 

x 2 + 3y 2 = k. 

4. We first determine the slope of the given family at the point (x,y). Differentiating y 2 = cx 3 with respect 
to x yields 2y^| = 3cx 2 , so that g| = Substituting c = |j into this latter equation yields 

dy = 3y 
dx 2x' 
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Consequently, the differential equation for the orthogonal trajectories is 

dy 2x 
dx 3y 

Separating the variables and integrating gives 

\y 2 = -J + C, 

which can be written in the equivalent form 

2a; 2 + 3y 2 = k. 

5. We first determine the slope of the given family at the point (x, y). Differentiating y = ln(cx) with respect 
to x yields ^ = K Consequently the differential equation for the orthogonal trajectories is ^ = — x. This 
can be integrated directly to obtain 

2 



6. We first determine the slope of the given family 
respect to x yields 4x 3 + 4y 3 ^| = 0. Therefore, g| = 
orthogonal trajectories is 

dy 
dx 

Separating the variables and integrating gives 



at the point (x,y). Differentiating x 4 + y 4 = c with 
: — fs- Consequently the differential equation for the 



-lv~ 2 = -l*~ 2 + c, 

2 2 

which can be written in the equivalent form 

2 2 ; 2 2 

y — x = kx y . 

7. 

(a) We first determine the slope of the given family at the point (x, y). Differentiating x 2 + 3y 2 = 2cy with 
respect to x yields 2x + 6y^| = 2c^|, so that ^| = jz^j- Substituting c = x ^ y into the latter equation 

(b) It follows that the differential equation for the orthogonal trajectories is 

dy 3y 2 - x 2 
dx 2xy 

This differential equation is first-order homogeneous. Substituting y = xV into the preceding differential 
equation gives 

dV W 2 -l 

X d^ + V= ^r- 
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which simplifies to 

dV _ V 2 -l 
~dx~ ~ 2V 

Separating the variables and integrating, we obtain ln(y 2 — 1) = In x + C, or, upon exponentiation, 

2 

kx. Inserting V — y/x into the preceding equation yields ^ — 1 = kx. That is, 



8. See accompanying figure. 
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Figure 57: Figure for Problem 8 



9. See accompanying figure. 



y(x) 




Figure 58: Figure for Problem 9 
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10. 

(a) If v(t) = 25, then 

dv 1 , 

(b) The accompanying figure suggests that 

lim v(t) = 25. 
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Figure 59: Figure for Problem 10 



11. 

(a) Separating the variables in Equation (1.12.6) yields 

rav dv ^ 
rag — kv 2 dy 

which can be integrated to obtain 

— — m{mg — kv ) — y + c. 
Multiplying both sides of this equation by —1 and exponentiating gives 

mg — kv 2 = Cie~ ™ v . 

The initial condition v(0) = 0 requires that c\ = rag, which, when inserted into the preceding equation yields 

mg — kv = rage m u , 
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or equivalcntly, 
as required. 

(b) See accompanying figure. 



2 mg . _^ 
v = —r- I 1 — e m y 



v2(y) 



mg/k 




> y 



Figure 60: Figure for Problem 11 



12. The given differential equation is separable. Separating the variables gives 

dy 2^ nX 

^ dx x ' 

which can be integrated directly to obtain 

X -y 2 = (lnx) 2 + c, 

or, equivalently, 

y 2 = 2(lna;) 2 + ci. 

13. The given differential equation is first-order linear. We first divide by x to put the differential equation 
in standard form: 

^ - -y = 2xlnx. (0.0.1) 
dx x 

An integrating factor for this equation is / = e l (~ 2 I ^ dx — x ~ 2 . Multiplying Equation (0.0.1) by x~ 2 reduces 
it to 

— (x y) = 2x~ l lnx, 
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which can be integrated to obtain 

x~ 2 y = (In x) 2 + c 

so that 

y(x) =x 2 [(ln.T) 2 + c]. 

14. We first re-write the given differential equation in the differential form 

2xydx+ (x 2 + 2y)dy = 0. (0.0.2) 

Then 

My = 2x = N x 

so that the differential equation is exact. Consequently, there exists a potential function 6 satisfying 

dd> 86 2 

dx- = 2xV > dy- =X +2y - 

Integrating these two equations in the usual manner yields 

6(x,y) = x 2 y + y 2 . 
Therefore Equation (0.0.2) can be written in the equivalent form 

d(x 2 y + y 2 ) = 0 

with general solution 

x 2 y + y 2 = c. 

15. We first rewrite the given differential equation as 

dy _ y 2 + ixy + x 2 
dx x 2 

which is first order homogeneous. Substituting y = xV into the preceding equation yields 

x d ^ + V = V 2 + 3V + l 
dx 

so that 

dV n „ o 

x— = V 2 + 2V+l = {V + l) 2 , 

or, in separable form, 

1 dV 1 



(V + l) 2 dx x 

This equation can be integrated to obtain 

-{V+iy l =ln.T + c 

so that 

v- + i 1 



Ci — In x 
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Inserting V = y/x into the preceding equation yields 



V - + l = 1 



ci — In x ' 
so that 

y(z) = , z. 

ci — In x 

16. We first rewrite the given differential equation in the equivalent form 

dy . , 2 • 

- — h y ■ tan x — y sin x, 
dx 

which is a Bernoulli equation. Dividing this equation by y 2 yields 

2T 2 $^ + ?T 1 tanx = sinx. (0.0.3) 

ax 

Now make the change of variables u = y^ 1 in which case ^ = — ?/ _2 ^- Substituting these results into 
Equation (0.0.3) gives the linear differential equation 

du 

— - — \- u ■ tan x = sin x 

ax 

or, in standard form, 

. 

u • tanx = — smx. (0.0.4) 

dx 

An integrating factor for this differential equation is J = £ - f tanxdx — cosx . Multiplying Equation (0.0.4) 
by cos x reduces it to 

d 

— (u- cos x) = — sin x cos x 

G(X 

which can be integrated directly to obtain 

1 



so that 



u ■ cos x = - cos 2 x + c, 



cos x + ci 

u = . 

cosx 

-l w 



Inserting u = y into the preceding equation and rearranging yields 

. 2 cosx 

y(x) = 



cos 2 x + c\ 



17. The given differential equation is linear with integrating factor 

/(x) = J & dx = e^ 1+ ^ = 1 + 
Multiplying the given differential equation by 1 + e 2x yields 



e 2x . 
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which can be integrated directly to obtain 

(l + e 2x )y=-x + ln\e 2x -l\+c, 

so that 

, . -x + ln\e 2x -l| + c 
»(*) = 1+1^ • 

18. We first rewrite the given differential equation in the equivalent form 

dy _ y + yjx 1 - y 2 
dx x 

which we recognize as being first order homogeneous. Inserting y = xV into the preceding equation yields 

dV Tr Tr \x\ r — — 

x — + V = V + — VI - V 2 , 
ax x 

that is, 

__L dV _ 1 

y/l - V 2 dx ~ x 

Integrating we obtain 

sin -1 V = ±ln + c, 

so that 

V = sin(c ± In |x|). 
Inserting V = y/x into the preceding equation yields 

y(x) = xsin(c± In \x\). 

19. We first rewrite the given differential equation in the equivalent form 

(sin y + ycosx + l)dx — (1 — xcosy — sin x)dy = 0. 

Then 

My = cos y + cos x = N x 
so that the differential equation is exact. Consequently, there is a potential function satisfying 

d(j> . d<j> , 

—- = sin y + w cos x + 1 , ^— = — ( 1 — x cos w — sin x) . 
ax ay 

Integrating these two equations in the usual manner yields 

(f)(x, y) = x — y + x sin y + y sin x, 
so that the differential equation can be written as 

d(x — y + x sin y + y sin x) = 0, 

and therefore has general solution 

x — y + x sin y + y sin x = c. 
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20. Writing the given differential equation as 

dy 1 25 i o, 
— + -y = — y x Inx, 
dx x 2 

we see that it is a Bernoulli equation with n — — 1. We therefore divide the equation by y" 1 to obtain 

dy In 25 n, 

w- — I — w = —x lnx. 
y ax x y 2 

We now make the change of variables u = y 2 , in which case, ^ = 2y^. Inserting these results into the 
preceding differential equation yields 

ldu 1 25 2l 

-- — I u = —x lnx, 

2dx x 2 



or, in standard form, 



du 2 o , 

- — I u = 25x lnx. 

ax x 



An integrating factor for this linear differential equation is I = ^^ 2 l x ^ dx = x 2 . Multiplying the previous 
differential equation by x 2 reduces it to 



-^-(x 2 u) = 25x 4 lnx 
dx 



which can be integrated directly to obtain 



x 2 u = 25 ( ^x 5 lnx - -^x 5 | + c 
\5 25 / 

so that 

u = x 3 (51nx — 1) + cx~ 2 . 
Making the replacement u = y 2 in this equation gives 

y 2 = x 3 (51nx - 1) + cx -2 . 



21. The given differential equation can be written in the equivalent form 

dx e 2x+y 

which we recognize as being separable. Separating the variables gives 



,dy 
dx 



e 2y^L = e -x 



which can be integrated to obtain 

l -e 2y = -e- x + c 

so that 

y(x) = ±H Cl -2e-*). 
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22. The given differential equation is linear with integrating factor I = e J cotxdx = s 'mx. Multiplying the 
given differential equation by sinx reduces it to 

d , sin a; 

— (ysmx) = 

dx cos x 

which can be integrated directly to obtain 

y sin x = — ln(cos x) + c, 

so that 

, . c — ln(cos x) 

y{x) = ; • 

sin a; 

23. Writing the given differential equation as 

dy 2e x n i __ 
ax 1 + e x 

we see that it is a Bernoulli equation with n= 1/2. We therefore divide the equation by yi to obtain 

_i dy 2e x i _ r 
ax 1 + e x 

We now make the change of variables u = y^ , in which case, ^ = \y~^ Inserting these results into the 
preceding differential equation yields 

2— + u = 2e x , 

ax 1 + e x 

or, in standard form, 

du e x 

— + u = e x . 

dx 1 + e x 

An integrating factor for this linear differential equation is 



j =e /i£»<k = e Mi+e-) = l + e x . 



Multiplying the previous differential equation by 1 + e x reduces it to 

A [(1 + e x )u] = e~ x {l + e x ) = e~ x + 1 
dx 

which can be integrated directly to obtain 

(1 + e x )u = -e~ x + x + c 

so that 

x — e~ x + c 

u = — . 

1 + e x 

Making the replacement u = in this equation gives 

i x — e~ x + c 

y 2 = . 

y l + e x 
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24. Wc first rewrite the given differential equation in the equivalent form 



In ( - ) + 1 



dy_ = y 

dx x 

The function appearing on the right of this equation is homogeneous of degree zero, and therefore the 
differential equation itself is first order homogeneous. We therefore insert y = xV into the differential 
equation to obtain 

x— + V= VQnV + 1), 



so that 



Separating the variables yields 



which can be integrated to obtain 



dV T/l V 

x—— — VmV. 

ax 



1 dV 



VlnV dx x 



In (In V) = In x + c. 
Exponentiating both side of this equation gives 

InV = ax, 

or equivalently, 

V = e ClX . 

Inserting V = y/x in the preceding equation yields 

y = xe ClX . 

25. For the given differential equation we have 

M(x,y) = 1 + 2xe v and N(x, y) = -(e y + x), 

so that 

M y - N x _ 1 + 2xe v _ , 
M ~~ 1 + 2xev ~ 
Consequently, an integrating factor for the given differential equation is 

I= e -f dy = e- y . 

Multiplying the given differential equation by e~ v yields the exact differential equation 

(2x + e~ y )dx- {l + xe~ y )dy = 0. (0.0.5) 
Therefore, there exists a potential function </> satisfying 

d / = 2x + e- y , d / = -(l + xe- y ). 
ox ay 

Integrating these two equations in the usual manner yields 

<j>(x, y) = x 2 — y + xe~ v . 
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Therefore Equation (0.0.5) can be written in the equivalent form 

d(x 2 -y + xe~ v ) = 0 

with general solution 

x 2 — y + xe~ y = c. 

26. The given differential equation is first-order linear. However, it can also e written in the equivalent form 

- = { l-y) SmX 

which is separable. Separating the variables and integrating yields 

— In 1 1 — y\ = — cos x + c, 

so that 

l-y = Cl e cosx . 

Hence, 

y(x) = l- Cl e cosx . 

27. For the given differential equation we have 

M(x, y) = 3y 2 + x 2 and N(x, y) = -2xy, 

so that 

M y -N x = _4 
N x 

Consequently, an integrating factor for the given differential equation is 

/ , ,• '. 

Multiplying the given differential equation by a; -4 yields the exact differential equation 

{iy 2 x- A + x- 2 )dx - 2yx- 3 dy = 0. (0.0.6) 
Therefore, there exists a potential function 0 satisfying 

Integrating these two equations in the usual manner yields 

00, y) = -y 2 x~ 3 - x^ 1 . 

Therefore Equation (0.0.6) can be written in the equivalent form 

d(-y 2 x~ 3 -x- 1 ) = 0 

with general solution 

2 — 3 —1 

— y x ' — x = c, 



120 



or equivalcntly, 



x 2 + y 2 = cix 3 . 



Notice that the given differential equation can be written in the equivalent form 

dy _ 3y 2 + x 2 
dx 2xy 

which is first-order homogeneous. Another equivalent way of writing the given differential equation is 

dy 3 1 _ 1 
dx 2x^ 2 ^ ' 

which is a Bernoulli equation. 

28. The given differential equation can be written in the equivalent form 



dy 1 9 



2„,3 



-y = x y , 

dx 2x In x ' 2 

which is a Bernoulli equation with n — 3. We therefore divide the equation by y 3 to obtain 

y _ 3 dy _^_ y -2 = J_ x 2 
dx 2x In x 2 

We now make the change of variables u = y~ 2 , in which case, ^ = — 2y _3 ^|. Inserting these results into 
the preceding differential equation yields 

ldu 1 9 2 

~2~d~x ~ 2x\nx U ~ ~2 X ' 

or, in standard form, 



du 1 
dx xhix 

An integrating factor for this linear differential equation is 



u = 9x 2 . 



Multiplying the previous differential equation by In x reduces it to 

d 

(In x ■ u) = 9x In a; 



dx 

which can be integrated to obtain 

Inx ■ u = a; 3 (31nx — 1) + c 

so that 

x 3 (31na; - 1) + c 

U = : . 

mx 

Making the replacement u = y 3 in this equation gives 
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29. Separating the variables in the given differential equation yields 

ldy 2 + x _ 1 
1 1 



y dx 1 + x 1 + x ' 

which can be integrated to obtain 

In |y| = x + In |1 + x\ + c. 
Exponentiating both sides of this equation gives 

y(x) = ci(l + x)e x . 
30. The given differential equation can be written in the equivalent form 



which is first-order linear. An integrating factor is 

I = e I J=l dx = Ji^rr-^dx = e [ln(x-l)-ln(x+l)] = x ~ 1 

x + l 

Multiplying (0.0.7) by (x — l)/(x+ 1) reduces it to the integrable form 

d fx - 1 \ _ x- 1 _ 2 

rfx \x + 1 y y x + 1 ~~ x + i' 

Integrating both sides of this differential equation yields 

' x — 1 \ 

y = x- 21n(or + l) +c 



ar+ 1 



so that 

y{x) = {^-^j [a:-21n(a; + l) + c]. 

31. The given differential equation can be written in the equivalent form 

[ysec 2 (a;y) + 2x\ dx + x sec 2 (xy) dy = 0 

Then 

My — sec 2 (xy) + 2xysec 2 (x) tan(xy) — N x 
so that the differential equation is exact. Consequently, there is a potential function satisfying 

d(j) 2/ . d(j) i, 

— = ysec (xy) +2x, — = a; sec (xy). 

Integrating these two equations in the usual manner yields 

<p(x,y) = x 2 + tan(xy), 
so that the differential equation can be written as 

d(x 2 + tan(xy)) = 0, 
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and therefore has general solution 

x 2 + tan(a;y) = c, 

or equivalently, 

. tan _1 (c — x 2 ) 

y{x) = • 

x 

32. CHANGE PROBLEM IN TEXT TO 

dy . _ 
— + Axy = iXy/y. 

The given differential equation is a Bernoulli equation with n = \ . We therefore divide the equation by 
yi to obtain 

_ i dy i 

y 2 — - 4x?y2 = 4x. 

dx 

We now make the change of variables u — y^ , in which case, ^ = \y~^ Inserting these results into the 
preceding differential equation yields 

2— + 4a;u = 4x, 
dx 

or, in standard form, 

du 

- — h 2xu = 2x. 
dx 

An integrating factor for this linear differential equation is 

I = eJ 2xdx = e x \ 
Multiplying the previous differential equation by e x2 reduces it to 

d 
dx 

which can be integrated directly to obtain 



(Vu) = 2xe x \ 



so that 

u = 1 + ce x . 

Making the replacement u — yi in this equation gives 

y 2 = 1 + ce x . 

33. CHANGE PROBLEM IN TEXT TO 

dy x 2 



dx x 2 + y 2 x 

then the answer is correct. The given differential equation is first-order homogeneous. Inserting y = xV into 
the given equation yields 

x lx +v =iTv 2+v > 
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that is, 



Integrating we obtain 

y+^y 3 = ln|a;| + c. 
Inserting V = y/x into the preceding equation yields 

y 

34. For the given differential equation we have 

My = - = N X 

y 

so that the differential equation is exact. Consequently, there is a potential function satisfying 

86 , , . 86 x 

Integrating these two equations in the usual manner yields 

<f>(x,y) = xln(xy) + y 2 , 
so that the differential equation can be written as 

d[xln(xy) + y 2 ] = 0, 

and therefore has general solution 

x ln(xy) + y 2 = c. 

35. The given differential equation is a Bernoulli equation with n = — 1. We therefore divide the equation 
by y^ 1 to obtain 

dy 1 9 25 In a; 

y-r + ~y ~ 



dx x 2x 3 

dx dx ' 



We now make the change of variables u = y 2 , in which case, ^ = 2y^|. Inserting these results into the 
preceding differential equation yields 

1 du 1 25 In a; 

I u = 

2 dx x 2x 3 

or, in standard form, 

du 2 

— + -u = 25x d lnx. 

dx x 

An integrating factor for this linear differential equation is 

I = Ji dx =x 2 . 
Multiplying the previous differential equation by x 2 reduces it to 

-^-(x 2 u) = 2hx~ x In x, 
dx 
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which can be integrated directly to obtain 



2 /i \ 2 

x w = — (mx) + c 



so that 

25(lnx) 2 + c 



U 2x 2 

Making the replacement u = y 2 in this equation gives 

2 25(lnx) 2 + c 
V = ^2x> ' 

36. The problem as written is separable, but the integration does not work. CHANGE PROBLEM TO: 

d + ,)|=— . 
The given differential equation can be written in the equivalent form 

e y (l + y)^ = xe x 
ax 

which is separable. Integrating both sides of this equation gives 

ye v = e x (x - 1) + c. 

37. The given differential equation can be written in the equivalent form 

dy cos x 



dx sin x 

which is first order linear with integrating factor 



y = — cos x 



= e -J ifff dx = g-ln(sinx) = 1 



I = e 

SIM 

Multiplying the preceding differential equation by reduces it to 

d ( 1 \ cosx 



v =-- 



V sin a; / sin x 
which can be integrated directly to obtain 

— ■ y = — lnfsin x) + c 

SIM 

so that 

y(x) = sinx[c — ln(sinx)]. 

38. The given differential equation is linear, and therefore can be solved using an appropriate integrating 
factor. However, if we rearrange the terms in the given differential equation then it can be written in the 
equivalent form 

1 d l_ = x 2 
1 + y dx 
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which is separable. Integrating both sides of the preceding differential equation yields 

ln(l + y) = ^x 3 + c 

so that 

y(x) = cie^ 3 - 1. 

Imposing the initial condition y(0) = 5 we find c\ = 6. Therefore the solution to the initial-value problem is 

y (x) = 6ei x3 - 1. 

39. The given differential equation can be written in the equivalent form 



,dy 

dx 



which is separable. Integrating both sides of the preceding equation yields 



1 _«„ 1 



e- uy = -e- 4x + c 



6 4 
so that 

Imposing the initial condition y(0) = 0 requires that 

3 



0 = In ( ci 2 



Hence, c\ = |, and so 



2 

1 /5 — 3e^ 4x 

y(x) = — In ( 

yy ' 6 V 2 

40. For the given differential equation we have 

M y = Axy = N x 

so that the differential equation is exact. Consequently, there is a potential function satisfying 

|^ = 3x 2 + 2xy 2 , ^ = 2x 2 y. 
ox ay 

Integrating these two equations in the usual manner yields 

<t>{x,y) = x 2 y 2 + x 3 , 
so that the differential equation can be written as 

d(x 2 y 2 + x 3 ) = 0 7 

and therefore has general solution 

x 2 y 2 + x 3 = c. 
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Imposing the initial condition y(l) = 3 yields c = 10. Therefore, 

x 2 y 2 + x 3 = 10 

so that 

2 10 - x 3 
V =-* — 

Note that the given differential equation can be written in the equivalent form 

dy 1 3 i 

ax x 2 

which is a Bernoulli equation with n = — 1. Consequently, the Bernoulli technique could also have been used 
to solve the differential equation. 

41. The given differential equation is linear with integrating factor 

j- _ - J slnxdx _ ^cosi 

Multiplying the given differential equation by e cosx reduces it to the intcgrable form 
which can be integrated directly to obtain 

e cosx ■y = x + c. 

Hence, 

y(x) = e- cosx (x + c). 
Imposing the given initial condition y(0) = - requires that c = 1. Consequently, 

y(x) = e- cosx (x + l). 

42. 

(a) For the given differential equation we have 

M y = my m -\ N^-nx^y 3 . 

We see that the only values for m and n for which M y = N x are m = nO. Consequently, these are the only 
values of m and n for which the differential equation is exact. 

(b) We rewrite the given differential equation in the equivalent form 

dy x 5 + y m 



dx x n y 



n„3 ' 



(0.0. E 



from which we see that the differential equation is separable provided m = 0. In this case there are no 
restrictions on n. 

(c) From Equation (0.0.8) we see that the only values of m and n for which the differential equation is 
first-order homogeneous are m = 5 and n = 2. 
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(d) Wc now rewrite the given differential equation in the equivalent form 

x -n y m-3 = x 5-n y -3 (0.0.9) 



dx 

Due to the y~ 3 term on the right-hand side of the preceding differential equation, it follows that there are 
no values of m and n for which the equation is linear. 

(e) From Equation (0.0.9) we see that the differential equation is a Bernoulli equation whenever m — 4. 
There arc no constraints on n in this case. 

43. In Newton's Law of Cooling we have 

T m = 180°F, T(0) = 80°F, T(3) = 100°F. 

We need to determine the time, to when T(t 0 ) = 140°F. The temperature of the sandals at time t is governed 
by the differential equation 

f = - fc( r-i80). 

This separable differential equation is easily integrated to obtain 

T(t) = 180 + ce- fct . 

Since T(0) = 80 we have 

80 = 180 + c c= -100. 

Hence, 

T(t) = 180 - 100e- fet . 
Imposing the condition T(3) = 100 requires 

100= 180 - 100e" 3fe . 

Solving for k we find k = | In (|) . Inserting this value for k into the preceding expression for T(t) yields 

T(t) = 180 - lOOe-^^iK 

We need to find to such that 

140= 180- lOOe^^M!). 

Solving for t 0 we find 



'ln(f) 



*o = 3 , w 12.32 min. 



44. In Newton's Law of Cooling we have 

T m = 70°F, T(0) = 150°F, T(10) = 125°F. 

We need to determine the time, to when T(t 0 ) = 100°F. The temperature of the plate at time t is governed 
by the differential equation 
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This separable differential equation is easily integrated to obtain 

T(t) = 70 + ce~ kt . 

Since T(0) = 150 we have 

150 = 70 + c c = 80. 

Hence, 

T(i) = 70 + 80e- fet . 
Imposing the condition T(10) = 125 requires 

125 = 70 + 80e^ 10fc . 

Solving for k we find k = ^ In . Inserting this value for k into the preceding expression for T(t) yields 

T(t) = 70 + 80e-rain(if). 

We need to find to such that 

100 = 70 + 80e-ra ln (rr). 

Solving for t 0 we find 

In (|) 

to = 10 }?' w 26.18 min. 

ln (n) 

45. Let T(t) denote the temperature of the object at time t, and let T m denote the temperature of the 
surrounding medium. Then we must solve the initial-value problem 

dT 

— = k(T-T m )\ T(Q) = T 0 , 

where A: is a constant. The differential equation can be written in separated form as 

1 dT - k 
(T-T m )*~dt- • 

Integrating both sides of this differential equation yields 

kt + c 



T - T n _ 
so that 

T ^= T --kh- 

Imposing the initial condition T(0) = To we find that 

1 

c = 



which, when substituted back into the preceding expression for T{t) yields 

rp(f\ rp 1 rp ^TYl ~ ^0 

lj m kt+r^- m k(T m -T 0 )t+l 
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As t — > oo, T(t) approaches T m . 

46. We are given the differential equation 

dT 

— = -fc(T-5cos2i) (0.0.10) 

together with the initial conditions 

dT 

T(0)=0; ^(0) = 5. (0.0.11) 

(a) Setting t = 0 in (0.0.10) and using (0.0.11) yields 

5 = -fc(0-5) 

so that k = 1. 

(b) Substituting fc = 1 into the differential equation (0.0.10) and rearranging terms yields 

— + T = 5 cos t. 
at 

An integrating factor for this linear differential equation is / = e/ d * = e*. Multiplying the preceding 
differential equation by e* reduces it to 

4(e* • T) = 5e*cos2t 

which upon integration yields 

e* • T = e*(cos 2f + 2 sin 2t) + c, 

so that 

T(i) = ce~* + cos 2i + 2 sin 2i. 
Imposing the initial condition T(0) = 0 we find that c = —1. Hence, 

T(t) = cos It + 2 sin 2t - e"* . 

(c) For large values of t we have 

T(t) w cos 2i + 2 sin 2i, 
which can be written in phase-amplitude form as 

T(t) w \/5cos(2t - 0), 

where tan0 = 2. consequently, for large t, the temperature is approximately oscillatory with period w and 
amplitude \/5- 

47. If we let C(t) denote the number of sandhill cranes in the Platte River valley t days after April 1, then 
C(t) is governed by the differential equation 

dC 

^ = -kC (0.0.12) 
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together with the auxiliary conditions 

C(0) = 500,000; C(15) = 100,000. (0.0.13) 
Separating the variables in the differential equation (0.0.12) yields 

\_dC_ 

C~dt~ ' 

which can be integrated directly to obtain 

InC = -kt + c. 

Exponentiation yields 

C(t) = c Q e- kt . 

The initial condition C(0) = 500, 000 requires c 0 = 500, 000, so that 

C(t) = 500,000e^ fet . (0.0.14) 
Imposing the auxiliary condition C(15) = 100, 000 yields 

100,000 = 500,000e- 15fc . 

Taking the natural logarithm of both sides of the preceding equation and simplifying we find that k = ^ In 5. 
Substituting this value for k into (0.0.14) gives 

C(t) = 500, 000e~ A ln5 . (0.0.15) 

(a) C(3) = 500,000e- 21n5 = 500,000 • ^ = 20,000 sandhile cranes. 

(b) C(35) = 500,000e-it ln5 w 11696 sandhile cranes. 

(c) We need to determine t 0 such that 

1000 = 500,000e-w ln 5 

that is, 

_ltt In S 1 

e is lnb = . 

500 

Taking the natural logarithm of both sides of this equation and simplifying yields 

ln 500 

to = 15 • , « 57.9 days after April 1. 
In 5 

48. Substituting P 0 = 200,000 into Equation (1.5.3) in the text (page 45) yields 



200,000C 
200 , 000 + (C - 200, 000) e~ 



We are given 

P(3) = P(h) = 230, 000, P(6) = P(t 2 ) = 250, 000. 
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Since t 2 = 2t\ we can use the formulas (1.5.5) and (1.5.6) on page 47 of the text to obtain r and C directly 
as follows: 



r = - In 
3 



25(23 - 20) 
20(25 - 23) 



1 in ( 15 1,0.21. 



_ 230,000[(23)(45)-(40)(25)] _ 
6 - (23)2-(20)(25) " 

Substituting these values for r and C into (0.0.16) yields 

55517200000 

P(t) — 



200,000 + (77586)e-°- 21 * ' 

Therefore, 



and 



55517200000 
P(10) - 200,000 + (77586) e - 2 ^ 264 '" 7 ' 



P(20) = -, : — ~, 77 w 275981. 

V ; 200,000+ (77586)e~ 4 - 2 



49. The differential equation for determining q(t) is 

dq 5 3 

_ + -„=-cos2t, 

which has integrating factor I = e-f zdt — e**. Multiplying the preceding differential equation by e^* reduces 
it to the integrablc form 



d ( 5* \ 3 5, „ 

— e 4 ■ q] = -e 4 cos2i. 
dt\ J 2 



Integrating and simplifying we find 



6 

g(t) = — (5cos2t + 8sin2t) + ce-3*. (0.0.17) 
89 



The initial condition q(0) = 3 requires 



« 30 

3 =89 +C ' 



so that c = Making this replacement in (0.0.17) yields 

6 237 5 

<?(i) = — (5cos2t + 8sin2t) H e"5*. 

w 89 89 

The current in the circuit is 

, . dq 12 . „ r . „ , 1185 
lit) = -+ = — (8cos2i- 5sin2i) - — — e" 
w (it 89 v ; 356 

Answer in text has incorrect exponent. 

50. The current in the circuit is governed by the differential equation 



132 



which has integrating factor I = el ladt = e 10 *. Multiplying the preceding differential equation by e 10t 
reduces it to the integrable form 

*-(e 10t -i) = —e 10t . 
dt 3 

Integrating and simplifying we find 

10 
~3 

The initial condition i(0) = 3 requires 



i(t) = ^- + ce- wt . (0.0.18) 



n 10 

3= y + c, 

so that c = — |. Making this replacement in (0.0.18) yields 

^)^(10-e- 10t ). 

51. We are given: 

n = 6 L/min, c x = 3 g/L, r 2 = 4 L/min, V(0) = 30 L, A(0) = 0 g, 

and we need to determine the amount of salt in the tank when V(t) = 60L. Consider a small time interval 
At. Using the preceding information we have: 

AV = 6At - 4At = 2At, 

and 

A 

AA w 18At-4— At. 
Dividing both of these equations by At and letting At — > 0 yields 

f = 1- (0.0.19) 

f + 4 = 18. (0.0.20) 
Integrating (0.0.19) and imposing the initial condition V(0) — 30 yields 

y(t) = 2(t+ 15). (0.0.21) 
We now insert this expression for V(t) into (0.0.20) to obtain 

dA 2 



dt t + 15 



A = 18. 



An integrating factor for this differential equation is I = e-f *+ 15dt = (t + 15) 2 . Multiplying the preceding 
differential equation by (t + 15) 2 reduces it to the integrable form 



dt 

Integrating and simplifying we find 



d [{t + lbfA} = 18(t+15) 2 . 



_ 6(t+15)3 + 
A[t) ~ (t + 15) 2 
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Imposing the initial condition A(0) = 0 requires 



0 = 



6(15) 3 + c 
(15) 2 ' 



so that c = —20250. Consequently, 



6(i+ 15) 3 - 20250 
A{t} ~ (t+15)2 • 



We need to determine the time when the solution overflows. Since the tank can hold 60 L of solution, from 
(0.0.21) overflow will occur when 

60 = 2(t+15) t = 15. 
The amount of chemical in the tank at this time is 



52. Applying Euler's method with y' = x 2 + 2y 2 ,xo = 0, yo = — 3, and h — 0.1 we have y n +i = Vn +0.1 (a; 2 + 
2y^). This generates the sequence of approximants given in the table below. 



n 




Vn 


1 


0.1 


-1.2 


2 


0.2 


-0.911 


3 


0.3 


-0.74102 


4 


0.4 


-0.62219 


5 


0.5 


-0.52877 


6 


0.6 


-0.44785 


7 


0.7 


-0.371736 


8 


0.8 


-0.29510 


9 


0.9 


-0.21368 


10 


1.0 


-0.12355 



Consequently the Eulcr approximation to y(l) is ym = —0.12355. 

3x 

53. Applying Euler's method with y' — h 2, xo = 1, yo = 2, and /i = 0.05 we have 

y 



Un+l = Vn 



0.05 



3x n 

Vn 



This generates the sequence of approximants given in the table below. 



n 




Vn 


1 


1.05 


2.1750 


2 


1.10 


2.34741 


3 


1.15 


2.51770 


4 


1.20 


2.68622 


5 


1.25 


2.85323 


6 


1.30 


3.01894 


7 


1.35 


3.18353 


8 


1.40 


3.34714 


9 


1.45 


3.50988 


10 


1.50 


3.67185 
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Consequently, the Euler approximation to 2/(1.5) is yio — 3.67185. 

54. Applying the modified Euler method with y' = x 2 + 2y 2 ,x 0 = 0,yo = —3, and h = 0.1 generates the 
sequence of approximants given in the table below. 



n 




Vn 


1 


0.1 


-1.9555 


2 


0.2 


-1.42906 


3 


0.3 


-1.11499 


4 


0.4 


-0.90466 


5 


0.5 


-0.74976 


6 


0.6 


-0.62555 


7 


0.7 


-0.51778 


8 


0.8 


-0.41723 


9 


0.9 


-0.31719 


10 


1.0 


-0.21196 



Consequently, the modified Euler approximation to y(l) is y\Q = —0.21196. Comparing this to the 
corresponding Euler approximation from Problem 52 we have 

|2/me - Ve\ = |0.21196 - 0.12355| = 0.8841. 



55. Applying the modified Euler method with y' = \-2,x 0 — 1, y 0 = 2, and h — 0.05 generates the 

y 

sequence of approximants given in the table below. 



n 


x n 


y n 


1 


1.05 


2.17371 


2 


1.10 


2.34510 


3 


1.15 


2.51457 


4 


1.20 


2.68241 


5 


1.25 


2.84886 


6 


1.30 


3.01411 


7 


1.35 


3.17831 


8 


1.40 


3.34159 


9 


1.45 


3.50404 


10 


1.50 


3.66576 



Consequently, the modified Euler approximation to y(1.5) is y w = 3.66576. Comparing this to the corre- 
sponding Euler approximation from Problem 53 we have 

|2/me - 2/e| = |3.66576 - 3.67185| = 0.00609. 



56. Applying the Runge-Kutta method with y' = x 2 + 2y 2 ,x n = Q,y 0 = —3, and h = 0.1 generates the 
sequence of approximants given in the table below. 
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n 


•En 


Vn 


1 


0.1 


-1.87392 


2 


0.2 


-1.36127 


3 


0.3 


-1.06476 


4 


0.4 


-0.86734 


5 


0.5 


-0.72143 


6 


0.6 


-0.60353 


7 


0.7 


-0.50028 


8 


0.8 


-0.40303 


9 


0.9 


-0.30541 


10 


1.0 


-0.20195 



Consequently the Runge-Kutta approximation to y(l) is j/io = —0.20195. Comparing this to the correspond- 
ing Eulcr approximation from Problem 52 we have 

|yRK - Ve\ = |0.20195 - 0.12355| = 0.07840. 

3<£ 

57. Applying the Runge-Kutta method with y' = — + 2, x 0 = l,y 0 = 2, and h — 0.05 generates the 

y 

sequence of approximants given in the table below. 



n 




Vn 


1 


1.05 


2.17369 


2 


1.10 


2.34506 


3 


1.15 


2.51452 


4 


1.20 


2.68235 


5 


1.25 


2.84880 


6 


1.30 


3.01404 


7 


1.35 


3.17823 


8 


1.40 


3.34151 


9 


1.45 


3.50396 


10 


1.50 


3.66568 



Consequently the Runge-Kutta approximation to y(1.5) is j/io = 3.66568. Comparing this to the correspond- 
ing Euler approximation from Problem 53 we have 

|yRK - Ve\ = |3.66568 - 3.67185| = 0.00617. 

Last digit in answer the text needs changing. 



Solutions to Section 2.1 

True-False Review: 

1. TRUE. A diagonal matrix has no entries below the main diagonal, so it is upper triangular. Likewise, 
it has no entries above the main diagonal, so it is also lower triangular. 

2. FALSE. An m x n matrix has m row vectors and n column vectors. 
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3. TRUE. Since A is symmetric, A = A T . Thus, (A T ) T = A = A T , so A T is symmetric. 

4. FALSE. The trace of a matrix is the sum of the entries along the main diagonal. 

5. TRUE. If A is skew-symmetric, then A T = —A. But A and A T contain the same entries along the main 
diagonal, so for A T = —A, both A and — A must have the same main diagonal. This is only possible if all 
entries along the main diagonal are 0. 

6. TRUE. If A is both symmetric and skew-symmetric, then A = A T = —A, and A = —A is only possible 
if all entries of A are zero. 

7. TRUE. Both matrix functions are defined for values of t such that t > 0. 

8. FALSE. The (3, 2)-entry contains a function that is not defined for values of i with t < 3. So for example, 
this matrix functions is not defined for t = 2. 

9. TRUE. Each numerical entry of the matrix function is a constant function, which has domain R. 

10. FALSE. For instance, the matrix function A(t) = [t] and B(t) = [t 2 ] satisfy A(0) = B(0), but A and B 
are not the same matrix function. 

Problems: 

1. a 3 i = 0, a 24 = -1, oi4 = 2, a 32 = 2, a 2 i 
1 5 " 



7, a 34 = 4. 



3. 



-1 3 

2 1 
0 4 



2x2 matrix. 



-1 
-2 



2x3 matrix. 



6. 



-1 
1 
1 

-5 

1 

3 
2 

-4 

0 
1 

-2 



4x1 matrix. 



-3 -2 



6 
7 
-1 

-1 
0 
-3 



0 
4 
5 



4x3 matrix. 



3x3 matrix. 



7. tr(A) 

8. tr(A) 

9. tr(A) 



10. Column vectors: 
Row vectors: [1 



1 + 3 = 4. 

1 + 2 + (-3) = 0. 

2 + 2 + (-5) = -1. 
1 



3 

1],[3 5' 





1 




3 




-4 


11. Column vectors: 


-1 




-2 




5 




2 




6 




7 



Row vectors: [1 3 -4],[-l -2 5], [2 6 7]. 
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12. Column vectors: 



2 




10 




6 


5 




-1 




3 



Row vectors: [2 10 6], [5 -13]. 





' 1 


2 " 




" 1 " 




" 2 " 


13. A = 


3 


4 


. Column vectors: 


3 




4 




5 


1 




5 




1 



14. B 



2 5 0 1 
-1 7 0 2 
4-603 



. Row vectors: [2 5 0 1],[-1 7 0 2], [4 - 6 0 3]. 



15. A — [ai,a 2 , . . . ,a p ] has p columns and each column g-vector has q rows, so the resulting matrix has 
dimensions q x p. 



2 0 
0 3 



16. One example: 

17. One example: 

18. One example: 

19. One example: 

20. The only possibility here is the zero matrix: 

21. One example: 



0 0 


-1 






2 3 


1 


2 




0 5 


6 


2 




0 0 


3 


5 




0 0 


0 


1 




1 


3 




-1 


-3 


0 




4 


1 


-4 




0 


-2 


3 




-1 


3 0 


0 " 






0 2 


0 






0 0 


5 







0 0 0 
0 0 0 
0 0 0 



7S=I 0 
0 0 



0 



22. One example: 



t 2 -t 0 

0 0 

0 0 

0 0 



1 

i 2 +l 
0 



23. One example: [ t 2 + 1 1 1 1 1 ] . 

24. One example: 

25. One example: Let A and B be 1 x 1 matrix functions given by 

A(t) = [t] and B{t) = [t 2 ]. 

26. Let A be a symmetric upper-triangular matrix. Then all elements below the main diagonal are zeros. 
Consequently, since A is symmetric, all elements above the main diagonal must also be zero. Hence, the 
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only nonzero entries can occur along the main diagonal. That is, A is a diagonal matrix. 



27. Since A is skew-symmetric, a n = a 2 2 = »33 = 0. Further, a 12 = —021 = — 1 ; a i3 = — a 3i = — 3, and 

"0 -1 -3 
1 0 -1 
3 1 0 



032 = — a 2 3 = 1. Consequently, A = 



Solutions to Section 2.2 



True- False Review: 

1. FALSE. The correct statement is (AB)C = A(BC), the associative law. A counterexample to the 
particular statement given in this review item can be found in Problem 7. 

2. TRUE. Multiplying from left to right, we note that AB is an m x p matrix, and right multiplying AB 
by the p x q matrix C, we see that ABC is an m x q matrix. 

3. TRUE. We have (A + B) T = A T + B T = A + B, so A + B is symmetric. 



4. FALSE. For example, let A = 



0 1 0 
-10 0 
0 0 0 



,B = 



0 0 3 
0 0 0 

-3 0 0 



. Then A and B are skew-symmetric, 



but AB = 



0 0 
0 0 
0 0 



is not symmetric. 



5. FALSE. The correct equation is (A+ B) 2 = A 2 + AB + BA + B 2 . The statement is false since AB + BA 



does not necessarily equal 2AB. For instance, if A 



1 0 
0 0 



and B 



0 1 
0 0 



, then (A+B) 2 



1 1 
0 0 



and A 2 + 2AB + B 2 = 



1 2 
0 0 



+ (A + B) 2 . 



6. FALSE. For example, let A 
B^0. 

7. FALSE. For example, let A = 



0 1 
0 0 



and B 



0 0 

1 0 



and let B — 



1 0 

0 0 

0 0 

0 0 



Then AB = 0 even though A ^ 0 and 



Then A is not upper triangular, despite 



the fact that AB is the zero matrix, hence automatically upper triangular. 

1 0 



8. FALSE. For instance, the matrix A 
yet A 2 = A. 



0 0 



is neither the zero matrix nor the identity matrix, and 



9. TRUE. The derivative of each entry of the matrix is zero, since in each entry, we take the derivative of 
a constant, thus obtaining zero for each entry of the derivative of the matrix. 

10. FALSE. The correct statement is given in Problem 41. The problem with the statement as given is 



that the second term should be ^B, not B^-. 



11. FALSE. For instance, the matrix function A - 

<•* 0 



2e* 0 
0 3e* 



satisfies A = ) but A does not have the 



form 



ce 
0 ce* 
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12. TRUE. This follows by exactly the same proof as given in the text for matrices of numbers (see part 
3 of Theorem 2.2.21). 



Problems: 



1. 2A = 



2 4-2 
6 10 4 



-3B = 



-6 
-3 



3 -9 
-12 -15 



A -2B = 



1 2 

3 5 

-3 
1 



-1 
2 

4 -7 

-3 -8 



-2 6 
8 10 



3 A + AB = 



3 6-3 

9 15 6 

11 2 9 

13 31 26 



+ 



8 -4 12 
4 16 20 



2. Solving for D, we have 



2A + B - 3C + 2D = A + AC 

2D = -A - B + 7C 
1 



D= -(-A-B + 7C). 
When appropriate substitutions are made for A,B, and C, we obtain: 





-5 


-2.5 


2.5 


D = 


1.5 


6.5 


9 




-2.5 


2.5 


-0.5 



3. 



AB 



5 10 -3 
27 22 3 



BC 



9 

8 

-6 



DC= [10], 



DB = [6 14 -4], CD 



2 -2 



-2 



2 -3 



4 -4 



and cannot be computed. 



AB = 



2 — i 1 + i i 1 — 3i 
-i 2 + 4i \ [ 0 4 + i 

(2 - i)i + (1 + i)0 (2 - i)(l - 3t) + (1 + i)(4 + i) 
+ (2 + 4z)0 - 3i) + (2 + 4i)(4 + i) 

l + 2i 2 — 2* 
1 1 + 17* 
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AB 



3 + 2i 2 — 4i 
5 + i — 1 + 3i 



-1 + i 3 + 2i 
4 - 3i l + i 

(3 + 2i)(-l + i) + (2 - 4i)(4 - 3i) (3 + 2i)(3 + 2i) + (2 - 4i)(l + i) 

(5 + i)(-l + i) + (-1 + 3i)(4 - 3i) (5 + t)(3 + 2i) + (-1 + 3i)(l + i) 

—9 — 21i ll + 10i 
— 1 + 19i 9 + l5i 



AB 



3 — 2* 



-l+i 2-i 0 
1 + 5i 0 3 - 2i 



(3-2i)(-l + i) + i(l + 5i) (3 - 2i)(2 - i) + i ■ 0 (3 - 2i)0 + i(3 - 2i) 
-i(-l + i) + l(l + 5i) -i(2 — i) + 1 ■ 0 -i • 0 + 1(3 - 2i) 

-6 + 6i 4 - 7i 2 + 3i 
2 + 6i — 1 — 2i 3-2« 



1 

-2 

7 9 
7 35 



-12 3 
3 4 6 



3 
1 
4 

-1 



-3 2 
1 -4 



2 

-4 

9 

-13 



1-12 3 
-2 3 4 6 



C 



-12 -22 
14 -126 



B 



2 

-14 



3 
-21 



3 2 
1 5 

4 -3 
-1 6 



-7 
-21 



43 
-131 



9. 



10. 



11. 



Ac 



(2A-W)C 



' 1 


-2 " 


-3 


' -1 


2 " 


) 


3 


1 




5 


3 





c 



5 


-10 " 




3 " 




25 " 


9 


-7 




-1 




-20 



1 3 

-5 4 



= 6 



0 

-38 





' 3 


-1 4 " 




2 " 




" 3 " 




" -1 " 




" 4 " 




" -13 " 


Ac = 


2 


1 5 




3 


= 2 


2 


+ 3 


1 


+ M) 


5 




-13 




7 


-6 3 




-4 




7 




-6 




3 




-16 



Ac = 



-1 2 

4 7 

5 -4 



= 5 



" -1 " 




2 " 




" -7 " 


4 


+ (-1) 


7 




13 


5 




-4 




29 
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12. The dimensions of B should be n x r in order that ABC is defined. The elements of the ith row of A 
are an, ^2, ■ ■ • , (tin and the elements of the jth column of BC are 



m=l m— 1 m— 1 

so the element in the ith row and jth column of ABC = A(BC) is 

r r r 



13. (a): 



(b): 



14. (a): 
(b): 



15. 



mj 



m—1 



m—1 



m—1 



^ a ifc I ^ b km C m j J — ^ I ^ a ik b km J C. 



fc— 1 \m— 1 



fc=l \m— 1 



A 2 = = 

A A = A 3 A - 



I— 1 


1 

I— 1 




' 1 


-1 " 




' -1 -4 " 


2 


3 




2 


3 




8 7 



-1 


-4 




1 


-1 




-9 - 


-11 


8 


7 




2 


3 




22 


13 


-9 


-11 " 




' 1 


-1 " 




' -31 


-24 


22 


13 




2 


3 




48 


17 



A = AA 



A A = A 2 A : 



A = A S A 



0 1 0 
2 0 1 

4-10 

-2 0 1 
4-3 0 
2 4-1 

4-3 0 
6 4-3 
-12 3 4 



0 1 0 

-2 0 1 
4-10 

0 1 0 

-2 0 1 
4-10 

0 10 

-2 0 1 
4-10 



0 


1 " 






-3 


0 






4 


-1 






4 


-3 


0 




6 


4 - 


-3 




12 


3 


4 




6 


4 




-3 


-20 


9 




4 


10 


-16 




3 



(A + B) 2 = {A + B){A + B) = A(A + B) + B(A + B) = A 2 + AB + BA + B 2 . 

(A-B) 2 = (A+ (-l)B) 2 

= A 2 + A(-1)B + (-l)BA + \{-l)B] 2 by part (a) 
= A 2 -AB-BA + B 2 . 



A 2 -2A- %I 2 



14 -2 

-10 6 

14 -2 

-10 6 



) 


3 - 


1 " 




' 1 0 




-5 - 


1 


- 8 


0 1 




-6 2 " 




" -8 


0 " 




10 2 


+ 


0 


00 



o 2 . 
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16. 







0 


0 " 




" 0 


1 


0 " 




" 1 


1 


0 " 


A 2 = 


0 


1 


0 




0 


0 


-1 




0 


1 


1 




0 


0 


1 




0 


0 


0 




0 


0 


1 





' 1 


X 


z 




Substituting A = 


0 


1 


y 


for A, we have 




0 


0 


l 





1 


X 


z 




l 


X 


z 


0 


1 


y 




0 


1 


y 


0 


0 


l 




0 


0 


i 





i— i 


i — 1 


0 " 




0 


i 


1 




0 


0 


1 



1 


2x 


2z + xy 




" l 


1 


0 " 


0 


1 






0 


1 


1 


0 


0 


l 




0 


0 


1 



that is, 



Since corresponding elements of equal matrices are equal, we obtain the following implications: 

2y = 1 y= 1/2, 
2x = 1 => x = 1/2, 
2z + xy = 0 2z + (l/2)(l/2) = 0 z 



-1/8. 



Thus, A - 



1 1/2 
0 1 
0 0 



-1/8 
1/2 
1 



17. In order that A 2 = A, we require 



X 1 " 




" z 1 " 




x 1 " 


, that is, 






. - 2 y . 




. - 2 2/ . 




. - 2 y . 





x 2 -2 
-2x - 2y 



x - 
-2 



y 



X 

-2 



y 



or equivalcntly, 



x — x — 2 x + y — 1 
-2s - 2y + 2 y 2 -y-2 



O2. Since corresponding elements of equal ma- 



trices are equal, it follows that 



y 

Two cases arise from x + y — 1 = 0: 

(a) : If x = -1, then y = 2. 

(b) : If x = 2, then y = -1. Thus, 



a; • 



y ■■ 



-l or x 
-1 or y ■■ 



- 2, and 
2. 



-1 1 
-2 2 



or A = 



2 1 

-2 -1 



18. 



criCT2 = 



" 0 


I— 1 




' 0 


—i 








i 0 " 


= i 


1 0 




1 — 1 


0 




i 


0 








0 -i 




0 -1 




" 0 


—i 




' 1 


0 








' 0 i ' 




' 0 1 " 






0 




0 


-1 








i 0 


= i 


1 0 




1 — 1 


0 ' 




" 0 


1 








0 1 




" 0 — 2 




0 


-1 




1 


0 








-1 0 


= i 


i 0 





= l<?3- 



lO\. 



[A, B] — AB - BA 



1 


-1 


2 


1 


-1 


-1 


10 


4 


-6 


1 " 


2 


6 



3 1 

4 2 



-2 
-2 



[Ai,i4 2 ] 



1 0 

0 1 

0 1 

0 0 



A 2 A 1 

0 1 
0 0 

0 1 
0 0 



0 1 
0 0 



1 0 
0 1 



O2, thus Ai and A 2 commute. 



[Ai,M 



A X A 3 - A 3 A 1 

1 0 
0 1 

0 0 

1 0 



" 0 


0 " 




' 0 


0 " 




1 — 1 


0 " 


I— 1 


0 




1 


0 




0 


1 



0 0 

1 0 



O2, thus A\ and A 3 commute. 



[A 2 ,A 3 ] = A 2 A 3 - A 3 A 2 

0 1 
0 0 



" 0 


0 " 




' 0 


0 " 




' 0 


1 " 


1 


0 




1 


0 




0 


0 



I— 1 


0 " 




' 0 


0 " 




1—1 


0 " 


0 


0 




0 


1 




0 


-1 



-[A 2 ,A 3 } = 

[A U A 2 



7^ 0 2 . Thus, A 2 and A 3 do not commute. 



A X A 2 - 


- A 2 A X 










1 


' 0 


i 






0 - 


-1 




1 




4 


i 


0 






1 


0 




~ 4 




1 


i 


0 






1 






; 0 " 




4 


0 


—i 






~ 4 




0 i 




1 


' 2i 




0 " 




1 




i 0 " 


4 


0 




2i 




2 




0 -i 



A 3 . 



0 i 

1 0 



[A 2 ,A 3 ] = A 2 A 3 - A 3 A 2 



1 — 1 


' 0 -1 " 




i 




0 " 




4 


1 0 




0 


— i 




I— 1 


' 0 i ' 




1 




0 


—i 


4 


i 0 






4 




— i 


0 


I— 1 


0 2i ' 




1 


' 0 


i 


4 


2i 0 




" 2 


i 


0 
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[Aa,A 1 ] = A 3 A 1 -A 1 A 3 





' 0 i ' 


h- 1 


' 0 i ' 




" i 0 " 




i 0 


4 


i 0 




0 -i 



I— 1 


0 


1 

I— 1 


h- 1 


' 0 


1 " 


4 


-1 


0 


4 


1 


0 



1 — 1 


' 0 


-2 " 


I— 1 


' 0 


1 

I— 1 


4 


2 


0 


2 


1 


0 



= A 2 . 



22. 

[A, + + [A, B]] 

= [A, BC - CB] + [B, CA - AC] + [C, AB - BA] 

= A(BC - CB) - (BC - CB)A + B(CA - AC) - (CA - AC)B + C(AB - BA) - (AB - BA)C 

= ABC - ACB - BCA + CBA + BCA - BAG - CAB + ACB + CAB - CBA - ABC + BAC = 0. 



23. 

Proof that A(BC) = (AB)C: Let A = [a^] be of size m x n, B = [bjk] be of size n x p, and C — [cki] be 
of size p x q. Consider the (i, j)-elemcnt of (AB)C: 

p / n \ n / p \ 

[(AB)C]ij = I dihbhk Ck 3 = X a ih b hk c kj = [A(BC)]ij. 
fe=i \/i=i / fc=i \fc=i / 

Proof that A(5 + C) = AB + AC: We have 



[A(B + C)]y = XI a ik(hj + c kj ) 
fc=i 

n 

= ^^( a ijbkj + UikCkj) 



k=l 

n n 

= X ajfe&fej + X «ifcCfej 
fe=l fe=l 

= [AB + AC]ij. 

24. 

Proof that (A T ) T = A: Let A = [a i3 ]. Then A T = [a^], so (A 7 ) 7, = [a^] 7 = a i3 = A, as needed. 
Proof that (A + C) T = A T + C T : Let A = [a t A and C = [cy]. Then [(A + C) T ] 4J = [A + C]^ 
+ - an + Cji = [A T ]ij + [C T ] l3 = [A T + C T ] ir Hence, (A + C) T = A T + C T . 

25. We have 

^ ' $ik a kj 3ii a ij a i j > 
fc=l 

for 1 < i < m and 1 < j < p. Thus, I m A mxp = A mxp . 

26. Let A = [ciij] and £? = [bij] be n x n matrices. Then 

n / n \ n / n \ n / n \ 

tr(AB) = I XI afcAfe = X ( X) 6ifc ° fci = X X 6 ^ afe4 = tr ( SA )- 

fe=l \j=l / fe=l \i=l / i=l \fe=l / 
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27. 



A 1 = 



AA 1 



AB 



B T A T 



1 — 1 


2 


3 


1 


0 


4 


1 — 1 


2 


-1 


4 


-3 


0 


1 — 


-1 


1 


2 


0 


2 


3 


4 


-1 



-1 1 2 
2 1 1 



4 
-3 
0 



1 -1 

2 0 

3 4 
3 4 



1 4 

2 -3 
-1 0 
-1 0 



1 2 

-1 0 

1 2 

4 -3 

0 1 
-1 2 

1 1 

2 1 



3 
4 
-1 
0 



19 



17 

4 



-2 
4 
26 



10 4 

-4 1 
-5 10 



0-112 
1 2 11 



1 2 

-1 0 

1 2 

4 -3 



3 
4 
-1 
0 



10 -4 -5 
4 1 10 



28. 



(a): We have 



S = [si,s 2 , s 3 ] 



-a; — y z 
0 y 2z 

x —y z 



so 



(b): 





' 2 2 


1 






—x 


-y 


z 




—x 


-y 


7z 








AS = 


2 5 


2 






0 


y 


2z 




0 


y 


Uz 




[si,s 2 ,7s 3 ]. 




1 2 


2 






X 


-y 


z 




X 


-y 


7z 














—x 


0 


X 




—x 


-y 


7z 




r 2x 2 


0 0 


S T AS = S T (AS) = 




-y 


y 


-y 




0 


y 


Uz 






0 


3y 2 0 










z 


2z 


z 




X 


-y 


7z 






0 


0 42z 2 



but S T AS = diag(l, 1, 7), so we have the following 

2x 2 = 1 x = ± 
3y 2 = l=^y = ± 
6z 2 = 1 z = ± 



V2 

2 
V3 

3 

V6 
6 ' 



29. 



(a): 



2 0 0 0 

0 2 0 0 

0 0 2 0 

0 0 0 2 
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(b): 



7 0 0 
0 7 0 
0 0 7 



30. Suppose A is an n x n scalar matrix with trace k. If A = al n , then tr(A) = na = k, so we conclude that 
a= k/n. So A — £/ n , a uniquely determined matrix. 

31. We have 

~" 1 



and 



T 1 = 



-(A-A T ) 



\{A + A T r=\{A T + A) = S 



= h A T -A) = -hA-A T ) = -T. 



Thus, S is symmetric and T is skew-symmetric. 
32. 

„ 1 



" 1 


-5 


3 " 




1 


3 


7 " 




3 


2 


4 


+ 


-5 


2 


-2 


7 


-2 


6 




3 


4 


6 



1 -5 3 
3 2 4 
7-2 6 



1 3 7 

-5 2 -2 
3 4 6 



2 


-2 


10 " 




1 - 


1 5 " 


-2 


4 


2 




-1 


2 1 


10 


2 


12 




5 


1 6 


0 


-8 


-4 " 




" 0 -4 


-2 " 


8 


0 


6 




4 0 


3 


4 


-6 


0 




2 -3 


0 



33. If A is an n x n symmetric matrix, then A T — A, so it follows that 

T= l -(A-A T )= l -(A-A) = Q n . 
If A is an n x n skew-symmetric matrix, then A T = — A and it follows that 

S=\{A + A T )= l -{A + {-A)) = {) n . 



34. Let A be any n x n matrix. Then 

A = \(2A) = 1 -(A + A T + A-A T )= 1 -(A + A T ) + \(A- A T ), 
a sum of a symmetric and skew-symmetric matrix, respectively, by Problem 31. 

35. If A = [dij] and D — diag(rfi, d,2, ■ ■ ■ , d n ), then we must show that the (i,j)-entry of DA is rfjay. In 
index notation, we have 



fe=i 

Hence, DA is the matrix obtained by multiplying the ith row vector of A by di, where 1 < i < n. 
36. 

(a) : We have (AA T ) T = (A T ) T A T = AA T , so that AA T is symmetric. 

(b) : We have (ABC) T = [{AB)C] T = C T (AB) T = C T (B T A T ) = C T B T A T , as needed. 

" -2p~ 2 * 

37. A'(t) = 

v ' cost 
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38. A'(t) 

39. A'{t) 

40. A'(t) 



1 cost 
- sin t 4 

e* 2e 2t 2t 
2e* 8e 2t lOt 

cos t — sin t 0 
sin t cos £ 1 
0 3 0 



41. We show that the (i, j)-entry of both sides of the equation agree. First, recall that the (z, j)-cntry of 
AB 

1S Sfc=i a ikbkj, an d therefore, the (i, j)-entry of -^(AB) is (by the product rule) 



Y a *k b kj + a tkb' k3 = Y a *k b kj + Y a ik h 'ky 



fc=l 



fc=l 



k=l 



The former term is precise the (i,j)-entry of the matrix ^B, while the latter term is precise the (i,j)-entry 
of the matrix A^-. Thus, the (i, j)-entry of ^r(AB) is precisely the sum of the (i,j)-entry of i$-B and the 



(i, j)-entry of A^ . Thus, the equation we are proving follows immediately. 
42. We have 

,tt/2 

/() 



/' 

JO 



cost 
sint 



dt - 



sint 
— cost 



r/2 



sin(7r/2) 
— cos(7r/2) 





sin 0 




' 1 " 




0 " 




' 1 " 




— cos 0 




0 




-1 




1 



43. We have 



2e* 



5e"* 





1 i 


e -1/e " 




' 1 -1 " 




2e* -5e"< 


|o — 


2e -5/e 




2 -5 





e-1 1-1/e 
2e-2 5 -5/e 



44. We have 



„2t 



t 2 



sin2t 
te 4 



sec 2 t 3t — sin t 



dt 



±e 2t -±cos2t 
y - 5t te* - e* 
tant ft 2 + cost 



-14/3 
tan 1 



cos 2 

2 

0 

+ COS 1 





" 1 1 - 






2 2 






0 -1 






0 1 





2 -l 

2 

-14/3 



l-cos2 
2 
1 



tan 1 ^ + cos 1 



45. We have 



e J e 2t t 2 
2e* 4e 2t 5t 2 



dt : 



t 12* *1 

e 2 e 3 

2e* 2e 2t ft 3 

e e 2 /2 1/3 ' 

2e 2e 2 5/3 



1/2 0 
2 0 



e-1 £-=± 1/3 
2e-2 2e 2 -2 5/3 



46. 





2t 


dt = 


' t 2 " 


/ 


3t 2 _ 


t 3 
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47. 



48. 



49. 



sin f cos t 0 
- cos t sin t t 
0 3t 1 



2e* 



e 

5e"* 



sin 2t 

fe* 

sec 2 t 3t — sin t 



dt = 



2e* 



dt 



— cost 

— sint 
0 

-e"« 
-5e-* 



1 2t 

„2 e 



5t 



sin t 
— cos t 
3t 2 /2 



t 2 /2 



cos 2t 



te J 



§t 2 + cost 



tant 

Solutions to Section 2.3 



True- False Review: 

1. FALSE. The last column of the augmented matrix corresponds to the constants on the right-hand 
side of the linear system, so if the augmented matrix has n columns, there are only n — 1 unknowns under 
consideration in the system. 

2. FALSE. Three distinct planes can intersect in a line (e.g. Figure 2.3.1, lower right picture). For instance, 
the xy-plane, the xz-plane, and the plane y = z intersect in the x-axis. 

3. FALSE. The right-hand side vector must have m components, not n components. 

4. TRUE. If a linear system has two distinct solutions xi and x 2 , then any point on the line containing Xi 
and x 2 is also a solution, giving us infinitely many solutions, not exactly two solutions. 

5. TRUE. The augmented matrix for a linear system has one additional column (containing the constants 
on the right-hand side of the equation) beyond the matrix of coefficients. 



6. FALSE. For instance, if A = 
to A T x = 0 take the form 



0 1 
0 0 



then solutions to Ax = 0 take the form 
The solution sets arc not the same. 



while solutions 



Problems: 
1. 



2 • 1 - 3(-l) + 4 ■ 2 = 13, 
l + (-l)-2 = -2, 
5 ■ 1 + 4(-l) + 2 = 3. 



2+ (-3) -2-1 = -3, 
3 -2- (-3) -7- 1 = 2, 
2 + (-3) + 1 = 0, 
2-2 + 2(-3) - 4- 1 = -6. 



(1 - t) + (2 + 3t) + (3 - 2t) = 6, 
(1 - t) - (2 + 3t) - 2(3 - 2t) = -7, 
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5(1 - t) + (2 + 3i) - (3 - 2t) = 4. 



4. 

s+(s-2t)- (2s + 3i) + 5t = 0, 
2(s - 2i) - (2s + 3t) + 7f = 0, 
4s + 2(s - 2t) - 3(2s + 3t) + 13t = 0. 

5. The lines 2a; + 3y — 1 and 2a; + 3y — 2 are parallel in the a;y-plane, both with slope —2/3; thus, the 
system has no solution. 





' 1 


2 


-3 " 




" 1 " 




' 1 


2 


-3 


1 


6. A = 


2 


4 


-5 


,b = 


2 


,A# = 


2 


4 


-5 


2 




7 


2 


-1 




3 




7 


2 


-1 


3 



7. A: 



1 1 

2 4 





' 1 


2 


-1 " 




" 0 " 




8. A = 


2 


3 


-2 


,b = 


0 


,A# = 




5 


6 


-5 




0 





1 1 

2 4 

1 2 -1 

2 3-2 
5 6-5 



9. It is acceptable to use any variable names. We will use xi 7 x 2 ,x 3 ,X4: 

X1 — X2 +2x 3 + 3x 4 = 1, 
xi + x 2 -2x 3 + 6x4 = — 1, 
3a; 1 + x 2 +4a; 3 + 2x 4 = 2. 

10. It is acceptable to use any variable names. We will use xi,X2,Xs: 

2x\ + x 2 +3x 3 = 3, 
4a; 1 — x 2 +2x 3 = 1, 
7.ti + 6x 2 +3.X3 = —5. 

11. Given Ax = 0 and Ay = 0, and an arbitrary constant c, 
(a): we have 



and 

(b): No, because 
and 

in general. 
12. 



Az = A(x + y)=^x + Ay = 0 + 0 = 0 
Aw = A(cx) = c(Ax) = cO = 0. 

A(x + y) = + Ay = b + b = 2b ^ b, 
A(cx) = c(Ax) = cb ^ b 







' -4 


3 " 




X\ 




' 4t " 


x 2 




6 


-4 






+ 


t 2 _ 
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13. 



14. 



x 2 



smt 



0 e 
• sin t 0 



21 





Xi 












. X2 



+ 





■ x\ ' 




0 


— sini 


1 




Xi 




t 


15. 


x 2 




-e* 


0 








+ 


t 3 




. 4 . 




-i 


t 2 


0 




. X 3 . 




1 



16. We have 



At) 



4e 4t " 




" 4e 4t " 


2(4e 4t ) 




. - 8e4t . 



and 



Ax + b 



2 


-1 " 




' e 4t " 




' 0 " 




' 2e 4t + (-l)(-2e 4t ) + 0 " 




" 4e 4 * " 


2 


3 




-2e 4t 


+ 


0 




-2e 4 * + 3(-2e 4 *) + 0 




. - 8e4 * . 



17. We have 



x'(i) = 



4(-2e~ 2 *) +2cosi 
3(-2e~ 2 *) +sint 



-8e- 2t + 2 cost 
-6e" 2t + sini 



and 



Ax + b 



+ 



— 2(cosi + sin t) 
7 sin t + 2 cos £ 



1 -4 4e~ 2t + 2sini 
-3 2 J 3e~ 2t - cost 

4e~ 2t + 2 sin t - 4(3e~ 2t - cos t) - 2(cos t + sin t) 
-3(4e~ 2 * + 2 sin t) + 2(3e~ 2t - cos t) + 7 sin t + 2 cos t 



-8e~ 2 * + 2cosi 
-6e~ 2 * + sini 



Solutions to Section 2.4 



True-False Review: 



1. TRUE. The precise row-echelon form obtained for a matrix depends on the particular elementary row 
operations (and their order). However, Theorem 2.4.15 states that there is a unique reduced row-echelon 
form for a matrix. 

2. FALSE. Upper triangular matrices could have pivot entries that are not 1. For instance, the following 

"20" 



matrix is upper triangular, but not in row echelon form: 



0 0 



3. TRUE. The pivots in a row-echelon form of an n x n matrix must move down and to the right as we look 
from one row to the next beneath it. Thus, the pivots must occur on or to the right of the main diagonal of 
the matrix, and thus all entries below the main diagonal of the matrix are zero. 

4. FALSE. This would not be true, for example, if A was a zero matrix with 5 rows and B was a nonzero 
matrix with 4 rows. 



5. FALSE. If A is a nonzero matrix and B 
rank(B) > 1 so rank(A)+ rank(B) > 2. 



6. FALSE. For example, if A 
1 + 1 = 2. 



B 



-A, then A + B = 0, so rank(A + B) = 0, but rank(A), 



then AB = 0, so rank(^4B) = 0, but rank(A)+ rank(S) = 
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7. TRUE. A matrix of rank zero cannot have any pivots, hence no nonzero rows. It must be the zero 
matrix. 

8. TRUE. The matrices A and 2A have the same reduced row-echelon form, since we can move between 
the two matrices by multiplying the rows of one of them by 2 or 1/2, a matter of carrying out elementary 
row operations. If the two matrices have the same reduced row-echelon form, then they have the same rank. 

9. TRUE. The matrices A and 2A have the same reduced row-echelon form, since we can move between 
the two matrices by multiplying the rows of one of them by 2 or 1/2, a matter of carrying out elementary 
row operations. 

Problems: 

1. Row-echelon form. 

2. Neither. 

3. Reduced row-echelon form. 

4. Neither. 

5. Reduced row-echelon form. 

6. Row-echelon form. 

7. Reduced row-echelon form. 

8. Reduced row-echelon form. 
9. 

o 1 ~i .. r 1 o i „ r 1 oi„ri o 

,Rank (A) = 2. 
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Pi 2 2. A 12 (-2) 3. M 2 (±) 
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,Rank (A) 
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11. 



1 4 

-3 4 
-2 6 



3-2 6 
2-3 4 
2 1 4 



1 2 

-3 4 
1 4 





" 1 


1 


2 " 




" 1 


1 


2 " 


5 


0 


1 


0 


0 


1 


0 




0 


-5 


0 




0 


0 


0 



1 


1 


2 




1 


1 


2 


0 


-5 


0 


4 


0 


-1 


0 


0 


-1 


0 




0 


-5 


0 



, Rank (A) = 2. 



12. 



1. Pl3 


2. A 21 (- 


-1) 


3. 


Ai 2 (- 


2), A 13 (- 


-3) 
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P 23 5. M 2 (-l) 6. A 32 (5) 
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,Rank (A) = 2. 
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1. A 12 (-l), A 13 (-3) 2. A 23 (-4) 
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.Rank (A) = 2. 



1. P12 2. A 21 (-l) 3. A 12 (-2), Ai 3 (-2) 4. P 23 5. M 2 (-l), A 23 (7). 
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, Rank (A) 
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1. P 12 2. A 21 (-l), A 23 (-l) 3. A 12 (-2) 4. P 23 5. M 2 (-l) 6. A 23 (5) 7. M 3 (l/23). 
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1. P12 


2. A 12 (- 


2), A 13 (-l) 
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M 2 (l/3) 










" 2 -2 


-1 


3 " 




" 1 


-1 


1 


0 " 




" 1 -1 


1 


0 " 




" 1 


-1 


1 0 




3 -2 


3 


1 


l 


3 


-2 


3 


1 


2 


0 1 


0 


1 


3 


0 


1 


0 1 




1 -1 


1 


0 




2 


-2 


-1 


3 




0 0 


-3 


3 




0 


0 


-3 3 




2 -1 


2 


2 




2 


-1 
" 1 


2 

-1 


2 
1 


0 " 


0 1 


0 


2 




0 


0 


0 1 












4 


0 
0 


1 
0 


0 
1 


1 

-1 


, Rank (A) - 
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1. P 13 2. A 12 (-3), A 13 (-2), A 14 (-2) 3. A 24 (-l) 4. M 3 (l/3) 
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12 12 
0 10 1 
0 0 0 0 
0 0 0 0 



,Rank (A) = 2. 



1. A 21 (-l) 2. A 12 (-3), A 13 (-2), A 14 (-5) 3. M 2 (-l) 4. A 23 (6), A 24 (12) 



18. 
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,Rank (A) = 3. 



1. P12 2. A 12 (-2), A 13 (-2), 3. A 23 (-3) 4. M 3 (-i) 
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= 7 2 ,Rank (A) = 2. 



1. P 12 2. A 12 (-3) 3. M 2 (|) 4. A 21 (l) 
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= 7 3 ,Rank (A) = 


3. 
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1. P 13 2. A 12 (-2), A 13 (-3) 3. M 2 (-l) 4. A 21 (-2), A 23 (-l) 5. M 3 (i) 6. A 31 (5), A 32 (-3) 
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,Rank (A) 



1. M^i), A i2(-2), A 13 (-6) 
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,Rank (A) = 2. 
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1. A 21 (-l), A 12 (-2), A 13 (2) 2. M 2 (-l) 3. A 21 (-2), A 23 (-3) 
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7 4 ,Rank (A) = 4. 



1. A 12 (-3), A 13 (-2), A 14 (-4) 2. A 21 (l), A 23 (-l), A 24 (-2) 3. A 31 (-2), A 32 (-3), A 34 (-l) 

4. M 4 (-l) 5. A 41 (-5), A 42 (-4), A 43 (l) 



24. 
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,Rank (A) = 2. 



1. A 12 (-3), A 13 (-4) 2. M 2 (-l) 3. A 21 (-l), A 23 (l) 



25. 
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.Rank (A) = 3. 



1. A 12 (-3), A 13 (-2) 2. M 2 (-|) 3. A 21 (-2), A 23 (4) 4. M 3 (3) 5. A 32 (-§), A 31 (-|) 



Solutions to Section 2.5 

True- False Review: 

1. FALSE. This process is known as Gaussian elimination. Gauss-Jordan elimination is the process by 
which a matrix is brought to reduced row echelon form via elementary row operations. 

2. TRUE. A homogeneous linear system always has the trivial solution x = 0, hence it is consistent. 

3. TRUE. The columns of the row-echelon form that contain leading Is correspond to leading variables, 
while columns of the row-echelon form that do not contain leading Is correspond to free variables. 

4. TRUE. If the last column of the row-reduced augmented matrix for the system docs not contain a 
pivot, then the system can be solved by back-substitution. On the other hand, if this column does contain 
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a pivot, then that row of the row-reduced matrix containing the pivot in the last column corresponds to the 
impossible equation 0=1. 

5. FALSE. The linear system x = 0, y = 0, z = 0 has a solution in (0,0,0) even though none of the 
variables here is free. 

6. FALSE. The columns containing the leading Is correspond to the leading variables, not the free variables. 
Problems: 

For the problems of this section, A will denote the coefficient matrix of the given system, and 
A# will denote the augmented matrix of the given system. 

1. Converting the given system of equations to an augmented matrix and using Gaussian elimination we 
obtain the following equivalent matrices: 



1 


2 


1 


1 " 




" 1 2 


1 


1 " 




"12 1 


1 " 




" 1 


2 


1 


1 " 


3 


5 


1 


3 


i 


0 -1 


-2 


0 


2 


0 1 2 


0 




0 


1 


2 


0 


2 


6 


7 


1 




0 2 


5 


-1 




0 2 5 


-1 




0 


0 


1 


-1 










1. A 12 (-3) 


Ai 3 (-2) 


2. 


M 2 (-l) 


3. A 


2 3 ( _ 


2) 









The last augmented matrix results in the system: 

x\ + 2x 2 + x 3 = 1, 
x 2 + 2^3 = 0, 
x 3 = -1. 

By back substitution we obtain the solution (—2,2, —1). 

2. Converting the given system of equations to an augmented matrix and using Gaussian elimination, we 
obtain the following equivalent matrices: 
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1. A 2 i(-1) 2. A 12 (-2), A 13 (-7) 3. M 2 (±) 4. A 21 (2), A 23 (-9) 
The last augmented matrix results in the system: 

xi + x 3 = 1, 
x 2 + 3x 3 = 2. 

Let the free variable x 3 — t, a real number. By back substitution we find that the system has the solution 
set {(1 — t, 2 — 3i, t) : for all real numbers t}. 

3. Converting the given system of equations to an augmented matrix and using Gaussian elimination we 
obtain the following equivalent matrices: 
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1. P12 2. A 12 (-3), A 13 (-2) 3. M 2 (-l) 4. A 23 (-l) 5. M 4 (-|) 
This system of equations is inconsistent since 2 = rank(A) < rank(A#) = 3. 

4. Converting the given system of equations to an augmented matrix and using Gaussian elimination we 
obtain the following equivalent matrices: 
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1. Mi(i) 2. A 12 (-2), A 13 (4) 



Since x 2 and x 3 are free variables, let x 2 — s and x 3 — t. The single equation obtained from the augmented 
matrix is given by x\ — \x 2 + \x 3 = 2. Thus, the solution set of our system is given by 



{(2 



, s, t) : s,t any real numbers }. 



5. Converting the given system of equations to an augmented matrix and using Gaussian elimination we 
obtain the following equivalent matrices: 
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5. A 42 (-l) 6. M 2 (-l) 7. A 23 (5), A 24 (ll) 8. M 3 (-l) 9. M 3 (±), A 34 (76). 
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The last augmented matrix results in the system of equations: 

x\ — 2x 2 — 5^3 = —15, 
x 2 - 9^3 = -28, 
x 3 = 3. 

Thus, using back substitution, the solution set for our system is given by {(2, —1,3)}. 

6. Converting the given system of equations to an augmented matrix and using Gaussian elimination we 
obtain the following equivalent matrices: 

"2-1-4 5 1 [1 1 -3 -3 1 [1 1 -3 -3 1 I" 1 1-3 

3 2 -5 8 i 3 2 -5 8 2 0 -1 4 17 3 0 1-4 

5 6 -6 20 ~ 5 6 -6 20 ~ 0 1 9 35 ~ 0 1 9 

1 1 -3 -3 2 -1 -4 -5 0 -3 2 11 0 -3 2 



1 


1 


-3 


-3 




1 


1 


-3 


-3 




1 


1 


-3 


-3 


0 


1 


-4 


-17 


5 


0 


1 


-4 


-17 


6 


0 


1 


-4 


-17 


0 


0 


13 


52 




0 


0 


1 


4 




0 


0 


1 


4 


0 


0 


-10 


-40 




0 


0 


-10 


-40 




0 


0 


0 


0 



1. Pu 2. A 12 (-3), A 13 (-5), A 14 (-2) 3. M 2 (-l) 4. A 23 (-l), A 24 (3) 5. M 3 (^) 6. A 34 (10) 
The last augmented matrix results in the system of equations: 

x\ + x 2 — 3x3 = — 3, 
x 2 - 4x 3 = -17, 
x 3 = 4. 

By back substitution, we obtain the solution set {(10,-1,4)}. 

7. Converting the given system of equations to an augmented matrix and using Gaussian elimination we 
obtain the following equivalent matrices: 
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1. A 12 (-2), A 13 (-5) 

The last augmented matrix results in the equation x\ + 2x 3 — x 3 + X4 = 1. Now x 2 ,x 3 , and X4 are free 
variables, so we let x 2 — r, x 3 — s, and X4 = t. It follows that x\ = 1 — 2r + s — t. Consequently, the solution 
set of the system is given by {(1 — 2r + s — t, r, s, t) : r, s, t and real numbers }. 

8. Converting the given system of equations to an augmented matrix and using Gaussian elimination we 
obtain the following equivalent matrices: 
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1. A 12 (-2), A 13 (-l), A 14 (-4) 2. M 2 (-i) 3. A 23 (7), A 24 (7) 4. P 34 5. M 3 (-l) 
The given system of equations is inconsistent since 2 = rank(A) < rank(^4 # ) = 3. 

9. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



1 


2 


1 


1 


-2 


3 " 




" 1 


2 


1 


1 


-2 


3 




" 1 


2 


1 


1 


-2 


3 


0 


0 


1 


4 


-3 


2 


i 


0 


0 


1 


4 


-3 


2 


2 


0 


0 


1 


4 


-3 


2 


2 


4 


-1 


-10 


5 


0 




0 


0 


-3 


-12 


9 


-6 




0 


0 


0 


0 


0 


0 



1. A 13 (-2) 2. A 23 (3) 

The last augmented matrix indicates that the first two equations of the initial system completely determine 
its solution. We see that X4 and X5 are free variables, so let X4 — s and x 5 = t. Then x 3 = 2 — 4x 4 + 3x 5 — 
2— 4s+3i. Moreover, x 2 is a free variable, say x 2 — r, so then a; 1 = 3 — 2r— (2— 4s+3i) — s+2t = 1 — 2r+3s— i. 
Hence, the solution set for the system is 

{(1 — 2r + 3s — t, r, 2 — 4s + 3i, s, t) : r,s,t any real numbers }. 

10. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



2 


-1 


-2 


2 " 




" 1 


4 


1 


4 " 




" 1 


4 


1 


4 " 




" 1 


4 


1 


4 


4 


3 


-2 


-1 


1 


4 


3 


-2 


-1 


2 


0 


-13 


-6 


-17 


3 


0 


-9 


-3 


-6 


1 


4 


1 


4 




2 


-1 


-1 


2 




0 


-9 


-3 


-6 




0 


-13 


-6 


-17 





" 1 


4 


1 


4 " 




" 1 


4 


1 


4 " 




" 1 


4 


1 


4 " 




" 1 


4 


1 


4 " 


4 


0 


12 


4 


8 


5 


0 


12 


4 


8 


6 


0 


-1 


-2 


-9 


7 


0 


1 


2 


9 




0 


-13 


-6 


-17 




0 


-1 


-2 


-9 




0 


12 


4 


8 




0 


12 


4 


8 





" 1 


0 


-7 


-32 " 


9 


" 1 


0 


-7 


-32 " 


10 


" 1 


0 


0 


3 " 


8 


0 


1 


2 


9 


0 


1 


2 


9 


0 


1 


0 


-1 




0 


0 


-20 


-100 




0 


0 


1 


5 




0 


0 


1 


5 



1. P 13 2. A 12 (-4), A 13 (-2) 3. P 23 4. M 2 (-|) 5. A 23 (l) 
6. P 23 7. M 2 (-l) 8. A 21 (-4), A 23 (-12) 9. M 3 (-^) 10. A 31 (7), A 32 (-2) 

The last augmented matrix results in the solution (3,-1,5). 

11. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



3 


1 


5 


2 " 




" 1 


1 


-1 


1 " 




" 1 


1 


-1 


1 


1 


1 


-1 


1 


1 


3 


1 


5 


2 


2 


0 


-2 


8 


-1 


2 


1 


2 


3 




2 


1 


2 


3 




0 


-1 


4 


1 
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1 


1 


-1 


1 " 




" 1 


1 


-1 


0 


I— 1 


-4 


l 

9 


4 


0 


1 


-4 


0 


1 

1 — 1 


4 


1 — 1 1 




0 


0 


0 



We can stop here, since we see from this last augmented matrix that the system is inconsistent. In particular, 
2 = rank(yl) < rank(A#) = 3. 

1. P 12 2. A 12 (-3), A 13 (-2) 3. M 2 (-i) 4. A 23 (l) 



12. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



1 


0 


-2 


-3 " 




" 1 


0 


-2 


-3 " 




" 1 


0 


-2 


-3 " 




" 1 


0 


-2 


-3 


3 


-2 


4 


-9 


i 


0 


-2 


2 


0 


2 


0 


1 


-1 


0 


3 


0 


1 


-1 


0 


1 


-4 


2 


-3 




0 


-4 


4 


0 




0 


-4 


4 


0 




0 


0 


0 


0 



1. A 12 (-3), A 13 (-l) 2. M 2 (-|) 3. A 23 (4) 
The last augmented matrix results in the following system of equations: 

xi — 2x 3 = —3 and x 2 — x 3 = 0. 

Since x 3 is free, let ir 3 = t. Thus, from the system we obtain the solutions {{2t — 3, t,t) : t any real number }. 

13. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



2 


-1 


3 




1 




3 " 






1 - 


2 3 


1 


6 " 






1 - 


2 


3 1 


6 


3 


2 


1 




5 




-6 


i 




3 


2 1 


-5 


-6 


2 




0 


8 


- 


3 -8 


-24 


1 


-2 


3 




1 




6 






2 - 


1 3 


-1 


3 






0 


3 


-3 -3 


-9 










" 1 


-2 


3 


1 


6 " 




" 1 0 


1 


-1 




0 " 












3 


0 


1 


-1 


-1 


-3 


4 


0 1 


-1 


-1 




-3 














0 


3 


-3 


-3 


-9 




0 0 


0 


0 




0 







1. P 13 2. A 12 (-3), Ai 3 (-2) 3. M 2 (|) 4. A 21 (2), A 23 (-3) 
The last augmented matrix results in the following system of equations: 

x \ + x z ~ x a — 0 and x 2 — x 3 — x 4 = —3. 

Since x 3 and X4 are free variables, we can let x 3 = s and x 4 = t, where s and t are real numbers. It follows 
that the solution set of the system is given by {(t — s, s + t — 3, s,t) : s, t any real numbers }. 

14. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



1 


1 


1 


-1 


4 " 




" 1 


1 


1 


-1 


4 " 




" 1 


1 


1 


-1 


4 


1 


-1 


-1 


-1 


2 


1 


0 


-2 


-2 


0 


-2 


2 


0 


1 


1 


0 


1 


1 


1 


-1 


1 


-2 




0 


0 


-2 


2 


-6 




0 


0 


1 


-1 


3 


1 


-1 


1 


1 


-8 




0 


-2 


0 


2 


-12 




0 


1 


0 


-1 


G 
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" 1 


0 


0 


-1 


3 " 




" 1 


0 


0 


-1 


3 " 




" 1 


0 


0 


-1 


3 " 




" 1 


0 


0 


0 


1 

1 — 1 


3 


0 


1 


1 


0 


1 


4 


0 


1 


0 


1 


-2 


5 


0 


1 


0 


1 


-2 


6 


0 


1 


0 


0 


2 




0 


0 


1 


-1 


3 




0 


0 


1 


-1 


3 




0 


0 


1 


-1 


3 




0 


0 


1 


0 


-1 




0 


0 


-1 


-1 


5 




0 


0 


0 


-2 


8 




0 


0 


0 


1 


-4 




0 


0 


0 


1 


-4 



1. A 12 (-l), A 13 (-l), Au(-l) 2. M 2 (-i), M 3 (-i), M 4 (-i) 3. A 24 (-l) 
4. A 32 (-l), A 34 (l) 5. M 4 (-|) 6. A 41 (l), A 42 (-l), A 43 (l) 



It follows from the last augmented matrix that the solution to the system is given by (—1, 2, —1, —4). 

15. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



2 
1 
3 
1 
5 

1 
0 
0 
0 
0 



-1 

-3 
1 
2 

-3 

-3 
1 

10 
5 
12 

1 0 

0 1 

0 0 

0 0 

0 0 



3 
-2 
-2 

1 

-3 

-2 

7 

5 

4 
3 
7 

0 
0 
1 
0 
0 



1 

-1 
-1 

2 
1 

-1 

3 
5 

2 
3 
6 



25 



68 
25 



-1 

-2 
1 
3 
2 

-2 

3 
5 

7 

5 

12 



11 " 




2 




-2 


i 


-3 




2 




2 " 




7 




5 

-8 


4 


-5 




-8 





-3 -2 

-1 3 

1 -2 

2 1 

-3 -3 



-1 
1 

-1 
2 
1 



-2 
-1 
1 
3 
2 



2 " 




" 1 


-3 


-2 


-1 


-2 


2 


11 




0 


5 


7 


3 


3 


7 


-2 


2 


0 


10 


4 


2 


7 


-8 


-3 




0 


5 


3 


3 


5 


-5 


2 




0 


12 


7 


6 


12 


-8 



5 1° 



19? 
50 



34 " 




25 
42 




?f 


7 


1 5 6 




8 5 1 




25 . 





1 0 

0 1 

0 0 

0 0 

0 0 

1 

0 



11 


4 


_ 1 


31 " 




•V 










5 


5 


5 


5 


5 


-10 


-4 


1 


-22 




-4 


0 


2 


-12 




49 


6 


24 


124 




5 


5 


5 


5 . 





10 0 0 
0 10 0 
0 0 10 
0 0 0 1 
0 0 0 0 



0 0 

0 0 

0 0 
J_ 

1 

2 

1 
1 



0 0 

1 0 

1 

0 
0 



25 



5 

1 

68 
25 



5£ 
10 

1 

191 
50 



34 " 




25 




42 




?f 


8 


5 




-2 




81 




25 . 





1 0 

0 1 

0 0 

0 0 

0 0 

" 1 0 

0 1 

0 0 

0 0 

0 0 



11 

■> 

5 

1 

-4 

49 
5 



5 

0 

6 
5 

J_ 

1 

2 

1 

11 

10 



_ 1 


31 " 






I 5 


if 


10 


5 


2 


-12 


24 


124 


5 


5 - 


6 






5 




3 




-2 




n 




5 . 





6 ■ 




" 1 


0 


0 


0 


0 


1 


— 5 




0 


1 


0 


0 


0 


-3 


3 


10 


0 


0 


1 


0 


0 


4 


-2 




0 


0 


0 


1 


0 


-4 


2 




0 


0 


0 


0 


1 


2 



1. P 12 2. A 12 (-2), A 13 (-3), A 14 (-l), A 15 (-5) 3. M 2 (|) 4. A 21 (3), A 23 (-10), A 24 (-5), A 25 (-12) 

5. M 3 (-^) 6. A 31 (-f ), A 32 (-|), A 34 (4), A 35 (f ) 7. M 4 (|) 
8. A 41 ( j.), A 42 (-^), A 43 (-g), A 45 (-j) 9. M 5 (ff) 10. A 51 (-^), A 52 (-X), A 53 (i), A 54 (-l) 



It follows from the last augmented matrix that the solution to the system is given by (1, —3, 4, —4, 2). 
16. The equation Ax = b reads 

1 
1 



1 -3 
5 -4 

2 4 



-3 



Xi 




8 


X2 




15 


X3 




-4 



Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination we 
obtain the following equivalent matrices: 



1 


-3 


1 


8 " 




" 1 


-3 


1 


8 " 




" 1 


-3 


1 


8 


5 


-4 


1 


15 


l 


0 


11 


-4 


-25 


2 


0 


1 


1 


-5 


2 


4 


-3 


-4 




0 


10 


-5 


-20 




0 


10 


-5 


-20 
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3 


"10 4 


-7 " 




"10 4 


-7 " 




"10 0 


1 " 




0 1 1 


-5 


4 


0 1 1 


-5 


5 


0 1 0 


-3 






0 0 -15 


30 




0 0 1 


-2 




0 0 1 


-2 




1. A 12 (-5), A 13 ( 


-2) 2. A 32 (-l) 


3. A 21 (3), A 23 


(-10) 


4- M 3 (-i) 


5. 


A 3 i(-4), A 32 (-l) 



Thus, from the last augmented matrix, we see that X\ 
17. The equation Ax = b reads 



1, x 2 = —3, and x 3 = —2. 



1 


0 


5 " 




Xi 




" 0 " 


3 


-2 


11 








2 


2 


-2 


6 




. X 3 . 




2 



Converting the given system of equations to an augmented matrix and using Gauss-Jordan elimination we 
obtain the following equivalent matrices: 



1 


0 


5 


0 " 


l 


" 1 


0 


5 


0 " 




" 1 


0 


5 


0 


3 


-2 


11 


2 


0 


-2 


-4 


2 


2 


0 


1 


2 


-1 


2 


-2 


6 


2 




0 


-2 


-4 


2 




0 


-2 


-4 


2 





" 1 0 


5 


0 " 




3 


0 1 


2 


-1 






0 0 


0 


0 




1. A 12 (-3), A 13 (-2) 


2. 


M 2 (- 


1/2) 3. A 23 (2) 



Hence, we have x x + 5x 3 = 0 and x 2 + 2x 3 = —1. Since x 3 is a free variable, we can let x 3 = t, where t is 
any real number. It follows that the solution set for the given system is given by {(— 5t, — 2t — l,t) : t £ R}. 

18. The equation Ax. = b reads 



" 0 


1 


-1 " 




Xi 




" -2 " 


0 


5 


1 




X2 




8 


0 


2 


1 




. X 3 




5 



Converting the given system of equations to an augmented matrix using Gauss-Jordan elimination we obtain 
the following equivalent matrices: 



0 


1 


-1 


-2 " 




" 0 


1 


-1 


-2 " 




" 0 


1 


-1 


-2 " 




" 0 


1 


0 


1 " 


0 


5 


1 


8 


i 


0 


0 


6 


18 


2 


0 


0 


1 


3 


3 


0 


0 


1 


3 


0 


2 


1 


5 




0 


0 


3 


9 




0 


0 


3 


9 




0 


0 


0 


0 



1. A 12 (-5), A 13 (-2) 2. M 2 (l/6) 3. A 21 (l), A 23 (-3) 

Consequently, from the last augmented matrix it follows that the solution set for the matrix equation is 
given by {(i, 1,3) : t G R}. 

19. The equation Axl = b reads 



-1 0 
1 3 
-2 1 



X\ 




2 


X2 




2 


X3 




4 
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Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination we 
obtain the following equivalent matrices: 



1 — 1 


-1 


0 


-1 


2 " 




" 1 


-1 


0 


-1 


2 " 




" 1 


-1 


0 


-1 


2 


2 


1 


3 


7 


2 


l 


0 


3 


3 


9 


-2 


2 


0 


1 


1 


3 


-2 


3 


-2 


1 


0 


4 




0 


1 


1 


3 


-2 




0 


3 


3 


9 


-2 



10 12 
0 113 
0 0 0 0 



1. A 12 (-2), A 13 (-3) 2. P 23 3. A 21 (l), A 23 (-3) 



From the last row of the last augmented matrix, it is clear that the given system is inconsistent. 
20. The equation Ax = b reads 



1 


1 


0 


-1 " 




Xi 




2 " 


3 


1 


-2 


3 




X2 




8 


2 


3 


1 


1 




%3 




3 


2 


3 


5 


-2 




X4 




-9 



Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination we 
obtain the following equivalent matrices: 



1 


1 


0 


1 


2 " 




" 1 1 


0 1 


2 " 




" 1 


1 


0 


1 


2 " 




" 1 


0 


-1 


1 


3 


3 


1 


-2 


3 


8 


1 


0 -2 


-2 0 


2 


2 


0 


1 


1 


0 


-1 


3 


0 


1 


1 


0 


-1 


2 


3 


1 


2 


3 




0 1 


1 0 


-1 




0 


-2 


-2 


0 


2 




0 


0 


0 


0 




-2 


3 


5 


-2 


-9 




0 5 


5 0 


-5 




0 


5 


5 


0 


-5 




0 


0 


0 


0 


0 








1- Ai 2 


(-3) 


Ais(-2), 


A 14 (2) 


2. 


3 23 


3. 


A 2 i(- 


-1), 


A 23 


(2), A 


24( — 


5) 











From the last augmented matrix, we obtain the system of equations: x\ — x 3 + X4 = 3, x 2 + x 3 = — 1. Since 
both X3 and X4 are free variables, we may let x 3 = r and X4 = t, where r and t are real numbers. The 
solution set for the system is given by {(3 + r — t, — r — 1, r, t) :r,(eM}. 

21. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



1 2 

2 5 
1 1 



-1 
1 

-k 2 



3 " 




" 1 


2 -1 


3 




" 1 


2 -1 


3 


7 


1 


0 


1 3 


1 


2 


0 


1 3 


1 


-k 




0 


-1 1-fc 2 


-3-/5 




0 


0 4-fc 2 


-2-k 



1. A 12 (-2), A 13 (-l) 2. A 23 (l) 



(a) : If k = 2, then the last row of the last augmented matrix reveals an inconsistency; hence the system has 
no solutions in this case. 

(b) : If k — —2, then the last row of the last augmented matrix consists entirely of zeros, and hence we have 
only two pivots (first two columns) and a free variable x 3 ; hence the system has infinitely many solutions. 

(c) : If k 7^ ±2, then the last augmented matrix above contains a pivot for each variable x\, x 2 , and x 3 , and 
can be solved for a unique solution by back-substitution. 



163 



22. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 





" 2 


1 -1 


1 


0 " 




" 1 


1 


1 


-1 


0 " 




" 1 


1 1 


-1 


0 " 






1 


1 1 


-1 


0 


i 


2 


1 


-1 


1 


0 


2 


0 


-1 -3 


3 


0 






4 


2 -1 


1 


0 




4 


2 


-1 


1 


0 




0 


-2 -5 


5 


0 






3 


-1 1 


k 


0 




3 


-1 


1 


fc 


0 




0 


-4 -2 


fc + 3 


0 






" 1 


1 1 




-1 


0 " 




" 1 1 


1 




1 


0 " 




"111 


-1 


0 " 






0 


1 3 




-3 


0 


4 


0 1 


3 




3 


0 




0 1 3 


-3 


0 






0 


-2 -5 




5 


0 




0 0 


1 




1 


0 




0 0 1 


-1 


0 






_ 0 


-4 -2 


fc + 3 


0 




0 0 


10 


k- 


- 9 


0 




0 0 0 


fc+ 1 


0 




1. 


F 


12 


2. A 12 (- 


-2), 


A 13 (-4), A 14 (-3) 


3. 


M 2 (- 


-1) 


4. 


A 23 (2), A 24 (4) 


5. A 34 ( 


-10) 



(a) : Note that the trivial solution (0,0,0,0) exists under all circumstances, so there are no values of fc for 
which there is no solution. 

(b) : From the last row of the last augmented matrix, we see that if fc = — 1, then the variable X4 corresponds 
to an unpivoted column, and hence it is a free variable. In this case, therefore, we have infinitely solutions. 

(c) : Provided that k ^ — 1, then each variable in the system corresponds to a pivoted column of the last 
augmented matrix above. Therefore, we can solve the system by back-substitution. The conclusion from 
this is that there is a unique solution, (0, 0, 0, 0). 

23. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



" 1 1 


-2 


4 " 




"11 -2 


4 




" 1 1 


-2 


4 




"10 -3 


2 


3 5 


-4 


16 


1 


0 2 2 


4 


2 


0 1 


1 


2 


3 


0 


1 1 


2 


2 3 


—a 


b 




_ 0 1 4- a 


b-8 _ 




. 0 1 


4-a 


b-8 




0 0 3 -a 


6-10 










1. A 12 (-3), A 


is(-2) 


2. 


M 2 (|) 


3. A 21 (-l), A 23 ( 


-1) 







(a) : From the last row of the last augmented matrix above, we see that there is no solution if a = 3 and 
6^ 10. 

(b) : From the last row of the augmented matrix above, we see that there are infinitely many solutions 
if a = 3 and b = 10, because in that case, there is no pivot in the column of the last augmented matrix 
corresponding to the third variable x 3 . 

(c) : From the last row of the augmented matrix above, we see that if a ^ 3, then regardless of the value 
of b, there is a pivot corresponding to each variable X\, x 2 , and x 3 . Therefore, we can uniquely solve the 
corresponding system by back-substitution. 

24. Converting the given system of equations to an augmented matrix and using Gauss- Jordan elimination 
we obtain the following equivalent matrices: 



1 


—a 


3 " 




" 1 


—a 


3 


2 


1 


6 


1 


0 


1 + 2a 


0 


3 


a + b 


1 




0 


b- 2a 


10 
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From the middle row, we see that if a ^ — ^, then we must have x 2 — 0, but this leads to an inconsistency in 
solving for x\ (the first equation would require x\ = 3 while the last equation would require x\ ~ — |. Now 



suppose that a 



Then the augmented matrix on the right reduces to 



" 1 -1/2 


3 


0 6+1 


10 


1, then the 


row- 



If 6 



-1, 



obtained has full rank, and there is a unique solution. Therefore, we draw the following conclusions: 
(a) : There is no solution to the system if a ^ — \ or if a 



- \ and 6 : 



-1. 



(b) : Under no circumstances are there an infinite number of solutions to the linear system. 

(c) : There is a unique solution if a = — \ and 6^—1. 

25. The corresponding augmented matrix for this linear system can be reduced to row-echelon form via 



" 1 


1 


1 


2/i 


1 


" 1 


1 


1 




2/i 




" 1 


1 


1 


2 


3 


1 


2/2 


0 


1 


-1 


2/2 


-2t/i 


2 


0 


1 


-1 


3 


5 


1 


2/3 . 




0 


2 


-2 


2/3 


- 3yi _ 




0 


0 


0 



2/i 

2/2 - 2yi 
2/i - 2y 2 + 2/3 



1. A 12 (-2), A 13 (-3) 2. A 23 (-2) 



For consistency, we must have rank(A) = rank(A # ), which requires (2/1,2/272/3) to satisfy 2/1 — 2y 2 + 2/3 = 0. 
If this holds, then the system has an infinite number of solutions, because the column of the augmented 
matrix corresponding to 2/3 will be unpivoted, indicating that 2/3 is a free variable in the solution set. 

26. Converting the given system of equations to an augmented matrix and using Gaussian elimination we 
obtain the following row-equivalent matrices. Since an ^ 0: 



an 


012 


61 " 


1 


" 1 


"12 

an 


_ a 2 i 


a 2 2 


62 _ 




0 
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1. Mi(l/an), Ai 2 (-a 2 i) 2. Definition of A and A 2 



(a): If A ^ 0, then rank(A) = rank(A#) = 2, so the system has a unique solution (of course, we are assuming 
an 7^ 0 here). Using the last augmented matrix above, £2 = ^7, so that x 2 = Using this, we can 

solve x\ + ^2:2 = ^ for #1 to obtain x\ = where we have used the fact that Ai = a 22 6i — ai 2 6 2 . 



ai2 
an 

0 



an 

A 2 



so it follows that 



1 

0 U i-X 2 

2, and (ii) an infinite number of 



(b) : If A — 0 and an 7^ 0, then the augmented matrix of the system is 

the system has (i) no solution if A 2 ^ 0, since rank(j4) < rank(A#) = 
solutions if A 2 — 0, since rank(A # ) < 2. 

(c) : An infinite number of solutions would be represented as one line. No solution would be two parallel 
lines. A unique solution would be the intersection of two distinct lines at one point. 

27. We first use the partial pivoting algorithm to reduce the augmented matrix of the system: 
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1. Pi2 2. A 12 (-l/3), A 13 (-2/3) 3. P 23 4. A 23 (-l/8) 



Using back substitution to solve the equivalent system yields the unique solution (—2, 2, —1). 
28. We first use the partial pivoting algorithm to reduce the augmented matrix of the system: 
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1. Pi 3 2. A 12 (-3/7), A 13 (-2/7), A 14 (-5/7) 3. P 24 
4. A 23 (-ll/17), A 24 (l/17) 5. A 34 (3/16) 

Using back substitution to solve the equivalent system yields the unique solution (2, —1, 3). 
29. We first use the partial pivoting algorithm to reduce the augmented matrix of the system: 
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1. P 13 2. A 12 (-3/5), A 13 (-2/5), A 14 (-l/5) 3. P 23 
4. A 23 (-8/17), A 24 (-l/17) 5. P 34 6. A 34 (-ll/29) 
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Using back substitution to solve the equivalent system yields the unique solution (10,-1,4). 
30. We first use the partial pivoting algorithm to reduce the augmented matrix of the system: 
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1. P 12 2. A 12 (-l/2), A 13 (-l/4) 3. P 23 4. A 23 (10/13) 



Using back substitution to solve the equivalent system yields the unique solution (3,-1, 5). 
31. 

(a): Let 



A* = 



an 

«31 



0 0 

a 22 0 

«32 «33 



6i 



dnl Q*n2 ^n3 • • • Q*nn 

represent the corresponding augmented matrix of the given system. Since a\\X\ 
easily: 

xi = — , (an ^ 0). 



&i, we can solve for x\ 



Now since a 2 iXi + a 22 x 2 



an 

6 2 , by using the expression for x\ we just obtained, we can solve for x 2 : 
a\\hi - a 2 i6i 

2^2 = 



a ll a 22 

In a similar manner, we can solve for x 3 , X4, . . . , x n . 

(b): We solve instantly for x\ from the first equation: x\ = 2. Substituting this into the middle equation, 
we obtain 2 • 2 — 3 • x 2 = 1, from which it quickly follows that x 2 — 1. Substituting for x\ and x 2 in the 
bottom equation yields 3-2+1— x 3 = 8, from which it quickly follows that a; 3 = —1. Consequently, the 
solution of the given system is (2, 1, —1). 

32. This system of equations is not linear in x\, x 2 , and X3; however, the system is linear in x\, x 2 , and X3, 
so we can first solve for x\ , x 2 , and X3. Converting the given system of equations to an augmented matrix 
and using Gauss- Jordan elimination we obtain the following equivalent matrices: 
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1. Pi2 2. A 12 (-4), A 13 (-3) 3. P 23 4. M 2 (l/4) 
5. A 2 i(l), A 23 (-6) 6. M 2 (l/5) 7. A 32 (l) 

Thus, taking only real solutions, we have x\ = 1, x 2 = 1, and x 3 = 2. Therefore, xi = 1, x 2 = ±1, and 
x 3 = 2, leading to the two solutions (1, 1, 2) and (1, —1,2) to the original system of equations. There is no 
contradiction of Theorem 2.5.9 here since, as mentioned above, this system is not linear in xi, x 2 , and x 3 . 

33. Reduce the augmented matrix of the system: 
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1. A 21 (-l), A 12 (-2), A 13 (-5) 2. M 2 (-l) 3. A 21 (-l), A 23 (9) 
4. M 3 (-l/34) 5. A 31 (-3), A 32 (5) 

Therefore, the unique solution to this system is x\ = x 2 = x 3 = 0: (0,0,0). 
34. Reduce the augmented matrix of the system: 
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1. P 13 2. A 12 (-3), A 13 (-2), A 14 (-5) 3. P 23 4. A 32 (-l) 
5. A 2 i(l), A 23 (-2), A 24 (-7) 6. M 3 (l/13) 7. A 31 (5), A 32 (4), A 34 (-31) 



Therefore, the unique solution to this system is xi = x 2 = x 3 = 0: (0,0,0). 
35. Reduce the augmented matrix of the system: 
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1. P 13 2. A 12 (-5), A 13 (-2) 3. M 2 (-l/6) 4. A 21 (-l), A 23 (3) 
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It follows that x\ + X3 = 0 and x-i + 3a: 3 = 0. Setting x 3 = t, where t is a free variable, we get X2 
X\ = —t. Thus we have that the solution set of the system is {(— t, — 3£, t) : t e K}. 

36. Reduce the augmented matrix of the system: 
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Therefore, the unique solution to this system is xi = X2 = x% = 0: (0, 0, 0). 
37. Reduce the augmented matrix of the system: 
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1. Mi (1/3) 2. A 12 (-6), A 13 (-12) 3. M 2 (-l/5) 4. A 21 (-2/3), A 23 (2) 



From the last augmented matrix, we have x\ + |x 3 = 0 and X2 — 0. Since x 3 is a free variable, we let x 3 = t, 
where t is a real number. It follows that the solution set for the given system is given by {(t, 0, — 3i) : t € R}. 

38. Reduce the augmented matrix of the system: 
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From the last augmented matrix we have: x\ — 3x 3 = 0 and x 2 — 2x 3 = 0. Since x% is a free variable, we let 
£3 = t, where t is a real number. It follows that x 2 — 2t and x\ = 3t. Thus, the solution set for the given 
system is given by {(3t,2t,t) : t G R}. 

39. Reduce the augmented matrix of the system: 
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From the last augmented matrix we see that x 3 is a free variable. We set x 3 = 5s, where s e C. Then 
£1 = 2(i — 3)s and x 2 = (2 + i)s. Thus, the solution set of the system is {(2(i — 3)s, (2 + i)s, 5s) : s e C}. 

40. Reduce the augmented matrix of the system: 
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1. A 13 (-3), A 14 (-5) 2. M 2 (l/3) 3. A 21 (l), A 23 (-3), A 24 (-6) 
4. M 3 (-l/6) 5. A 31 (-5/3), A 32 (-2/3), A 34 (10) 



Therefore, the unique solution to this system is x\ = x 2 = x 3 = 0: (0,0,0). 
41. Reduce the augmented matrix of the system: 
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From the last matrix we have that x\ — 2x 3 + 3x 3 = 0. Since x 2 and x 3 are free variables, let x 2 — s and 
let X3 = t, where s and t are real numbers. The solution set of the given system is therefore {(2s — 3t, s, t) : 
s,t€ R}. 

42. Reduce the augmented matrix of the system: 
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From the last augmented matrix above we have that x 2 — \x^ + |a; 4 = 0 and x\ — 3x 2 + x 3 — 4^4 = 0. Since x% 
and X4 are free variables, we can set x 3 = 2s and X4 — 2t, where s and t are real numbers. Then x 2 = s — 3i 
and xi = s — t. It follows that the solution set of the given system is {(s — t, s — 3i, 2s, 2t) : s, t <G K}. 

43. Reduce the augmented matrix of the system: 
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0 


-2 


-5 


5 


0 




0 0 


-3 


3 


0 




0 


0 


10 


-11 


0 




1 0 


-2 


2 


0 " 




" 1 


0 0 0 


0 " 




" 1 


0 


0 


0 


0 " 




" 1 0 


0 


0 


3 1 


3 


-3 


0 


7 


0 


1 0 0 


0 




0 


1 


0 


0 


0 


9 


0 1 


0 


0 


3 0 


1 


-1 


0 




0 


0 1 


-1 


0 




0 


0 


1 


-1 


0 




0 0 


1 


0 


3 0 


10 


-11 


0 




0 


0 0-1 


0 




0 


0 


0 


1 


0 




0 0 


0 


1 


1. 


P12 


2. . 


M 


-2), 


Al 3 ( 


-3), 


A 14 (- 


4) 


3. M 2 ( 


-1) 


4. 


A 2 i(-1), A 


23 (4), 


A 24 (2) 


5. 


P34 


6. M 3 ( 


-1/3) 7. A 31 (2), A 32 (- 


-3), 


A 34 


(-10) 


8. M 4 (- 


-1) 


9. A 43 (l) 



From the last augmented matrix, it follows that the solution set to the system is given by {(0,0,0, 0)}. 
44. The equation Ax = 0 is 



" 2 


-1 " 




Xi 




' 0 " 


3 


4 




. X2 




0 



Reduce the augmented matrix of the system: 



1 



1 0 
0 1 



1. Mi(l/2) 2. A 12 (-3) 3. M 2 (2/ll) 4. A 2 i(l/2) 



From the last augmented matrix, we see that x\ — x 2 = 0. Hence, the solution set is {(0, 0)}. 
45. The equation Ax = 0 is 



l-i 2i 








' 0 " 


l + i -2 




X 2 




0 



Reduce the augmented matrix of the system: 



1 -i 


2i 


0 " 


1 


1 


-l + i 


0 " 


2 


' 1 


-l + i 


0 


l + i 


-2 


0 


1^ 


l + i 


-2 


0 




0 


0 


0 
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1. Mi(i±i) 2. Ai 2 (-l-i) 



It follows that X\ + (— 1 + i)x 2 = 0. Since x 2 is a free variable, we can let x 2 = t, where t is a complex 
number. The solution set to the system is then given by {(t(l —i),t) ■ t G C}. 

46. The equation Ax = 0 is 



1 + i l-2i~ 




Xl 




' 0 " 


-1 + i 2 + i 




x 2 




0 



Reduce the augmented matrix of the system: 



1 + i l-2i 
-1 + i 2 + i 



0 " 


i 


1 l+3t 
1 2 


0 " 


2 


0 




2+i 


0 




1. Mi(i=i) 2. A 12 (l-i) 



l+3j 
2 

0 



-M^a^ = 0. Since x 2 is a free variable, we can let x 2 = r, where r is any complex 



number. Thus, the solution set to the given system is {(M^r, r) : r e C}. 



It follows that xi 
number. Thus, th 

47. The equation Ax = 0 is 



Reduce the augmented matrix of the system: 



1 


2 


3 " 




Xl 




" 0 " 


2 


-1 


0 




X 2 




0 


1 


1 


1 




. X 3 . 




0 





" 1 2 3 


0 


i 


" 1 


2 


3 


0 " 




" 1 


2 


3 


0 " 




" 1 


2 


3 


0 " 






2-10 


0 


0 - 




-6 


0 


2 


0 


-1 


-2 


0 


3 


0 


1 


2 


0 






1 1 1 


0 




0 - 


-1 


-2 


0 




0 


-5 




0 




0 


-5 


-6 


0 








1 0 


-1 


0 " 




" 1 


0 


-1 


0 " 




" 1 


0 0 


0 " 








4 


0 1 


2 


0 


5 


0 


1 


2 


0 


0 


1 0 


0 












0 0 


4 


0 




0 


0 


1 


0 




0 


0 1 


0 








1. A 12 (-2), A 13 (- 


1) 


2. P 23 3. M 2 (- 


1) 


4. . 


M 


-2), A 23 


(5) 


5. M 3 (l/4) 


6. A 


3 i(l), A 32 (-2) 



From the last augmented matrix, we see that the only solution to the given system is x\ = x 2 = £3 = 0: 
{(0,0,0)}. 

48. The equation Ax = 0 is 

11 1-1 
-10-1 2 
13 2 2 

Reduce the augmented matrix of the system: 



Xl 




' 0 " 


x 2 




0 


xs 




0 


X4 




0 



1 


1 


1 


-1 


0 " 




" 1 


1 


1 


-1 


0 " 




" 1 


0 


1 


-2 


0 " 


3 


" 1 


0 


0 


-3 


0 


1 


0 


-1 


2 


0 


1 


0 


1 


0 


1 


0 


2 


0 


1 


0 


1 


0 


0 


1 


0 


1 


0 


1 


3 


2 


2 


0 




0 


2 


1 


3 


0 




0 


0 


1 


1 


0 




0 


0 


1 


1 


0 



1. A 12 (l), Aia(-l) 2. A 21 (-l), A 23 (-2) 3. A 31 (-l) 
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From the last augmented matrix, we see that X4 is a free variable. We set 24 = t, where t is a real number. 
The last row of the reduced row echelon form above corresponds to the equation x 3 + X4 = 0. Therefore, 
x 3 = —t. The second row corresponds to the equation X2 + X4 = 0, so we likewise find that x 2 = —t. Finally, 
from the first equation we have x\ — 324 = 0, so that x\ = 3t. Consequently, the solution set of the original 
system is given by {(3i, —t, —t, t) : t E K}. 

49. The equation Ax = 0 is 



2-3i 
3 + 2i 
5-i 



l + i 
-l + i 

2i 



Reduce the augmented matrix of this system: 



2 — 3i 


l + i 


i- 1 


0 " 




3 + 2i 


-l + i 


-1-i 


0 


1 


5-i 


2i 


-2 


0 





1 

3 + 2i 

5-i 



i - 1 




Xi 




0 


-1-i 








0 


-2 




x 3 




0 



-l+5i 
13 

-l + i 
2i 



13 

1-i 

-2 



0 " 




0 


2 


0 





l+5i 


-5-i 


0 


13 


13 


0 


0 


0 


0 


0 


0 



1. Mi( W 2. A 12 (-3 - 2i), A 13 (-5 + i) 



From the last augmented matrix, we see that x\ 
we can let x-i — 13r and X3 



-l + 5i 



x 2 + - 



-.T3 = 0. Since x 2 and X3 are free variables, 



13 ^ z 1 13 

13s, where r and s are complex numbers. It follows that the solution set of 



the system is {(r(l — 5i) + s(5 - 


- i), 13r, 13s) 


■ r, 


s e C} 








50. The equation Ax = 0 is 




1 


3 


0 " 










" 0 " 






-2 - 


-3 


0 






^2 




0 






1 


4 


0 






^3 




0 



Reduce the augmented matrix of the system: 



1 


3 


0 


0 " 




" 1 


3 


0 


0 " 




" 1 


3 


0 


0 " 




" 1 


0 


0 


0 " 


2 


-3 


0 


0 


1 


0 


3 


0 


0 


2 


0 


1 


0 


0 


3 


0 


1 


0 


0 


1 


4 


0 


0 




0 


1 


0 


0 




0 


3 


0 


0 




0 


0 


0 


0 



1. A 12 (2), A 13 (-l) 2. P 23 3. A 21 (-3), A 23 (-3) 



From the last augmented matrix we see that the solution set of the system is {(0, 0, t) : t e 
51. The equation Ax = 0 is 



0 
-1 
1 
1 
1 



X X 




' 0 " 






0 


. X 3 . 




0 



Reduce the augmented matrix of the system: 



1 


0 


3 


0 " 




" 1 


0 


3 


0 " 




" 1 


0 


3 


0 " 




" 1 


0 


3 


0 " 


3 


-1 


7 


0 




0 


-1 


-2 


0 




0 


1 


2 


0 


3 


0 


1 


2 


0 


2 


1 


8 


0 


1 


0 


1 


2 


0 


2 


0 


1 


2 


0 


0 


0 


0 


0 


1 


1 


5 


0 




0 


1 


2 


0 




0 


1 


2 


0 




0 


0 


0 


0 


1 


1 


-1 


0 




0 


1 


2 


0 




0 


1 


2 


0 




0 


0 


0 


0 
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1. A 12 (-3), A 13 (-2), A 14 (-l), A 15 (l) 2. M 2 (-l) 3. A 23 (-l), A 24 (-l), A 25 (-l) 



From the last augmented matrix, we obtain the equations x\ + 3x 3 = 0 and x 2 + 2x 3 = 0. Since x 3 is a 
free variable, we let x 3 — t, where t is a real number. The solution set for the given system is then given by 
{{-3t,-2t,t) : t e M}. 

52. The equation Ax = 0 is 



1 


-1 


0 


1 " 




X\ 




" 0 


3 


-2 


0 


5 




X2 




0 


1 


2 


0 


1 




X3 
X4 




0 



Reduce the augmented matrix of the system: 



1 


-1 


0 


1 


0 " 




" 1 -1 


0 1 


0 " 




" 1 0 


0 


3 


0 


3 


-2 


0 


5 


0 


i 


0 1 


0 2 


0 


2 


0 1 


0 


2 


0 


1 


2 


0 


1 


0 _ 




0 1 


0 2 


0 




0 0 


0 


0 


0 








1. 


Al2 


M), A 13 (l) 


2. A 


2l(l), A 23 (-l) 









From the last augmented matrix we obtain the equations x\ + 3x4 = 0 and x 2 + 2x4 = 0. Because a; 3 and 



X4 are free, we let x 3 — t and X4 - 
system is {(—3s, —2s, i, s) : s, t e 

53. The equation Ax = 0 is 



s, where s and t are real numbers. It follows that the solution set of the 



1 


0 


-3 


0 " 




X\ 




' 0 


3 


0 


-9 


0 




X2 




0 


-2 


0 


6 


0 




X3 
X4 




0 



Reduce the augmented matrix of the system: 



1 


0 


-3 


0 


0 " 




" 1 


0 


-3 


0 


0 


3 


0 


-9 


0 


0 


1 


0 


0 


0 


0 


0 


2 


0 


6 


0 


0 




0 


0 


0 


0 


0 



1. A 12 (-3), A 13 (2) 



From the last augmented matrix we obtain x x — 3x 3 = 0. Therefore, x 2 ,x 3 , and x 4 are free variables, so 
we let x 2 — r, x 3 — s, and X4 — t, where r, s,t are real numbers. The solution set of the given system is 
therefore {(3s, r, s, t) : r, s, t e R}. 

54. The equation Ax 



0 is 



2 + i i 3-2i 

i 1 - i 4 + 
3-i l + i 1 + 5i 







0 


x 2 




0 


x 3 




0 



Reduce the augmented matrix of the system: 



2 + i 


i 3-2i 


0 " 




i 


l-i A + 3i 


0 " 




1 


-l-i 


3-3i 


0 


i 


l-i 4 + 3i 


0 


1 


2 + i 


i 3-2i 


0 


2 


2 + i 


i 


3-2i 


0 


3-i 


l + i l + 5i 


0 




3-i 


l + i l + bi 


0 




3-i 


l + i 


l + hi 


0 
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' 1 


-1 -i 


3 — 4i 


0 " 




" 1 


-1 -i 


3 — 4* 


0 " 




" 1 


0 


3 


0 




-7 + 3i 


0 


4 


0 


1 


5+31i 
17 


0 




0 


1 




0 


5 + 


-4 + 20i 


0 




0 


5 + 3i 


-4 + 20i 


0 




0 


0 



25-32i 

5+jlj 
17 

lOi 



i n 25-32i 

n 1 5+3H 

u 1 1? 

0 0 1 



0 " 




1 — 1 


0 


0 


0 " 


0 


7 


0 


1 


0 


0 


0 




0 


0 


1 


0 



1. P12 2. Mi(-i) 3. A 12 (-2 - i), A 13 (-3 + i) 4. M 2 (^) 5. A 21 (l + i), A 23 (-5 - 3i) 
6. M 3 (-i/10) 7. A 31 (-™), A 32 (-W 



From the last augmented matrix above, we see that the only solution to this system is the trivial solution. 

Solutions to Section 2.6 

True-False Review: 

1. FALSE. An invertible matrix is also known as a nonsingular matrix. 

1 1 



2. FALSE. For instance, the matrix 



2 2 



does not contain a row of zeros, but fails to be invertible. 



3. TRUE. If A is invertible, then the unique solution to Ax = b is x = A 1 h. 



4. FALSE. For instance, if A = 
matrix, hence certainly not invertible. 



1 0 0 
0 0 1 



and B = 



1 0 
0 0 
0 1 



, then AB = I 2 , but A is not even a square 



5. FALSE. For instance, if A = I n and B 
invertible. 



-I n , then A and B are both invertible, but A + B = 0„ is not 



6. TRUE. We have 

(AB)B~ 1 A~ 1 = I n and B~ 1 A~ 1 (AB) = I n , 
and therefore, AB is invertible, with inverse B~ 1 A~ 1 . 

7. TRUE. From A 2 = A, we subtract to obtain A(A — I) = 0. Left multiplying both sides of this equation 
by A^ 1 (since A is invertible, A^ 1 exists), we have A — I = A _1 0 = 0. Therefore, A = I, the identity matrix. 

8. TRUE. From AB = AC, we left-multiply both sides by A^ 1 (since A is invertible, A" 1 exists) to obtain 
A~ X AB = A- 1 AC. Since A' 1 A = I, we obtain IB = IC,oi B = C. 

9. TRUE. Any 5x5 invertible matrix must have rank 5, not rank 4 (Theorem 2.6.5). 

10. TRUE. Any 6x6 matrix of rank 6 is invertible (Theorem 2.6.5). 
Problems: 



1. We have 

AA- 1 = 

2. We have 

AA- 1 -- 



"2 -1 " 




' -1 


I— 1 




3 -1 




-3 


2 





" 4 


9 " 




7 


-9 " 




3 


7 




-3 


4 





(2) (-l) + (-l)(-3) (2)(l) + (-l)(2) 

(3) (-l) + (-l)(-3) (3)(l) + (-l)(2) 



(4)(7) + (9)(-3) (4)(-9) + (9)(4) 
(3)(7) + (7)(-3) (3)(-9) + (7)(4) 





' 1 


0 " 




0 


1 





1 — 1 


0 " 




0 


1 



= h. 



I 2- 
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3. We have 
AA- 1 -- 



3 5 1 

1 2 1 

2 6 7 



8 -29 3 
-5 19 -2 
2 -8 1 



(3)(8) + (5)(-5) + (1)(2) (3)(-29) + (5)(19) + (1)(- 

(1) (8) + (2)(-5) + (1)(2) (l)(-29) + (2)(19) + (1)(- 

(2) (8) + (6)(-5) + (7)(2) (2)(-29) + (6)(19) + (7)(- 

1 0 0 

0 10 = J 3 . 
0 0 1 



(3)(3) + (5)(-2) + (l)(l) 

(1) (3) + (2)(-2) + (l)(l) 

(2) (3) + (6)(-2) + (7)(l) 



4. We have 



Therefore, 



I— 1 


2 


1 — 1 


0 " 


i 


1 — 1 


2 


I— 1 


0 " 


2 


i — • 


0 


3 


-2 " 


I— 1 


3 


0 


1 




0 


1 


-1 


1 




0 


1 


-1 


1 



\h\A- 1 ] 



A = 



1. A 12 (-l) 2. A 21 (-2) 



5. We have 

\A\h] = 

Thus, 



1 1 + i 
l-i 1 



1 0 
0 1 



1 l + i 


1 0 " 


2 


' 1 l + i 


1 0 


0 -1 


-l + i 1 




0 1 


l-i -I 



1 0 
0 1 



A- 1 



-I l + i 
l-i -I 



- [h\A-\ 



-I l + i 
l-i -I 



1. A 12 (-l + i) 2. M 2 (-l) 3. A 2 i(-l-i) 



6. We have 



[A\h] 



1 -i 


1 


0 " 


i 


' 1 -i 


1 0 " 


2 


' 1 


—i 


1 


0 


i-l 2 


0 


1 




0 l-i 


l-i 1 




0 


1 


1 


l+i 
2 . 



1 0 
0 1 



l + i =£i 

l l+i 
1 2 



= [/ 2 |A- 1 ]. 



Thus, 



A = 



l+i 

i i+i 



1. A 12 (l - i) 2. M 2 (l/(1 - »)) 3. A 2 i(i) 
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7. Note that AB = 0 2 for all 2 x 2 matrices B. Therefore, A is not invcrtiblc. 

8. We have 



Thus, 





' 1 


-1 


2 


1 


0 


0 " 


1 


" 1 


-1 


2 


1 


0 


0 " 




" 1 


-1 


2 


1 


0 


0 


\A\h] = 


2 


1 


11 


0 


1 


0 


0 


3 


7 


-2 


1 


0 


2 


0 


1 


2 


-4 


0 


1 




4 


-3 


10 


0 


0 


1 




0 


1 


2 


-4 


0 


1 




0 


3 


7 


-2 


1 


0 





" 1 


0 


4 


-3 


0 


1 " 




' 1 


0 


0 


-43 


-4 


13 " 




3 


0 


1 


2 


-4 


0 


1 


4 


0 


1 


0 


-24 


-2 


7 






0 


0 


1 


10 


1 


-3 




0 


0 


1 


10 


1 


-3 





A = 



-43 -4 13 
-24 -2 7 
10 1 -3 



1. A 12 (-2), Ai 3 (-4) 2. P 23 3. A 21 (l), A 23 (-3) 4. A 3 i(-4), A 32 (-2) 



9. We have 



Thus, 





' 3 


5 


1 


1 


0 


0 " 




" 1 


2 


1 


0 


1 


0 " 




" 1 


2 


1 


0 


1 


0 


[A\h] = 


1 


2 


1 


0 


1 


0 


1 


3 


5 


1 


1 


0 


0 


2 


0 


-1 


-2 


1 


-3 


0 




2 


6 


7 


0 


0 


1 




2 


6 


7 


0 


0 


1 




0 


2 


5 


0 


-2 


1 





" 1 


2 


1 


0 


1 


0 " 




" 1 


0 


-3 


2 


-5 


0 " 


5 


" 1 


0 


0 


8 


-29 


3 " 




3 


0 


1 


2 


-1 


3 


0 


4 


0 


1 


2 


-1 


3 


0 


0 


1 


0 


-5 


19 


-2 


= [hlA- 1 




0 


2 


5 


0 


-2 


1 




0 


0 


1 


2 


-8 


1 




0 


0 


1 


2 


-8 


1 





8 -29 3 
-5 19 -2 
2 -8 1 



1. P 12 2. A 12 (-3), A 13 (-2) 3. M 2 (-l) 4. A 21 (-2), A 23 (-2) 5. A 31 (3), A 32 (-2) 



10. This matrix is not invertible, because the column of zeros guarantees that the rank of the matrix is less 
than three. 

11. We have 





' 4 


2 


-13 


1 


0 


0 " 


1 


[A\h] = 


2 


1 


-7 


0 


1 


0 




3 


2 


4 


0 


0 


1 





3 


2 


4 


0 


0 


1 " 




" 1 


1 


11 


0 


-1 


1 


2 


1 


-7 


0 


1 


0 


2 


2 


1 


-7 


0 


1 


0 


4 


2 


-13 


1 


0 


0 




4 


2 


-13 


1 


0 


0 





" 1 


1 


11 


0 


-1 


1 " 




" 1 


1 


11 


0 


-1 


1 " 




" 1 


0 


-18 


0 


2 


-1 


3 


0 


-1 


-29 


0 


3 


-2 


4 


0 


1 


29 


0 


-3 


2 


5 


0 


1 


29 


0 


-3 


2 




0 


-2 


-57 


1 


4 


-4 




0 


-2 


-57 


1 


4 


-4 




0 


0 


1 


1 


-2 


0 



1 0 18 -34 -1 
0 1 0 -29 55 2 
0 0 1 1-2 0 



= \h\A- 1 }. 
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Thus, 



18 -34 -1 
-29 55 2 
1 -2 0 



1. P 13 2. A 21 (-l) 3. A 12 (-2), A 13 (-4) 4. M 2 (-l) 
5. A 21 (-l), A 23 (2) 6. A 31 (18), A 32 (-29) 



12. We have 





1 


2 


-3 


1 


0 


0 " 


1 


" 1 


2 


-3 


1 


0 


0 " 




" 1 


2 


-3 


1 


0 


0 


[A\h] = 


2 


6 


-2 


0 


1 


0 


0 


2 


4 


-2 


1 


0 


2 


0 


1 


2 


-1 


l 

2 


0 




-1 


1 


4 


0 


0 


1 




0 


3 


1 


1 


0 


1 




0 


3 


1 


1 


0 


1 



Thus, 



1 0 -7 
0 1 2 
0 0-5 





3 






-1 






4 




1 — 1 


0 


0 


0 


1 


0 


0 


0 


1 



1 0 



§ 1 



0 0 



3 -1 

5 10 



13 
5 3 



1 

1 
10 



= [hlA- 1 ] 



13 


11 


_7 " 


~ 5 3 














y 


I 


— 5 


10 


5 . 



1. A 12 (-2), A 13 (l) 2. M 2 (|) 3. A 21 (-2), A 23 (-3) 4. M 3 (-|) 5. A 31 (7), A 32 (-2) 



13. We have 





1 i 2 


1 


0 


0 " 




" 1 i 


2 


1 0 


0 " 




" 1 


i 


2 


1 


0 


0 


[A\h] = 


1 + i -1 2i 


0 


1 


0 


1 


0 -i 


-2 


1 


0 


2 


0 


1 


-2i 


1-i 


i 


0 




2 2z 5 


0 


0 


1 




0 0 


1 


-2 0 


1 




0 


0 


1 


-2 


0 


1 



Thus, 



3 


" 1 


0 


0 


-i 1 


0 " 




" 1 


0 


0 


-i 1 


0 




0 


1 


-2i 


1—2 i 


0 


4 


0 


1 


0 


1 — hi i 


2i 


= [hlA- 1 




0 


0 


1 


-2 0 


1 




0 


0 


1 


-2 0 


1 





A~ 



-i 1 0 
1 — hi i 2i 
-2 0 1 



1. A 12 (-l-i), A 13 (-2) 2. M 2 (i) 3. A 2 i(-i) 4. A 32 (2z) 



14. We have 





" 2 


1 


3 


1 


0 


0 " 




" 1 


-1 


2 


0 


1 


0 " 




" 1 


-1 


2 


0 


1 


0 


[^l/ 3 ] - 


1 


-1 


2 


0 


1 


0 


1 


2 


1 


3 


1 


0 


0 


2 


0 


3 


-1 


1 


-2 


0 




3 


3 


4 


0 


0 


1 




3 


3 


4 


0 


0 


1 




0 


6 


-2 


0 


-3 


1 
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Since 2 = rank(yl) < rank(A # ) 
the block matrix on the left. 



1 -1 2 
0 3-1 
0 0 0 



0 1 0 

1 -2 0 
-2 1 1 



3, we know that A 1 does not exist (we have obtained a row of zeros in 



1. P 12 2. A 12 (-2), A 13 (-3) 3. A 23 (-2) 



15. We have 







" 1 


-1 


2 




3 


1 


0 


0 


0 " 




" 1 


-1 


2 




3 






1 


0 0 


0 






2 


0 


3 




4 


0 




1 


0 


0 


1 


0 


2 


-1 




10 






-2 


1 0 


0 


] = 




3 


-1 


7 




8 


0 


0 


1 


0 




0 


2 


1 






1 






-3 


0 1 


0 






1 


0 


3 




5 


0 


0 


0 


1 




0 


1 


1 




2 






-1 


0 0 


1 


1 




-1 


2 




3 




1 


0 




0 


0 " 




1 


0 3 




5 






0 


0 


0 


1 


0 




1 


1 




2 




1 


0 




0 


1 


3 


0 


1 1 




2 






1 


0 


0 


1 


0 




2 


1 




1 




3 


0 




1 


0 




0 


0 -1 




-5 






1 


0 


1 - 


-2 


0 




2 


-1 


-10 




2 


1 




0 


0 




0 


0 -3 




-14 






0 


1 


0 - 


-2 


1 


0 




3 


5 




0 


0 






0 


1 " 




" 1 


0 0 




10 




3 


0 


3 


-5 


0 


1 




1 


2 




1 


0 






0 


1 


5 


0 


1 0 




-3 




2 


0 


1 


-1 


0 


0 




1 


5 




1 


0 






1 


2 




0 


0 1 




5 




1 


0 


-1 


2 


0 


0 




3 - 


-14 




0 


1 






0 - 


-2 




0 


0 0 




1 




3 


1 


-3 


4 










" 1 


0 


0 


0 




27 


10 - 


27 


35 " 


























0 
0 


1 
0 


0 

1 


0 
0 




7 

-14 






5 


-8 
14 


11 

-18 




[h\A 




















0 


0 


0 


1 




3 




1 


-3 


4 



















Thus, 



A- x = 



27 


10 


-27 


35 


7 


3 


-8 


11 


-14 


-5 


14 


-18 


3 


1 


-3 


4 



1. A 12 (-2), A 13 (-3), A 14 (-l) 2. P 13 3. A 21 (l), A 23 (-2), A 24 (-2) 
4. M 3 (-l) 5. A 3 i(-3), A 32 (-l), A 34 (3) 6. A 4 i(10), A 42 (3), A 43 (5) 



16. We have 



[A\h] = 



0 


-2 


-1 


-3 


1 


0 


0 


0 " 




" 1 


-2 


0 


2 


0 


0 


1 


0 


2 


0 


2 


1 


0 


1 


0 


0 


1 


2 


0 


2 


1 


0 


1 


0 


0 


1 


-2 


0 


2 


0 


0 


1 


0 




0 


-2 


-1 


-3 


1 


0 


0 


0 


3 


-1 


-2 


0 


0 


0 


0 


1 




3 


-1 


-2 


0 


0 


0 


0 


1 



1 


-2 


0 


2 


0 


0 


1 


0 " 




" 1 


-2 


0 


2 


0 


0 


1 


0 


0 


4 


2 


-3 


0 


1 


-2 


0 




0 


1 


i 

2 


3 

4 


0 


1 

4 


1 

2 


0 


0 


-2 


-1 


-3 


1 


0 


0 


0 




0 


-2 


-1 


-3 


1 


0 


0 


0 


0 


5 


-2 


-6 


0 


0 


-3 


1 




0 


5 


-2 


-6 


0 


0 


-3 


1 
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1 — 1 


0 


1 






4 


0 


1 


1 

2 








0 


0 


0 








_ 0 


0 - 


9 
2 








" 1 


0 


1 








0 


1 


1 

2 








0 


0 


1 








_ 0 


0 


0 




I— 1 


0 


0 


0 




0 


0 


1 


0 


-1 




0 


0 


0 


1 


1 

2 




0 


0 


0 


0 


1 




2 

0 



0 
0 

1 

0 

0 
0 
0 

1 



2 

1 

4 
5_ 



0 
_ 1 

2 

-1 
_ 1 
2 

0 
1 



1 0 

0 1 

0 0 

0 0 

1 0 0 
0 1 0 
0 0 1 
0 0 0 



J 
J 

2 

0 0 
0 
0 

1 



1 — 1 


0 


0 


0 


0 


1 


0 


0 


0 


0 


1 


0 


0 


0 


0 


1 



0 0 

i : 

2 1 

-1 0 

1 2 ■ 

1 I 
'! J 

9 9 

-1 0 



= \h\A- 1 ] 



Thus, 



0 



1. Pi 3 2. A 12 (-2), A 14 (-3) 3. M 2 (i) 4. A 21 (2), A 23 (2), A 24 (-5) 
5. P 34 6. M 3 (-|) 7. A 3 i(-1), A32H) 8. M 4 (-|) 9. A 42 (l), A43H) 



17. To determine the second column vector of A 1 without determining the whole inverse, we solve the 





" 2 


-1 4 " 




X 




" 0 " 




"2-14 


II " 




linear system 


5 


1 2 




V 




1 


. The corresponding augmented matrix 


5 1 2 


1 


can 




1 


-1 3 
" 1 -1 




z 
3 


0 " 


0 




1 -1 3 


0 




be row-reduced to 


0 1 


-2 


0 


. Thus, back-substitution yields z— —1, y = 


—2, and x 


1. Thus, 






0 0 


1 


-1 













18. We have A = 
Therefore, we have 



" 1 


3 " 






, b = 


2 


5 





1 

-2 
-1 

1 

3 



x = A" 1 b 



and the Gauss- Jordan method yields A 1 = 



" -5 


3 " 




' 1 " 




4 " 


2 






3 







So we have X\ = 4 and 


%2 


= -1 
















' 1 


1 


-2 " 




" -2 " 




7 


5 


-3 


19. We have A = 


0 


1 


1 


,b = 


3 


, and the Gauss- Jordan method yields A 1 = 


-2 


-1 


1 




2 


4 


-3 




1 




2 


2 


-1 



Therefore, we have 



Hence, we have x\ — —2, x 2 — 2, and X3 = 1. 





7 


5 


-3 " 




" -2 " 




" -2 " 


x = r 1 b = 


-2 


-1 


1 




3 




2 




2 


2 


1 

I— 1 




1 




1 — 1 



180 



20. We have A = 
Therefore, we have 



1 

2-i 



-2i 



and the Gauss- Jordan method yields A 1 = 



l 

2+8j 



u 

-2 + i 



2i 
1 



x = r'b 

Hence, we have x\ = 1 and x 2 — 2+si ■ 



1 


Ai 2i ' 




2 " 


1 


2 + 8i 


2 + 8i 


-2 + i 1 




—i 


2 + 8i 


-4 + z 



-4+i 



Therefore, we have 





" 3 


4 5 " 




" 1 " 




" -79 


27 


46 


21. We have A = 


2 


10 1 


,b = 


1 


, and the Gauss- Jordan method yields A 1 = 


12 


-4 


-7 




4 


1 8 




1 




38 


-13 


-22 





' -79 


27 


40 


x = A 1 b = 


12 


-4 


-7 




38 


-13 


-22 





' 1 " 




' -6 " 




I— 1 




1 — 1 




1 — 1 




3 



Therefore, we have 



A-'b 



1 

12 



Hence, x\ = —10, x 2 = 18, 


and x 3 = 


2. 


23. We have 








AA T = 


0 1" 


"0 -1 " 




-1 0 


1 0 





1 


3 


5 " 


12 " 




" -10 " 


3 


3 


-3 


24 




18 


5 


-3 


-1 


-36 




2 



so A T = A-\ 
24. We have 

AA T = 



V3/2 
-1/2 



1/2 
v/3/2 



s/3/2 
1/2 



(0)(0) + (l)(l) (0)(-l) + (l)(0) 
(-1)(0) + (0)(1) (-!)(-!) + (0)(0) 



-1/2 
/3/2 





' 1 


0 " 




0 


1 



= 1. 



2, 



(V3/2)(V3/2) + (1/2) (1/2) (^/2)(-l/2) + (l/2)(^/2) 
(-l/2)(V5/2) + (V3/2)(l/2) (-l/2)(-l/2) + (V3/2)(V3/2) 





h- 1 


0 " 




0 


1 



= / 2 , 



so A T = A-\ 
25. We have 



cos a sin a 
— sin a cos a 



cos a 
sin a 



— sin a 
cos a 



cos 2 a + sin 2 a 



(cos a) ( — sin a) + (sina)(cosai) 
(—sin a) (cos a) + (cos a) (sin a) (—sin a) 2 + cos 2 a 





I— 1 


0 " 




0 


1 



= h 



Hence, we have x\ 




-6, x 2 


= 1, and 23 


= 3. 












' 1 


1 


2 " 




12 " 




" -1 


3 


5 


22. We have A = 


1 


2 


-1 


,b = 


24 


, and the Gauss-Jordan method yields A 1 = ^ 


3 


3 


-3 




2 


-1 


1 




-36 


5 


-3 


-1 



so A T = A-\ 
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26. Wc have 



AA 



1 



1 + 2x 2 
1 



1 + 4x 2 + 4a; 4 



1 -2x 2x 2 
2x 1 - 2x 2 -2x 
2x 2 2x 1 

1 + Ax 2 + Ax 4 
0 
0 



1 + 2x 2 
0 

h Ax 2 - 
0 



1 2x 2x 2 

-2x 1 - 2x 2 2x 
2x 2 -2x 1 

0 

4x 4 0 

1 + Ax 2 + Ax 4 



so A T = A-\ 

27. For part 2, we have 

and for part 3, we have 



(B~ 1 A~ 1 )(AB) = B- 1 (A- 1 A)B = B~ x I n B = B~ X B = I n , 



A = {AA~ ) 



1\T 



I„ 



28. We prove this by induction on k, with k = 1 trivial and k — 2 proven in part 2 of Theorem 2.6.9. 
Assuming the statement is true for a product involving k — 1 matrices, we may proceed as follows: 



(A,A 2 ■ ■ ■ Ak)- 1 = ((AiAi ■ ■ ■ A k ^)A k y 



A k 1 (A 1 A 2 ---A k _ 1 

A k (Ac-l " ' ^2 ^1 



-1 

-1 A-U 



A k A k-1 ■ ■ ■ A 2 1 A 1 . 



In the second equality, we have applied part 2 of Theorem 2.6.9 to the two matrices AiA 2 ■ ■ ■ A k _\ and A k , 
and in the third equality, we have assumed that the desired property is true for products of k — 1 matrices. 

29. Since A is symmetric, we know that A T = A. We wish to show that (^4 _1 ) T = A -1 . We have 

{A- l ) T = {A?)- 1 = A-\ 

which shows that A^ 1 is symmetric. The first equality follows from part 3 of Theorem 2.6.9, and the second 
equality results from the assumption that A is symmetric. 

30. Since A is skew-symmetric, we know that A T = —A. We wish to show that (A _1 ) T = — A -1 . We have 

(A-Y = (AT)-i = (-A)-i = -(A-i), 

which shows that A -1 is skew-symmetric. The first equality follows from part 3 of Theorem 2.6.9, and the 
second equality results from the assumption that A^ 1 is skew-symmetric. 

31. We have 

(/„ - A)(I n + A + A 2 + A 3 ) = I n (I n + A + A 2 + A 3 ) - A(I n + A + A 2 + A 3 ) 

= I n + A + A 2 + A 3 - A - A 2 - A 3 - A 4 = I n - A A = I n , 

where the last equality uses the assumption that A 4 = 0. This calculation shows that I n — A and I n + A + 
A 2 + A 3 arc inverses of one another. 



32. Wc have 



B = BI n = B{AC) = {BA)C = I n C = C. 



33. YES. Since BA = I n , we know that A^ 1 = B (sec Theorem 2.6.11). Likewise, since CA = I n , A~ 4 = C. 
Since the inverse of A is unique, it must follow that B — C. 
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34. We can simply compute 



1 

A 



Therefore, 



0 22 —0-12 

-a 2 i an 



an 012 

«21 «22 



1 

A 



0 22 &11 — 012021 022^12 _ Oi 2 a 22 
— «21«11 + «11«21 — &21&12 + 011022 



1 


011022-012021 0 




' 1 


0 " 


A 


0 011022 - ai 2 a 2 i 




0 


1 



h. 



an a u 

021 «22 



1 

A 



«22 — «12 
-021 Oil 



35. Assume that A is an invertible matrix and that Axi = bj for i = 1, 2, . . . ,p (where each bj is given). 
Use elementary row operations on the augmented matrix of the system to obtain the equivalence 

[A\bi b 2 b 3 ... bp] ~ [41c! c 2 c 3 ... c p ]. 

The solutions to the system can be read from the last matrix: x; = for each i = l,2,...,p. 



36. We have 



Hence, 



1 


-1 


1 


1 


-1 2 " 


2 


-1 


4 


1 


2 3 


1 


1 


6 


-1 


5 2 


" 1 


0 


3 


0 


3 1 


0 


1 


2 


-1 


4 -1 


0 


0 


1 


0 


-2 2 


Xl 


= (0 




1,0), 


x 2 = 



1 -1 1 

0 1 2 

0 2 5 

1 0 0 

0 1 0 

0 0 1 



x 2 = (9,8,-2), xa = (-5,-5,2). 



1 — 1 


1 


2 


1 


4 


-1 


-2 


6 


0 


0 


9 


-5 


| — i 


8 


-5 


0 


-2 


2 



1. A 12 (-2), Ais(-l) 2. A 21 (l), A 23 (-2) 3. A 31 (-3), A 32 (-2) 



37. 

(a): Let ei denote the zth column vector of the identity matrix I m , and consider the m linear systems of 
equations 

Axi = e { 

for i = 1,2, ... ,m. Since rank(j4) = m and each is a column m- vector, it follows that 

rank(A^) = m = rank(A) 

and so each of the systems = above has a solution (Note that if m < n, then there will be an infinite 
number of solutions). If we let B = [xi, x 2 , . . . , x m ], then 



AB = A[xi,x 2 , . . . ,x TO ] = [Axi, Ax 2 , . . . ,Ax m ] = [ei,e 2 

a d 

(b): A right inverse for A in this case is a 3 x 2 matrix b e such that 

c / 



, . . . , 



= /„. 



a + 3b + c 


d + 3e + / 




' 1 0 " 


2a + 7b + 4c 


2d + 7e + 4/ 




0 1 
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Thus, we must have 

a + 3b + c=l, d + 3e + f = Q, 2a+76 + 4c=0, 2rf + 7e + 4/ = l. 

The first and third equation comprise a linear system with augmented matrix 



1 — 1 


3 


1 


1 " 


2 


7 


4 


0 



c. The row-echelon form of this augmented matrix is 



3 1 
1 2 



1 

-2 



for a, 6, and 



Setting c = t, we have b = —2 — 2t 



and a = 7 + 5i. Next, the second and fourth equation above comprise a linear system with augmented matrix 



1 3 1 

2 7 4 



for d, e, and /. The row-echelon form of this augmented matrix is 



3 1 
1 2 



Setting 



/ = s, we have e = 1 — 2s and d = —3 + 5s. Thus, right inverses of A are precisely the matrices of the form 



7 + 5t 
-2-2t 
t 



-3 + 5s 
1 - 2s 
s 



Solutions to Section 2.7 



True-False Review: 

1. TRUE. Since every elementary matrix corresponds to a (reversible) elementary row operation, the 
reverse elementary row operation will correspond to an elementary matrix that is the inverse of the original 
elementary matrix. 



2. FALSE. For instance, the matrices 



product, 



2 0 
0 2 



, is not. 



" 2 


0 " 


and 


' 1 


0 " 


0 


1 


0 


2 


be 


expressed < 


is a 


pro 



are both elementary matrices, but their 



elementary matrix is invertible and products of invertible matrices are invcrtible, any product of elementary 
matrices must be an invertible matrix. 

4. TRUE. Performing an elementary row operation on a matrix does not alter its rank, and the matrix 
EA is obtained from A by performing the elementary row operation associated with the elementary matrix 
E. Therefore, A and EA have the same rank. 



5. FALSE. If Pij is a permutation matrix, then P^ 



I n , since permuting the zth and jth rows of /„ twice 



yields /„. Alternatively, we can observe that = I n from the fact that P t 



6. FALSE. For example, consider the elementary matrices E\ 



P 



and E 2 



Then we 



have E 1 E 2 



and E 2 Ei 



7. FALSE. For example, consider the elementary matrices E\ = 



1 3 
0 1 
0 0 



and E 2 = 



1 

0 

0 0 



0 0 

1 2 
1 



Then we have E\E 2 = 



1 3 
0 1 
0 0 



and E 2 E\ = 



1 3 
0 1 
0 0 



8. FALSE. The only matrices we perform an LU factorization for are invertible matrices for which the 
reduction to upper triangular form can be accomplished without permuting rows. 
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9. FALSE. The matrix U need not be a unit upper triangular matrix. 

10. FALSE. As can be seen in Example 2.7.8, a 4 x 4 matrix with LU factorization will have 6 multipliers, 
not 10 multipliers. 

Problems: 

1. 





' 0 


1 


0 " 




' 0 


0 


1 " 




' 1 


0 


0 " 


Permutation Matrices: Pi 2 = 


1 


0 


0 


, Pl3 = 


0 


1 


0 


J P23 — 


0 


0 


1 




0 


0 


1 




1 


0 


0 




0 


1 


0 



Scaling Matrices: Mi(k) 
Row Combinations: 

A 12 (k) = 

A 2 i(k) = 

2. We have 



k 0 
0 1 
0 0 



1 

k 1 
0 0 



0 0 
0 



1 k 
0 1 
0 0 

3 
1 



M 2 (k) 



Ais(k) = 



A 31 (k) 



-2 
5 



" 1 


0 


0 


k 


0 


0 


1 — '■ 

0 


0 


0 1 


0 


k 0 


1 


1 0 


k 


0 1 


0 


0 0 


1 


" 1 





M 3 (fc) 



A 23 (k) = 



A 32 (k) 



1 0 
0 1 
0 0 

0 0 

1 0 
k 1 



1 

0 1 
0 0 



0 0 

k 



0 



1. P 12 2. A 12 (-3) 



11 

"3! M 2 (i) 



Elementary Matrices: M 2 (jj), A 12 (-3), P 12 . 
3. We have 



5 8 
1 3 



1 3 

5 8 



3 
-7 



P 12 2. A 12 (-5) 3. M 2 (-i) 



Elementary Matrices: M 2 (-i), A i2 (-5), P i2 . 
4. We have 



3 


-1 


4 " 




" 1 


3 2 " 




" 1 3 


2 " 


3 


" 1 


3 


2 " 




" 1 


3 


2 " 


2 


1 


3 


1 


2 


1 3 


2 


0 -5 


-1 


0 


-5 


-1 


4 


0 


1 


1 

5 


1 


3 


2 




3 


-1 4 




0 -10 


-2 




0 


0 


0 




0 


0 


0 








1. 


Pl3 


2. A 12 (-2), A 13 (-3) 


3. 


A 23 (-2) 


4. 


M 2 (- 


"I) 









Elementary Matrices: M 2 (-±), A 23 (-2), A 13 (-3), A 12 (-2), P 13 . 
5. We have 



12 3 4 

2 3 4 5 

3 4 5 6 



0 0 0 0 
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1. A 12 (-2), A 13 (-3) 2. M 2 (-l) 3. A 23 (2) 



Elementary Matrices: A 23 (2), M 2 (-l), A 13 (-3), A 12 (-2). 
6. We reduce A to the identity matrix: 



1 — 1 


2 " 


i 


i — > 


2 " 


2 


1 — ' 


0 


I— 1 


3 




0 


I— 1 




0 


h- 1 



1. A 12 (-l) 2. A 21 (-2) 



The elementary matrices corresponding to these row operations are E\ 
We have E 2 E\A = 7 2 , so that 

^ = sr 1 ^- 1 = 



1 


0 " 


and E 2 = 


' 1 


-2 " 


0 


1 


-1 


1 





h- 1 


0 " 




' 1 


2 " 


1 — 1 


1 — 1 




0 


1 — 1 



which is the desired expression since £f 1 and S^ 1 are elementary matrices. 
7. We reduce A to the identity matrix: 



" -2 


-3 " 


i 


' -2 


-3 " 


2 


1 


1 " 


3 


' 1 


1 " 


4 


' 1 


0 " 


5 


' 1 


0 " 


5 


7 




1 


1 




-2 


-3 




0 


-1 




0 


-1 




0 


1 



1. A 12 (2) 2. P 12 3. A 12 (2) 4. A 21 (l) 5. M 2 (-l) 
The elementary matrices corresponding to these row operations are 



E x = 



1 0 

2 1 



Eo — 



0 1 

1 0 



We have E b E i E 3 E 2 E 1 A = I 2 , so 

A = E 1 E 2 1 E 3 El 1 E 5 1 



£3 = 



1 0 

-2 1 



1 0 

2 1 



0 1 

1 0 



Ea = 



1 0 

-2 1 



1 1 
0 1 



E* = 



0 -1 



which is the desired expression since each E i 1 is an elementary matrix. 
8. We reduce A to the identity matrix: 



3 


-4 " 


1 


' -1 


2 " 


2 


' 1 


-2 " 


3 


' 1 


-2 " 


4 


' 1 


-2 " 




' 1 


0 " 


-1 


2 




3 


-4 




3 


-4 




0 


2 




0 


1 




0 


1 



1. P 12 2. Mi(-l) 3. A 12 (-3) 4. M 2 (|) 5. A 21 (2) 



The elementary matrices corresponding to these row operations are 



Ei = 



0 1 

1 0 



Eo 



-1 0 
0 1 



We have E 5 E 4 E 3 E 2 ExA = I 2 , so 

A = E± 1 E2 1 E^ 1 E^ 1 E^ 1 



E3 



0 1 

1 0 



1 0 
-3 1 



E A = 



1 0 



E* = 



1 2 
0 1 





I— 1 


0 




h- 1 


0 




1 — 1 


0 






0 


1 — 1 




3 


I— 1 




0 


2 
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which is the desired expression since each E i 1 is an elementary matrix. 
9. We reduce A to the identity matrix: 



" 4 


-5 " 


l 


' 1 


4 " 


2 


' 1 


4 " 


3 


' 1 


4 " 


4 


' 1 


0 " 


1 


4 




4 


-5 




0 


-21 




0 


1 




0 


1 



1. P12 2. A 12 (-4) 3. M 2 (-£) 4. A 21 (-4) 



The elementary matrices corresponding to these row operations are 



0 1 

1 0 



Ei — 



E 1 = 

We have E 4 E 3 E 2 E 1 A = I 2 , so 

A = E[ 1 E 2 1 E~ S 1 E i 1 = 



1 0 

-4 1 



E3 = 



0 

"21 



£ 4 = 



0 1 

1 0 



1 0 
4 1 



0 
-21 



-4 
1 



which is the desired expression since each E i 1 is an elementary matrix. 
10. We reduce A to the identity matrix: 



-1 0 
2 2 
1 3 



-1 0 
4 2 
1 3 



-1 0 
4 2 
4 3 



1 -1 0 
0 4 2 
0 0 1 





" 1 


-1 


0 " 




" 1 


-1 


0 " 




" 1 


0 


0 " 


4 


0 


1 


1 

2 


5 


0 


1 


0 


6 


0 


1 


0 




0 


0 


1 




0 


0 


1 




0 


0 


1 



1. A 12 (-2) 2. A 13 (-3) 3. A 23 (-l) 4. M 2 (±) 5. A 32 (-|) 6. A 21 (l) 
The elementary matrices corresponding to these row operations are 





1 


0 


0 " 




1 0 


0 " 




' 1 


0 


0 


E x = 


-2 


1 


0 


J E 2 — 


0 1 


0 


! E 3 — 


0 


1 


0 




0 


0 


1 




-3 0 


1 




0 


-1 


1 




" 1 


0 


0 " 




" 1 0 


0 " 




" 1 


1 


0 " 


E 4 = 


0 


1 

4 


0 


, E 5 = 


0 1 


1 

2 


j Eq = 


0 


1 


0 




0 


0 


1 




0 0 


1 




0 


0 


1 



We have E§E^E 4 E 3 E 2 E X A = I 3 , so 

A = £f 1 E^ 1 E3 1 £4 1 E^ 1 Eg 1 



' 1 


0 


0 " 




" 1 


0 


0 " 




" 1 


0 


0 " 




" 1 


0 


0 " 




" 1 


0 


0 " 




" 1 


-1 


0 


2 


1 


0 




0 


1 


0 




0 


1 


0 




0 


4 


0 




0 


1 


1 

2 




0 


1 


0 


0 


0 


1 




3 


0 


1 




0 


1 


1 




0 


0 


1 




0 


0 


1 




0 


0 


1 



which is the desired expression since each E i 1 is an elementary matrix. 
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11. We reduce A to the identity matrix: 





0 


-4 -2 " 


i 






1 - 


-1 


3 " 




" 1 


-1 


3 






" 1 


-1 


3 " 






1 


-1 3 






0 - 


-4 - 


-2 


2 


0 


-4 


-2 


:s 




0 


-4 


-2 






-2 


2 2 






2 


2 


2 




0 


0 


8 






0 


0 


1 






" 1 -1 


3 " 




' 1 


-1 


0 " 


6 


" 1 


-1 


0 " 






1 0 


0 " 




4 


0 -4 


0 


5 


0 


-4 


0 


0 


1 


0 


7 


0 1 


0 






0 0 


1 




0 


0 


1 




0 


0 


1 




0 0 


1 




1. 


Pl2 


2. A 13 (2) 


3 


M 3 (|) 


4. 


A 32 (2) 


5. 


A 3 i( 


-3) 


6. M 2 (- 


\) 


7. A 


2l(l) 



The elementary matrices corresponding to these row operations are 





" 0 


1 


0 " 




" 1 


0 


0 " 




" 1 


0 


0 " 




" 1 


0 


0 " 


E 1 = 


1 


0 


0 


! E 2 — 


0 


1 


0 


? E3 — 


0 


1 


0 


, E4 — 


0 


1 


2 




0 


0 


1 




2 


0 


1 




0 


0 


1 

8 . 




0 


0 


1 





" 1 


0 


-3 " 




" 1 


0 


0 " 




" 1 


1 


0 " 


E 5 = 


0 


1 


0 


j E 6 — 


0 


1 

4 


0 


, E 7 = 


0 


1 


0 




0 


0 


1 




0 


0 


1 




0 


0 


1 



We have E 7 E 6 E 5 E i E 3 E 2 E 1 A = I 3 , so 
A = E 2 E 3 E± Eg 



" 0 


1 — 1 


0 " 




1—1 


0 


0 




0 


0 


1 — 1 





1 0 0 
0 1 0 

-2 0 1 





1 — 1 


0 


0 " 






0 


1 


0 






0 


0 


8 





1 0 
0 1 
0 0 



1 


0 


3 






0 


0 






1 


0 


0 


1 


0 




0 


-4 


0 




0 


1 


0 


0 


0 


1 




0 


0 


1 




0 


0 


1 



which is the desired expression since each E i 1 is an elementary matrix. 
12. We reduce A to the identity matrix: 



1 


2 


3 " 


1 


" 1 


2 


3 " 




" 1 


2 


3 " 




" 1 


0 


3 


0 


8 


0 


0 


1 


0 


2 


0 


1 


0 


3 


0 


1 


0 


3 


4 


5 




3 


4 


5 




0 


-2 


-4 




0 


-2 


-4 





" 1 


0 


3 " 




" 1 


0 3 " 




"10 0" 




4 


0 


1 


0 


5 


0 


1 0 




0 1 0 






0 


0 


-4 




0 


0 1 




0 0 1 




1. M 2 (|) 2. A 13 (- 


-3) 


3. 


A 2 i( 


-2) 


4. A 


23(2) 


5. M 3 (- 


\) 6. A 31 (-3) 



The elementary matrices corresponding to these row operations are 





I — 


0 


0 " 




1 


0 


0 " 




1— I 


-2 


0 " 


E x = 


0 


1 

8 


0 


j Ei — 


0 


1 


0 


i -^3 — 


0 


1 


0 




0 


0 


1 




-3 


0 


1 




0 


0 


1 



E A = 



1 0 0 
0 1 0 
0 2 1 



E R = 



1 0 
0 1 
0 0 



i E e — 



1 0 
0 1 
0 0 
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We have E & E b E A E 3 E 2 EiA = 7 3 , so 

A 771 — 1 7^—1 1 771—1 ITi— 1 771— 1 

A - % E 2 E 3 E 4 E 5 E 6 



' 1 


0 


0 " 




" 1 


0 


0 " 




" 1 


2 


0 " 




0 


8 


0 




0 


1 


0 




0 


1 


0 




0 


0 


1 




3 


0 


1 




0 


0 


1 





0 0 

1 0 
-2 1 



1 


0 


0 


0 


1 


0 


0 


0 


-4 





" 1 


0 


3 " 




0 


1 


0 




0 


0 


1 — 1 



which is the desired expression since each E i 1 is an elementary matrix. 
13. We reduce A to the identity matrix: 



" 2 


-1 " 


1 


' 1 


3 " 


2 


' 1 


3 " 


3 


' 1 


3 " 


4 


' 1 


0 " 


1 


3 




2 


-1 




0 


-7 




0 


1 




0 


1 



1. P 12 2. A 12 (-2) 3. M 2 (-i) 4. A 21 (-3) 



The elementary matrices corresponding to these row operations are 



0 1 

1 0 



Eo 



1 0 

-2 1 



En 



Direct multiplication verifies that E4E3E2E1A 
14. We have 



3 


-2 " 


1 


' 3 


-2 " 


-1 


5 




0 


13 
3 . 



u. 



1. A 12 (|) 



Hence, E x = A 12 (|). Then Equation (2.7.3) reads L = E^ 1 = A 12 (-|) 
(2.7.2): 

LU 



1 0 
i 1 



1 — 1 


0 " 




' 3 


-2 " 




3 


-2 " 


1 

3 


1 




0 


13 
3 _ 




-1 


5 



15. We have 



Then 



3 

2 



u 



m21 =2 



L 



A. 



LU 



1—1 


0 " 




' 2 


3 " 




' 2 


3 " 


5 

. 2 


1 




0 


13 

2 _ 




5 


1 



A. 



1. A 12 (-§) 



Verifying Equation 



16. We have 



Then 



3 1 

0 5 



= U 



m 2 i = 



L = 



LU = 



1 


0 " 




' 3 


1 




' 3 


I— 1 


5 

. 3 


I— 1 




0 


1 

3 _ 




5 


2 



= A. 



189 



1. A 12 (-§) 



17. Wc have 



Hence, 



3 


-1 


2 " 




" 3 


-1 


2 " 




" 3 


-1 


2 " 




G 


-1 


1 


l 


0 


1 


-3 


2 


0 


1 


-3 


= U => m 2 i = 2,m 3 i = -l,m 32 = 4. 


-3 


5 


2 




0 


4 


4 




0 


0 


16 





0 0 

1 0 
4 1 



and LZ7 : 



1 0 0 

2 1 0 

-1 4 1 



3 


-1 


2 




3 


-1 


2 


0 


1 


-3 




6 


-1 


1 


0 


0 


16 




-3 


5 


2 



1. A 12 (-2), A 13 (l) 2. A 23 (-4) 



18. We have 
5 



2 

10 -2 
15 2 



Hence, 



1 

-2 
3 -2 



0 0 

1 0 



5 


2 


1 " 




" 5 


2 


1 " 












0 


2 


5 


2 


0 


2 


5 


= U m 2 l = 


-2,m 3 i 


= 3, m 32 


= -2. 


0 


-4 - 


-6 




0 


0 


4 


















1 




0 


0 " 




"521" 




5 


2 1 " 




and 






-2 




1 


0 




0 2 5 




-10 - 


-2 3 


= A. 








3 




2 


1 




0 0 4 




15 


2 -3 





1. Ai 2 (2), A 13 (-3) 2. A 23 (2) 



19. We have 

1-12 3 

2 0 3 -4 

3-17 8 

13 4 5 



-1 2 

2 -1 

2 1 

4 2 



3 
-10 

-1 
2 



2 
-1 
2 
4 



3 
-10 

9 
22 



-1 2 

2 -1 

0 2 

0 0 



3 

-10 
9 
4 



1. A 12 (-2), A 13 (-3), Au(-l) 2. A 23 (-l), A 24 (-2) 3. A 34 (-2) 



Hence, 
Hence, 

L = 
20. We have 



h- 1 


0 


0 


0 


2 


1 


0 


0 


3 


1 


1 


0 


1 — 1 


2 


2 


1 



m 2i = 2, m 3 i = 3, m 41 = 1, m 32 = 1, m 42 = 2, to 43 = 2. 



and LU = 



1 


0 


0 


0 




1 


-1 


2 


3 




1 


-1 


2 


3 


2 


1 


0 


0 




0 


2 


-1 


-10 




2 


0 


3 


-4 


3 


1 


1 


0 




0 


0 


2 


9 




3 


-1 


7 


8 


1 


2 


2 


1 




0 


0 


0 


4 




1 


3 


4 


5 



= A. 



2 


-3 


1 


2 " 




" 2 


-3 


1 


2 " 




" 2 


-3 


1 


2 " 




" 2 


-3 


1 


2 


4 


-1 


1 


1 


l 


0 


5 


-1 


-3 


2 


0 


5 


-1 


-3 


3 


0 


5 


-1 


-3 


8 


2 


2 


-5 




0 


-10 


6 


3 




0 


0 


4 


-3 




0 


0 


4 


-3 


6 


1 


5 


2 




0 


10 


2 


-4 




0 


0 


4 


2 




0 


0 


0 


5 



u. 
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1. A 12 (-2), A 13 (4), A 14 (-3) 2. A 23 (2), A 24 (-2) 3. A 34 (-l) 



Hence, 
Hence, 



I— 1 


0 


0 


0 


2 


1 


0 


0 


4 


-2 


1 


0 


3 


2 


1 


1 



TO21 = 2, m 3 i = -4, m 4i = 3, m 32 = -2, m 42 = 2, m 43 = 1. 



and L[7 



1 


0 


0 


0 " 




" 2 


-3 


1 


2 " 




2 


-3 


1 


2 


2 


1 


0 


0 




0 


5 


-1 


-3 




4 


-1 


1 


1 


4 


-2 


1 


0 




0 


0 


4 


-3 




-8 


2 


2 


-5 


3 


2 


1 


1 




0 


0 


0 


5 




6 


1 


5 


2 



A. 



21. We have 



I— 1 


2 " 


i 


i — 1 


2 " 


2 


3 




0 





= [/ =4> m 2 i = 2 =>■ L = 



1 0 

2 1 



1. A 12 (-2) 



We now solve the triangular systems Ly = b and Ux = y. From Ly = b, we obtain y 
?7x = y yields x = 



. Then 



-11 
7 



22. We have 



1 -3 5 
3 2 2 

2 5 2 



1 -3 5 
0 11 -13 
0 11 -8 



1 -3 5 
0 11 -13 
0 0 5 



U =>• m 2 i = 3, m 3 i = 2, m 32 = 1. 



1. Ai 2 (-3), Ai 3 (-2) 2. A 23 (-l) 



Hence, L = 

obtain y = 
23. We have 



1 0 0 
3 1 0 

2 1 1 
1 

2 

-5 



. We now solve the triangular systems Ly = b and Ux = y. From Ly = b, we 

3 

. Then Ux = y yields x = —1 

-1 



2 


2 


1 " 


l 


" 2 


2 


1 " 




" 2 


2 


1 


6 


3 


-1 


0 


-3 


-4 


2 


0 


-3 


-4 


4 


2 


2 




0 


0 


-4 




0 


0 


-4 



= [/ => 77121 = 3, m 3 i = -2, m 32 = -2. 
1. Ai 2 (-3), A 13 (2) 2. A 23 (2) 



Hence, L = 



obtain y = 



1 0 0 
3 1 0 

-2 -2 1 
1 

—3 . Then Ux = y yields x 
-2 



. We now solve the triangular systems Ly = b and Ux — y. From Ly = b, we 



-1/12 
1/3 
1/2 
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24. Wc have 



4 


3 


0 


0 




4 


3 


0 


0 




4 


3 


0 


0 




4 


3 


0 


0 


8 


1 


2 


0 


i 


0 


-5 


2 


0 


2 


0 


-5 


2 


0 


3 


0 


-5 


2 


0 


0 


5 


3 


6 




0 


5 


3 


6 




0 


0 


5 


6 




0 


0 


5 


6 


0 


0 


-5 


7 




0 


0 


-5 


7 




0 


0 


-5 


7 




0 


0 


0 


13 



= u. 



1. Ai 2 (-2) 2. A 23 (l) 3. A 34 (l) 



The only nonzero multipliers are m 2 i = 2,to 32 = — 1, and m 43 = — 1. Hence, L 



now solve the triangular systems Ly = b and Ux = y. From Ly = b, we obtain y 



1 


0 


0 0 


2 


1 


0 0 


0 


-1 


1 0 


0 


0 


-1 1 




2 " 






-1 
-1 


. Then 




4 





. We 



yields x 



677/1300 

-9/325 
-37/65 
4/13 



25. We have 



2 -1 
-8 3 



U 



m 2 i 



1 0 

-4 1 



1. A 12 (4) 



We now solve the triangular systems 
for i = 1, 2, 3. We have 



Lyi = bx yi = 

Ly 2 = b 2 ==> y 2 = 

£y3 = b 3 => y 3 = 
26. We have 



3 
11 
2 

15 
5 
11 



Then U~x.\ = yi ==>■ x x 
Then C/x 2 = y 2 ==> x 2 
Then [/ x 3 = y 3 => x 3 



C^Xj = y 4 



-4 
-11 
-6.5 
-15 

-3 
-11 



-1 4 2 
3 1 4 
5 -7 1 



-14 2 
0 13 10 
0 13 11 



-14 2 
0 13 10 
0 0 1 



= U. 



1. A 12 (3), A 13 (5) 2. A 23 (-l) 



Thus, m 2 i = —3, m 3 i = —5, and m 32 = 1. We now solve the triangular systems 

iy t = b 4 , C/x, = y 4 

for i = 1,2,3. We have 
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Pi = Pj . Therefore, we have 
Pi = (P1P2 ■ ■ ■ Pkf = P T '. 
28. 

(a) : Let A be an invertible upper triangular matrix with inverse B. Therefore, we have AB — I n . Write 
A = {aij] and B = [bij]. We will show that bij = 0 for all i > j, which shows that B is upper triangular. We 
have 

n 
k=l 

Since A is upper triangular, = 0 whenever i > k. Therefore, we can reduce the above summation to 

n 

^ ' a ik^ij Sj,j. 
k—i 

Let i = n. Then the above summation reduces to a nn b n j — S n j. If j = n, we have a nn b nn = 1, so 
o-nn 7^ 0. For j < n, we have a nn b n j = 0, and therefore b n j = 0 for all j < n. 
Next let i — n — 1. Then we have 

^n— l^ro— l.j ~t~ ^n— l,n^nj $n— 

Setting j = n~ 1 and using the fact that &„ jrl _i = 0 by the above calculation, we obtain a n -i,n-ib n -i,n-i = 1, 
so a„_i.„_i =^ 0. For j < n — 1, we have a r i-i.n-i&n-i ,j = 0 so that = 0. 

Next let i = n— 2. Then we have a„_2, n -2&n-2,j +an-2,n-i&n-i,j +a n -2,nb n j = 5 n -2,j- Settingj^n — 2 
and using the fact that 6„_i in _2 = 0 and 6„,„_2 = 0, we have a„_ 2 ,n-2^n-2,ri-2 = 1, so that a„_ 2 ,n-2 7^ 0. 
For j < n — 2, we have a n -2, n -2b n -2,j = 0 so that & n -2,j = 0. 

Proceeding in this way, we eventually show that fe^ = 0 for all i > j. 

For an invertible lower triangular matrix A with inverse B, we can either modify the preceding argument, 
or we can proceed more briefly as follows: Note that A T is an invertible upper triangular matrix with inverse 
B T . By the preceding argument, B T is upper triangular. Therefore, B is lower triangular, as required. 

(b) : Let A be an invertible unit upper triangular matrix with inverse B. Use the notations from (a). By 
(a), we know that B is upper triangular. We simply must show that bjj = 0 for all j. From a nn b nn = 1 
(see proof of (a)), we see that if a nn = 1, then b nn = 1. Moreover, from a n _i )n _i& ra _i jra _i = 1, the fact 
that a„-i.„-i = 1 proves that 6 n _i ; „_i = 1. Likewise, the fact that a„_2,n-2^n-2,n-2 = 1 implies that if 
a> n -2,n-2 = L then frn-2,n-2 = 1- Continuing in this fashion, we prove that bjj = 1 for all j. 

For the last part, if A is an invertible unit lower triangular matrix with inverse B, then A T is an invertible 
unit upper triangular matrix with inverse B T , and by the preceding argument, B T is a unit upper triangular 
matrix. This implies that B is a unit lower triangular matrix, as desired. 



Lyi = ei 
Ly 2 = e 2 



Ly3 



e 3 



yi 



Y2 



Then Uxi = yi xi = 
. Then Ux 2 = y 2 => x 2 



. Then ?7 x 3 = y 3 => x 3 



-29/13 
-17/13 
2 

" 18/13 
11/13 
-1 
-14/13 
-10/13 
1 



27. Observe that if Pi is an elementary permutation matrix, then P i 1 = 
P- 1 = (P.P2 . . . Pk)- 1 = P^P^ . . . P^ 1 Pi 1 = P^PLi .-.Pi--- 
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29. 

(a) : Since A is invertible, Corollary 2.6.12 implies that both L2 and U\ are invertible. Since L\U\ = L2U2, 
we can left-multiply by L^ 1 and right-multiply by U^ 1 to obtain L 2 ~ 1 Li = L^fTj -1 . 

(b) : By Problem 28, we know that L^ 1 is a unit lower triangular matrix and U^ 1 is an upper triangular 
matrix. Therefore, L^ 1 Li is a unit lower triangular matrix and L^t^ -1 is an upper triangular matrix. Since 
these two matrices are equal, we must have L 2 ~ 1 Li = I n and L^C^-f 1 = /„. Therefore, L\ = L2 and U\ = 1/2- 

30. The system Ax — b can be written as QRx = b. If we can solve Qy = b for y and then solve Rx = y 
for x, then QRx — b as desired. Multiplying Qy = b by Q T and using the fact that Q T Q — I n , we obtain 
y = Q T h. Therefore, Rx = y can be replaced by Rx = Q T h. Therefore, to solve Ax = b, we first determine 
y = Q T b and then solve the upper triangular system Rx = Q T h by back-substitution. 

Solutions to Section 2.8 



True-False Review: 



1. FALSE. According to the given information, part (c) of the Invertible Matrix Theorem fails, while part 
(e) holds. This is impossible. 

2. TRUE. This holds by the equivalence of parts (d) and (f) of the Invertible Matrix Theorem. 

3. FALSE. Part (d) of the Invertible Matrix Theorem fails according to the given information, and therefore 
part (b) also fails. Hence, the equation Ax = h does not have a unique solution. But it is not valid to conclude 



that the equation has infinitely many solutions; it could have no solutions. For instance, if A — 



0 0 



and b 



there are no solutions to Ax — b, although rank(A) = 2. 



4. FALSE. An easy counterexample is the matrix 0„, which fails to be invertible even though it is upper 
triangular. Since it fails to be invertible, it cannot e row-equivalent to /„, by the Invertible Matrix Theorem. 

Problems: 

1. Since A is an invertible matrix, the only solution to Ax = 0 is x = 0. However, if we assume that 
AB = AC, then A(B — C) — 0. If Xj denotes the ith column of B — C, then Xj = 0 for each i. That is, 
B — C = 0, or B = C, as required. 

2. If rank(A) = n, then the augmented matrix for the system Ax = 0 can be reduced to REF such 
that each column contains a pivot except for the right-most column of all-zeros. Solving the system by 
back-substitution, we find that x — 0, as claimed. 

3. Since Ax = 0 has only the trivial solution, REF(A) contains a pivot in every column. Therefore, the 
linear system Ax = b can be solved by back-substitution for every b in W 1 . Therefore, Ax = h does have a 
solution. 

Now suppose there are two solutions y and z to the system Ax = b. That is, Ay = b and Az = b. 
Subtracting, we find 

A(y-z) =0, 



and so by assumption, y — z = 0. That is, y = z. Therefore, there is only one solution to the linear system 
Ax = b. 
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4. If A and B are each invertible matrices, then A and B can each be expressed as a product of elementary 
matrices, say 

A = E 1 E 2 ...E k and B = E[E' 2 . . . E[. 



Then 



AB = EiE 2 ■ ■ ■ EkE[E' 2 . . . E'i, 



so AB can be expressed as a product of elementary matrices. Thus, by the equivalence of (a) and (e) in the 
Invertible Matrix Theorem, AB is invertible. 

5. We are assuming that the equations Ax = 0 and Bx = 0 each have only the trivial solution x = 0. Now 
consider the linear system 

(AB)x = 0. 

Viewing this equation as 

A(Bx) = 0, 

we conclude that Bx = 0. Thus, x = 0. Hence, the linear equation (AB)x = 0 has only the trivial solution. 

Solutions to Section 2.9 



Problems: 

1. We have 

{-A)A-B T = 

2. We have 



Moreover, 



3. We have 



4. We have 



-16 

4 



-20 



-24 
0 



-3 2 
0 2 



1 0 

-3 1 



AB = 



-2 4 2 6 
-1-15 0 



-3 0 

2 2 

1 -3 

0 1 



11 
4 



16 8 
6 -17 



■18 
2 



-9 
-17 



-24 
-1 



(AC)(ACf 



-2 
26 



tr(AB) = -1. 
[ -2 26 ] 



4 -52 
-52 676 



{-AB)A = 

5. Using Problem 2, we find that 

(AB)- 1 



12 


0 " 












" -24 


48 


24 


72 


-8 


-8 




' -2 


4 


2 


6 " 




24 


-24 


-56 


-48 


-4 


12 




-1 


-1 


5 


0 




-4 


-28 


52 


-24 


0 


-4 












4 


4 


-20 


0 



16 
6 



-17 



1 

320 



-17 -8 
-6 16 
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6. We have 



and 



C T C = [ -5 -6 3 1 ] 



tr{C T C) = 71. 



[71], 



(a): We have 



AB 



1 2 3 

2 5 7 



3 6 

-4 a 
a b 



3a - 5 2a + 46 
7a - 14 5a + 96 



In order for this product to equal I 2 , we require 

3a- 5=1, 2a + 46 = 0, 7a - 14 = 0, 5a + 96=1. 

We quickly solve this for the unique solution: a = 2 and 6 = — 1. 
(b): We have 



BA- 



3 -1 
-4 2 
2 -1 



1 2 3 

2 5 7 



1 1 2 
0 2 2 

0 -1 -1 



8. We compute the (i, j)-entry of each side of the equation. We will denote the entries of A T by afj, which 
equals a^. On the left side, note that the (i,j)-entry of (AB T ) T is the same as the (j, z)-entry of AB T , and 



(j, i)-entry of AB T = ^ a jkbli = a jk b ik = ^ b ik t 



kji 



fe=0 



k=0 



k=0 



and the latter expression is the (i,j)-entry of BA T . Therefore, the (i, j)-entries of (AB T ) T and BA T are 
the same, as required. 



9. 



(a): The (i, j)-entry of A 2 is 



fe=i 



(b): Assume that A is symmetric. That means that A T = A. We claim that A 2 is symmetric. To see this, 
note that 

(A 2 ) T = (AA) T = A T A T = AA = A 2 . 
Thus, (A 2 ) T = A 2 , and so A 2 is symmetric. 

10. We are assuming that A is skew-symmetric, so A T = —A. To show that B T AB is skew-symmetric, we 
observe that 

(B T AB) T = B T A T (B T ) T = B T A T B = B T (-A)B = -(B T AB), 

as required. 
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11. Wc have 

so A is nilpotcnt. 

12. Wc have 

and 



so A is nilpotent. 
13. We have 



14. Wc have 



A 2 = 



3 


9 " 


2 


' 0 


0 " 


-1 


-3 




0 


0 



A 3 = A 2 A 



A'(t) 



-3e~ 3t 
U 2 
6/i 



' 0 


I— 1 


1 — 1 




" 0 


0 


0 " 


0 


0 


1 




0 


0 


0 


0 


0 


0 _ 




0 


0 


0 



—2 sec 2 tt&nt 
— sini 
-5 



/' 

Jo 



B(t) dt 



-7t 



t 3 /3 



6t - t 2 /2 3i 4 /4 + 2t 3 
t + t 2 /2 fsin(7rf/2) 



-7 


1/3 


11/2 


11/4 


3/2 


2/tt 


e - 1 


3/4 



15. Since A(t) is 3 x 2 and B(t) is 4 x 2, it is impossible to perform the indicated subtraction. 

16. Since A(t) is 3 x 2 and B(t) is 4 x 2, it is impossible to perform the indicated subtraction. 

17. From the last equation, we see that x 3 = 0. Substituting this into the middle equation, we find that 
x 2 = 0.5. Finally, putting the values of x 2 and £3 into the first equation, we find x\ — — 6 — 2.5 = —8.5. 
Thus, there is a unique solution to the linear system, and the solution set is 

{(-8.5,0.5,0)}. 

18. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to 
row-echelon form. This gives us 



5 


-1 


2 


7 " 




1 


11 


20 


7 " 




" 1 


11 


20 


7 




" 1 


11 


20 


7 


2 


6 


9 


0 


1 


-2 


6 


9 


0 


2 


0 


28 


49 


14 


3 


0 


1 


7/4 


1/2 


7 


5 


-3 


-7 




-7 


5 


-3 


-7 




0 


82 


137 


42 




0 


82 


137 


42 





' 1 


11 


20 


7 " 




" 1 


11 


20 


7 


4 


0 


1 


7/4 


1/2 


5 


0 


1 


7/4 


1/2 




0 


0 


-13/2 


1 




0 


0 


1 


-2/13 



From the last row, we conclude that x 3 = —2/13, and using the middle row, we can solve for x 2 - we have 

S2+H- 



7, and so x\ 



20 
26 



2 

||. So there is a unique solution: 



. Finally, from the first row we can get x\: we have iei+11- j|+20-(— ^) 



21 10 

13' 13' 



2 
13 
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1. A 21 (2) 2. A 12 (2), A 13 (7) 3. M 2 (l/28) 4. A 23 (-82) 5. M 3 (-2/13) 



19. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to 
row-echelon form. This gives us 



1 


2 


-1 


1 




" 1 


2 


-1 


1 " 




" 1 


2 


-1 


1 " 




" 1 


2 


-1 


1 


1 


0 


1 


5 


i 


0 


-2 


2 


4 


2 


0 


1 


-1 


-2 


3 


0 


1 


-1 


-2 


4 


4 


0 


12 




0 


-4 


4 


8 




0 


-4 


4 


8 




0 


0 


0 


0 



From this row-echelon form, we see that z is a free variable. Set z = t. Then from the middle row of the 
matrix, y = t — 2, and from the top row, x + 2(t — 2) — t = 1 or x = — t + 5. So the solution set is 

{{-t + 5,t-2,t) : t £ 1} = {(5,-2,0) +i(-l, 1,1) :(ef}. 
1. A 12 (-l), A 13 (-4) 2. M 2 (-l/2) 3. A 23 (4) 



20. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to 
row-echelon form. This gives us 



1 


-2 


-1 


3 


0 




1 


-2 -1 


3 


0 




1 


-2 


-1 


3 


0 




1 


-2 


-1 


3 


0 


2 


4 


5 


-5 


3 


l 


0 


0 3 


1 


3 


2 


0 


0 


3 


1 


3 


3 


0 


0 


1 


1/3 


1 


3 


-6 


-6 


8 


2 




0 


0 -3 


-1 


2 




0 


0 


0 


0 


5 




0 


0 


0 


0 


1 



The bottom row of this matrix shows that this system has no solutions. 

1. A 12 (2), Ai 3 (-3) 2. A 23 (l) 3. M 2 (l/3), M 3 (l/3) 



21. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to 
row-echelon form. This gives us 



3 


0 




-1 




2 


-1 


1 








" 1 


3 




1 


-3 






2 


-1 " 




" 1 




3 




1 




-3 2 


-1 


1 


3 




1 




-3 


2 


-1 




l 




3 


0 




-1 


2 






•1 


1 


2 


0 




9 - 




4 


11 


-7 


4 


4 


-2 




-3 




6 


-1 


5 








4 


-2 




-3 


G 






•1 


5 




0 


-14 - 




7 


18 -9 


9 


0 


0 




0 




1 


4 


-2 








0 


0 




0 


1 






4 


-2 




0 




0 


0 




1 


4 


-2 












" 1 


3 




1 






3 


2 




-1 " 








1 


3 


1 


-3 


2 






-1 


















0 


-27 


-12 




33 - 


-21 




12 


4 






0 


-27 


-12 


33 


-21 






12 


















0 


28 


14 




-36 


18 




-18 








0 


1 




2 


-3 


-3 






-6 


















_ 0 


0 




0 






1 


4 




-2 








0 


0 


0 


1 


4 






-2 








1 




3 






1 


-3 


2 




-1 






" 1 


3 


1 






3 




2 




1 " 




" 1 


3 


1 




-3 


2 


0 




1 






2 


-3 


-3 




-6 






0 


1 


2 






3 




-3 




6 


7 


0 


1 


2 




-3 


-3 


0 




27 




12 


33 - 


-21 




12 






0 


0 


42 




48 




-102 


-150 




0 


0 


1 




8 
7 


17 
7 


0 




0 






0 


1 


4 




-2 






0 


0 


0 






1 




4 




2 




0 


0 


0 




1 


4 



We see that x 5 = t is the only free variable. Back substitution yields the remaining values: 
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So the solution set is 



2 16 2 33 41 15 

1 1, 1, 

7 7 ' 7 7 ' 7 7 



t,-4t-2,tj : t eR| 



16 33 
y»-y 



15 

y 



-4,1 



41 



2,0 : t e 



7' 7' 7 ' 

1. P 12 2. A 12 (-3), A 13 (-4) 3. M 2 (3), M 3 (-2) 4. A 23 (l) 5. P 23 6. A 23 (27) 7. M 3 (l/42) 

22. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to 
row-echelon form. This gives us 



1 


1 


1 


1 


-3 


6 




" 1 


1 


1 


1 


-3 


6 " 




" 1 


1 


1 


1 


-3 


6 


1 


1 


1 


2 


-5 


8 


i 


0 


0 


0 


1 


-2 


2 


2 


0 


0 


0 


1 


-2 


2 


2 


3 


1 


4 


-9 


17 




0 


1 


-1 


2 


-3 


5 




0 


1 


-1 


2 


-3 


5 


2 


2 


2 


3 


-8 


14 




0 


0 


0 


-1 


2 


-2 




0 


0 


0 


0 


0 


0 



1 


1 


1 


1 


-3 


6 


0 


1 


-1 


2 


-3 


5 


0 


0 


0 


1 


-2 


2 


0 


0 


0 


0 


0 


0 



From this row-echelon form, we see that x§ — t and x 3 = s are free variables. Furthermore, solving this 
system by back-substitution, we see that 

x 5 = t, X4 = 2t + 2, x 3 ~s, x 2 = s — t+1, x\ = 2t — 2s + 3. 

So the solution set is 

{(2t - 2s + 3, s - t + 1, s, 2t + 2, t) : s, t e R} = {t(2, -1,0, 2, 1) + s(-2, 1,1,0,0) + (3, 1, 0, 2, 0) : s, t e E}. 

1. A 12 (-l), A 13 (-2), A 14 (-2) 2. A 24 (l) 3. P 23 



23. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to 
row-echelon form. This gives us 



1 -3 2i 
-2i 6 2 



1 -3 2i 


1 


2 


1 -3 2i 


1 


0 6 - 6i -2 


-2 + 2i 




0 1 + 


i 

3 


1. A 12 (2i) 


2. M 2 (g: 


) 







From the last augmented matrix above, we see that x 3 is a free variable. Let us set x 3 — t, where t is 
a complex number. Then we can solve for x 2 using the equation corresponding to the second row of the 
row-echelon form: a; 2 = —\ + |(l + i)i. Finally, using the first row of the row-echelon form, we can determine 
that x\ = — 3i). Therefore, the solution set for this linear system of equations is 

{(it(l-3i),-| + ^(l + i)t,t):teC}. 
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24. We reduce the corresponding linear system as follows: 



" 1 


-k 


6 " 


i 


' 1 


-k 


6 


. 2 


3 


k 




0 


3 + 2k 


fc-12 



If k ^ — |, then each column of the row-reduced coefficient matrix will contain a pivot, and hence, the linear 
system will have a unique solution. If, on the other hand, k = — |, then the system is inconsistent, because 
the last row of the row-echelon form will have a pivot in the right-most column. Under no circumstances 
will the linear system have infinitely many solutions. 

25. First observe that if k = 0, then the second equation requires that x 3 = 2, and then the first equation 
requires x 2 = 2. However, x\ is a free variable in this case, so there arc infinitely many solutions. 

Now suppose that k =/= 0. Then multiplying each row of the corresponding augmented matrix for the 
linear system by 1/k yields a row-echelon form with pivots in the first two columns only. Therefore, the 
third variable, 23, is free in this case. So once again, there arc infinitely many solutions to the system. 

We conclude that the system has infinitely many solutions for all values of k. 

26. Since this linear system is homogeneous, it already has at least one solution: (0, 0,0). Therefore, it only 
remains to determine the values of k for which this will be the only solution. We reduce the corresponding 
matrix as follows: 



10 


k 


-1 


0 " 




" 10k 


k 2 


-k 


0 " 




1 


1/2 


-1/2 


0 


k 


1 


-1 


0 


1 


10k 


10 


-10 


0 


2 


lOfc 


10 


-10 


0 


2 


1 


-1 


0 




1 


1/2 


-1/2 


0 




lOfc 


k 2 


-k 


0 





' 1 


1/2 -1/2 


0 " 




" 1 1/2 


-1/2 


0 " 




' 1 


1/2 


-1/2 


0 


3 


0 


10-5fc 5fc-10 


0 


4 


0 1 


-1 


0 


5 


0 


1 


-1 


0 




0 


k 2 - 5k 4k 


0 




0 k 2 — 5k 


4fc 


0 




0 


0 


k 2 -k 


0 



1. Mi(fc), M 2 (10), M 3 (l/2) 2. P 13 3. A 12 (-10fc), A 13 (-10fc) 4. M 2 ( T5 ^) 5. A 23 (5fc - k 2 ) 



Note that the steps above are not valid if k = 0 or k = 2 (because Step 1 is not valid with k = 0 and Step 
4 is not valid if k = 2). We will discuss those special cases individually in a moment. However if k ^ 0, 2, 
then the steps are valid, and we see from the last row of the last matrix that if k = 1, we have infinitely 
many solutions. Otherwise, if k ^ 0, 1, 2, then the matrix has full rank, and so there is a unique solution to 
the linear system. 

If k — 2, then the last two rows of the original matrix are the same, and so the matrix of coefficients of 
the linear system is not invcrtiblc. Therefore, the linear system must have infinitely many solutions. 
If k = 0, we reduce the original linear system as follows: 



10 


0 


-1 


0 " 




" 1 


0 


-1/10 


0 " 




" 1 


0 


-1/10 


0 " 




" 1 


0 


-1/10 


0 


0 


1 


-1 


0 


1 


0 


1 


-1 


0 


2 


0 


1 


-1 


0 


3 


0 


1 


-1 


0 


2 


1 


-1 


0 




2 


1 


-1 


0 




0 


1 


-4/5 


0 




0 


0 


1/5 


0 



The last matrix has full rank, so there will be a unique solution in this case. 



1. Mi (1/10) 2. A 13 (-2) 3. A 23 (-l) 



To summarize: The linear system has infinitely many solutions if and only if k = 1 or k = 2. Otherwise, 
the system has a unique solution. 



200 



27. To solve this system, we need to reduce the corresponding augmented matrix for the linear system to 
row-echelon form. This gives us 



1 


—k 


k 2 


0 " 




" 1 


-k k 2 


0 " 




" 1 


-k k 2 


0 " 




" 1 


-k k 2 


0 


1 


0 


k 


0 


1 


0 


k k-k 2 


0 


2 


0 


1 -1 


1 


^3 


0 


1 -1 


1 


0 


1 


-1 


1 




0 


1 -1 


1 




0 


k k-k 2 


0 




0 


0 2k -k 2 


—k 



1. Aia(-l) 2. P 23 3. A 23 (-fc) 

Now provided that 2k — k 2 ^ 0, the system can be solved without free variables via back-substitution, and 
therefore, there is a unique solution. Consider now what happens if 2k — k 2 = 0. Then either k = 0 or k = 2. 
If k = 0, then only the first two columns of the last augmented matrix above are pivoted, and we have a free 
variable corresponding to x%. Therefore, there are infinitely many solutions in this case. On the other hand, 
if k = 2, then the last row of the last matrix above reflects an inconsistency in the linear system, and there 
are no solutions. 

To summarize, the system has no solutions if k = 2, a unique solution if k ^ 0 and k ^ 2, and infinitely 
many solutions if k = 0. 

28. No, there are no common points of intersection. A common point of intersection would be indicated by 
a solution to the linear system consisting of the equations of the three planes. However, the corresponding 
augmented matrix can be row-reduced as follows: 



1 


2 


1 


4 " 




" 1 


2 


1 


4 " 




" 1 


2 


1 


4 


0 


1 


-1 


1 


i 


0 


1 


-1 


1 


2 


0 


1 


-1 


1 


1 


3 


0 


0 




0 


1 


-1 


-4 




0 


0 


0 


-5 



The last row of this matrix shows that the linear system is inconsistent, and so there are no points common 
to all three planes. 



1. Aia(-l) 2. A 23 (-l) 



29. 

(a): We have 



4 7 " 


i 


1 7/4 " 


2 


' 1 7/4 




' 1 7/4 " 


-2 5 




-2 5 




0 17/2 




0 1 



1. Mi (1/4) 2. A 12 (2) 3. M 2 (2/17) 



(b) : We have: rank(A) = 2, since the row-echelon form of A in (a) consists two nonzero rows. 

(c) : We have 



4 7 


1 0 " 


i 


1 7/4 


1/4 0 " 


2 


' 1 7/4 


1/4 0 " 


3 


' 1 7/4 


1/4 


0 


-2 5 


0 1 




-2 5 


0 1 




0 17/2 


1/2 1 




0 1 


1/17 


2/17 



1 0 
0 1 



5/34 -7/34 
1/17 2/17 



1. Mi (1/4) 2. A 12 (2) 3. M 2 (2/17) 4. A 2 i(-7/4) 



Thus, 



30. 

(a): We have 



A- 1 



¥ 



¥ 









. 17 


17 






2 


-7 " 


l 


'2 -7 " 


2 


" 1 


-7/2 " 


-4 


14 




0 0 




0 


0 



1. A 12 (2) 2. Mi (1/2) 



(b) : We have: rank(A) = 1, since the row-echelon form of A in (a) has one nonzero row. 

(c) : Since rank(A) < 2, A is not invertible. 
31. 

(a): We have 



3-16 
0 2 3 
3-5 0 



1 -1/3 2 

0 2 3 

1 -5/3 0 



1 -1/3 2 
0 2 3 

0 -4/3 -2 



1 -1/3 2 
0 2 3 
0 0 0 



1 -1/3 
0 1 
0 0 



1. Mi(l/3), M 3 (l/3) 2. Aia(-l) 3. A 23 (2/3) 4. M 2 (l/2) 



(b) : We have: rank(A) = 2, since the row-echelon form of A in (a) consists of two nonzero rows. 

(c) : Since rank(A) < 3, A is not invertible. 
32. 

(a): We have 



2 


1 


0 


0 " 




" 1 


2 


0 


0 " 




" 1 


2 


0 


0 






" 1 


2 


0 


0 


1 


2 


0 


0 


i 


2 


1 


0 


0 


2 


0 


-3 


0 


0 




3 


0 


-3 


0 


0 


0 


0 


3 


4 




0 


0 


3 


4 




0 


0 


3 


4 






0 


0 


1 


-1 


0 


0 


4 


3 




0 


0 


4 


3 




0 


0 


1 


-1 






0 


0 


3 


4 
















1 


2 


0 


0 " 




" 1 


2 


0 


0 " 


















4 




0 


1 


0 


0 


5 


0 


1 


0 


0 
























0 


0 


1 - 


-1 




0 


0 


1 - 


1 
























0 


0 


0 


7 




0 


0 


0 


1 











1. P12 2. A 12 (-2), A 34 (-l) 3. P 34 4. M 2 (-l/3), A 34 (-3) 5. M 4 (l/7) 



(b): We have: rank(A) = 4, since the row-echelon form of A in (a) consists of four nonzero rows. 
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(c): We have 



2 


1 


0 


0 


1 


0 


0 


0 " 




" 1 


2 


0 


0 


0 


1 


0 


0 " 




" 1 


2 


0 


0 


0 


1 


0 


0 


1 


2 


0 


0 


0 


1 


0 


0 


1 


2 


1 


0 


0 


1 


0 


0 


0 


2 


0 


-3 


0 


0 


1 


-2 


0 


0 


0 


0 


3 


4 


0 


0 


1 


0 




0 


0 


3 


4 


0 


0 


1 


0 




0 


0 


3 


4 


0 


0 


1 


0 


0 


0 


4 


3 


0 


0 


0 


1 




0 


0 


4 


3 


0 


0 


0 


1 




0 


0 


1 


-1 


0 


0 


-1 


1 









" 1 


2 


0 0 


0 


1 0 


0 " 




12 0 0 


0 


1 


0 0 " 








3 


0 


-3 


0 0 


1 


-2 0 


0 


4 


0 10 0 


-1/3 


2/3 


0 0 










0 


0 


1 -1 


0 


0 -1 


1 




0 0 1-1 


0 


0 


-1 1 










0 


0 


3 4 


0 


0 1 


0 




0 0 0 7 


0 


0 


4 -3 






" 1 


0 


0 


0 


2/3 - 


-1/3 


0 


0 




"10 0 0 


2/3 


-1/3 


0 


0 




5 


0 


1 


0 


0 


-1/3 


2/3 


0 


0 


6 


0 10 0 


-1/3 


2/3 


0 


0 






0 


0 


1 


-1 


0 


0 


-1 


1 




0 0 10 


0 


0 


-3/7 


4/7 






0 


0 


0 


1 


0 


0 


4/7 - 


-3/7 




0 0 0 1 


0 


0 


4/7 - 


-3/7 




1. 


Pl2 


2. A 


12(" 


2), A 34 (- 


1) 


3. P 34 


4. 


A 


34(- 


-3), M 2 (-l/3) 


5. M 4 (l/7), 


A 2 i(-2) 


6. A 


■43(1) 



Thus, 



A- 1 



2/3 


-1/3 


0 


0 


-1/3 


2/3 


0 


0 


0 


0 


-3/7 


4/7 


0 


0 


4/7 


-3/7 



33. 

(a): We have 



3 


0 


0 " 




" 1 


0 


0 " 




" 1 


0 


0 


0 


2 


-1 


l 


0 


2 


-1 


2 


0 


2 


-1 


1 


-1 


2 




1 


-1 


2 




0 


-1 


2 



1 0 
0 -1 
0 2 



0 0 
-1 2 
0 3 



1 — 1 


0 


0 


0 


1 


-2 


0 


0 


1 — 1 



1. Mi (1/3) 2. A 13 (-l) 3. P 23 4. A 23 (2) 5. M 2 (-l), M 3 (l/3) 



(b) : We have: rank(A) = 3, since the row-echelon form of A in (a) has 3 nonzero rows. 

(c) : We have 



3 


0 


0 


1 


0 


0 " 




" 1 


0 


0 


1/3 


0 


0 " 




" 1 


0 


0 


1/3 


0 


0 


0 


2 


-1 


0 


1 


0 


1 


0 


2 


-1 


0 


1 


0 


2 


0 


2 


-1 


0 


1 


0 


1 


-1 


2 


0 


0 


1 




1 


-1 


2 


0 


0 


1 




0 


-1 


2 


-1/3 


0 


1 



1 0 

0 -1 

0 2 

1 0 0 

0 1 -2 

0 0 1 



0 
2 
-1 

1/3 
1/3 



1/3 0 0 
-1/3 0 1 
0 1 0 



1 0 0 1/3 0 0 
0-12 -1/3 0 1 
0 0 3 -2/3 1 2 



0 


0 


6 


" 1 


0 


0 


1/3 


0 


0 


0 


-1 


0 


1 


0 


-1/9 


2/3 


1/3 


1/3 


2/3 




0 


0 


1 


-2/9 


1/3 


2/3 
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1. Mi(l/3) 2. A 13 (-l) 3. P 23 4. A 23 (2) 5. M 2 (-l), M 3 (l/3) 6. A 32 (2) 



Hence, 



34. 

(a): We have 



A = 



1/3 0 0 
-1/9 2/3 1/3 
-2/9 1/3 2/3 



2 


-3 


1 " 




1 


4 


2 " 




" 1 


4 


2 " 




" 1 


4 


2 " 




" 1 


4 


2 " 


1 


4 


2 


i 


-2 


-3 


1 


2 


0 


5 


5 


3 


0 


5 


5 


4 


0 


1 


1 


0 


5 


3 




0 


5 


3 




0 


5 


3 




0 


0 


-2 




0 


0 


1 



1. P 12 2. A 12 (2) 3. A 23 (-l) 4. M 2 (l/5), M 3 (-l/2) 



(b) : We have: rank(A) = 3, since the row-echelon form of A in (a) consists of 3 nonzero rows. 

(c) : We have 



" -2 


-3 


1 


1 


0 


0 " 




1 


4 


2 


0 


1 


0 " 




" 1 


4 


2 


0 


1 


0 " 


1 


4 


2 


0 


1 


0 


1 


-2 


-3 


1 


1 


0 


0 


2 


0 


5 


5 


1 


2 


0 


0 


5 


3 


0 


0 


1 




0 


5 


3 


0 


0 


1 




0 


5 


3 


0 


0 


1 





" 1 


4 


2 


0 


1 


0 " 




" 1 


4 


2 


0 


1 


0 


3 


0 


5 


5 


1 


2 


0 


4 


0 


1 


1 


1/5 


2/5 


0 




0 


0 


-2 


-1 


-2 


1 




0 


0 


1 


1/2 


1 


-1/2 





" 1 


0 


-2 


-4/5 


-3/5 0 




" 1 


0 


0 


1/5 


7/5 


-1 


5 


0 


1 


1 


1/5 


2/5 0 


6 


0 


1 


0 


-3/10 


-3/5 


1/2 




0 


0 


1 


1/2 


1 -1/2 




0 


0 


1 


1/2 


1 


-1/2 



1. P 12 2. A 12 (2) 3. A 23 (-l) 4. M 2 (l/5), M 3 (-l/2) 5. A 21 (-4) 6. A 31 (2), A 32 (-l) 



Thus, 



1/5 7/5 -1 
-3/10 -3/5 1/2 
1/2 1 -1/2 



35. We use the Gauss- Jordan method to find A x : 



1 


-1 


3 


1 


0 


0 " 




" 1 


-1 


3 


1 


0 


0 " 




1—1 


-1 


3 


1 


0 


0 


4 


-3 


13 


0 


1 


0 


1 


0 


1 


1 


-4 


1 


0 


2 


0 


1 


1 


-4 


1 


0 


1 


1 


4 


0 


0 


1 




0 


2 


1 


-1 


0 


1 




0 


0 


-1 


7 


-2 


1 





' 1 


-1 


3 


1 


0 


0 " 




" 1 


0 


4 


-3 


1 


0 " 




" l 


0 


0 


25 


-7 


4 


3 


0 


1 


1 


-4 


1 


0 


4 


0 


1 


1 


-4 


1 


0 


5 


0 


1 


0 


3 


-1 


1 




0 


0 


1 


-7 


2 


-1 




0 


0 


1 


-7 


2 


-1 




0 


0 


1 


-7 


2 


-1 



1. A 12 (-4), Ais(-l) 2. A 23 (-2) 3. M 3 (-l) 4. A 21 (l) 5. A 31 (-4), A 32 (-l) 
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Thus, 

Now x, = A^ei for each i. So 
xi = A _1 ei = 

36. We have Xj = A^hi, where 
Therefore, 

1 1 39 



25 -7 
3 -1 



4 
1 



-7 2 -1 



25 
3 
-7 



x 2 = A 1 e 2 



-7 
-1 
2 



x 3 = A 1 e 3 = 



A- 1 



1 

39 



1 

39 



" -12 " 


1 


' 12 " 


1 


' 4 " 


-3 


~ 39 


3 


~ 13 


1 



x 2 = A l h 2 = -- 



1 


' -2 


-5 " 




' 4 " 


1 


' -23 " 


1 


' 23 " 


39 


-7 


2 




3 


~39 


-22 


" 39 


22 



and 



x 3 = i4- 1 b 3 = -- 



1 


' -2 


-5 " 




' -2 " 


1 


' -21 " 


1 


21 " 


1 


7 " 


39 


-7 


2 




5 


~39 


24 


~ 39 


-24 


~ 13 


-8 



37. 

(a) : We have 
and 

Therefore, 

(b) : We have 
as required. 



(A~ 1 B)(B~ 1 A) = A- 1 {BB~ 1 )A = A- x I n A = A- 1 A = I n 
(B- 1 A)(A- 1 B) = B~ 1 (AA~ 1 )B = B _1 7„B = B~ l B = I n . 
(B~ 1 A)~ 1 = A- X B. 

(A^B)- 1 = B-^A- 1 )- 1 = B~ X A, 



38. We prove this by induction on k. 

If k = 0, then A k = A 0 = I n and S- 1 D°S = S^InS = S^S = I n . Thus, A k = S~ 1 D k S when k = 0. 
Now assume that A k ~ x = S^D^S. We wish to show that A k = S- 1 D k S. We have 

A k = AA k-i = ^- 1 DS)(S- 1 D k - 1 S) = S^DiSS-^D^S = S^D^D^S = S^DD^S = S- 1 D k S, 

as required. 

39. 



(a): We reduce A to the identity matrix: 



4 7 
-2 5 



± 4 

-2 5 



7 



l 



7 
4 

0 1 



1 0 
0 1 



205 



1. Mx(i) 2. A 12 (2) 3. M 2 (£) 4. A 21 (-|) 



The elementary matrices corresponding to these row operations are 



Ei 



0 1 



1 0 

2 1 



E3 



We have E i E 3 E 2 E 1 A = I 2 , so that 

A = E[ 1 E 2 ~ 1 E^ 1 E 4 ; 1 



I 0 

-2 1 



0 

_2_ 
17 



#4 



0 

17 

2 



which is the desired expression since E i 1 is an elementary matrix for each i. 

(b): We can reduce A to upper triangular form by the following elementary row operation: 



4 


7 " 


1 


' 4 


7 


-2 


5 




0 


17 
2 . 



1. A 12 m 



Therefore we have the multiplier m i2 = —\- Hence, setting 

1 0 



L = 



\ 1 



and U = 



7 

17 

2 



we have the LU factorization A = LU, which can be easily verified by direct multiplication. 
40. 



(a): We reduce A to the identity matrix: 



2 10 0 

12 0 0 

0 0 3 4 

0 0 4 3 



12 0 0 

2 10 0 

0 0 3 4 

0 0 4 3 



1 2 0 0 
0-300 

0 0 3 4 

0 0 4 3 



12 0 0 

0 10 0 

0 0 3 4 

0 0 4 3 



10 0 0 

0 10 0 

0 0 3 4 

0 0 4 3 



10 0 0 
0 10 0 
0 0 1^ 



0 0 4 



1 0 0 

0 1 0 

0 0 1 

0 0 0 



0 
0 

4 

! 

3 j 



1000 
0100 
0 0 1 I 



000 



1000 
0100 
0010 
0001 



1. P 12 2. A 12 (-2) 3. M 2 (-§) 4. A 21 (-2) 5. M 3 (|) 
6. A 34 (-4) 7. M 4 (-f) 8. A43H) 



The elementary matrices corresponding to these row operations are 



Ex 



0 10 0 
10 0 0 
0 0 10 
0 0 0 1 



Eo — 



10 0 0 
-2100 
0 0 10 
0 0 0 1 



E« = 



0 0 0 

i 0 0 

0 1 0 

0 0 1 



E 4 = 



-2 0 0 

1 0 0 

0 1 0 

0 0 1 
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E* = 



10 0 0 
0 10 0 



0 0 



0 0 0 1 



Ek — 



1 0 

0 1 

0 0 

0 0 



0 0 

0 0 

1 0 

-4 1 



E 7 



1 


0 


0 


0 " 


0 


1 


0 


0 


0 


0 


1 


0 


0 


0 


0 


3 
7 



Ea — 



1 0 0 

0 1 0 

0 0 1 

0 0 0 



Wc have 



so that 



EqE^E^E^E^E^EiExAl — 1 4 



A = E^E^ 


1 ^r 1 


E l 


E 5 E 6 E 7 




1 
































" 0 1 


0 


0 " 




"10 0 


0 " 






1 


0 


0 


0 " 




" 1 


2 


0 


0 












1 0 


0 


0 




2 1 0 


0 






0 


-3 


0 


0 




0 


1 


0 


0 












0 0 


1 


0 




0 0 1 


0 






0 


0 


1 


0 




0 


0 


1 


0 












0 0 


0 


1 




0 0 0 


1 






0 


0 


0 


1 




0 


0 


0 


1 
















" 1 


0 0 0 " 


" 1 


0 


0 


0 " 




" 1 


0 


0 




0 " 






1 


0 


0 


0 " 








0 


1 0 0 


0 




1 


0 


0 




0 


1 


0 




0 






0 


1 


0 


0 








0 


0 3 0 


0 




0 


1 


0 




0 


0 


1 




0 






0 


0 


1 


4 
3 








0 


0 0 1 


0 


0 


4 


1 




0 


0 


0 




7 

3 . 






0 


0 


0 


1 



which is the desired expression since E i is an elementary matrix for each i. 

(b): We can reduce A to upper triangular form by the following elementary row operations: 

2 10 0 



2 10 0 

12 0 0 

0 0 3 4 

0 0 4 3 



0 | 0 0 
0 0 3 4 
0 0 4 3 



2 1 0 

0 | 0 

0 0 3 

0 0 0 



0 
0 

4 

7 

3 



1. A 12 (-i) 2. A 34 (-|) 



Therefore, the nonzero multipliers are 77142 = \ and 777,34 = |. Hence, setting 



1 

1 
2 

0 0 



0 0 0 

1 0 0 
1 0 

1 



0 0 I 



and U - 



2 1 0 

0 § 0 

0 0 3 

0 0 0 



we have the LU factorization A = LU, which can be easily verified by direct multiplication. 
41. 

(a): We reduce A to the identity matrix: 



3 


0 


0 " 




l—i 


1 


2 


0 


2 


-1 


1 


0 


2 


-1 


1 


-1 


2 




3 


0 


0 



1 -1 2 
0 2-1 
0 3-6 



1 -1 
0 1 
0 



2 
1 

2 

3 -6 



1 -1 
0 1 
0 0 





" 1 


-1 


2 " 




" 1 


0 


3 " 




" 1 


0 


0 " 




" 1 


0 


0 " 


5 


0 


1 


1 

2 


6 


0 


1 


2 
1 

2 


7 


0 


1 


1 

2 


ft 


0 


1 


0 




0 


0 


1 




0 


0 


1 




0 


0 


1 




0 


0 


1 



1. P 13 2. A 13 (-3) 3. M 2 (|) 4. A 23 (-3) 5. M 3 (-|) 
6. A 21 (l) 7. A 3 i(-|) 8. A 32 (|) 



The elementary matrices corresponding to these row operations are 





" 0 


0 


1 " 




1 


0 


0 " 




' 1 


0 


0 " 




' 1 


0 


0 


Si = 


0 


1 


0 


i Ei — 


0 


1 


0 


I E3 — 


0 


1 

2 


0 


, E4 — 


0 


1 


0 




1 


0 


0 




-3 


0 


1 




0 


0 


1 




0 


-3 


1 




' 1 


0 


0 " 




" 1 


1 


0 " 




" 1 


0 


3 

9 






" 1 


0 


0 


E 5 = 


0 


1 


0 




0 


1 


0 


, E 7 = 


0 


1 


0 


, E$ — 


0 


1 


1 

2 




0 


0 


2 
9 






0 


0 


1 




0 


0 


1 




0 


0 


1 



We have 



so that 



E^E-jE^E^E^E^EiE-^A — / 3 



A = E l 1 E 2 1 E 3 1 E 4 1 E b 1 E e 1 E 7 1 E S 1 



0 0 



1 

0 

3 

1 0 
0 1 
0 0 



0 0 

1 0 
0 1 

0 
0 

9 
2 



1 0 0 
0 2 0 
0 0 1 



0 0 

1 0 
3 1 



-1 0 
1 0 
0 1 



1 — 1 


0 


3 " 

2 




" 1 


0 


0 " 


0 


1 


0 




0 


1 


1 

2 


0 


0 


1 




0 


0 


1 



which is the desired expression since E i 1 is an elementary matrix for each i. 

(b): We can reduce A to upper triangular form by the following elementary row operations: 



0 

-1 
2 



3 0 
0 2 
0 0 



1. A 13 (-|) 2. A 23 (|) 



Therefore, the nonzero multipliers are mi 3 = i and m 23 = — h. Hence, setting 



L = 



0 0 

1 0 

-5 1 



and U = 



3 0 
0 2 
0 0 



we have the LU factorization A = LU, which can be verified by direct multiplication. 
42. 

(a): We reduce A to the identity matrix: 



2 


-3 


1 " 




1 


4 


2 " 




" 1 


4 


2 " 


3 


" 1 


4 


2 " 




" 1 


4 




1 


4 


2 


1 


-2 


-3 


1 


2 


0 


5 


5 


0 


5 


5 


4 


0 


1 




0 


5 


3 




0 


5 


3 




0 


5 


-3 




0 


1 


-8 




0 


5 




" 1 


4 


2 " 




" 1 


4 


2 " 




" 1 


0 


34 " 




" 1 


0 


34 " 




" 1 


0 


0 


0 


1 


-8 


6 


0 


1 


-8 


7 


0 


1 


-8 


8 


0 


1 


0 


9 


0 


1 


0 


0 


0 


45 




0 


0 


1 




0 


0 


1 




0 


0 


1 




0 


0 


1 
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1. Pia 2. A 12 (2) 3. A 23 (-l) 4. P 23 5. A 23 (-5) 
6. M 3 (^) 7. A 21 (-4) 8. A 32 (8) 9. A 3 i(-34) 



The elementary matrices corresponding to these row operations are 





" 0 


1 


0 " 




' 1 


0 


0 " 




' 1 


0 


0 " 


Ei = 


1 


0 


0 


, E 2 = 


2 


1 


0 


i E3 — 


0 


1 


0 




0 


0 


1 




0 


0 


1 




0 


-1 


1 




" 1 


0 


0 " 




1 


0 


0 " 




" 1 


0 


0 


E 4 = 


0 


0 


1 


! E 5 = 


0 


1 


0 


! E 6 — 


0 


1 


0 




0 


1 


0 




0 


-5 


1 




0 


0 


1 

45 




' 1 


-4 


0 




" 1 


0 


0 " 




" 1 


0 


-34 


E 7 = 


0 


1 


0 


, E s = 


0 


1 


8 


, E 9 — 


0 


1 


0 




0 


0 


1 




0 


0 


1 




0 


0 


1 



We have 



so that 



EgEgE f jEQE^ ) E4E^E2EiA - 



0 1 0 

1 0 0 
0 0 1 



^5- 


X" 




Eg Eg 


1 










0 


0 " 


' 1 0 


0 " 




" 1 


0 


0 " 


-2 


1 


0 


0 1 


0 




0 


0 


1 


0 


0 


1 


0 1 


1 




0 


1 


0 



1 


0 


0 " 




" 1 


0 


0 




" 1 


4 


0 " 




" 1 


0 


0 " 




" 1 


0 


34 " 


0 


1 


0 




0 


1 


0 




0 


1 


0 




0 


1 


-8 




0 


1 


0 


0 


5 


1 




0 


0 


45 




0 


0 


1 




0 


0 


1 




0 


0 


1 



which is the desired expression since E i 1 is an elementary matrix for each i. 

(b): We can reduce A to upper triangular form by the following elementary row operations: 



-3 1 

4 2 

5 3 



-3 1 

5 5 

2 2 

5 3 



Therefore, the nonzero multipliers are m 12 — — \ and m 23 = 2. Hence, setting 



1 0 0 

\ 1 0 
0 2 1 



and U 



we have the LU factorization A = LU, which can be verified by direct multiplication. 
43. 

(a): Note that 

{A+Bf = (A+B) 2 (A+B) = (A 2 +AB+BA+B 2 )(A+B) = A 3 +ABA+BA 2 +B 2 A+A 2 B+AB 2 +BAB+B 3 . 
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(b) : We have 

(A—B) 3 = (A-B) 2 (A-B) = (A 2 -AB-BA+B 2 )(A-B) = A 3 -ABA-BA 2 +B 2 A-A 2 B+AB 2 +BAB-B 3 . 

(c) : The answer is 2 fc , because each term in the expansion of (A + B) k consists of a string of k matrices, 
each of which is either A or B (2 possibilities for each matrix in the string). Multiplying the possibilities 
for each position in the string of length k, we get 2 k different strings, and hence 2 k different terms in the 
expansion of (A + B) k . 



44. We claim that 



To see this, simply note that 



A 0 
0 B- 1 



and 



A 0 

0 B- 1 

A- 1 0 
0 B 



A- 1 0 
0 B 



A 0 
0 B- 1 



A- 1 0 
0 B 



In 0 
0 Ira 



In 0 
0 Ira 



= 1, 



n+ra 



L n+m • 



45. For a 2 x 4 matrix, the leading ones can occur in 6 different positions: 



1 * * * 
0 1 * * 



1 * * * 
0 0 1 * 



1 * * * 
0 0 0 1 



0 1 * * 
0 0 1 * 



0 1 * * 
0 0 0 1 



0 0 1 * 
0 0 0 1 



For a 3 x 4 matrix, the leading ones can occur in 4 different positions: 











" 1 


* 


* 


* 




" 1 


* 


* 


* 




" 1 


* 


* 


* 














0 


1 


* 


* 




0 


1 


* 


* 


5 


0 


0 


1 


* 














0 


0 


1 


* 




0 


0 


0 


1 




0 


0 


0 


1 






r a 4 x 6 matrix, 


the leading 


; ones 


can occur in 15 different positions: 


1 


* 


* 


* 


* 


* 




" 1 


* 


* 


* 


* 


* 




" 1 


* 


* 


* 


* 


* 


0 


1 


* 


* 


* 


* 




0 


1 


* 


* 


* 


* 




0 


1 


* 


* 


* 


* 


0 


0 


1 


* 


* 


* 




0 


0 


1 


* 


* 


* 


) 


0 


0 


1 


* 


* 


* 


0 


0 


0 


1 


* 


* 




0 


0 


0 


0 


1 


* 




0 


0 


0 


0 


0 


1 


1 


* 


* 


* 


* 


* 




" 1 


* 


* 


* 


* 


* 




" 1 


* 


* 


* 


* 


* 


0 


1 


* 


* 


* 


* 




0 


1 


* 


* 


* 


* 




0 


0 


1 


* 


* 


* 


0 


0 


0 


1 


* 


* 


1 


0 


0 


0 


0 


1 


* 


) 


0 


0 


0 


1 


* 


* 


0 


0 


0 


0 


0 


1 




0 


0 


0 


0 


0 


1 




0 


0 


0 


0 


1 


* 


1 


* 


* 


* 


* 


* 




" 1 


* 


* 


* 


* 


* 




" 0 


1 


* 


* 


* 


* 


0 


0 


1 


* 


* 


* 




0 


0 


0 


1 


* 


* 




0 


0 


1 


* 


* 


* 


0 


0 


0 


0 


1 


* 




0 


0 


0 


0 


1 


* 


) 


0 


0 


0 


1 


* 


* 


0 


0 


0 


0 


0 


1 




0 


0 


0 


0 


0 


1 




0 


0 


0 


0 


1 


* 



0 1 * 
0 0 1 
0 0 0 



1 


* 


* 


* 


* 


0 


1 


* 


* 


* 


0 


0 


0 


1 


* 


0 


0 


0 


0 


1 


1 


* 


* 


* 


* 


0 


0 


1 


* 


* 


0 


0 


0 


1 


* 


0 


0 


0 


0 


0 


0 


1 


* 


* 


* 


0 


0 


1 


* 


* 


0 


0 


0 


1 


* 


0 


0 


0 


0 


0 
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0 1 * * * * 

0 0 1 * * * 

0 0 0 0 1 * 

0 0 0 0 0 1 



0 1 * * * * 

0 0 0 1 * * 

0 0 0 0 1 * 

0 0 0 0 0 1 



0 0 1 * * 

0 0 0 1 * 

0 0 0 0 1 

0 0 0 0 0 



For an m x n matrix with m < n, the answer is the binomial coefficient 



C(n, to) 



n 
to 



m!(n — m)\ 



This represents n "choose" to, which is the number of ways to choose to columns from the n columns of the 
matrix in which to put the leading ones. This choice then determines the structure of the matrix. 

46. The inverse of A w is B 5 . To see this, we use the fact that 



A B = h 



BA 



as follows: 



and 



A w B 5 = A 8( A 2 B ) B 4 = A 8 I n B 4 = A S B 4 = A 6 (A 2 B)B 3 = A 6 I n B 3 

= A 6 B 3 = A 4 (A 2 B)B 2 = A 4 I n B 2 = A 4 B 2 = A 2 (A 2 B)B = A 2 I n B = A 2 B = I n 

B 5 A w = B 4( BA 2) A 8 = B 4 I n A 8 = B 4 A 8 = B 3 (BA 2 )A 6 = B 3 I n A 6 

= B 3 A 6 = B 2 (BA 2 )A 4 = B 2 I n A 4 = B 2 A 4 = B(BA 2 )A 2 = BI n A 2 = BA 2 = I n . 



Solutions to Section 3.1 



True-False Review: 



1. TRUE. Let A 



a 0 
b c 



. Then 

det(A) = ac — bO = ac, 
which is the product of the elements on the main diagonal of A. 

a b c 
Ode 
0 0 / 



2. TRUE. Let A 



Using the schematic of Figure 3.1.1, we have 



det(A) = adf + beO + cOO - Ode - Oea - fOb = adf, 
which is the product of the elements on the main diagonal of A. 

3. FALSE. The volume of this parallelepiped is determined by the absolute value of det(A), since det(^4) 
could very well be negative. 

4. TRUE. There are 12 of each. The ones of even parity are (1,2,3,4), (1,3,4,2), (1,4,2,3), (2,1,4,3), 
(2,4,3,1), (2,3,1,4), (3,1,2,4), (3,2,4,1), (3,4,1,2), (4,1,3,2), (4,2,1,3), (4,3,2,1), and the others are all 
of odd parity. 

" 0 0 



5. FALSE. Many examples are possible here. If we take A 
det(.B) = 0, but A + B = I 2 , and det(J 2 ) = 1^0. 



1 0 
0 0 



and B 



0 1 



, then det(A) 



211 



6. FALSE. Many examples are possible here. If we take A = 
1-4 — 2-3 = — 2 <0, even though all elements of A are positive. 



1 2 

3 4 



for example, then det(A) = 



7. TRUE. In the summation that defines the determinant, each term in the sum is a product consisting 
of one element from each row and each column of the matrix. But that means one of the factors in each 
term will be zero, since it must come from the row containing all zeros. Hence, each term is zero, and the 
summation is zero. 

8. TRUE. If the determinant of the 3x3 matrix [vi,V2,V3] is zero, then the volume of the parallelepiped 
determined by the three vectors is zero, and this means precisely that the three vectors all lie in the same 
plane. 

Problems: 

1. ct(2, 1,3,4) = (-1)^(2,1,3,4) = = _ 1} odd 

2. ct(1,3,2,4) = (-1)^(1,3,2,4) = = _ 1} odd 

3. ct(1,4,3,5,2) = (-1)^(1,4,3,5,2) = (_ X )4 = 1; cycn 

4. a(5, 4, 3, 2, 1) = (-1)^(5,4,3,2,1) = ^^10 = ^ even 

5. a(l,5,2,4,3) = (-1)^(1,5,2,4,3) = (_ 1)4 = 1; cyen 

6. a(2,4,6,l,3,5) = (-1)^(2,4,6,1,3,5) = (_ 1)6 = 1; cvcn 



7. det(A) = 

8. det(A) = 

9. det(A) = 

10. det(A) = 

11. det(A) : 

12. det(A) : 

13. det(A) - 

14. det(A) 



an ai2 

0-21 d22 



10 



cr(l, 2)aiia 22 + (7(2, l)ai 2 a 2 i = a n a 2 2 - a 12 a 2 i- 
= 1 - 3 - (-1)2 = 5. 
= 2(-3) - (-1)6 = 0. 

-4-8- 10(-1) = -22. 



-1 0 
3 6 
2 -1 

1 5 

2 3 
5 1 



1 • 3(-l) + (-1)6 - 0 + 0- 2- 2- 0- 3- 0- 6- 2-1- (-1)(-1)2 = -17. 



2-2-l + l- 3- 9 + 5- 4- 5- 5- 2- 9- 3- 5- 2- l- l- 4 = 7. 



1 2 3 

0 5 6 

0 0 8 

0 0 0 



2 
1 

-7 

4 
7 
9 
10 



= 0(-4)(-7) + 0 • 1(-1) + 2 • 0 • 5 - 2(-4)(-l) - 1 • 5 • 0 - (-7)0 ■ 0 = -i 



400, since of the 24 terms in the expression (3.1.3) for the determinant, 



only the term ct(1, 2, 3, 4)ana22a33044 — 400 contains all nonzero entries. 
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15. det(A) = 



—60, since of the 24 terms in the expression (3.1.3) for the determinant, 



0 0 2 0 
5 0 0 0 
0 0 0 3 
0 2 0 0 

only the term 17(3,1,4,2)013021034042 contains all nonzero entries, and since cr(3, 1,4,2) = —1, we obtain 
cr(3, 1,4,2)013021034042 = (-1) - 2- 5-3- 2 = -60. 

! 27r 2 -\/27r 2 = (2-\/2)7r 2 . 



16 



7T 7T 

y/2 2tt 



17. 



18. 



2 3-1 
1 4 1 

3 1 6 

3 2 6 
2 1 -1 
-1 1 4 





2 3 


6 




19. 


0 1 


2 


= (2)(1)( 




1 5 


0 
















e 2 




20. 




1/3 


0 2001 




7T 




7T 3 


(- 3 ) 


'V67)(e 2 ) R 


i 9601.882 




e 2t 


e 3t 


e- 4t 


21. 


2e 2t 


3e 3 * -4e- 4t 




4e 2t 


9e 3 


16e- 4t 


(9e 3t 


)(-4e" 


-4 t)( 


3 2 *) - (16e 



(2)(4)(6) + (3)(1)(3) + (-1)(1)(1) - (3)(4)(-l) - (1)(1)(2) - (6)(1)(3) = 48. 
= (3)(1)(4) + (2)(-l)(-l) + (6)(2)(1) - (-1)(1)(6) - (1)(-1)(3) - (4)(2)(2) = 19. 
;2)(1)(0) + (3)(2)(1) + (6)(0)(5) - (1)(1)(6) - (5)(2)(2) - (0)(0)(3) = -20. 

(^)(l/30)(^)+( e 2 )(2001)W+( e - 1 )(^)(7r 2 )-( 7 r)(l/30)( e - 1 )-(^ 2 )(2001)(^)- 



= (e 2 *)(3e 3t )(16e- 4t )+(e 3 *)(-4e- 4t )(4e 2t )+(e- 4t )(2e 2t )(9e 3t )-(4e 2 *)(3e 3t )(e- 4t )- 



22. 

Hi - 2/i + 4yi - 4j/i = 8 sin 2x + 4 cos 2x - 8 sin 2x - 4 cos 2x = 0, 
2/2" - y'2 + 4 2/ 2 - 4j/2 = -8 cos 2x + 4 sin 2x + 8 cos 2x - 4 sin 2x = 0, 
2/3" - 2/3 + 42/ 3 - 4y 3 = e x -e x + 4e x -4e x = 0. 



yi j/2 2/3 
2/1 2/2 2/3 
y'i y'2 y's 



cos 2a; sin 2x e x 
-2 sin 2x 2 cos 2a; 
-4 cos 2x —4 sin 2x e x 



2e x cos 2 2a; — Ae x sin 2a; cos 2x + 8e x sin 2a: + 8e x cos 2 2a; + Ae x sin 2x cos 2x + 2e x sin 2a; = 10e x . 



23. 

(a): 



2/i" - 2/i - 2/i + 2/i = e K - e* - e* + e x = 0, 

y'2' ~ y'2 ~ 2/2 + 2/2 = sinh a; — cosh a; — sinh x + cosh a; = 0, 

2/3" — 2/3 — 2/3 + 2/3 = cosh ^ — smn x — cosh x + smn a; = 0. 



2/i 2/2 2/3 
2/i 2/2 2/3 
2/i 2/2 2/3 



e 21 cosh x sinh a; 
e 1 " sinh x cosh a; 
e x cosh x sinh a; 
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= e x sinh 2 x + e x cosh 2 x + e x sinh x cosh x — e x sinh 2 x — e x cosh 2 x — e x sinh x cosh x = 0. 
(b): The formulas we need are 



cosh x = 



and sinh x = 



Adding the two equations, we find that cosh a; + sinha: = e x , so that —e x + cosh a; + sinha; — 0. Therefore, 
we may take d\ = —1, d 2 = 1, and d 3 = 1. 



24. 

(a) : S 4 

(1,2,3, 
(1,3,2, 
(1,4,2, 
(2,1,3, 
(2,3,1, 
(2,4,1, 
(3,1,2, 
(3,2,1, 
(3,4,1, 
(4,1,2, 
(4,2,1, 
(4,3,1, 

(b) : 
N(l,2, 
N(l,3, 
MM, 
MM, 
N(2,3, 
MM, 
N(3,l, 
7V(3,2, 

MM, 
JV(4,1, 
AT(4,2, 
JV(4,3, 

(c) : 
det(A) 



{1,2, 



3,4 
2,4 
2,3 
3,4 
1,4 
1 
2 
1 
1 
2 
1 
1 



3,4} 

1,2,4,3 

1,3,4,2 

1,4,3,2 

2,1,4,3 

2,3,4,1 

2,4,3,1 

3,1,4,2 

3,2,4,1 

3,4,2,1 

4,1,3,2 

4,2,3,1 

4,3,2,1 



= o, 


cr(l,2,3,4) 


= 1, even; 


Ml. 2, 4,3) 


= 1, 


(7 


(1,2,4,3) 


= — 1, odd; 


= 1, 


er(l,3,2,4) 


= —1, odd; 


MM, 4,2) 


= 2, 


a 


(1,3,4,2) 


= 1, even; 


= 2, 


a(l, 4,2,3) 


= l,even; 


Ml. 4,3, 2) 


= 3, 


a 


(1,4,3,2) 


= —1, odd; 


= 1, 


<j(2, 1,3,4) 


= —1, odd; 


M2, 1,4,3) 


= 2, 


a 


(2,1,4,3) 


= 1, even; 


-2, 


a(2,3,l,4) 


= 1, even; 


M2,3,4,l) 


-3, 


a 


(2,3,4,1) 


= —1, odd; 


= 3, 


a(2,4,l,3) 


= —1, odd; 


MM, 3,1) 


= 4, 


a 


(2,4,3,1) 


= 1, even; 


= 2, 


cr(3, 1,2,4) 


= 1, even; 


N(3, 1,4,2) 


= 3, 


a 


(3,1,4,2) 


= —1, odd; 


= 3, 


a(3,2,l,4) 


= —1, odd; 


M3,2,4,l) 


= 4, 


a 


(3,2,4,1) 


= 1, even; 


= 4, 


a(3,4,l,2) 


= 1, even; 


MM, 2,1) 


= 5, 


a 


(3,4,2,1) 


= — 1, odd; 


= 3, 


a(4, 1,2,3) 


= —1, odd; 


M4,l,3,2) 


= 4, 


a 


(4,1,3,2) 


= 1, even; 


= 4, 


a(4,2,l,3) 


= 1, even; 


M4,2,3,l) 


= 5, 


a 


;4,2,3,1) 


= —1, odd; 


= 5, 


a(4,3,l,2) 


= —1, odd; 


M4,3,2,l) 


= 6, 


a 


(4,3,2,1) 


= 1, even. 



&llCt22«33 a 44 — a ll a 22«34fl43 — 011023032044 + 011023034042 
+ £111024032043 — 011024033042 — 012021033044 + 012021034043 
+ 012023031044 — 012023034041 — 012024031043 + 012024033041 
+ 013021032044 — 013021034042 — 013022031044 + 013022034041 
+ 013024031042 — 013024032041 — 014021032043 + 014021033042 
+ 014022031043 — 014022033041 — 014023031042 + 014023032041 
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25. 



det(A) 





1 


-1 


0 1 


















3 


0 


2 5 


















2 
9 


1 

-1 


0 3 
2 1 
















= 1-0 


0 • 1 


-1-0 


•2-3 


-1-1 


•2 


• 1 + 1-1 


• 2 


• 5 + 1(— 1)2 • 3 


- 1(-1)0 • 5 




-3(- 


-1)0- 


l + 3( 


-1)2 


3 + 3 


1 • 


0-1-3 


1 • 


2 • 1 - 3(-l)0 


3 + 1(-1)0 • 1 


+2(- 


-1)2- 


l-2( 


-1)2 


5-2 


0 


0-1 + 2 


0 


2-l + 2(-l)0 


5-2(-l)2- 1 




-9(- 


-1)2- 


3 + 9( 


-1)0 


5 + 9 


0- 


0-3-9 


0- 


0-1-9-1-0- 


5 + 9 • 1 • 2 • 1 


= 70. 





















26. 



det(A) = 



1 1 
3 1 

2 3 
-2 3 



0 1 

-2 3 

1 2 
5 -2 



1 • 1 • l(-2) - 1 • 1 • 5 • 2 - 1 • 3(-2)(-2) + 1 • 3 • 5 • 3 + 1 • 3(-2)2 - 1 • 3 • 1 • 3 
-3 • 1 • l(-2) + 3-1-5-2 + 3- 3- 0(-2) - 3- 3- 5-1-3-3-0-2 + 3- 3-1-1 
+2 • l(-2)(-2) - 2-1-5-3-2-1- 0(-2) + 2-1-5-1 + 2- 3- 0- 3- 2- 3(-2)l 
-(-2)l(-2)2 + (-2)1 • 1 • 3 + (-2)1 • 0 • 2 - (-2) • 1 • 1 • 1 - (-2)3 • 0 • 3 + (-2)3(-2)l 
0. 



det(A) = 



27. 

0 12 3 

2 0 3 4 

3 4 0 5 

4 5 6 0 

= 0-0-0-0-0-0-6-5-0-4-3-0 + 0-4-6-4 + 0-5-3-5-0-5-0-4 
-2-1-0-0 + 2-1-6-5 + 2- 4- 2- 0- 2- 4- 6- 3- 2- 5- 2- 5 + 2- 5- 0- 3 
+3-1-3-0-3-1-6-4-3-0-2-0 + 3- 0- 6- 3 + 3- 5- 2- 4- 3- 5- 3- 3 
-4-1-3-5 + 4-1-0-4 + 4- 0- 2- 5- 4- 0- 0- 3- 4- 4- 2- 4 + 4- 4- 3- 3 

= -315. 

28. In evaluating det(A) with the expression (3.1.3), observe that the only nonzero terms in the summation 
occur when p 5 = 5. Such terms include the factor a 55 = 7, which is multiplied by each corresponding term 
from the 4x4 determinant calculated in Problem 27. Therefore, by factoring 055 out of the expression for 
the determinant, we are left with the determinant of the corresponding 4x4 matrix appearing in Problem 
27. Therefore, the answer here is 7 • (-315) = -2205. 

29. 

(a): 



det(cA) = 



can cai2 
ca 2 i ca 22 
,2 „ „ 2 



= (ca 11 )(ca 22 ) - (ca 12 )(ca 2 i) 



= c ax\a 22 - c a i2 a 2 i = c (ana 22 - a\ 2 a 2 \) = c det(A). 
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(b): 

det(cA) = ^2<T(pi,P2,P3,---,Pn)ca 1 p 1 ca 2 p 2 ca 3p3 ---ca nPn 

= c n ^2a(p 1 ,p 2 ,p 3 , . . . ,p n )ai Pl a 2p2 a Sp3 ■ ■ ■ a nPn 

= c n det(A), 



where each summation above runs over all permutations a of {1, 2, 3, . . . , n}. 

30. 011025033042054. All row and column indices are distinct, so this is a term of an order 5 determinant. 
Further, N(l, 5, 3, 2, 4) = 4, so that a(l, 5, 3, 2, 4) = (-1) 4 = +1. 

31. 011023034043052- This is not a possible term of an order 5 determinant, since the column indices are not 
distinct. 

32. 013025031044042- This is not a possible term of an order 5 determinant, since the row indices are not 
distinct. 

33. 011032024043055. This is a possible term of an order 5 determinant. 
iV(l,4,2,3,5) = 2 =► CT (1,4,2,3,5) = (-1) 2 = +1. 

34. Oi3ap4032 02 (? = 0i3a2 9 a320p4. We must choose p = 4 and q = 1 in order for the row and column indices 
to be distinct. JV(3, 1, 2, 4) = 2 so that er(3, 1,2,4) = (-1) 2 = +1. 

35. a2i03 g a P 2043 = Op202ia3 g a43. We must choose p — 1 and q = 4. 
AT(2,1,4,3) = 2 and cr(2,l,4,3) = (-1) 2 = +1. 

36. 03 g ap40i3042. We must choose p = 2 and q = 1. 
iV(3, 4, 1, 2) = 4 and <t(3, 4, 1, 2) = (-1) 4 = +1. 

37. Op 9 a34ai 3 a42. We must choose p = 2 and q=l. 
N(3, 1,4,2) = 3 and <t(3, 1,4,2) = (-1) 3 = -1. 

38. 

(a) : 6i23 = 1, e 132 = — 1, £213 = — 1) £ 231 = lj e 312 = 1, ^321 = — 1- 

3 3 3 

(b) : Consider eijkdiiO-2jQ-3k- The only nonzero terms arise when i, j, and k are distinct. Conse- 

i=i j=i fe=i 

quently, 

3 3 3 

^ijkO'UO'2jO'3k = £123011022033 + 6132011023032 + 6213012021033 

i=l j=l k=l 

+6231O12O23O31 + 6312013021032 + 6321013022031 
= 011022033 + 012023031 + 013021032 — 011023032 — 012021033 — 013022031 

= det(A). 
39. From the given term, we have 

N(n, n-l,n-2,...,l) = l + 2 + 3 + -- - + (n-l)= 1 ' , 

because the series of (n— 1) terms is just an arithmetic scries which has a first term of one, common difference 
of one, and last term (n- 1). Thus, a(n, n - 1, n - 2, . . . , 1) = (-l)"^" 1 )/ 2 . 
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Solutions to Section 3.2 



True- False Review: 

1. FALSE. The determinant of the matrix will increase by a factor of 2". For instance, if A = I2, then 

2 0 1 

4, so the determinant in this case increases by a factor of 



0 2 



det (A) = 1. However, det(2A) = det 
four. 

2. TRUE. In both cases, the determinant of the matrix is multiplied by a factor of c. 

3. TRUE. This follows by repeated application of Property (P8): 

det(A 5 ) = dct(AAAAA) = (det A) (det A) (det A) (det A) (det A) = (detA) 5 . 



4. TRUE. Since det(A 2 ) = (detA) 2 and since det (A) is a real number, det(A 2 ) must be nonnegative. 

5. FALSE. The matrix is not invertible if and only if its determinant, x 2 y — xy 2 = xy(x — y), is zero. For 
example, if x — y — 1 , the matrix is not invertible since x = y; however, neither x nor y is zero in this case. 
We conclude that the statement is false. 



6. TRUE. We have 



det(AB) = (detA)(detB) = (detB) (detA) = det(BA). 



Problems: 

From this point on, P2 will denote an application of the property of determinants that states that if every 
element in any row (column) of a matrix A is multiplied by a number c, then the determinant of the resulting 
matrix is cdet(A). 



1. 



2 3 
6 4 
-5 2 



-1 4 
2 1 
1 4 



2 
2 
-11 



2 
1 

-11 



1 2 
0 1 
0 0 



3 
-1 
-18 



2(-18) = -36. 





1. A 12 (- 


-2), A 13 (-3) 2. P2 3. A 23 (ll) 








2-14 




1 -1/2 2 




1 -1/2 


2 




1 


3 2 1 


^2 


3 2 1 


12 


0 7/2 


-5 


= 2 • 28 = 56 




0 0 8 




0 0 8 




0 0 


8 





1. A 13 (l) 2. P2 3. A 12 (-3) 



2 


1 


3 




-1 


2 


6 




-1 


2 


6 




-1 


2 


6 


1 


2 


6 


1 


2 


1 


3 


2 


0 


5 


15 


1-5-9 


0 


1 


3 


4 


1 


12 




4 


1 


12 




0 


9 


36 




0 


1 


4 



-45 



-12 6 
0 1 3 
0 0 1 



(-45)(-l) = 45. 
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1. Pi2 2. A 12 (2), A 13 (4) 3. P2 4. A 23 (-l) 



0 


1 


-2 




1 


0 


-3 




i — 1 


0 


-3 




1 


0 


-3 


1 


0 


3 


i 


0 


1 


-2 


2 


0 


1 


-2 


3 


0 


1 


-2 


2 


-3 


0 




2 


-3 


0 




0 


-3 


6 




0 


0 


0 



1. P 12 , P2 2. A 13 (-2) 3. A 23 (3) 



3 


7 


1 




1 


6 


-2 




1 


6 


-2 




1 


G 


-2 


5 


9 


-6 


i 


5 


9 


-6 


2 


0 


-21 


4 




0 


1 


-10 


2 


1 


3 




2 


1 


3 




0 


-11 


7 




0 


-11 


7 



1 6 -2 
0 1 -10 
0 0 -103 



-103. 



1. A 31 (-l) 2. A 12 (-5), A 13 (-2) 3. A 32 (-2) 4. A 24 (ll) 



1 — ^ 


I 


2 


4 




i — > 


1 


2 


4 


3 


1 


2 


4 


l 


0 


4 


-4 


-8 


1 


1 


3 


2 




0 


0 


5 


6 


2 


1 


4 


2 




0 


3 


0 


-6 



-12 



1 — 1 


1 

1 — 1 


2 


4 


0 


1 


-1 


-2 


0 


0 


1 


0 


0 


0 


5 


6 



3-4 



-12 



I— 1 


1 

1 — 1 


2 


4 


0 


1 


-1 


-2 


0 


0 


5 


6 


0 


1 


0 


-2 



I— 1 


1 

1 — 1 


2 


4 


0 


1 


-1 


-2 


0 


0 


1 


0 


0 


0 


0 


6 



-12 



-12 • 6 



I— 1 


1 


2 


4 


0 


1 


-1 


-2 


0 


1 


0 


-2 


0 


0 


5 


6 



-72. 



1. A 12 (-3), A 13 (l), A 14 (-2) 2. P2 3. P 34 4. A 23 (-l) 5. A 34 (-5) 



7. Note that in the first step below, we extract a factor of 13 from the second row of the matrix, and we 
also extract a factor of 8 from the second column of the matrix. 



2 


32 


1 




4 




2 


26 


104 


26 




13 


= 13-8 


2 


2 


56 


2 




7 


2 


1 


40 


1 




5 




1 








1 


5 


1 


5 






104 


0 
0 


-9 0 - 
-3 0 


11 

-3 








0 


-e 


-1 


-6 



4 
1 
7 
5 



-104(-3) 



312 



1 5 1 

0 1 0 

0 0 0 

0 0-1 



312 



1 5 

0 1 

0 0 

0 0 



-104 



5 
1 

-9 
-6 

1 5 

0 1 

-1 0 

0 -2 



1 


5 


-1 


5 


2 


1 


2 


-1 


2 


7 


2 


7 


2 


4 


1 


4 


1 




5 




0 




1 




0 




-11 




-1 




-6 





312(-l)(-2) = 624. 



1. P2 2. P 14 3. A 12 (-2), A 13 (-2), A 14 (-2) 4. P2, P 23 5. A 23 (9), A 24 (6) 6. P 34 



0 


1 


-1 


1 




1 


-1 


0 


1 




1 - 


-1 


0 


1 


1 — 1 


0 


1 


1 


1 


-1 


0 


1 


1 


2 


0 - 


-1 


1 


2 


I— 1 


-1 


0 


1 




0 


1 


-1 


1 




0 


1 


-1 


1 


I— 1 


-1 


-1 


0 




-1 


-1 


-1 


0 




0 - 


-2 


-1 


1 






1 


-1 


0 


1 




1 


-1 


0 


1 












0 


-1 


1 


2 


4 


0 


-1 


1 


2 












0 


0 


0 


3 




0 


0 


-3 


-3 




9. 








0 


0 


-3 


-3 




0 


0 


0 


3 









1. P 13 2. A 12 (l), A 14 (l) 3. A 23 (l), A 24 (-2) 4. P 34 



2 


1 


3 


5 




1 


2 


3 


5 




1 


2 


3 


5 


3 


0 


1 


2 


i 


0 


3 


1 


2 


2 


0 


3 


1 


2 


4 


1 


4 


3 




1 


4 


4 


3 




0 


2 


1 


-2 


5 


2 


5 


3 




2 


5 


5 


3 




0 


1 


-1 


-7 



1 2 3 4 1 2 3 4 

3 _ 0 1 -1 -7 a_ 0 1 -1 -7 

0 2 1 -2 0 0 3 12 

03 1 2 004 23 



1 2 3 4 1 2 3 4 
^01-1-7^01-1-7 

0 0 1 4 0 0 1 4 

004 23 0007 

= 3- 1 • 1 • 1 - 7 = 21. 



1. CP 12 2. A 13 (-l), A 14 (-2) 3. P 24 4. A 23 (-2), A 24 (-3) 5. P2 6. A 34 (-4) 







2 


-1 


3 


4 






-1 


2 


3 


4 






1 


-2 


-3 


-4 








7 
-2 


1 

4 


2 

8 


3 
6 


= -6 


1 

4 


7 

-2 


2 
8 


3 
6 


= 6 




1 
4 


7 

-2 


2 

8 


3 
6 






6 


-6 


18 


-24 






-1 


1 


3 


-4 






-1 


1 


3 


-4 






1 


-2 


-3 


-4 






1 


-2 


-3 


-4 






1 


-2 


-3 


-4 


3 


6 


0 
0 


9 
6 


5 
20 


7 
22 


4-6 


0 
0 


-1 
6 


0 
20 


-8 
22 


5 


6 


0 
0 


-1 
0 


0 
20 


-8 
-26 






0 


-1 


0 


-8 






0 


9 


5 


7 






0 


0 


5 


-65 






1 


-2 


-3 


-4 






1 - 


2 - 


3 


-4 














= 6 


0 
0 


-1 
0 


0 

5 


-8 
-65 


= 6 




0 - 
0 


1 
0 


0 

5 


-8 
-65 


= 6 


1(-1) 


• 5 • 


234 = 


-70 






0 


0 


20 


-26 






0 


0 


0 


234 
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1. CPi2, P2 2. 


Mi(- 


-1) 


3. A 12 (-l), A 13 (-4), A 14 (l) 4. P 24 


5. A 23 (6), A 24 (9) 


6. 


P.34 


7. A 34 (-4) 



11. 



7 
14 
21 

-7 



= 14 



= -56 



-13 4 

2 4 6 

1 3 4 

4 5 8 



1 


-1 


3 


2 


0 


4 


-2 - 


-1 


0 


0 


-4 - 


-3 


0 


3 


8 


6 


1 


-1 


3 


2 


0 


1 


-10 


7 


0 


0 


1 


3/4 


0 


0 


38 


27 


1. 


P2 


2. A 


12( — 



7-2 



14 



-56 



-13 2 

2 4 3 

1 3 2 

4 5 4 

3 
-10 

-4 



14 



1 


-1 


3 


2 


0 


1 


-10 


-7 


0 


0 


1 


3/4 


0 


0 


0 


-3/2 



1 


-1 


3 


2 




0 


4 


-2 


-1 




0 


4 


-6 


-4 




0 


3 


8 


6 






1 


-1 


3 


2 


14 


0 


1 


-10 


-7 






0 


0 


-4 


-3 




0 


0 


38 


27 



-56 • (-3/2) = 84. 



5. A 24 (-3) 6. P2 7. A 34 (-38) 



3 


7 




1 2 3 




1 


1 


-1 


0 


1 


1 1 


-1 0 


1 


1 


1 




-1 0 1 




3 


7 


1 


2 


3 


0 4 


4 2 


0 


4 


8 




-16 6 


l 


4 


8 


-1 


6 


6 i 


= -04 


3 6 


2 


3 


7 




0 9 4 




3 


7 


0 


9 


4 


0 4 


3 9 


1 


8 


16 




-1 8 12 




8 


16 


-1 


8 


12 


0 8 


7 8 


4 




1 


1 


-1 0 1 




1 


1 


-1 


0 


1 










0 


4 


4 2 0 




0 


4 


4 


2 


0 










0 


0 


-14 2 


4 


0 


0 


-1 


4 


2 = 


= -(1)(4)(- 


-1)(3)(2) 






0 


0 


-1 7 1 




0 


0 


0 


3 


-1 










0 


0 


-14 4 




0 


0 


0 


0 


2 









1. Pi 2 2. A 12 (-3), A 13 (-4), A 14 (-3), A 15 (-8) 3. A 23 (-l), A 24 (-l), A 25 (-2) 4. A 34 (-l), A 35 (-l) 



13. 



14. 



15. 



16. 



2 1 

3 2 

-1 
1 



1; invertiblc. 



2 6-1 

3 5 1 
2 0 1 



0; not invertiblc. 



= 14; invertiblc. 



-1 2 3 
5 -2 1 
8-2 5 



— — 8; invertiblc. 
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17. 



0 2-1 
-2 1 4 

1 6 2 
-3 4 0 



2 -1 

-5 7 

2 4 

2 1 



-2 -5 7 
1 2 4 
-3 2 1 



133; invcrtiblc. 



18. 



1 1 

-1 1 

1 1 

-1 1 



1 

-1 
-1 
1 



1 
1 

-1 
-1 



1 1 

0 2 

0 0 

0 2 



1 1 
0 2 

-2 -2 

2 0 



2 0 2 
0 -2 -2 
2 2 0 



= 16; invert iblc. 



19. 



2 -3 
-2 3 

3 -1 
-2 3 



= 0; not invertiblc. 



1. M 2 (-l) 2. P7 



20. The system is ^4x = b, where A = 



1 fc 
fe 4 



2^2 



and b = 



bi 
b 2 



According to Corollary 



3.2.5, the system has unique solution if and only if det(A) ^ 0. But, det(A) = 4 — k 2 , so that the system 
has a unique solution if and only if k ^ ±2. 



1 2 k 1 2 k 

21. dct(A) = 2 -fc 1 = 2 -fc 1 

3 6 1 0 0 l-3fc 

number of solutions if and only if k = — 4 or k = 1/3 (Corollary 3.2.5) 

22. The given system is 

(1 - k)xi+ 2x 2 + x 3 

2xi+ (1 - k)x 2 + x 3 

xi+ x 2 + (2-k)x 3 

The determinant of the coefficients as a function of k is given by 



(3fc — l)(fc+4). Consequently, the system has an infinite 



0, 

o, 

0. 



det(A) 



l-k 2 1 
2 l-k 1 
1 1 2-k 



= -(l + jfe)(jfe-l)(jfe-4). 



23. det(A) 



1 + fc — 1 — k 2 = k(l — k). Consequently, the system has a unique solution if 



Consequently, the system has an infinite number of solutions if and only if k = —1, k = 1, or ,k = 4. 

1 k 0 

k 1 1 

1 1 1 
and only if k ^ 0, 1. 

1 -1 2 

24. dct(A) = 3 1 4 =l-l-3 + (-l)4-0 + 2-3-l-2- 1-0- 1-4-1- (-1)3-3 = 14. 

0 1 3 
det(A T ) = det(A) = 14. 
det(-2A) = (-2) 3 det(A) = -8 • 14 = -112. 
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25. A = 

det(AB) 



1 -1 

2 3 
3 

-4 



and B 



-2 
16 



3 • 16 



2 J . det(A)det(B) = [3-l-(-l)2][l-4-2(-2)]=5-8 = 40. 
(-2)(-4) = 40. Hence, det(AB) = det(A) det(S). 



26. ^ 



cosh x sinh a; 
sinh a; cosh x 
det(AB) = dct(A) det(B) = 



and B = 



cosh y sinh y 
sinh y cosh y 
(cosh 2 x — sinh 2 x)(cosh 2 y — sinh 2 y) 



1-1 = 1. 





3 


2 


1 




1 


2 


1 




27. 


6 


4 


-1 


= 3 


2 


4 


-1 


2 

= 3-2 




9 


6 


2 




3 


6 


2 





= 0. 



1. P2 2. P2 3. P7 





1 


-3 


1 




1 


-3 + 4 


1 


1 




1 


1 


1 


28. 


2 


-1 


7 


i 


2 


-1 + 4 


2 


7 




2 


7 


7 




3 


1 


13 




3 


1 + 4 


3 


13 




3 


13 


13 



0. 





1 + 3a 


1 


3 




1 


1 


3 




3a 


1 


3 




3 


1 


3 


29. 


1 + 2a 


1 


2 


i 


1 


1 


2 


+ 


2a 


1 


2 


= 0+a 


2 


1 


2 




2 


2 


0 




2 


2 


0 




0 


2 


0 




0 


2 


0 



3 n 
= a-0 



0. 



1. P5 2. P2, P7 3. P7 



30. B is obtained from A by the following elementary row operations: (1) Mi (4), (2) M 2 (3), (3) P12. Thus, 
det(.B) = det(A) • 4 • 3 • (-1) = -12. 

31. B is obtained from A T by the following elementary row operations: (1) A 13 (3), (2) Mi(— 2). Since 
det(A T ) = det(A) = 1, and (1) leaves the determinant unchanged, we have det(S) = —2. 

32. B is obtained from A by the following operations: (1) Interchange the two columns, (2) Mi(— 1), (3) 
Ai2(— 4). Now (3) leaves the determinant unchanged, and (1) and (2) each change the sign of the determinant. 
Therefore, det(S) = det(A) = 1. 

33. B is obtained from A by the following row operations: (1) Ai 3 (5), (2) M 2 (-4), (3) P12, (4) P 23 . Thus, 
det(-B) = det(A) • (-4) • (-1) • (-1) = (-6) • (-4) = 24. 

34. B is obtained from A by the following operations: (1) Mi(-3), (2) A 23 (-4), (3) P i2 . Thus, dct(B) = 
det(A) • (-3) • (-1) = (-6) • (3) = -18. 

35. B is obtained from A T by the following row operations: (1) Mi(2), (2) A 32 (-l), (3) Ai 3 (-1). Thus, 
det(-B) = det(A T ) • 2 = (-6) • (2) = -12. 

36. We have det(AB T ) = det(A)det(B T ) = 5-3 = 15. 

37. We have det(A 2 B 5 ) = (detA) 2 (dctB) 5 = 5 2 • 3 5 = 6075. 



38. We have det((A~ 1 B 2 ) 3 ) = (det(A" 1 J B 2 )) 3 = [(dctA- 1 )(dctB) 2 ] 3 = Q • 3 ! 

39. We have 

/dct(A)det(B)\ 



det((2B)- 1 (AB) T ) = (det((2B)- 1 ))(det(A J B) T ) = 



V det(2B) J \3-2 4 



5-3 



729 
125 



5 

16' 



5.832. 



40. We have det((5A)(2B)) = (5 • 5 4 )(3 • 2 4 ) = 150,000. 
41. 
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(a) : The volume of the parallelepiped is given by |det(^4)|. In this case, we have 

|det(A)| = |2 + 12k + 36 - 4fc - 18 - 12| = |8 + 8fc|. 

(b) : NO. The answer does not change because the determinants of A and A T are the same, so the vol- 
ume determined by the columns of A, which is the same as the volume determined by the rows of A T , is 
|det(A T )| = |dct(i)|. 

(c) : The matrix A is invcrtible if and only if det(A) ^ 0. That is, A is invertible if and only if 8 + 8fc ^ 0, 
if and only if k =/= — 1 . 



42. 



-1 
1 

-1 



x 

~2 



-1 

3 
3 

-1 
3 



x 

x 2 - 2x 
x 3 - 4x 



-1 
3 
0 



x 

x 2 - 2x 
x 3 - x 2 - 2x 



x 

x(x - 2) 



0 x{x-2){x + l) 

We see directly that the determinant will be zero if and only if x € {0, —1, 2}. 



43. 



ax — (3y fix — ay 
[3x + ay ax + py 



ax fix — ay 
fix ax + Py 

ax fix 
(3x ax 

a fJ 
(3 a 



+ 



ax 
fix 



fjy fix - ay 
ay ax + f3y 

f3y f3x 
ay ax 



-ay 



+ 



+ 



xy 



a 



(x 2 + y 2 ) 

(x 2 + y 2 ) 

(x 2 + y 2 ) 



a (3 

fi a 

a f3 

ft a 

a f3 

fi a 



xy 



xy 



a 


- xy 


P - 


P 






a 


a 


+ y 2 


a 


—a 




P 


P 


P 


P 


+ xy 


a 


—a 


a 


—a 




a 


—a 


a 


P 


- xy 


P 


P 



-Py 

ay 

a 
P 



-ay 

Py 



P 
a 



44. 



ai + pb\ b\ + 7C1 ci + aa\ 
a 2 + Pb 2 b 2 + 7C 2 c 2 + aa 2 
a 3 + Pb 3 b 3 + 7C3 c 3 + aa 3 



ai bi + 7C1 ci + aai 
a 2 b 2 + 7C2 c 2 + aa 2 
a 3 b 3 + 7C3 c 3 + aa 3 

bi ci 



Ph 
Ph 
Ph 



b\ + 7C1 Ci + aai 
b 2 + 7C2 c 2 + aa 2 
b 3 + 7C3 c 3 + aa 3 



fli 
a 2 

a 3 b 3 



bi a 
b 2 c 2 

c 3 



a/?7 



ai 

b 2 c 2 a 2 
b 3 c 3 a 3 



(l + apj) 



bi ci ai 
b 2 c 2 a 2 
b 3 c 3 a 3 



Now if the last expression is to be zero for all cii,bi, and a, then it must be the case that 1 + afij — 0; hence, 
aft-f = —1. 
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45. Suppose A is a matrix with a row of zeros. We will use (P3) and (P7) to justify the fact that det(A) = 0. 
If A has more than one row of zeros, then by (P7), since two rows of A are the same, det(A) = 0. Assume 
instead that only one row of A consists entirely of zeros. Adding a nonzero row of A to the row of zeros 
yields a new matrix B with two equal rows. Thus, by (P7), det(B) = 0. However, B was obtained from 
A by adding a multiple of one row to another row, and by (P3), det(S) = dct(A). Hence, det(A) = 0, as 
required. 

46. A is orthogonal, so A T = A^ 1 . Using the properties of determinants, it follows that 

1 = det(J„) = ActiAA- 1 ) = dct(A) dct(A" 1 ) = det(A) det(A T ) = det(A) det(A). 
Therefore, det(A) = ±1. 
47. 

(a) : From the definition of determinant we have: 

det(A) = yV(pi,j>2, j>3 • ■ • ,Pn)ai Pl a2p 2 a 3p3 ■ ■■a nPn . (47.1) 

If A is lower triangular, then a^- = 0 whenever i < j, and therefore the only nonzero terms in (47.1) are 
those with Pi < i for all i. Since all the p t must be distinct, the only possibility is Pi = i for all i with 
1 < i < n, and so (47.1) reduces to the single term: 

det(A) = <t(1, 2, 3, . . . , n)aiia 22 a 3 3 ■ ■ ■ 

(b) : 



det(A) = 



2 


-1 


3 


5 




-3 


-11 


3 


0 




0 


13 


0 


0 


1 


2 


2 


1 


1 


0 


0 


2 


0 


2 


2 


16 


0 


0 


3 


0 


1 


4 




-1 


-8 


1 


0 




-1 


-8 


1 


0 


1 


2 


0 


1 




1 


2 


0 


1 




1 


2 


0 


1 




2 


16 


0 


0 




2 


0 


0 


0 












0 


13 


0 


0 


4 


0 


13 


0 


0 












-1 


-8 


1 


0 




-1 


-8 


1 


0 




-26. 








1 


2 


0 


1 




1 


2 


0 


1 











1. A 41 (-5), A 42 (-l), A 43 (-4) 2. A 31 (-3), A 32 (-2) 3. P 12 4. A 21 (-16/13) 



48. The problem stated in the text is wrong. It should state: "Use determinants to prove that if A is 
invertible and B and C arc matrices with AB = AC, then det(B) = det(C)." To prove this, take the 
determinant of both sides of AB = AC to get det(AB) = det(AC). Thus, by Property P8, we have 
det(A)det(B) = det(A)det(C). Since A is invertible, det(^4) ^ 0. Thus, we can cancel det(A) from the last 
equality to obtain det(B) = det(C). 

49. 

det(5- 1 AS*) = dct(S- 1 ) det(A) det(S) - dct^ 1 ) det(S) det(A) = dct(S , - 1 5*) det(A) 
= det(7 n ) det(A) = det(A). 

50. No. If A were invertible, then det(A) ^ 0, so that dct(yl 3 ) = det(A) det(A) det(A) ^ 0. 

51. Let E be an elementary matrix. There are three different possibilities for E. 
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(a) : E permutes two rows: Then E is obtained from /„ by interchanging two rows of /„. Since det(/„) = 1 
and using Property PI, we obtain det(£ l ) = — 1. 

(b) : E adds a multiple of one row to another: Then E is obtained from /„ by adding a multiple of one row 
of /„ to another. Since det(7„) = 1 and using Property P3, we obtain det(-E) = +1. 

(c) : E scales a row by k: Then E is obtained from I n by multiplying a row of I n by k. Since det(/„) = 1 
and using Property P2, we obtain det(E') = k. 



52. We have 

0 = 

which can be rewritten as 



x y 

xi yi 

X2 2/2 



= xyi + yx 2 + x x yi - x 2 y x - xy 2 - yx x , 



x{y\ - y 2 ) + y(x2 - xi) = x 2 yi - x x y 2 . 



Setting a = yi — y 2 , b = x 2 — x\, and c = x 2 yi — X\y 2 , we can express this equation as ax + by = c, the 
equation of a line. Moreover, if we substitute x\ for x and y\ for y, we obtain a valid identity. Likewise, if we 
substitute x 2 for x and y 2 for y, we obtain a valid identity. Therefore, we have a straight line that includes 
the points (x\,yi) and (x 2 ,y 2 ). 



53. 



1 


X 


x 2 




1 


y 


y 2 


1 


1 


z 


z 2 





1 x x z 

0 y — x (y — x) (y + x) 

0 z — x (z + x)(z — x) 

1 x x 2 
0 1 y + x 



1 x : 
0 1 y 
0 1 z- 



■ x 

• X 



(y -x){z- x) 



0 0 



y 



(y-x)(z-x) 
= (y - x){z - x)(z - y) = (y - z)(z - x)(x - y). 



1. A 12 (-1)A 13 (-1) 2. P2 3. A 23 (-l) 



54. Since A is an n x n skew-symmetric matrix, A T = —A; thus, 

det(yl T ) = dct(-A) = (-l) n det(A) = -det(A) 
since n is given as odd. But by P4, det(A T ) = det(A), so det(A) = -det(A) or det(A) = 0. 



55. Solving b = Ciai + c 2 a 2 + • • • + c„a„ for Ciai yields Ciai = b — c 2 a 2 
Consequently, det(Bk) can be written as 



det(B fe ) = det([ai,a 2 , . . . ,a fe _ 1 ,b,a fe+1 , . . . ,a„]) 

= det([ai,a 2 , . . . ,a fe _i, (ciai + c 2 a 2 H h c„a„),a fe+ i, . . . ,a„]) 

= ci det([ai, . . . ,a fe _i,ai,a fe+ i, . . . ,a„]) + c 2 det([ai, . . . , a fe _i, a 2 , a fe+ i, . . . ,a„]) H 

+ c k det([ai, . . . ,a fe _i,a fe ,a fe+ i, . . . ,a„]) H h c„ det([ai, . . . , a fe _i, a„, a fe+ i, . . . ,a„]). 

Now by P7, all except the fc th determinant are zero since they have two equal columns, so that we are left 
with det(.Bfc) = Cfe det(A). 
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58. Using technology we find that: 



1 


2 


3 


4 


a 


2 


1 


2 


3 


4 


3 


2 


1 


2 


3 


4 


3 


2 


1 


2 


a 


4 


3 


2 


1 



= -192 + 88a - 8a 2 = -8(a - 3) (a - 8). 



Consequently, the matrix is invertible provided 3,8. 
59. Using technology we find that: 

1 - k 4 1 



2-k 
4 



1 

-1 - k 



-(fc-6)0 + 2) 2 . 



Consequently, the system has an infinite number of solutions if and only if k = 6, —2. 

" -5 4 1 " 

k = 6: In this case, the system is Bx = 0, where B = 



{t(i,i,i) -.tem.}. 

k = —2: In this case, the system is Cx = 0, where C 



3 -4 1 
3 4-7 

3 4 1 
3 4 1 
3 4 1 



This system has solution set 



{(r,s, -3r-4s) : r, s e M}. 

60. Using technology we find that: 

dct(A) = -20; A^ 1 = 



This system has solution set 



-2/5 1/2 0 1/10 

1/2 -1 1/2 0 

0 1/2 -1 1/2 

1/10 0 1/2 -2/5 



:x = A~ 1 b 



19/10 
-5 
1/2 
12/5 



Solutions to Section 3.3 



True-False Review: 

1. FALSE. Because 2 + 3 = 5 is odd, the (2, 3)-cofactor is the negative of the (2, 3)-minor of the matrix. 

2. TRUE. This just requires a slight modification of the proof of Theorem 3.3.16. We compute 

n n 

(A ■ adj(A)) ij = ^2 a ik aA](A) kj = ^ a lk C jk = 5 tJ ■ dct(A). 

fe=i fe=i 

Therefore, A ■ adj(A) = det(A) • /„. 

3. TRUE. The Cofactor Expansion Theorem allows for expansion along any row or any column of the 
matrix, and in all cases, the result is the determinant of the matrix. 

"12 3" 

4. FALSE. For example, let A = 4 5 6 , and let c — 2. It is easy to see that the (1, l)-entry of 

_ 7 8 9 _ 

adj(.A) is —3. But the (l,l)-entry of adj(2A) is —12, not —6. Therefore, the equality posed in this review 
item does not generally hold. Many other counterexamples could be given as well. 
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5. FALSE. For example, let A = 



1 2 3 
4 5 6 
7 8 9 



and B = 



9 8 7 
6 5 4 
3 2 1 



Then A + B = 



10 10 10 
10 10 10 
10 10 10 



The (1, l)-entry of adj(^4 + B) is therefore 0. However, the (1, l)-entry of adj(A) is —3, and the (1, l)-entry 
of adj(_B) is also —3. But (—3) + (—3) ^ 0. Many other examples abound, of course. 



6. FALSE. Let A = 



adj(AB) 



a b 
c d 



and let B = 



e f 
9 h 



. Then AB = 



ae + bg af + bh 
ce + dg cf + dh 



cf + dh 
~{ce + dg) 



(af + bh) 
ae + bg 



d 

— c 



h 

-9 



-f 

e 



. We compute 
adj(A)adj(B). 



7. TRUE. This can be immediately deduced by substituting I n for A in Theorem 3.3.16. 
Problems: 

From this point on, CET(col#n) will mean that the Cofactor Expansion Theorem has been applied to column 
n of the determinant, and CET(row#n) will mean that the Cofactor Expansion Theorem has been applied 
to row n of the determinant. 

1. Minors: M u = 4, M 2 i = -3, M 12 = 2, M 22 = 1; 
Cofactors: Cn = 4, C 2 i = 3, C 12 = -2, C 22 = 1. 

2. Minors: M n = -9, M 21 = -7, M 31 = -2, M 12 = 7, M 22 = 1, M 32 = -2, M 13 = 5, M 23 = 3, M 33 = 2; 
Cofactors: C n - -9, C 21 - 7, C 31 - -2, C 12 = -7, C 22 = 1, C 32 = 2, C 13 = 5, C 23 = -3, C 33 = 2. 

3. Minors: Mn = -5, M 2i = 47, M 31 = 3, M 12 = 0, M 22 = -2, M 32 = 0, M i3 = 4, M 23 = -38, M 33 = -2; 
Cofactors: Cn = -5, C 2 i = -47, C 3 i - 3, C 12 = 0, C 22 = -2, C 32 - 0, Ci 3 - 4, C 23 - 38, C 33 - -2. 



4. 



M i2 = 



M 



23 



C 



3 
7 
5 

1 

7 
5 

12 



-4, M 3i = 



40, M 42 = 



= 16, 



12, 



4,C 



31 



16,C 



23 



-40, C 



42 



12. 



5. 



6. 



1-I3I+2-I1I 



-12 3 
1 4 -2 
3 1 4 



3 • 



1 


4 




-1 


2 




-1 


2 


3 


1 — 1 


+ 2- 


3 


1 — 1 


+ 4- 


I— 1 


4 



2 1 
7 1 

1 5 

3 1 
7 1 

2 3 



= -7- 



= 3 • 



1 -4 
5 -2 



2 -4 
1 -2 



3 • 



2 1 
1 5 



3(-ll)+2(-7)+4(-6) = -71. 



= -7-18 + 0- 3- 9 = -153. 



1 2 




1 4 


+ 2- 


1 4 


3 -5 




3 -5 


1 2 



= 3(-ll) - 7(-17) + 2(-2) = 82. 
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9. 



10. 



0 2-3 
-2 0 5 
3-5 0 



3-10 + 5(-6) + 0-4 = 0. 





1 


-2 


3 


1-2- 


0 


1 


3 




1 — 1 


5 


-2 



1 -2 
4 0 
1 5 



1. CET(col#4) 



= -2 • (-26) - 4- (-5) = 72. 



11. 



12. 



13. 



1 0 -2 
3 1 -1 
7 2 5 



1 


-1 


- 2 • 


3 


1 


2 


5 




7 


2 



2 3 
1 4 
-1 3 

-1 3 
2 1 
-3 7 



2 • 



7 - 2(-l) = 9. 1. CET(row#l) 



1 


4 




2 


3 


h- 1 


3 


+ 2- 


I— 1 


4 



-7+ 10 = 3. 



2 


1 




-1 3 


+ 3- 


-1 3 




-5- 


2 1 


-3 


7 




-3 7 



1. CET(col#l) 



1. CET(col#l) 



= 2-17-5 • 2 + 3(-7) = 3. 





0 


-2 


1 


14. 


2 


0 


-3 




-1 


3 


0 



15. 



16. 



= 0- 



1 0 

0 1 

-1 0 

0 1 



- 2 



-2 1 
3 0 



1 • 



1. CET(col#l) 



1. CET(col#l) 



2 


-1 


3 


1 




2 


5 


3 


1 


1 


4 


-2 


3 


l 


1 


0 


-2 


3 


0 


2 


-1 


0 




0 


0 


-1 


0 


1 


3 


-2 


4 




1 


-1 


-2 


4 



0 + 6-6 = 0. 





1 — 1 


0 


1 

I— 1 




0 


1 


0 


= 1. 


0 


-1 


0 


- 1 • 


1 


0 


-1 




1 


0 


1 




1 


0 


1 



5 1 
0 3 
-1 4 



5 1 

-1 4 



+ 3 



= 21 -21 = 0. 



1. CA 32 (2) 2. CET(row#3) 



3 


5 


2 


6 




1 




2 


-3 


11 




1 


2 


-3 


11 




2 


3 


5 


-5 


i 


2 




3 


5 


-5 


2 


0 


-1 


11 


-27 




7 


5 


-3 


-16 




7 




5 


-3 


-16 




0 


-9 


18 


-93 




9 


-6 


27 


-12 




9 




-6 


27 


-12 




0 


-24 


54 


-111 




3^ 


-1 
-9 


11 

18 


-27 
-93 


4 




-1 
0 




11 

-81 


-27 
150 


5_ 






-81 
-210 


150 
537 


= 11997. 




-24 


54 


-111 






0 




210 


537 













1. A 21 (-l) 2. A 12 (-2), A 13 (-7), A 14 (-9) 3. CET(col#l) 
4. A 12 (-9), A 13 (-24) 5. CET(col#l) 



7 


4 


3 




2 - 


■7 


4 3 




0 


-13 


2 


-1 


5 


-3 


7 


i 


1 


3 


1 2 


2 


1 


3 


1 


2 


2 


6 


3 




6 


2 


6 3 




0 


-16 


0 


-9 


2 


-4 


5 




4 


2 - 


-4 5 




0 


-10 


-8 


-3 










13 


-2 


1 




13 


-2 


1 










4 


-16 


0 


-9 


_5 


101 


-18 


0 


6^ 










-10 


-8 


-3 




29 


-14 


0 





101 

29 



-13 
-16 
-10 



-18 
14 



2 -1 
0 -9 

-8 -3 



-892. 



1. A 42 (-l) 2. A 21 (-2), A 23 (-6), A 24 (-4) 3. CET(col#l) 4. P2 
5. A 12 (9), A 13 (3) 6. CET(col#3) 



2 


0 


-1 


3 


0 




0 


0 


-3 


5 


0 


0 


3 


0 


1 


2 




0 


3 


0 


1 


2 


0 


1 


3 


0 


4 


i 


0 


1 


3 


0 


4 


1 


0 


1 


-1 


0 




1 


0 


1 


-1 


0 


3 


0 


2 


0 


5 




0 


0 


-1 


3 


5 



0 


-3 


5 


0 


3 


0 


1 


2 


I— 1 


3 


0 


4 


0 


-1 


3 


5 



0 


-3 


5 


0 




0 


-9 


1 - 


10 


4 


1 


3 


0 


4 




0 


-1 


3 


5 








42 


0 


50 




6 


-9 


1 


-10 






-26 


0 


-35 



42 
-26 



50 
-35 



-170. 



-3 


5 


0 




-3 


5 


0 


-9 


1 


-10 


5 


-9 


1 


-10 


-1 


3 


5 




1 


-3 


-5 



1. A 4 i(-2),A 45 (-3) 2. CET(col#l) 3. A 12 (-3) 4. CET(col#l) 
5. P2 6. A 21 (-5), A 23 (3) 7. CET(col#2) 



0 


X 


V 


z 




xz 


0 


x + y 


z 


— X 


0 


1 


-1 


1 


—x 


0 


1 


-1 


y 


-1 


0 


1 




-y- z 


0 


-1 


1 


— z 


1 


-1 


0 




—z 


1 


-1 


0 



xz x + y 
-x 1 
-y-z -1 
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xz — yz + z 2 x + y + z 0 
—x + y — z 0 0 

-y-z -11 



xz — yz + z 2 x + y + z 
0 



{x + y + zf. 



—x — y — z 

1. A 4 i(-z), A 43 (l) 2. CET(col#2) 3. A 32 (l), A 31 (-z) 4. CET(col#3) 



21. 



(a): 



V(r 1 ,r 2 ,r 3 ) 



ri r 2 r 3 



r 2 ~n r 3 - ri 
r, 2 - r? To - r? 



n r 2 - ri r 3 - n 
r? r 2 — r? ri — r? 



(r 2 - n)(r§ - rf) - (r 3 - n)(r| - r\) 



{rs - ri)(r 2 - ri)[(r 3 + n) - (r 2 + n)] = (r 2 - n)(r 3 - ri)(r 3 - r 2 ). 



1. CA 12 (-1), CA 13 (-1) 2. CET(row#l) 



(b): Wc use mathematical induction. The result is vacuously true when n = 1 and quickly verified when 
n = 2. Suppose that the result is true when n = k — 1, for A; > 3, and consider 



V{r ll r 2 , ...,r k ) = 



The determinant vanishes when r fc = r 1; r 2 , . . . , r fe _ 1; so we can write 

n-l 

V(ri,r 2 , ...,r k ) = a(n,r 2 , . . . , r fe ) JJ (r fe - r,), 

i=i 

where a(ri, r 2 , . . . , r^) is the coefficient of rjp 1 in the expansion of V(ri,r 2 , . . . , r^). However, using the 
Cofactor Expansion Theorem along column k, we see that this coefficient is just V(ri,r 2 , . . . ,r k -i), so by 
hypothesis, 



1 


1 


1 


1 


n 


r 2 


r3 


r fc 




r 2 


r 2 






r fe-i 


r k - X ■ 


• r k - x 




r 2 


r 3 


' k 



Thus, 



a(n,r 2 ,...,r fe ) = F(n,r 2 ,...,r fe _i) = [[ (r m -n). 

Ki<m<n- 1 



n-l 



F(n,r 2 ,...,r fe ) = jj (r TO - r») (r fe - n) = [] (r m -r»). 

l<i<m<n — 1 z=l l<i<m<n 

Hence the result is true for n = fc, so, by induction, is true for all non-negative integers n. 
22. 

(a): det(A) = 11; 
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(b) : M c = 

(c) : adj(A) =- 

(d) : A- 1 

dct(A) = 7; 



5 -4 
1 3 



1 

11 



5 -1 
-4 3 

5 -1 
-4 3 



23. 

(a): 



1 
7 



(b): 
(c) 

(d): A- 1 

det(A) = 0; 
M c = 
adj(A) 



-4 




| — i 


5 


1 


2 


-4 


-1 


1 


2 


-4 


1 — 1 



24. 

(a) : 

(b) : 

(c) : 



-6 15 
-2 5 



-6 -2 
15 5 



(d): A 1 docs not exist because det(A) = 0. 


25. 














2-3 0 




2-3 0 


(a): det(A) = 




2 1 5 




0 4 5 






0-12 




0-12 






7 -4 - 


-2 " 




(b): M c = 




6 4 


2 


■ 






-15 -10 


8 





2 • 13 = 26; 



(c): adj(A) = 



7 6 -15 
-4 4 -10 
-2 2 8 



(d): A- 1 = 



dctP) adj(A) ^ 26 



7 6 

-4 4 
-2 2 



-15 
-10 



26. 

(a): 



det(A) 



-2 3 -1 
2 1 5 
0 2 3 



-2 3 -1 
0 4 4 
0 2 3 



-2-4 



(b) : 

(c) : 

(d) : 
27. 



M c = 



adj(A) 



A- 1 = 



-7 


-6 


4 


-11 


-6 


4 


16 


8 


-8 



-7 


-11 16 


-6 


-6 8 


4 


4 -8 



det(A) 



adj(A) 



-11 

-6 
4 



16 







1 


-1 


2 




6 0 


9 




(a): det(A) = 




3 


-1 


4 




8 0 


11 


= 6 






5 


1 


7 




5 1 


7 








-11 


-1 




8 " 








(b): M c = 




9 

-2 


-3 
2 




6 
2 


5 







(c): adj(A) = 



-11 9 -2 
-1 -3 2 
8-6 2 



(d): A" 1 = —Lpr-adjM) = I 
v 7 det(A) JV ' 6 



28. 

(a): dct(A) = 



-11 

-1 



9 
-3 
-6 



0 


1 — '■ 


2 




0 


I— 1 


2 


-1 


-1 


3 




0 


-3 


4 


1 


-2 


1 




1 


-2 


1 



10; 



(b): M c 



5 4 3 
-5 -2 1 
5 -2 1 







" 5 -5 


5 










(c): adj(A) 




4 -2 - 


-2 














3 1 


1 














1 




1 


" 5 


-5 


5 " 




(d): = 


det(A) adj(A) 


10 


4 
3 


-2 
1 


-2 
1 




29. 




















2 -3 


5 




0 


-7 


3 




(a): det(A) 




1 2 


1 




1 


2 


1 


= 14 






0 7 - 


-1 




0 


7 


-1 





-11/6 3/2 -1/3 
-1/6 -1/2 1/3 
4/3 -1 1/3 



(b): M c = 



-9 1 
32 -2 
-13 3 



7 
-14 
7 
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(c): adj(A) 



-9 32 -13 
1 -2 3 
7 -14 7 



1 

14 



9 


32 


-13 " 




" -9/14 


16/7 


-13/14 


1 


-2 


3 




1/14 


-1/7 


3/14 


7 


-14 


7 




V2 


-1 


1/2 



30. 

(a): det(A) 



1 — 1 


i — 1 


i— 1 


i— 1 




i— 1 


I— 1 


I— 1 


I— 1 


i— 1 


i — 1 


-1 


i 




0 


2 


0 


2 




i — 1 


1 


i 




0 


2 


-2 


0 


i— 1 


i— 1 








0 


2 


0 


-2 



2 0 2 
2-2 0 
2 0-2 



16; 



(b): M c = 



4 4 

-4 4 

4 4 

-4 4 



4 
4 

-4 
-4 



(c): adj(A) = 



4 
4 
4 
4 



-4 
4 
4 

-4 



4 
4 
4 
4 



4 
4 

-4 
-4 



-4 
4 
4 

-4 



31. 

(a): det(A) 



(b): M c 



1 


0 


3 


5 




11 


-2 


1 


1 


3 




4 


3 


9 


0 


2 




7 


2 


0 


3 


-1 




0 


84 




■46 


-29 


81 " 


-162 




60 


99 


-27 


18 




38 


-11 




3 


-30 




26 


130 


-72 



11 0 18 



10 
6 
0 



11 


0 


18 




11 


0 


18 


4 


1 


10 




4 


1 


10 


7 


9 


6 




-29 


0 


-84 



402; 



(c): adj(A) = 



84 
-46 
-29 

81 



-162 
60 
99 

-27 



18 -30 

38 26 

-11 130 

3 -72 
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(d): 



A- 1 



det(A) 



adj(A) 





84 


-162 


18 -30 




-46 


60 


38 26 


2 


-29 


99 - 


-11 130 




81 


-27 


3 -72 




14/67 


-27/67 


3/67 


-23/201 


10/67 


19/201 


-29/402 


33/134 


-11/402 


27/134 


-9/134 


1/134 



-5/67 



32. 

(a): Using the Cofactor Expansion Theorem along row 1 yields 

det(A) = (1 + 2.x 2 ) + 2a;(2a; + 4a; 3 ) + 2x 2 (2x 2 + Ax 4 ) 
= 8x 6 + I2x 4 + 6x 2 + 1 = (1 + 2x 2 ) 3 . 



(b): 



M c 



-(2x + Ax 3 ) 
1 -Ax 4 
2x + Ax 3 



l + 2x 2 
2x + Ax 3 
2x 2 + Ax 4 

1 + 2x 2 -2x(l + 2x 2 ) 

2x(l + 2x 2 ) (l + 2x 2 )(l -2x 2 ) 

2x 2 (l + 2a; 2 ) 2x(l + 2x 2 ) 



2x 2 + Ax 4 
-(2x + Ax 3 ) 
l + 2x 2 



so that 



det(A) 



adj(A) = 



(l + 2x 2 ) 2 



1 

-2x 
2x 2 



2x 2 (\ + 2x 2 ) 
-2x(l + 2a; 2 ) 
1 + 2x 2 



2x 2x 2 
1 - 2x 2 2x 
-2x 1 





1 


1 


1 




1 


1 


1 


33. det(A) = 


1 


2 


2 




0 


1 


1 




1 


2 


3 




0 


1 


2 



and 



Thus, 



C23 — 



I 1 

1 2 



1 1 
1 2 



2-1 = 1, 



= -(2 -!) = -!. 



(A- 1 ) 



32 



(adj(A)) 



32 



a 



23 



det(A) det(A) 



-1. 



34. det(A) = 
and 



2 0-1 
2 1 1 
3-1 0 





4 


I— 1 


0 




2 


I— 1 


I— 1 




3 


1— 1 


0 



= -(-4 -3) = 7, 



C 



13 



-2-3 
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Thus, 



35. 



and 



Thus, 



36. M c = 



37. M c = 



so 



38. M c = 



so 



(A- 1 ) 



31 



(adj(A)) 



.31 



c 



l.'i 



det(A) det(A) 



det(A) 



I— 1 


0 


I— 1 


0 




I— 1 


0 


0 


0 


2 


-1 


1 


3 




2 


-1 


-1 


3 


0 


1 


-1 


2 




0 


1 


-1 


2 


I— 1 


1 


2 


0 




-1 


1 


3 


0 



-1 -1 3 
1 -1 2 
1 3 0 



C32 — — 



1 1 0 

2 1 3 
-12 0 



= -(-3) 



0 0 



2 3 

-4 2 



= 4 + 12 = 16, 



(A- 1 ) 



2e 2t 

e 2t 



-2e* 
3e* 



,adj(A) = 



23 " 

2e 2 ' 
-2e« 

1 



(adj(A)) 



23 



det(A) 

-e 2t " 
3e* 



1 1 

-1 2 



C32 
det(A) 



= 3(2 + 1) = 9. 



9 

16' 



and det(^4) = 4e 3t , so 



det(A) adj(j4) ^4^ 



2e 2 ' -e 
-2e< 



2t 

3e* 



sin(2i) 
-e* cos(2i) 



-e* cos(2t) 
e* sin(2i) 



e"*sin(2f) e'cos(2i) 
-e*cos(2t) e t sin(2<) 



,adj(A) = 
dct(A) = sin 2 (2i) + cos 2 (2t) = 1, 



and 



A- 1 



det(A) 



adj(A) 



e _t sin(2i) e* cos(2t) 
-e* cos(2i) e* sin(2f) 



3ie"« 


-e-« 


-te 2t 1 








" 3te"* 


-ie" 


-te' 4 1 




e-« 




0 


,adj(A) 




-e"* 


e" 


-t 


0 


-te"' 


0 


te 2t _ 








-te 2 ' 




0 te 2 ' _ 








e* 


2te t 


e 


-2t 




e' 


te' 


e- 2t 






dct(A) 




e* 


2te t 


e 


-2t 




0 


te' 


0 


= e 








e* 


te' 


2e 


-2t 




0 


0 


e~ 2t 





and 



e'(te - ') = t, 



det(A) Jy ' t 



3te"* 


-te-* 




-e"' 




0 


-te 2 ' 


0 


te 2 ' 
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' -1 


2 


-1 " 




' -1 


3 


-2 " 




39. M c = 


3 




3 


,adj(A) = 


2 


-6 


4 


. Hence 




-2 


4 


-2 




-1 


3 


-2 





A ■ adj(A) 



1 2 3 

3 4 5 

4 5 6 



-1 3 -2 
2-6 4 
-1 3 -2 





" 0 


0 


0 " 




0 


0 


0 




0 


0 


0 



= 0, 



From Equation (3.3.4) of the text we have that, in general, A ■ adj(A) = det(A) ■ I n . Since, for the given 
matrix, A ■ a,dj(A) = O3, we must have det(A) = 0. 



40. det(A) 



2 -3 
1 2 



7, det(Bi) 



2 -3 
4 2 



16, and det(5 2 ) 



2 2 
1 4 



6. Thus, 



Solution: (16/7,6/7). 
41. 



det(Si) 16 , det(B 2 ) 6 

x\ = — : — 7~tt~ = _ and xo = — , — r^r^ = 
dct(A) 7 det(A) 7 





3 


-2 


1 




det(A) = 


1 


1 


-1 




-6, 




1 


0 


1 








4 


-2 


1 






det(Bi) = 


2 


1 


-1 


= 9, 




1 


0 


1 








3 


4 


1 






det(B 2 ) = 


1 


2 


-1 




= 0, 




1 


1 


1 








3 


-2 


4 






det(B 3 ) = 


1 


1 


2 




= -3. 




1 


0 


1 







Thus, x\ — 



det(Bi) 9 



det(A) 6' 
Solution: (3/2,0,-1/2). 



42. det(A) 



^2 



det(B 2 ) n , det(B 3 ) 3 

— — —r— = 0, and x 3 = — — — — = . 

det(A) ' det(A) 6 



1 -3 1 

1 4 -1 

2 1 -3 



1 -3 1 
0 7-2 
0 7-5 



Thus, the system has only the trivial solution. 



= -35+14= -21 ^ 0. 
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43. 



det(A) = 



det(Bi) 



det(B 2 ) 



det(B 3 ) 



1 — 1 


-2 


2 


0 


I— 1 


h- 1 


0 


I— 1 



= -2 



0 
1 

-3 



0 -1 
-2 1 



-5 


-2 


3 


-1 


0 


0 


1 


0 


1 — 


1 


0 


-1 


4 


1 


-2 


1 


-1 


-1 


0 




5 


2 


0 


= -3 


4 


1 


1 





1 




2 


3 


-1 








1 


-3 


3 


-1 


2 




0 


1 


0 






2 


0 


1 


0 


0 




1 


0 


-1 






0 


0 


0 


-1 


3 




1 


-2 


1 








3 


2 


-2 


1 


1 


1 




3 


-1 








1 1 


3 


0 




2 


2 




1 


0 








2 2 


1 


2 




1 


0 




0 


-1 








1 0 


0 


0 




0 


3 




-2 


1 






0 3 


-2 


1 




1 




2 


1 


-1 








0 


-2 


1 - 


-1 


2 




0 


2 


0 








0 


0 


2 


0 


1 




1 


0 


-1 








1 


1 


0 - 


-1 


0 




1 


3 


1 








-3 


1 


3 


1 



-3 
-2 
-3 



-1 0 
2 0 
1 1 



-2(-8) = 16, 



-5 
0 
7 



I— 1 


3 


0 




I— 1 


3 


0 


2 


1 


2 




-4 


5 


0 


3 


-2 


1 




3 


-2 


1 



-3 3 
0 1 

2 -2 



17, 



-11, 



Therefore, 



det(B 4 ) = 



I— 1 


-2 


3 


I— 1 




3 


-2 


3 


1 — 1 


2 


0 


1 


2 




2 


0 


1 


2 


1 — 1 


1 


0 


0 




0 


1 


0 


0 


0 


1 


-2 


3 




-1 


1 


-2 


3 



-3 3 -5 
0 1 0 
3 2 7 



3 3 1 
2 1 2 

-1 -2 3 



11 17 16 

x 1 = —, x 2 = - — , x 3 = - — , and x 4 



= -2. 



Solution: (11/3,-17/3,-16/3,-2). 
44. 

det(A) = 



det(-Bi) 
det(S 2 ) 



e" 2t 
2e- 2t 



= e'e- 2 ' 


I— 1 






- h- 1 


-2 



3sinf 
4cosi 



-2e" 



3sini 
4cos£ 



= -3e" 

1 

-2 



-2e" 2 *(3sini + 2cost), 



3sini 
4 cost 



1 3 sin t 
1 4 cos t 



e*(4cos£ - 3sint). 
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det(Bi) 2(3sint + 2cosi , det(B 2 ) e 2 *(3sint - 4cost) 

Thus, x x = - \ ,7 = — and x 2 = - \ ;/ = — v -. 

det(A) 3e* det(A) 3 

Solution: | |e _t (3sini + 2cosi), ^e 2t (3sint - 4 cost) V 



45. 



det(A) 



det(5 2 ) 



1 


4 


-2 


1 




1 


-1 


-2 


2 


2 


9 


-3 


-2 




2 


-1 


-3 


0 


1 


5 


0 


-1 




1 


0 


0 


0 


3 


14 


7 


-2 




3 


-1 


7 


1 



1 2 

2 5 
1 3 

3 6 



-2 
-3 
0 
7 



1 

-2 
-1 
-2 



1- 1-2 2 

2- 1-3 0 
10 0 0 

3- 3 7 1 



-1 


-2 


2 




1 


-16 


0 


h- 1 


-3 


0 




-1 


-3 


0 


I— 1 


7 


1 




-1 


7 


1 



-1 


-2 


2 




5 


-16 


0 


-1 


-3 


0 




-1 


-3 


0 


-3 


7 


1 




-3 


7 


1 



5 -16 

-1 -3 



-31. Therefore x 2 



det(B 2 ) _ 31 
det(A) ~~ 19' 



-19, 



46. 



det(A) 



det(Bi) 



det(B 2 ) 



det(B 3 ) 



b + c a a 
b a + c b 
c c a + b 

—a + b + c a 

—a + b — c b 



—a + b + c a a 
—a + b — c a + c b 
0 c a + b 



+ (a + b) 



-a - 
-a - 



c a 
c a + c 



Aabc, 



a a a 
b a + c b 
c c a + b 



= (a - b + c) 



a a 
c a + b 



b + c a a 
b b b 
c c a + b 

b 



= —(a — b — c) 



b + c a 
b a + c b 

c c c 



c a + b 
a 



a 0 a 
b a—b+c b 
c 0 a + b 



= a(a — b + c)(a + b — c), 

b + c a — b — c a 
b 0 b 

c 0 a + b 



= —b(a — b — c)(a + b — c), 



-a + b+c 
0 
0 



a a 
a + c b 

c c 



= (-a + b+c) 



a + c b 
c c 



= —c(a — b — c)(a — b + c) . 



Case 1: If a ^ 0, b ^ 0, and c^O, then det(A) ^ 0, so it follows by Theorem 3.2.4 that the given system of 
equations has a unique solution. The solution in this case is given by: 
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det(Bi) _ (a-b + c)(a + b-c) 



det(A) 


Abe 


det{B 2 ) 


— (a — b — c)(a + b — c) 


det(A) 


Aac 


det(B 3 ) 


— (a — b — c)(a — b + c) 


det(A) 


Aab 



Case 2: If a = b = 0 and c^O, then it is easy to see from the system that the system is inconsistent. By 
the symmetry of the equations, the same will be true if a = c = 0 with b ^ 0, or b = c = 0 with a^O. 



Case 3: Suppose a 
matrix: 



0 where 6^0 and c ^ 0, and consider the reduced row echelon form of the augmented 



b+c 


0 


0 


0 " 




"10 0 


0 




' 1 


0 


0 


0 " 


c 


b 


b 


b 




0 b-c b-c 


b-c 




0 


1 


1 


1 


b 


c 


c 


c 




0 c-b c-b 


c-b 




0 


0 


0 


0 



From the last matrix we see that the system has an infinite number of solutions of the form 

{(0, 1 — r, r) : r e E}. By the symmetry of the three equations, it follows that the other two cases: 6 = 0 

with a ^ 0 and c ^ 0, and c = 0 with a ^ 0 and 6^0 have similar forms of solutions. 

47. Let B be the matrix obtained from A by adding column i to column j (i =/= j) in the matrix A. By 
the property for columns corresponding to Property P3, we have det(_B) = det(A). Cofactor expansion of B 
along column j gives 



det(A) = det(B) = ^{a ki + a ki )C kj = ^ a k jC kj + ^ a ki C kj . 



fc=i 



fe=i 



fe=i 



That is, 



det(A) = det(A) + ^ a fcl C fei , 



fe=i 



since by the Cofactor Expansion Theorem the first summation on the right-hand side is simply det(A). It 
follows immediately that 



51. 



A = 



B 9 = 





E 


a k . 


Ckj 


= 0, 


« 7^ j- 








fc=i 














1.21 


3.42 


2 


15 " 




" 3.25 


3.42 


2.15 


5.41 


2.32 


7 


15 




4.61 


2.32 


7.15 


21.63 


3.51 


9 


22 




9.93 


3.51 


9.22 


1.21 


3.25 


2 


15 " 




1.21 


3.42 


3.25 


5.41 


4.61 


7 


15 




5.41 


2.32 


4.61 


21.63 


9.93 


9 


22 




21.63 


3.51 


9.93 



From Cramer's Rule, 



xi = 



_ det(Si) 
" det(^) 



) 0.25, x 2 



det{B 2 ) 
det(A) 



j 0.72, x 3 = 



_ det(.B3) 
X3 dct(A) 



i 0.22. 
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52. det(A) = 32, det(Bi) = -3218, det(B 2 ) = 3207, det(B 3 ) = 2896, det{B 4 ) = -9682, det(B 5 ) = 2414. 
So, 



Xl 



1609 3207 

-, x 2 = 



181 



16 



32"' X3= ^ Xi 



4841 1207 



32 



16 



53. We have 



n n 1 

(-B^jj = X! ^ fcafci = dct(A) ' ad j^^' fc ' flfcl = dct(A) ^ C ' fe J afe « = ^J' 



fe=i 



where we have used Equation (3.3.4) in the last step. 



Solutions to Section 3.4 



1. 



Problems: 

5 -1 
3 7 

3 5 
-1 2 
6 3 



3. 
4. 



5-7-3(-l) = 38. 



5 
6 

14 



1 4 

1 3 

2 7 



= -43. 



-3. 



2.3 


1.5 


7.9 




4.2 


3.3 


5.1 


= 2.3 


6.8 


3.6 


5.7 





3.3 


5.1 


- 1.5 


4.2 


5.1 


+ 7.9 


4.2 


3.3 


3.6 


5.7 


6.8 


5.7 


6.8 


3.6 



1.035 + 16.11 - 57.828 



-40.683. 



a 


b 


c 


b 


c 


a 


c 


a 


b 





c 


a 




b 


a 




b 


c 


a 






-b 






+ c 








a 


b 




c 


b 




c 


a 



= a(bc - a 2 ) - b(b 2 - ac) + c(ab - c 2 ) = 3abc - a 3 - b 3 - c 3 



3 


5 


-1 


2 




0 


8 


-7 


-1 




2 


1 


5 


2 




0 


3 


1 


0 




3 


2 


5 


7 




0 


5 


-1 


4 


= -1 


1 


-1 


2 


1 




1 


-1 


2 


1 
















29 


-7 


-1 














-1 


0 


1 


0 


= -1 














8 


-1 


4 





8 -7 -1 
3 1 0 
5-1 4 



29 



= -124. 
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7. 



7 


1 


2 


3 




7 


1 


2 


3 






7 1 


2 


3 


2 


-2 


4 


6 


= 9 


2 


-2 


4 


6 




16 0 


8 


12 


3 


-1 


5 


4 


3 


-1 


5 


4 


= 9 


10 0 


7 


7 


18 


9 


27 


54 




2 


1 


3 


6 






-5 0 


1 


3 














4 


2 


3 






14 


0 


-3 












36 


10 


7 


7 


= -36 


45 


0 


-14 














-5 


1 


3 






-5 


1 


3 



36 



14 
45 



-3 
-14 



-2196. 



= -9 



16 8 12 
10 7 7 

-5 1 3 



8. det(A) = 11. M c 



7 -2 
-5 3 



adj(A) 



7 -5 
-2 3 



det(A) 



adj(A) 



so that 



7/11 -5/11 
-2/11 3/11 







1 2 


3 




1 2 


2 










9. det(A) = 


2 3 


1 




0 -1 








-18. 








3 1 


2 




0 -5 


-7 










5 


-1 


-7 " 










5 


-1 


-7 


M c = 


-1 


-7 


5 


=> adj(A) 






-1 


-7 


5 




-7 


5 


-1 










-7 


5 


-1 



A- x = 



dct(A) 



adj(A) 



, so that 



-5/18 1/18 
1/18 7/18 
7/18 -5/18 



7/18 
-5/18 
1/18 



10. det(A) 



-20 



3 4 7 

2 6 1 

3 14 -1 
5 10 



102 -24 -30 



-38 



11 



10 



■11 -38 7 
0 0 1 
5 20 -1 
" -20 

adj(A) 



det(A) 



adj(A) 



-11 

5 



102 -38 
5 -24 11 
10 -30 10 



-38 
20 



= 30. 



, so that 



-2/3 17/5 -19/15 
1/6 -4/5 11/30 
1/3 -1 1/3 







2 


5 


7 








11. det(A) = 


4 - 


-3 


2 


= 116. 










6 


9 


11 










" -51 


-32 




54 " 




" -51 


8 31 


M c = 


8 


-20 




12 


=> adj(A) = 


-32 


-20 24 




31 


24 




-26 




54 


12 -26 



A = 



det(A) 



adj(A) = 



so that 



-51/116 2/29 31/116 
-8/29 -5/29 6/29 
27/58 3/29 -13/58 
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12. det(A) 



-38 
0 
38 
0 



5 -1 
3 -1 
1 -1 
5 9 
32 
28 
-124 
-24 



2 5 

4 5 

2 1 
-3 2 

34 2 

44 -60 
-222 130 
-16 8 



-152. 



adj(A) = 



det(A) 



adj(A) = 



-38 0 38 0 

32 28 -124 -24 

34 44 -222 -16 

2 -60 130 8 

1/4 0 -1/4 0 

-4/19 -7/38 31/38 3/19 

-17/76 -11/38 111/76 2/19 

-1/76 15/38 -65/76 -1/19 



so that 



13. A 



16. A 



14. A = 



3 5 
6 2 



cost 
sini 



Bi 



4 5 
9 2 



B 2 



3 4 
6 9 



so that 

det(B 2 ) 



_ det(Bi) _ 37 
Xl ~ dct(A) ~ 24' X2 ~ det(A) 



sini 
— cost 

xi = 



Bi = 
det(Bi) 



3e-* 



sini 
cost 



Bo = 



cost e 
sin £ 3e~ 



so that 



det(A) 



= e [cos i + 3 sin t] , x 2 — 



det(£ 2 ) 
det(A) 



= e * [sin i — 3 cos i] . 





' 4 


1 


3 " 




' 5 


1 


3 " 




' 4 


5 


3 " 




' 4 


1 


5 " 




15. A = 


2 


-1 


5 


, Bi = 


7 


-1 


5 


, B 2 = 


2 


7 


5 


, B 3 = 


2 


-1 


7 


, so that 




2 


3 


1 




2 


3 


1 




2 


2 


1 




2 


3 


2 





Xl 



det^) 
detpj 



4' X2 



det(B 2 ) 
det(A) 



16' * 3 



det(B 3 ) _ 21 
det(A) ~ 16' 



5 


3 


6 " 




2 


4 


-7 




2 


5 


9 








Xi 





17. ,4 = 

so that 



3.1 3.5 7.1 

2.2 5.2 6.3 
1.4 8.1 0.9 



det(Bi) 
dot (A) 

Bi = 



3 3 


6 " 




" 5 3 


6 " 




" 5 


3 


3 


1 4 


-7 


, B 2 = 


2 -1 


-7 


, Bs = 


2 


4 


-1 


4 5 


9 




2 4 


9 




2 


5 


4 


30 
271' 


x 2 = 


det(B 2 ) 
det(A) 


59 

= 271' X3 


det(S 3 ) 81 
det(A) 271 ' 







so that 



3.6 


3.5 


7.1 


2.5 


5.2 


6.3 


9.3 


8.1 


0.9 



,B 2 = 



3.1 3.6 7.1 

2.2 2.5 6.3 
1.4 9.3 0.9 



det(Bi) „ „„ 
* 1 = detW^ 3 - 77 ' ^ 

18. Since A is invcrtiblc, A^ 1 exists. Then, 
A A- 1 = I„ 



det(B2) - 0.66, , 3 - dct(S3) 



det(A) 



det(A) 



,B 3 = 



-1.46. 



3.1 3.5 3.6 

2.2 5.2 2.5 
1.4 8.1 9.3 



det(A^ _1 ) = det(7 n ) = 1 det(A) det(A _1 ) = 1, so that detOT 1 ) = 



dct(A)' 
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19. dct(2A) = 2 3 dct(^) = 24. 

From the result of the preceding problem, det(A^ 1 ) = 

det(A T B) = det(yl T ) det(B) = det(A) det(-B) = -12. 
det(B 5 ) = [det(B)] 5 = -1024. 



det(A) 3' 



detiB^AB) = det(B" 1 ) det(A) det(B) 



det(B) 



det(A)det{B) = det(A) = 3. 



Solutions to Section 3.5 



Additional Problems: 



1. 

(a) : We have det(A) = (-7)(-5) - (l)(-2) = 37. 

(b) : We have 



1 


-5 " 


2 


' 1 


-5 " 


-7 


-2 




0 


-37 



B. 



1. P 12 2. A 12 (7) 



Now, det(A) = -det(B) = -(-37) = 37. 

(c): Let us use the Cofactor Expansion Theorem along the first row: 

det(A) = audi + a 12 C 12 = (-7)(-5) + (-2)(-l) = 37. 

2. 

(a) : We have det(A) = (6)(1) - (-2)(6) = 18. 

(b) : We have 

i r i i i n r i i 

= B. 



I— 1 


I— 1 


' to 


I— 1 


I— 1 


-2 


1 — 1 




0 


3 



1. Mi (1/6) 2. A 12 (2) 



Now, det(A) = 6 det(B) = 6-3=18. 

(c): Let us use the Cofactor Expansion Theorem along the first row: 

det(A) = a n Cu + a 12 C 12 = (6)(1) + (6)(2) = 18. 



(a): Using Equation (3.1.2), we have 

det(A) = (-l)(2)(-3)+(4)(2)(2)+(l)(0)(2)-(-l)(2)(2)-(4)(0)(-3)-(l)(2)(2) = 6+16+0-(-4)-0-4 = 22. 



(b): We have 



A 



-1 4 1 
0 2 2 
0 10 -1 



-1 4 1 
0 2 2 
0 0 -11 



= B. 
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1. A 13 (2) 2. A 23 (-5) 



Now, det(A) = det(B) = (-1)(2)(-11) = 22. 

(c): Let us use the Cofactor Expansion Theorem along the first column: 

det(A) = audi + a 21 C 21 + a 31 C 31 = (-1)(-10) + (0)(14) + (2)(6) = 22. 

4. 

(a): Using Equation (3.1.2), we have 

det(A) = (2)(0)(3)+(3)(2)(6)+(-5)(-4)(-3)-(-6)(0)(-5)-(-3)(2)(2)-(3)(-4)(3) = 0+36-60+-0+12+36 



(b): We have 





' 2 


3 


-5 " 




" 2 


3 


-5 " 


aI 


0 


6 


-8 


2 


0 


6 


-8 




0 


-12 


18 




0 


0 


2 



= B. 



1. A 12 (2), A 13 (-3) 2. A 23 (2) 
Now, det(A) = det(S) = (2) (6) (2) = 24. 

(c): Let us use the Cofactor Expansion Theorem along the second row: 

det(A) = (-4) (6) + (0)(36) + (2) (24) = -24 + 0 + 48 = 24. 



(a) : Of the 24 terms appearing in the determinant expression (3.1.3), only terms containing the factors an 
and d44 will be nonzero (all other entries in the first column and fourth row of A are zero) . Looking at entries 
in the second and third rows and columns of A, we see that only the product a 23 a 32 is nonzero. Therefore, 
the only nonzero term in the summation (3.1.3) is ana 23 a 32 a44 = (3)(1)(2)(— 4) = —24. The permutation 
associated with this term is (1,3, 2, 4) which contains one inversion. Therefore, <r(l, 3, 2, 4) = — 1, and so the 
determinant is (— 24)(— 1) = 24. 

(b) : We have 



-2 
1 
1 
0 

1. P 



B. 



23 



This latter determinant can 



Now, det(A) = -det(B) = -(3)(2)(l)(-4) = 24. 

0 1 4 

(c): Cofactor expansion along the first column yields: det(A) = 3- 2 1—1 

0 0-4 

be found by cofactor expansion along the last column: (— 4)[(0)(1) — (2)(1)] = 8. Thus, det(^4) = 3 • 8 = 24. 
6. 
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(a) : Of the 24 terms in the determinant expression (3.1.3), the only nonzero term is 041032023014, which 
has a positive sign: ct(4,3,2,1) = +1. Therefore, det (A) = (-3)(l)(-5)(-2) = -30. 

(b) : By permuting the first and last rows, and by permuting the middle two rows, we bring A to upper 
triangular form. The two permutations introduce two sign changes, so the resulting upper triangular matrix 
has the same determinant as A, and it is (— 3)(1)(— 5)(— 2) = —30. 



(c): Cofactor expansion along the first column yields: det(A) = —(—3) 



0 0-2 

0-5 1 . This latter 

1 -4 1 

determinant can be found by cofactor expansion along the first column: (1)[(0)(1) — (— 5)(— 2)] = —10. 
Hence, det (A) = 3 • (-10) = -30. 

7. To obtain the given matrix from A, we perform two row permutations, multiply a row through by —4, 
and multiply a row through by 2. The combined effect of these operations is to multiply the determinant of 
A by (-1) 2 • (-4) • (2) = -8. Hence, the given matrix has determinant det (A) ■ (-8) = 4 • (-8) = -32. 

8. To obtain the given matrix from A, we add 5 times the middle row to the top row, we multiply the last 
row by 3, we multiply the middle row by —1, we add a multiple of the last row to the middle row, and we 
perform a row permutation. The combined effect of these operations is to multiply the determinant of A by 
(1) • (3) • (—1) • (—1) = 3. Hence, the given matrix has determinant det(A) • (3) = 4 • (3) = 12. 

9. To obtain the given matrix from A T , we do two row permutations, multiply a row by —1, multiply a row by 
3, and add 2 times one row to another. The combined effect of these operations is to multiply the determinant 
of A by (-1)(-1)(-1)(3)(1) = -3. Hence, the given matrix has determinant det (A) -(-3) = (4) -(-3) = -12. 

10. To obtain the given matrix from A, we permute the bottom two rows, multiply a row by 2, multiply a 
row by —1, add —1 times one row to another, and then multiply each row of the matrix by 3. The combined 
effect of these operations is to multiply the determinant of A by (— 1)(2)(— 1)(1)(3) 3 = 54. Hence, the given 
matrix has determinant det(A) • 54 = (4) (54) = 216. 

11. We have det(AB) = det(A)det(B) = (-2) • 3 = -6. 

12. We have det(B 2 A~ 1 ) = (det(B)) 2 det(A- 1 ) = ^ = -4.5. 

13. We have det^A' 1 B) T (2B' 1 )) = dct^B) • det(2B- 1 ) = -\ • 3 • 2 4 • \ = -8. 



14. We have det((-A) 3 (2B 2 )) 
1152. 



det(-A) 3 det(2B 2 ) = (-l) 3 (det^) 3 • 2 4 • (detB) 2 = (-l) 3 (-2) 3 • 2 4 • 3 2 



15. Since A and B are not square matrices, det (A) and det(-B) are not possible to compute. We have 



det(C) = -18, and therefore, det(C T ) = -18. Now, AB 



25 



-10 
28 



and so det(AB) = 474. Since 



BA = 



1 

18 



8 
15 



-13 
24 



we have det(BA) = 0. Next, det(B T A T ) = det((AB) T ) = det (AB) = 474. Next, 
det(BAC) = det(BA)det(C) = 0 • (-18) = 0. Finally, we have det(ACB) = det 



38 54 
133 297 



= 4104. 



16. The matrix of cofactors of B is Mc 



1 -1 
-4 5 



and so adj(£>) 



1 -4 
-1 5 



Since det(B) 
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we 



have B- 1 = 



1 -4 
•1 5 



Therefore, 



(A B ) = (B ) A = {B~ ) A 



1 2 

3 4 



-2 
11 



-2 
12 



17. 



adj(A) 
det(A) 
A" 1 = 



18. 



M c 



adj(A) = 
det(A) = -60 

^ ~ 60 



16 -1 -5 
4 5-3 
-4 2 10 
16 4 -4 
-15 2 
-5 -3 10 
28; 

4/7 1/7 -1/7 
-1/28 5/28 1/14 
-5/28 -3/28 5/14 



5 12 -11 -1 
65 -24 -23 -13 
-25 0 -5 5 
-35 0 5 -5 
5 65 -25 -35 
12 -24 0 0 
-11 -23 -5 5 
-1 -13 5 -5 



5 

12 



65 

-24 



-11 -23 
-1 -13 



19. 



32 
16 

-4 



M c = 

adj(A) = 
det(A) = 

48 



-24 
12 
12 
6 



-40 
-20 

-4 
-2 



-25 
0 

-5 
5 

-48 
0 
0 
0 



-35 
0 
5 

-5 



-24 
-40 
-48 
48; 



-24 
-40 
-48 



32 16 -4 

12 12 6 

-4 -2 

0 0 

32 16 
12 12 



-20 
0 



-20 
0 



-4 
6 
-2 
0 



20. 
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21 





21 12 


-12 






M c = 


24 9 


-12 








48 24 


-27 










21 


24 


48 


adj(A) = 




12 


9 


24 






-12 


-12 


-27 


det(A) = 


= c 


"; 












7/3 


8/3 


16/3 


A- 1 = 




4/3 


1 


8/3 






-4/3 - 


-4/3 




3 






7 -2 


0 " 






M c = 




0 2 


-2 


1 








-6 0 


2 










7 


0 - 


6 " 




adj(A) = 




-2 


2 


J 








0 - 


-2 


2 




det(A) = 


^ 


i 










3.5 0 


-3 ' 






A- 1 = 




-1 1 


0 










0 -1 


1 







22. There are many ways to do this. One choice is to let B = 



23. FALSE. For instance, if one entry of the matrix A 



-1 
1 
0 

3 " 

3 
3 



0 

4 

10 
9 



is changed, two of the rows of A 



will still be identical, and therefore, the determinant of the resulting matrix must be zero. It is not possible 
to force the determinant to equal r. 

24. Note that 

det(A) = 2 + 12k + 36 - 4k - 18 - 12 = 8fc + 8 = 8(fc + 1). 

(a) : Based on the calculation above, we see that A fails to be invertible if and only if k = —1. 

(b) : The volume of the parallelepiped determined by the row vectors of A is precisely |det(A)| = \8k + 8|. 
The volume of the parallelepiped determined by the column vectors of A is the same as the volume of the 
parallelepiped determined by the row vectors of A T , which is |det(^4 T )| = |det(A)| = \8k + 8|. Thus, the 
volume is the same. 



25. Note that 



det(A) = 3(fc + 1) + 2k + 0 - 3 - k(k + 1) - 0 = -k 2 + 4k = k(4 - k). 



(a) : Based on the calculation above, we see that A fails to be invertible if and only if k — 0 or k = 4. 

(b) : The volume of the parallelepiped determined by the row vectors of A is precisely |det(A)| = | — k 2 +4k\. 
The volume of the parallelepiped determined by the column vectors of A is the same as the volume of the 
parallelepiped determined by the row vectors of A T , which is |det(A T )| = |det(A)| = | — k 2 +4k\. Thus, the 
volume is the same. 
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26. Note that 



det(A) = 0 + 4(fc - 3) + 2k 3 - k 2 



0 = 2k 3 - k 2 - 4k - 12. 



(a) : Based on the calculation above, we see that A fails to be invertiblc if and only if 2k 3 — k 2 — Ak — 12 = 0, 
and the only real solution to this equation for k is k w 2.39 (from calculator). 

(b) : The volume of the parallelepiped determined by the row vectors of A is precisely |det(A)| = \2k 3 — k 2 — 
Ak~ 12 1 . The volume of the parallelepiped determined by the column vectors of A is the same as the volume of 
the parallelepiped determined by the row vectors of A T , which is |det(A T )| = |det(^4)| = \2k 3 — k 2 — Ak — 12|. 
Thus, the volume is the same. 

27. From the assumption that AB = —BA, we can take the determinant of each side: det(^4B) = dct(— BA). 
Hence, det(A)det(B) = (-l) n det(B)det(A) = -det(A)det(S). From this, it follows that det(A)det(B) = 0, 
and therefore, either det(A) = 0 or det(B) = 0. Thus, either A or B (or both) fails to be invertible. 

28. Since AA T = I n , we can take the determinant of both sides to get det(A4 T ) = dct(/„) = 1. Hence, 
det(A)det(A T ) = 1. Therefore, we have (det(A)) 2 = 1. We conclude that det(A) = ±1. 



29. The coefficient matrix of this linear system is A = 



-3 
1 



We have 



det(A) 



-3 1 
1 2 



Thus, 



Xi 



-7, dct(Bi) 

_ det(-Bi) _ 
~ det(A) ~ 



3 1 
1 2 



5, and det(i?2) 

5 , det(B 2 ) 6 

■- and x 2 = , 77 tt = -• 
7 det(A) 7 



-3 3 
1 1 



-6. 



Solution: (-5/7,6/7). 

30. The coefficient matrix of this linear system is A 



2 -1 1 
4 5 3 
4-3 3 



. We have 



Thus, 



Xi 



det(A) = 

det(B 2 ) = 

_ det(Bi) 
~ det(yl) 



2 -1 1 

4 5 3 
4-3 3 

2 2 1 

4 0 3 

4 2 3 



2 -1 1 
0 5 3 
2-3 3 

2-12 
4 5 0 
4-3 2 



= 32, 



2, x 2 



= 16, det(Bi) = 

= -4, det(£ 3 ) = 

det(B 2 ) 1 _ det(B 3 ) _ 9 

deW~~4' and X3 ~ ~d^(A) ~~A- 



-36. 



Solution: (2,-1/4,-9/4). 

31. The coefficient matrix of this linear system is A = 



3 1 2 
2 -1 1 
0 5 5 



. We have 



det(^) = 



3 1 2 
2 -1 1 
0 5 5 



= -20, det(-Bi) = 



-1 1 2 
-1 -1 1 
-5 5 5 



= -10, 
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det(B 2 ) 



3-12 
2 -1 1 
0-5 5 



-10, det(£ 3 ) 



Thus, 



Xi = 



det(Bi) 



det(B 2 ) 



det(A) 2' X2 det(A) 



2' 



and x 3 — 



Solution: (1/2,1/2,-3/2). 



1 -1 
-1 -1 

5 -5 

det(B 3 ) 
det(A) 



30. 



Solutions to Section 4.1 



True- False Review: 

1. FALSE. The vectors (x, y) and (x, y, 0) do not belong to the same set, so they are not even comparable, 
let alone equal to one another. 

2. TRUE. The unique additive inverse of (x,y, z) is (—a;, —y, —z). 

3. TRUE. The solution set refers to collections of the unknowns that solve the linear system. Since this 
system has 6 unknowns, the solution set will consist of vectors belonging to M 6 . 

4. TRUE. The vector (— 1) • (xi, X2, ■ ■ ■ , x n ) is precisely {—x\, — x 2 , . . . , — x n ), and this is the additive inverse 
of (xi,x 2 , ■ ■ -,x n ). 

5. FALSE. There is no such name for a vector whose components are all positive. 

6. FALSE. The correct result is 

0 + f)(x + y) = (s + t)x + (s + t)y = sx + tx + sy + ty, 
and in this item, only the first and last of these four terms appear. 

7. TRUE. When the vector x is scalar multiplied by zero, each component becomes zero: Ox = 0. This is 
the zero vector in R n . 

8. TRUE. This is seen geometrically from addition and subtraction of geometric vectors. 

9. FALSE. If k < 0, then fcx is a vector in the third quadrant. For instance, (1, 1) lies in the first quadrant, 
but (— 2)(1, 1) = (—2, —2) lies in the third quadrant. 

10. TRUE. Recalling that i = (1, 0, 0), j = (0, 1, 0), and k = (0, 0, 1), we have 

5i-6j + v / 2k = 5(l,0,0)-6(0,l,0) + v / 2(0,0,l) = (5,-6,v^), 

as stated. 

11. FALSE. If the three vectors lie on the same line or the same plane, the resulting object may determine 
a one-dimensional segment or two-dimensional area. For instance, if x = y = z = (1,0,0), then the vectors 
x,y, and z rest on the segment from (0,0,0) to (1,0,0), and do not determine a three-dimensional solid 
region. 

12. FALSE. The components of fcx only remain even integers if fc is an integer. But, for example, if k = n, 
then the components of fcx are not even integers at all, let alone even integers. 
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Problems: 

1. Vl = (6, 2), v 2 = (-3, 6), v 3 = (6, 2) + (-3, 6) = (3, 8). 




Figure 61: Figure for Problem 1 



2. Vl = (-3, -12), v 2 = (20, -4), v 3 = (-3, -12) + (20, -4) = (17, -16). 

y 




(17, -16) 

Figure 62: Figure for Problem 2 



3. v = 5(3,-1, 2, 5) - 7(-l, 2, 9, -2) = (15, -5, 10, 25) - (-7, 14, 63, -14) = (22, -19, -53, 39). Additive 
inverse: -v = (-l)v = (-22, 19, 53, -39). 

4. We have 

y=|x+iz=|(l,2,3,4 ) 5) + i(-l,0,-4,l,2)= (|= |'|' 3 ' 4 ) ' 



5. Let x = (xi,X2,xz,X4), y = (3/1,2/2,2/3,2/4) be arbitrary vectors in K 4 . Then 



x + y 



(X 1 ,X 2 ,X 3 ,X 4 ) + (2/1,2/2,2/3,2/4) = {X\ + 2/1,2:2 + 2/2,^3 + 2/3,^4 + 2/4) 

(?/i + ^1,2/2 + 22,2/3 + £3,2/4 + x 4 ) = (2/1,2/2,2/3,2/4) + (xi,x 2 ,x 3 ,x 4 ) 
y + x. 
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6. Let x = (xi,x 2 , xs, x 4 ), y = (yi,y 2 , 2/3,2/4), z = (z\,Z2,Z3, z 4 ) be arbitrary vectors in M 4 . Then 

x+(y + z) = (x 1} x 2 ,x 3 ,x 4 ) + (yi + z 1} y 2 + z 2 ,y 3 + z 3 ,y 4 + z 4 ) 

= (xi + (yi + Zi),x 2 + (y 2 + z 2 ),x 3 + (y 3 + z 3 ),x 4 + (y 4 + z 4 )) 
= ((xi + yi) + zi, (x 2 + y 2 ) + z 2 , (x 3 + y 3 ) + z 3 , (x 4 + y 4 ) + z 4 ) 
= (xi +yi,x 2 + y 2 ,x 3 + y 3 ,x 4 + y 4 ) + (zi, z 2 , z 3 , z 4 ) 
= (x + y)+z. 

7. Let x = (x ll x 2 ,x 3 ) and y = (2/1,2/2, 2/3) be arbitrary vectors in R 3 , and let r, s, t be arbitrary real numbers. 
Then: 

lx = l(xi,x 2 ,x 3 ) = (lxi, 1x2, lx 3 ) = (xi,x 2 ,x 3 ) = x. 

(st)x = (st)(xi,x 2 ,x 3 ) = ((st)xi, (st)x2, (st)x 3 ) = (s(txi),s(tx 2 ),s(tx 3 )) = s(txi,tx 2 ,tx 3 ) = s(tx). 
r ( x + y) = rfa + yi,x 2 + y 2 ,x 3 + y 3 ) = {r{x 1 + y{), r(x 2 + y 2 ), r(x 3 + y 3 )) 

= (rxi + ry 1 ,rx 2 + ry 2l rx 3 + ry 3 ) = (rx 1 ,rx 2l rx 3 ) + (ry u ry 2 ,ry 3 ) 

= rx + ry. 

(s + i)x = (s + t)(xi,x 2 , x 3 ) = ((s + t)xi, (s + t)x 2 , (s + t)x 3 ) 

= (sXi + tXi,SX 2 + tx 2 ,SX 3 + tx 3 ) = (8X1,8X2,8X3) + (txi,tx 2 ,tx 3 ) 

= sx + tx. 

8. For example, if x = (2, 2) and y = (—1, —1), then x + y = (1,1) lies in the first quadrant. If x = (1, 2) 
and y = (—5, 1), then x + y = (—4, 3) lies in the second quadrant. If x = (1, 1) and y = (—2, —2), then 
x + y = (—1, —1) lies in the third quadrant. If x = (2, 1) and y = ( — 1, —5), then x + y = (1, —4) lies in the 
fourth quadrant. 



Solutions to Section 4.2 



True-False Review: 

1. TRUE. This is part 1 of Theorem 4.2.6. 

2. FALSE. The statement would be true if it was required that v be nonzero. However, if v = 0, then 
rv = sv = 0 for all values of r and s, and r and s need not be equal. We conclude that the statement is not 
true. 

3. FALSE. This set is not closed under scalar multiplication. In particular, if k is an irrational number 
such as k = it and v is an integer, then kv is not an integer. 

4. TRUE. We have 



(x + y) + ((-x) + (-y)) = (x + (-x)) + (y + (-y)) = 0 + 0 = 0, 
where we have used the vector space axioms in these steps. Therefore, the additive inverse of x + y is 

(-x) + (-y). 

5. TRUE. This is part 1 of Theorem 4.2.6. 

6. TRUE. This is called the trivial vector space. Since 0 + 0 = 0 and k ■ 0 = 0, it is closed under addition 
and scalar multiplication. Both sides of the remaining axioms yield 0, and 0 is the zero vector, and it is its 
own additive inverse. 
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7. FALSE. This set is not closed under addition, since 1 + 1 ^ {0,1}. Therefore, (Al) fails, and hence, 
this set does not form a vector space. (It is worth noting that the set is also not closed under scalar 
multiplication.) 

8. FALSE. This set is not closed under scalar multiplication. If k < 0 and x is a positive real number, the 
result kx is a negative real number, and therefore no longer belongs to the set of positive real numbers. 

Problems: 

1. If x = p/q and y — r/s, where p,q,r, s are integers (q =/= 0, s =/= 0), then x + y — (ps + qr) /(qs), which 
is a rational number. Consequently, the set of all rational numbers is closed under addition. The set is not 
closed under scalar multiplication since, if we multiply a rational number by an irrational number, the result 
is an irrational number. 

2. Let A = {a^] and B = [b^] be upper triangular matrices, and let k be an arbitrary real number. Then 
whenever i > j, it follows that = 0 and bij — 0. Consequently, + b^ — 0 whenever i > j, and kaij = 0 
whenever i > j. Therefore, A + B and kA are upper triangular matrices, so the set of all upper triangular 
matrices with real elements is closed under both addition and scalar multiplication. 

3. V — {y : y' + 9y — Ax 2 } is not a vector space because it is not closed under vector addition. Let 
u, v £ V. Then u' + 9u = Ax 2 and v' + 9v = Ax 2 . It follows that (u + v)' + 9(u + v) = (u' + v') + 9(u + v) = 
u' + 9u + v' + 9v = Ax 2 + Ax 2 = 8x 2 ^ Ax 2 . Thus, u + v ^ V. Likewise, V is not closed under scalar 
multiplication. 

4. V = {y : y' + 9y = 0 for all x £ 1} is closed under addition and scalar multiplication, as we now show: 



Al: Addition: For u, v £ V, u' + 9u = 0 and v' + 9v = 0, so 

(u + v)' + 9(m + v) = v! + v' + 9u + 9v = u' + 9u + v' + 9v = 0 + 0 = 0 

=> u + v £ V, therefore we have closure under addition. 



A2: Scalar Multiplication: If a £ R and u £ V, then 

(era)' + 9(au) = au' + 9au = a(u' + 9u) = a ■ 0 = 0, so we also have closure under multiplication. 



5. V = {x £ R™ : Ax = 0, where A is a fixed matrix} is closed under addition and scalar multiplication, as 
we now show: 



Let u, v £ V and k £R. 

Al: Addition: A(u + v) = 4u + 4v = 0 + 0 = 0,sou + vel / . 
A2: Scalar Multiplication: A(ku) = kAu = kO = 0, thus fcu £ V. 



6. (a): The zero vector in M 2 (R) is 0 2 



(b): Let A = 

A + B-- 



1 0 
0 0 





' 0 


0 " 


and B = 


0 


1 



q q . Since det(0 2 ) = 0, 0 2 is an clement of S. 
. Then det(A) = 0 = det(B), so that A,B £ S. However, 



1 0 
0 1 



det(A + B) = 1, so that A + B £ S. Consequently, S is not closed under addition. 



(c): YES. Note that det(cA) = c 2 dct(A), so if det(A) = 0, then det(cA) = 0. 

7. (1) N is not closed under scalar multiplication, since multiplication of a positive integer by a real number 
does not, in general, result in a positive integer. 
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(2) There is no zero vector in N. 

(3) No element of N has an additive inverse in N. 

8. Let V be E 2 , i.e. {(x,y) :i,i/6 E}. With addition and scalar multiplication as defined in the text, this 
set is clearly closed under both operations. 

A3: u + v = (tii,u 2 ) + (vi,v 2 ) = («i + v 1 ,u 2 + v 2 ) = («i + u u v 2 + u 2 ) = v + u. 

A4: [u+v]+w = [(ui+Vi,u 2 +v 2 )] + (w 1 ,w 2 ) = ([ui+v 1 ]+w 1 , [u 2 +v 2 ]+w 2 ) = (u 1 + [v 1 +w 1 ],u 2 + [v 2 +w 2 \) = 

(ui,u 2 ) + [(vi + wi,v 2 + w 2 )] = u + [v + w]. 

A5: 0 = (0, 0) since (a;, y) + (0, 0) = (x + 0, y + 0) = (x, y). 

A6: If u = (a, b), then u = (—a, —6), a, bet, since (a, 6) + (—a, —6) = (a — a, b — b) = (0, 0). 
Now, let u = (ui,u 2 ),v — (vi,v 2 ), where U\,u 2 ,v\,v 2 G E, and let r,s,< G E. 
A7: 1 • v = l(«i, U2) = (1 ■ fi>l ■ U2) = («i,«2) = v. 

A8: (rs)v = (rs)(wi, w 2 ) = ((rs)vi, (rs)i> 2 ) = (rsvi,rsv 2 ) = (r(sv±),r(sv 2 )) = r(sv\, sv 2 ) = r(sv). 

A9: r(u + v) = r((ui, u 2 ) + (vi, v 2 )) = r{u\ + vi,u 2 + v 2 ) = (r(ui +ui), r(u 2 + v 2 )) = (rui+rvi,ru 2 + rv 2 ) = 

(ru\,ru 2 ) + (rv\,rv 2 ) = r(u\,u 2 ) + r(vi,v 2 ) =ru + rv. 

A10: (r + s)u = (r + s)(ui, u 2 ) = ((r + s)u\, (r + s)u 2 ) = {rui + su\,ru 2 + su 2 ) = (rui,ru 2 ) + (su\,su 2 ) = 
r(ut,u 2 ) + s(ui,u 2 ) = ru + su. 



Thus, 



9. Let A 



is a vector space. 

a b c 
d e f 



G M- 



2x31 



Then we see that the zero vector is 02x3 



0 0 0 
0 0 0 



since 



A + 0 2X 3 = A. Further, A has additive inverse —A 



-a 
-d 



-c 
-f 



since A+(-A) = 0 2x3 . 



is 0 mxn , the mx n zero matrix. The additive inverse of the m x n matrix 



10. The zero vector of M mx , 
A with (i, j)-element is the m x n matrix — A with (i, j)-element — atj. 

11. V — {p : p is a polynomial in .t of degree 2}. V is not a vector space because it is not closed under 
addition. For example, x 2 G V and -x 2 G V, yet x 2 + (—x 2 ) = 0 ^ V. 

12. YES. We verify the ten axioms of a vector space. 

Al: The product of two positive real numbers is a positive real number, so the set is closed under addition. 
A2: Any power of a positive real number is a positive real number, so the set is closed under scalar multi- 
plication. 
A3: We have 

x + y = xy = yx = y + x 

for all x, y G E+, so commutativity under addition holds. 
A4: We have 

(x + y) + z = (xy) + z = (xy)z = x(yz) = x(y + z) = x + (y + z) 
for all x,y, z G E + , so that associativity under addition holds. 

A5: We claim that the zero vector in this set is the real number 1. To see this, note that 1 + x = lx = x = 
xl = x+ 1 for all x G E+. 

A6: We claim that the additive inverse of the vector x G E+ is - G E + . To see this, note that x+ - = x- — 

A7: Note that 1 • x = x 1 = x for all x G E+, so that the unit property holds. 
A8: For all r, s G E and x G E + , we have 



(rs) ■ x = x rs = x sr = (x s ) r = r ■ x s = r ■ (s • x), 



as required for associativity of scalar multiplication. 
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A9: For all r £ R and x, y £ R + , we have 

r ■ (x + y) = r ■ (xy) = (xy) r = x r y r = x r + y r = r ■ x + r ■ y, 

as required for distributivity of scalar multiplication over vector addition. 
A10: For all r,seR and x £ R + , we have 

(r + s) ■ x = x r+s = x r x s = x r + x s = r ■ x + s ■ x, 

as required for distributivity of scalar multiplication over scalar addition. 

The above verification of axioms A1-A10 shows that we have a vector space structure here. 

13. Axioms Al and A2 clearly hold under the given operations. 

A3: u + v = (ui,m 2 ) + (vi,v 2 ) = (ui - vi,u 2 - v 2 ) = (-(ui - u\),-(v 2 - u 2 )) ^ (vi - u\,v 2 - u 2 ) = v + u. 
Consequently, A3 does not hold. 

A4: (u+v)+w = (ui-vi,u 2 -v 2 ) + (wi,w 2 ) = ((ui-Wi)-Wi, (u 2 -v 2 )-w 2 ) = {ui-(vi+Wi),u 2 -(v 2 +w 2 )) = 
(u\,u 2 ) + (vi +w\,v 2 + w 2 ) ^ (u\,u 2 ) + (vi —Wi,v 2 — w 2 ) = u + (v + w). Consequently A4 does not hold. 
A5: 0 = (0,0) since u + 0 = (ui,« 2 ) + (0,0) = {u x -0,u 2 - 0) = {u u u 2 ) = u. 

A6: If u = (ui, u 2 ), then — u = (u\,u 2 ) since u+ (— u) = (ui, u 2 ) + (u\,u 2 ) = (ui — u\,u 2 — u 2 ) = (0, 0) = 0. 
Each of the remaining axioms do not hold. 

14. Axiom A5: The zero vector on R 2 with the defined operation of addition is given by (1,1), for if (u\,u 2 ) 
is any element in R 2 , then (ui,u 2 ) + (1, 1) = (u\ ■ l,u 2 ■ 1) = (u\,u 2 ). Thus, Axiom A5 holds. 

Axiom A6: Suppose that (ui,vi) is any element in R 2 with additive inverse (a, b). From the first part of 
the problem, we know that (1, 1) is the zero element, so it must be the case that (u\, v\) + (a, b) = (1, 1) so 
that (uia,vib) = (1, 1); hence, it follows that U\a = 1 and v x b = 1, but this system is not satisfied for all 
(ui,vi) e R, namely, (0,0). Thus, Axiom A6 is not satisfied. 

15. Let A,B,Ce M 2 (R) and r,s,te R. 

A3: The addition operation is not commutative since 

A + B = AB ^ BA = B + A. 

A4: Addition is associative since 



{A + B) + C = AB + C = {AB)C = A(BC) = A{B + C) = A + (B + C). 



A5: I 2 



is the zero vector in M 2 (R) because A + 1 2 = AI 2 = A for all A G M 2 { 



A6: We wish to determine whether for each matrix A e M 2 (R) we can find a matrix B <E M 2 (R) such that 
A + B = I 2 (remember that we have shown in A5 that the zero vector is I 2 ), equivalently, such that AB = I 2 . 
However, this equation can be satisfied only if A is nonsingular, therefore the axiom fails. 



A7 
A8 
A9 



1 • A = A is true for all A e M 2 (R). 
(st)A = s(tA) is true for all A € M 2 (R) and s, t £ R. 
sA + tA = (sA)(tA) = st(AA) ^ (s + t)A for all s,t € 



and A e M 2 (R). Consequently, the axiom fails. 



A10: rA + rB = (rA)(rB) = r 2 AB = r 2 (A + B). Thus, rA + rB ^ rA + rB for all r € R, so the axiom fails. 



16. M 2 (R) = {A : A is a 2 x 2 real matrix}. Let A, B £ M 2 (R) and k £ R. 
Al: A® B = -(A + B). 
A2: k ■ A = -kA. 

A3 and A4: A © B = -(A + B) = —(B + A) = B © A. Hence, the operation 0 is commutative. 
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(A © B) © C = -((A ®B) + C) = -{-{A + B) + C) = A + B- C, but 

Affi(BffiC) = -(A+(B©C)) = -(A+(-(B + C)) = -A + B + C. Thus the operation © is not associative. 
A5: An element B is needed such that A © £ = A for all A G M 2 (R), but -(A + B) = ^4 =>■ B = -2 A. 
Since this depends on A, there is no zero vector. 

A6: Since there is no zero vector, we cannot define the additive inverse. 
Let r,s,te R. 

A7: 1 • A = -1A= -A ^ A. 

A8: (si) • A = -[(si) A], but s ■ (t ■ A) = s ■ (-tA) = -[s(-tA)] = s(tA) = (st)A, so it follows that 
(at)- A? a - (t- A). 

A9: r-(A@B) = -r{A®B) = -r{-{A+B)) = r(A + B) = rA + rB = -[(-rA) + (-rB)] = -rA®(~rB) = 
r ■ A + r ■ B, whereas rA © rB = — (rA + rB) = —rA — rB, so this axiom fails to hold. 
A10: (s + t)-A = -(s + t)A = -sA+(-tA), but s-A®t-A = -(sA)®(-tA) = -[-(sA) + (-tA)] = sA + tA, 
hence (s + t) ■ A ^ s ■ A ffi t ■ A. We conclude that only the axioms (A1)-(A3) hold. 

17. Let C 2 = {(zi, Z2) ■ Zi € C} under the usual operations of addition and scalar multiplication. 
A3 and A4: Follow from the properties of addition in C 2 . 

A5: (0,0) is the zero vector in C 2 since (-21,-22) + (0,0) = (zi +0,z 2 + 0) = (zi,z 2 ) for all (zi,z 2 ) G C 2 . 
A6: The additive inverse of the vector (21, 22) € C 2 is the vector (—21, — z 2 ) for all (z\, z 2 ) G C 2 . 
A7-A10: Follows from properties in C 2 . 

Thus, C 2 together with its defined operations, is a complex vector space. 

18. Let M 2 (C) = {A : A is a 2 x 2 matrix with complex entries} under the usual operations of matrix 
addition and multiplication. 

A3 and A4: Follows from properties of matrix addition. 

A5: The zero vector, 0, for M 2 (C) is the 2x2 zero matrix, 0 2 . 

A6: For each vector A = [a^] e M 2 (C), the vector -A = [-a i-7 -] € M 2 (C) satisfies A + (-A) = 0 2 . 
A7-A10: Follow from properties of matrix algebra. 

Hence, M 2 (C) together with its defined operations, is a complex vector space. 

19. Let u = (ui,u 2 ,u 3 ) and v = (vi,v 2 ,v 3 ) be vectors in C 3 , and let k € R. 
Al: u + v = (m,u 2 ,u 3 ) + (vi,V2,v 3 ) = (ui + v x ,u 2 + v 2 ,u 3 + v 3 ) E C 3 . 
A2: fcu = k(ui,u 2 , u 3 ) — (kui,ku 2 ,ku 3 ) G C 3 . 

A3 and A4: Satisfied by the properties of addition in C 3 . 

A5: (0, 0, 0) is the zero vector in C 3 since (0, 0, 0) + (zi,z 2 ,z 3 ) = (0 + Zi, 0 + z 2 , 0 + z 3 ) — (zi,z 2 , z 3 ) for all 
{z 1 ,z 2 ,z 3 ) G C 3 . 

A6: (—Zi, —z 2 ,—z 3 ) is the additive inverse of (z\, z 2 , z 3 ) because (zi, z 2 , z 3 ) + (—Z\,—z 2 , — z 3 ) = (0, 0, 0) for 
all (zi,z 2 ,z 3 ) G C 3 . 
Let r,s,te R. 

Al: 1 • u = 1 • (ui,u 2 ,u 3 ) = (lui, lu 2 , lu 3 ) = (ui,u 2 ,u 3 ) = u. 

A8: (st)u = (st)(ui,u 2 ,u 3 ) = ((si)ui, {st)u 2 , (st)u 3 ) = (s(tui),s(tu 2 ),s(tu 3 )) = s(tu\,tu 2 ,tu 3 ) = s(t(ui,u 2 ,u 3 )) = 
s(tu). 

A9: r(u + v) = r{ui+v\,u 2 + v 2 ,u 3 + v 3 ) = (r(ui + vi), r(u 2 +v 2 ), r(u 3 + v 3 )) = (rui + rvi,ru 2 + rv 2 ,ru 3 + 
rv 3 ) = (rui,ru 2 ,ru 3 ) + (rvi,rv 2 ,rv 3 ) = r(ui,u 2 ,u 3 ) + r(vi,v 2 ,v 3 ) = ru + rv. 

A10: (s + f)u = (s + t)(u\,u 2 , u 3 ) = ((s + t)u\, (s + t)u 2 , (s + t)u 3 ) = (su\ + tu\,su 2 + tu 2 , su 3 + tu 3 ) = 
(sui,su 2 ,su 3 ) + (tu\,tu 2 , tu 3 ) — s(ui,u 2 , u 3 ) + t(ui,u 2 ,u 3 ) = su + tu. 
Thus, C 3 is a real vector space. 

20. NO. If we scalar multiply a vector (x, y, z) € R 3 by a non-real (complex) scalar r, we will obtain the 
vector (rx, ry, rz) £ R 3 , since rx, ry, rz £ R. 

21. Let k be an arbitrary scalar, and let u be an arbitrary vector in V. Then, using property 2 of Theorem 
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4.2.6, we have 



kO = fc(Ou) = (fcO)u = Ou = 0. 



22. Assume that A: is a scalar and u € V such that fcu = 0. If k = 0, the desired conclusion is already 
reached. If, on the other hand, k ^ 0, then we have i £ M and 



Hence, 1 • u — 0, and the unit property A7 now shows that u = 0, and again, we reach the desired conclusion. 
23. We verify the axioms A1-A10 for a vector space. 

Al: If a 0 + a\x + • • • + a n x n and 6 0 + b\x + • • • + b n x n belong to P n , then 

(a 0 + aix H h a n x n ) + (b 0 + b\x H V b n x n ) = (a 0 + b 0 ) + (on + h)x H h (a„ + &„)x n , 

which again belongs to P„. Therefore, P n is closed under addition. 
A2: If do + aix + • • • + a n x n and r is a scalar, then 



which again belongs to P n . Therefore, P n is closed under scalar multiplication. 

A3: Let p(x) = a 0 + a\x + • • • + a n x n and q(x) = b 0 + b\x + • • • + b n x n belong to P n . Then 



p(x) + q(x) = (a 0 + a-ix H h a n x n ) + (b 0 + b\x + h b n x n ) 

= (a 0 + b 0 ) + (ai + bi)x H h (a„ + 6„)x™ 

= (&o + ao) + (&i + ai)x H h (6„ + a n )x n 

= (6 0 + b\x H h &„a;™) + (a 0 + ai.x H V a n x n ) 

= q(x)+p(x), 



so P n satisfies commutativity under addition. 

A4: Let p{x) = ao + a\x + • • • + a n x n , q(x) = 6o + b\x + • • • + b n x n , and r{x) = cq + c\x + • • • + c n x n belong 
to P n . Then 

\p(x) + q(x)] + r(x) = [(a 0 + a\x H V a n x n ) + (b 0 + b\x H V b n x n )\ + (c 0 + c ± x -\ h c n x n ) 

= [{ao + b 0 ) + (ai + h)x H h (a„ + 6„)x"] + (c 0 + cj.t H h c„x") 

= [(a 0 + b 0 ) + c 0 ] + [( ai + fci) + ci]a; + • • • + [(a„ + 6„) + c„]x™ 
= [a 0 + (b 0 + c 0 )} + [ai + (&i + Cl )]x + ■ ■ ■ + [a n + (b n + c n )]x n 

= (a 0 + aix H h a n x n ) + [(b 0 + c 0 ) + (h + c x )x -\ h (b n + c n )x n ] 

= (a 0 + aix H h a„a;™) + [(6 0 + b\x H h &„.t") + (c 0 + c x x H h c„x")] 

= p(a;) + [q(x) + r(x)], 

so P„ satisfies associativity under addition. 

A5: The zero vector is the zero polynomial z(x) = 0 + 0- x + -- - + 0-x n , and it is readily verified that this 
polynomial satisfies z(x) + p(x) = p(x) = p(x) + z(x) for all p(x) e P n . 
A6: The additive inverse of p(x) = a 0 + a\X + • • • + a n x n is 




or 




r ■ (a 0 + a x x + • • • + a n x n ) = (ra 0 ) + (rai)x + • • • + (ra n )x n , 



p(x) = (-ao) + (-ai)xH h (-a n )x n . 
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It is readily verified that p(x) + (—p(x)) = z(x), where z(x) is defined in A5. 
A7: We have 

1 • (a 0 + aix H h a n x n ) = a 0 + a x x H h a n x n , 

which demonstrates the unit property in P n . 

A8: Let r,s€R, and p(x) = a 0 + a\x + • • • + a n x n e P n . Then 

(rs) ■ p(x) = (rs) ■ (a 0 + a x x H h a n x n ) 

= [{rs)a Q } + [(rs)ai]x H h [{rs)a n ]x n 

= r[(sa 0 ) + (sai)x + h (sa n )x n ] 

= r[s(a 0 + a x x H h a n x n )} 

= r ■ (s-p(x)), 

which verifies the associativity of scalar multiplication. 

A9: Let r £ K, let p(x) = ao + a\x + • • • + a n x n e P n , and let q(x) = &o + bix + • • • + b n x n e P n . Then 

r • (p(x) + q(x)) = r ■ ((a 0 + a Y x H h a„x") + (6 0 + bix H h 6„x")) 

= r • [(a 0 + & 0 ) + («i + H 1- (a n + K)x n ] 

= [r(ao + &o)] + K a i + + • ■ • + [r(a n + b n )]x n 

= [(ra 0 ) + {ra^x +■■■ + (ra n )x n ] + [(rb 0 ) + (rh)x + ■■■ + (rb n )x n ] 

= [r(a 0 + aix H h a„a;")] + [r(b 0 + b\x H h 6„x")] 

= r • p(x) + r ■ q(x), 

which verifies the distributivity of scalar multiplication over vector addition. 
A10: Let r,seR and let p(x) = a 0 + a\x + • • • + a n x n G P n . Then 

(r + s) ■ p(x) = (r + s) ■ (a 0 + a\x H h a„a; n ) 

= [(r + s)a 0 ] + [(r + s)ai].x H h [(r + s)a„]x" 

= [rao + toix + • • • + ra„a; n ] + [sao + saix + • • • + sa n x n ] 
= r(a 0 + aix + • • • + a n x n ) + s(a 0 + a^x + • • • + a n x n ) 
= r ■ p(x) + s ■ p(x), 

which verifies the distributivity of scalar multiplication over scalar addition. 
The above verification of axioms A1-A10 shows that P n is a vector space. 

Solutions to Section 4.3 

True- False Review: 

1. FALSE. The null space of an m x n matrix A is a subspace of R™, not R m . 

2. FALSE. It is not necessarily the case that 0 belongs to the solution set of the linear system. In fact, 0 
belongs to the solution set of the linear system if and only if the system is homogeneous. 

3. TRUE. If b = 0, then the line is y — mx, which is a line through the origin of K 2 , a one-dimensional 
subspace of R 2 . On the other hand, if b ^ 0, then the origin does not lie on the given line, and therefore 
since the line does not contain the zero vector, it cannot form a subspace of K 2 in this case. 
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4. FALSE. The spaces R m and R", with m < n, are not comparable. Neither of them is a subset of the 
other, and therefore, neither of them can form a subspace of the other. 

5. TRUE. Choosing any vector v in S, the scalar multiple Ov = 0 still belongs to S. 

6. FALSE. In order for a subset of V to form a subspace, the same operations of addition and scalar 
multiplication must be used in the subset as used in V . 

7. FALSE. This set is not closed under addition. For instance, the point (1, 1,0) lies in the xy-plane, the 
point (0, 1, 1) lies in the yz-plane, but 

(1,1,0) + (0,1,1) = (1,2,1) 
does not belong to S. Therefore, S is not a subspace of V. 

8. FALSE. For instance, if we consider V = R 3 , then the rry-plane forms a subspace of V, and the x-axis 
forms a subspace of V. Both of these subspaces contain in common all points along the x-axis. Other 
examples abound as well. 

Problems: 

1. S = {x e R 2 : x = (2k, -3k), k E R}. 

(a) S is certainly nonempty. Let x, y € S. Then for some r, s € R, 

x = (2r, — 3r) and y = (2s, — 3s). 

Hence, 

x + y = (2r, -3r) + (2s, -3s) = (2(r + s), -3(r + s)) = (2k, -3k), 
where fc = r + s. Consequently, £ is closed under addition. Further, if c € R, then 

cx = c(2r, -3r) = (2cr, -3cr) = (2t, -3f), 

where t = or. Therefore S is also closed under scalar multiplication. It follows from Theorem 4.3.2 that S 
is a subspace of R 2 . 

(b) The subspace S consists of all points lying along the line in the accompanying figure. 



y 




> x 



Figure 63: Figure for Problem 1(b) 
2. S = {x £ R 3 : x = (r - 2s, 3r + s,s),r,s<E R}. 
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(a) S is certainly nonempty. Let xjeS. Then for some r, s,u,v € R, 

x = (r — 2s, 3r + s, s) and y = (u — 2v, 3u + v, v). 

Hence, 

x + y = (r — 2s, 3r + s, s) + (u — 2v, 3u + v, v) 

= ((r + u) - 2(s + v),3(r + u) + (s + v),s + v) 
= (a-2b,3a + b,b), 

where a = r + u, and b = s + v. Consequently, S is closed under addition. Further, if c G R, then 

cx = c(r — 2s, 3r + s,s) = (cr — 2cs, 3cr + cs, cs) = (k — 21, 3k + I, I), 

where k = cr and I = cs. Therefore S is also closed under scalar multiplication. It follows from Theorem 
4.3.2 that S is a subspace of R 3 . 

(b) The coordinates of the points in S are (x,y,z) where 

x = r — 2s, y = 3r + s, z = s. 
Eliminating r and s between these three equations yields 3x — y + 7z = 0. 

3. S = {(x, y) e R 2 : 3x + 2y = 0}. S + 0 since (0, 0) e S. 

Closure under Addition: Let {xi,x 2 ), (2/1,2/2) € S. Then 3xi + 2x 2 = 0 and 3y\ + 2y 2 = 0, so 3(xi + 2/1) + 
2(^2 + 2/2) = 0, which implies that (xi + yi,x 2 + 2/2) € S. 

Closure under Scalar Multiplication: Let a <E R and (xi,x 2 ) G 5. Then 3a;i + 2.t 2 = 0 => a(3x 1 + 2x 2 ) = 
a ■ 0 => 3(aa;i) + 2(a.x 2 ) = 0, which shows that (ax\, ax 2 ) G S*. 
Thus, S is a subspace of R 2 by Theorem 4.3.2. 

4. S = {{x\, 0,a;3,2) : xi,X3 € R} is not a subspace of R 4 because it is not closed under addition. To see 
this, let (a, 0, b, 2), (c, 0, d, 2) <G S. Then (a, 0, 6, 2) + (c, 0, d, 2) = (a + c, 0, b + rf, 4) ^ 5. 

5. 5" = {{x, y, z) e R 3 : x + y + z = 1} is not a subspace of R 3 because (0, 0, 0) ^ S since 0 + 0 + 0^ 1. 

6. S = {u e R 2 : Au = b, A is a fixed m x n matrix} is not a subspace of R™ since 0 ^ S. 

7. S = {(x, y) e R 2 : x 2 — y 2 — 0} is not a subspace of R 2 , since it is not closed under addition, as we now 
observe: If (xi,yi), (x 2 ,y 2 ) e S, then (xi,yi) + (x 2 ,y 2 ) = {x\ + x 2 ,y x + y 2 ). 

(x 1 + x 2 ) 2 - (1/1 + y 2 ) 2 =x\ + 2xix 2 + x 2 2 - (y\ + 2y x y 2 + y\) 

= ( x i - Vi) + O2 - vl) + %{xix 2 - 2/12/2) 
= 0 + 0 + 2(xix 2 - 2/12/2) 7^ 0, in general. 
Thus, Oi,j/i) + (x 2 ,y 2 ) £ S. 

8. S = {A e M 2 (R) : dct(A) = 1} is not a subspace of M 2 (R). To see this, let k e R be a scalar and 
let A e S. Then dct(fcA) = fc 2 dct(A) = k 2 ■ 1 = k 2 ^ 1, unless fc = ±1. Note also that det(A) = 1 and 
det(B) = 1 docs not imply that det(A + B) = 1. 

9. S = {A= [dij] G M„(R) : Ojj = 0 whenever i < j}. Note that 5^0 since 0„ e 5. Now let A = [a y ] 
and B = [6y] be lower triangular matrices. Then — 0 and bij = 0 whenever i < j. Then + by = 0 
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and caij = 0 whenever i < j. Hence A + B = [a^- + bij] and cA = [ca^] are also lower triangular matrices. 
Therefore S is closed under addition and scalar multiplication. Consequently, S is a subspace of M 2 (R) by 
Theorem 4.3.2. 

10. S = {A E M n (R) : A is invertible} is not a subspace of M n (R) because 0„ ^ 5. 

11. 5" = {A e M 2 (R) : A T = A}. 5^0 since 0 2 G S. 

Closure under Addition: If A, B e S, then (A + B) T = A T + B T = A + B, which shows that A + B E S. 

Closure under Scalar Multiplication: If r E R and i€ S, then (r^4) T = rA T = rA, which shows that rA E S. 
Consequently, S is a subspace of M 2 (R) by Theorem 4.3.2. 

12. S = {A E M 2 (R) : A T = -A}. because 0 2 E S. 

Closure under Addition: If A, B e 5, then (4 + B) T = ^ T + B T = -A + (-£) = -(A + B), which shows 
that A + B E S. 

Closure under Scalar Multiplication: If k E R and A e S, then (fcA) T = fcA T = k(—A) = —(kA), which 
shows that kA E S. 

Thus, S is a subspace of M 2 (R) by Theorem 4.3.2. 

13. S = {/ E V : f(a) = f(b)}, where V is the vector space of all real-valued functions defined on [a, b]. 
Note that 5^0 since the zero function O(x) = 0 for all x belongs to S. 

Closure under Addition: If /, g E S, then (/ + g)(a) = f(a) + g(a) = f(b) + g(b) = (/ + g)(b), which shows 
that f + gES. 

Closure under Scalar Multiplication: If k E R and f E S, then (kf)(a) — kf(a) — kf(b) — (kf)(b), which 
shows that kf E S. 

Therefore S is a subspace of V by Theorem 4.3.2. 

14. S = {/ E V : f(a) = 1}, where V is the vector space of all real-valued functions defined on [a, b]. We 
claim that S is not a subspace of V. 

Not Closed under Addition: If f,g E S, then (/ + g)(a) = f(a) + g(a) = 1 + 1 = 2^1, which shows that 

f + gis. 

It can also be shown that S is not closed under scalar multiplication. 

15. S = {/ e V : f(-x) = f(x) for all x E R}. Note that since the zero function 0(x) = 0 for all x 
belongs to S. Let /, g E S. Then 

(/ + 9){-x) = f(-x) + g(-x) = f(x) + g(x) = (/ + g)(x) 

and if c E R, then 

(cf)(-x) = cf(-x) = cf(x) = (cf)(x), 

so / + 9 an d c • / belong to S. Therefore, S is closed under addition and scalar multiplication. Therefore, S 
is a subspace of V by Theorem 4.3.2. 

16. S = {pE P 2 : p(x) = ax 2 + b, a, b E R}. Note that 5" ^ 0 since p(x) = 0 belongs to 5". 
Closure under Addition: Let p,q E S. Then for some m, a 2 , b\, 6 2 E R, 

p(x) — aix 2 + bi and q(x) = a 2 x 2 + b 2 - 
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Hence, 



(p + q)(x) = p(x) + q(x) = (ai + a 2 )x 2 + bi + b 2 = ax 2 + b, 



where a — a\ + a 2 and b = bi + b 2 , so that S is closed under addition. 
Closure under Scalar Multiplication: If k G R, then 

(kp)(x) = kp(x) = ka\x 2 + kb\ = cx 2 + d, 

where c = ka\ and d — kb\, so that S is also closed under scalar multiplication. 

It follows from Theorem 4.3.2 that 5 is a subspace of P 2 . 

17. S — {p G P 2 : p(x) = ax 2 + 1, a £ M}. We claim that S is not closed under addition: 
Not Closed under Addition: Let p,q € S. Then for some a\,a 2 € K, 

p(x) — a\x 2 + 1 and q(x) = a 2 x 2 + 1. 

Hence, 

(p + q)(x) = p(x) + q(x) = (at + a 2 )x 2 + 2 = ax 2 + 2 

where a = ai + a 2 . Consequently, p + q £ S, and therefore S is not closed under addition. It follows that S 
is not a subspace of P 2 . 

18. S = {y G C 2 (I) : y" + 2y' — y = 0}. Note that S is nonempty since the function y = 0 belongs to S. 
Closure under Addition: Let y\,y 2 G S. 

(yi + Vi)" + 2(yi + y 2 y - (yi +y 2 ) = y'( + y'{ + 2(y[ + y' 2 ) - y x - y 2 

= y'l + 2y' 1 -y 1 + y^ + 2y' 2 -y 2 

= (vi + tyi - 2/1 ) + (y 2 + 2y 2 - 2/2) 
= 0 + 0 = 0. 

Closure under Scalar Multiplication: Let /c € K and j/i G 5. 

(fej/i)" + 2(feyi)' - (fcyi) = ky'l + 2ky[ - ky 1 = k(y" + 2y[ -y 1 ) = k-0 = Q, which shows that ky 1 e S. 
Hence, S is a subspace of V by Theorem 4.3.2. 

19. S = {y e C 2 {I) : y" + 2y' - y = 1}. S is not a subspace of V. 

We show that 5 fails to be closed under addition (one can also verify that it is not closed under scalar 
multiplication, but this is unnecessary if one shows the failure of closure under addition): 
Not Closed under Addition: Let yi,y 2 € S. 

(yi + 2/2)" + 2(t/i + y 2 )' - (yi + y 2 ) = y'( + y' 2 ' + 2{y[ + y' 2 ) - Vl - y 2 

= {y'( + 2y[ - Vl ) + (y' 2 ' + 2y' 2 - y 2 ) Thus, y x + y 2 $ S. 
= 1 + 1=2^1. 

Or alternatively: 

Not Closed under Scalar Multiplication: Let k G K and y\ G S. 

((%i)" + 2(ky 1 )' - (kyi) = ky'[ + 2ky' l - k yi = k(y'{ + 2y[ - y x ) = k ■ 1 = k ^ 1, unless k = 1. Therefore, 
%i ^ S unless k — 1. 

1 -2 1 

4—7—2 . nullspacc(A) = {x G M 3 : Ax = 0}. The reduced row echelon form of the 
-13 4 



20. A = 
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augmented matrix of the system Ax = 0 is 



1 0 0 
0 1 0 
0 0 1 



Consequently, the linear system Ax = 0 has 



only the trivial solution (0,0,0), so nullspace(A) = {(0,0,0) . 

. nullspacc(A) = {x e IE 



21. A 



13-2 1 
3 10 -4 6 
2 5-6-1 



FORM of the augmented matrix of the system Ax = 0 is 
{(8r + 8s, -1r - 3s, r,s) :r,se R}. 

A = 



Ax = 0}. The REDUCED ROW ECHELON 
so that nullspace(A) = 



1 0 
0 1 
0 0 



-8 0 
3 0 
0 0 



22 



1 i -2 
3 Ai -5 
-1 -3i i 



nullspace(A) = {x e C 3 : Ax = 0}. The REDUCED ROW ECHELON 

FORM of the augmented matrix of the system Ax — 0 is 0 10 0 . Consequently, the linear system 

0 

Ax = 0 has only the trivial solution (0, 0, 0), so nullspacc(A) = {(0, 0, 0)}. 

23. Since the zero function y(x) = 0 for all x £ I is not a solution to the differential equation, the set of all 
solutions docs not contain the zero vector from C 2 (J), hence it is not a vector space at all and cannot be a 
subspace. 

24. 

(a) As an example, we can let V = M 2 . If we take 5*1 to be the set of points lying on the x-axis and S2 
to be the set of points lying on the y-axis, then it is readily seen that Si and S2 are both subspaces of V. 
However, the union of these subspaces is not closed under addition. For instance, the points (1,0) and (0, 1) 
lie in Si U S 2 , but (1,0) + (0, 1) = (1, 1) ^ Si U 5 2 . Therefore, the union Si U 5 2 does not form a subspace 
of V. 

(b) Since Si and S2 are both subspaces of V, they both contain the zero vector. It follows that the zero 
vector is an element of Si fl 52, hence this subset is nonempty. Now let u and v be vectors in Si n 52, and let 
c be a scalar. Then u and v are both in Si and both in 52- Since Si and 52 are each subspaces of V, u + v 
and cu are vectors in both Si and 52, hence they are in Si (~) S 2 . This implies that Si n 52 is a nonempty 
subset of V, which is closed under both addition and scalar multiplication. Therefore, Si n 52 is a subspace 
of V. 

(c) Note that Si is a subset of Si + 5 2 (every vector v e Si can be written as v + 0 e Si + 5 2 ), so Si + 5 2 
is nonempty. 

Closure under Addition: Now let u and v belong to Si + S 2 - We may write u = Ui + u 2 and v = vi + v 2 , 
where Ui,vi <G Si and u 2 ,v 2 € 52- Then 

u + v = (ui + u 2 ) + (vi + v 2 ) = (ui + vi) + (u 2 + v 2 ). 

Since Si and 52 are closed under addition, we have that Ui + vi G Si and U2 + V2 £ S2. Therefore, 

u + v = (ui + u 2 ) + (vi + v 2 ) = (ui + v x ) + (u 2 + v 2 ) e Si + 5 2 . 

Hence, Si + S 2 is closed under addition. 
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Closure under Scalar Multiplication: Next, let u £ Si + S2 and let c be a scalar. We may write u = Ui + U2, 
where Ui e Si and U2 S S2. Thus, 

c • u = c • Ui + c • u 2 , 

and since Si and S 2 are closed under scalar multiplication, c-UieSi and c • u 2 € S2 . Therefore, 

C'U = C'Ui+c-u 2 eS , i + S 2 . 
Hence, Si + S2 is closed under scalar multiplication. 

Solutions to Section 4.4 

True- False Review: 

1. TRUE. By its very definition, when a linear span of a set of vectors is formed, that span becomes closed 
under addition and under scalar multiplication. Therefore, it is a subspace of V. 

2. FALSE. In order to say that S spans V, it must be true that all vectors in V can be expressed as a 
linear combination of the vectors in S, not simply "some" vector. 

3. TRUE. Every vector in V can be expressed as a linear combination of the vectors in S, and therefore, it 
is also true that every vector in W can be expressed as a linear combination of the vectors in S. Therefore, 
S spans W, and S is a spanning set for W. 

4. FALSE. To illustrate this, consider V = M 2 , and consider the spanning set {(1, 0), (0, 1), (1, 1)}. Then 
the vector v = (2, 2) can be expressed as a linear combination of the vectors in S in more than one way: 

v = 2(1,1) and v = 2(1,0) + 2(0,1). 

Many other illustrations, using a variety of different vector spaces, are also possible. 

5. TRUE. To say that a set S of vectors in V spans V is to say that every vector in V belongs to span(S). 
So V is a subset of span(S'). But of course, every vector in span(S') belongs to the vector space V, and so 
span(S') is a subset of V. Therefore, span(S') = V. 

6. FALSE. This is not necessarily the case. For example, the linear span of the vectors (1,1,1) and (2, 2, 2) 
is simply a line through the origin, not a plane. 

7. FALSE. There are vector spaces that do not contain finite spanning sets. For instance, if V is the vector 
space consisting of all polynomials with coefficients in K, then since a finite spanning set could not contain 
polynomials of arbitrarily large degree, no finite spanning set is possible for V. 

8. FALSE. To illustrate this, consider V = M 2 , and consider the spanning set S — {(1, 0), (0, 1), (1, 1)}. 
The proper subset S' = {(1, 0), (0, 1)} is still a spanning set for V. Therefore, it is possible for a proper 
subset of a spanning set for V to still be a spanning set for V. 

a b c 
Ode 
0 0/ 

dE 2 2 + e£?23 + /-E33, and therefore the matrices in the set {En, E12, -E13, E22, E23, -B33} span the vector 
space. 

10. FALSE. For instance, it is easily verified that {x 2 , x 2 + x, x 2 + 1} is a spanning set for P 2 , and yet, it 
contains only polynomials of degree 2. 



9. TRUE. The general matrix 



in this vector space can be written as aEn + bEi 2 + cEi 3 + 
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11. FALSE. For instance, consider m = 2 and n = 3. Then one spanning set for R 2 is {(1,0), (0, 1), (1, 1), (2, 2)}, 
which consists of four vectors. On the other hand, one spanning set for R 3 is {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, 
which consists of only three vectors. 

12. TRUE. This is explained in True-False Review Question 7 above. 
Problems: 

1. {(1, —1), (2, —2), (2, 3)}. Since Vi = (1, —1), and v 2 = (2, 3) are noncolinear, the given set of vectors does 
span R 2 . (See the comment preceding Example 4.4.3 in the text.) 

2. The given set of vectors does not span IR 2 since it does not contain two nonzero and non-collinear vectors. 

3. The three vectors in the given set are all collinear. Consequently, the set of vectors does not span R 2 . 



4. Since 



1 2 
-1 5 
1 3 



—23 ^ 0, the given vectors are not coplanar, and therefore span 



1 2 4 

5. Since -2 3 -1 

1 1 2 

can simply ignore the zero vector (0,0,0). 

2 3 1 

6. Since -1 -3 1 
4 5 3 



7^0, the given vectors are not coplanar, and therefore span R 3 . Note that we 



0, the vectors are coplanar, and therefore the given set does not span ' 



7. Since 



1 3 4 

2 4 5 

3 5 6 

span of the vectors is those points (x, y, z) for which the system 



= 0, the vectors are coplanar, and therefore the given set does not span R 3 . The linear 



ci(l, 2, 3) + c 2 (3, 4, 5) + c 3 (4, 5, 6) = (x, y, z) 



is consistent. Reducing the augmented matrix 



of this system yields 



" 1 


3 


4 


X 


0 


2 


3 


2x-y 


0 


0 


0 


x — 2y + z 



1 3 4 

2 4 5 

3 5 6 

This system is consistent if and only if x — 2y + z = 0. Consequently, the linear span of the given set of 
vectors consists of all points lying on the plane with the equation x — 2y + z = 0. 

8. Let (xi, x 2 ) S R 2 and a, b e R. 

(xi,x 2 ) = ovi + 6v 2 = a(2,-l) + 6(3,2) = (2a, -a) + (36,26) = (2a + 36, -a + 26). It follows that 

„ , „, 2#i — 3x 2 . , x\ + 2x 2 , \ 
2a + 36 = x\ and — a + 26 = x 2 , which implies that a = and 6 = so (xi,x 2 ) = 



2xi — 3x 2 
7 



Vl 



X\ + 2x 2 
7 



7 



7 



31 9 

V2- {vi,v 2 } spans R 2 , and in particular, (5, —7) = ^ v i ~ y v 2- 



9. Let (x, y, z) E R 3 and a, 6, c e R. 

(x, y, z) = avi + 6v 2 + cv 3 = a(-l, 3, 2) + 6(1, -2, 1) + c(2, 1, 1) 

= (-a, 3a, 2a) + (6, -26, 6) + (2c, c, c) 
= (-a + 6 + 2c, 3a - 26 + c, 2a + 6 + c). 
a + 6 + 2c = x 

These equalities result in the system: ^ 3a — 26 + c = y 

2a+b + c= z 
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Upon solving for a, 6, and c we obtain 

—3a; + y + 5z 



a = 



16 



—x — 5y + 7z 7x + 3y — z 

, o = — , and c = 



Consequently, {vi,v 2 ,v 3 } spans R 3 , and 

-3a; + y + 5z 



(x,y,z) 



Id 



vi + 



16 



-x — by + 7z 



16 



v 2 + 



16 



7x + 3y — z 
16 



v 3 - 



10. Let (x, y) € M 2 and a, 6, c e R. 

(a, y) = avi + 6v 2 + cv 3 = a(l, 1) + 6(-l, 2) + c(l, 4) 

= (a,o) + (-6,26) + (c, 4c) 

= (a-6 + c,a + 26 + 4c). 

a — 6 + c = .t 



These equalities result in the system: 
Solving the system we find that 



a + 2b + 4c = y 



2x + y — 6c , , w — x — 3c 
a = r , and b = 



where c is a free real variable. It follows that 

,'2x + y — 6c 
{x,y) 1 



vi 



y — .t — 3c 



v 2 + cv 3 , 



which implies that the vectors vi, v 2 , and v 3 span M 2 . Moreover, if c = 0, then 



2x + y 



vi + 



y-x 



v 2 , 



so 



span{vi,v 2 } also. 



11. x = (ci,c 2 ,C2 - 2ci) = (ci,0,-2ci) + (0,c 2 ,c 2 ) = Ci(l,0,-2) + c 2 (0,l,l) = cm + c 2 v 2 . Thus, 
{(1,0, -2), (0,1,1)} spans S. 

12. v= (ci,C2,C2-2ci,ci -2c 2 ) = (ci,0,-ci,ci) + (0,c 2 ,c 2 ,-2c 2 ) = ci(l,0, -1, 1) + c 2 (0, 1, 1, -2). Thus, 
{(1,0, -1, 1), (0, 1, 1,-2)} spans S. 

13. x - 2y - z = 0 => .x = 2y + z, so v G M 3 . 

=► v = (2y + z, y, z) = (2y, y, 0) + (z, 0, z) = y{2, 1,0) + z(l, 0, 1). 

Therefore S = {v e M 3 : v = a(2, 1, 0) + 6(1, 0, 1), a, 6 e E}, hence {(2, 1, 0), (1, 0, 1)} spans S. 





"12 3" 




X\ 




" 0 " 


14. nullspacc(^) = {x e E 3 : Ax = 0}. Ax = 0 => 


1 3 4 








0 




2 4 6 




. X 3 . 




0 



Performing Gauss- Jordan elimination on the augmented matrix of the system we obtain: 



1 — 1 


2 


3 


0 " 




" 1 


2 


3 


0 " 




" 1 


0 


1 


0 " 


1 


3 


4 


0 




0 


1 


1 


0 




0 


1 


1 


0 


2 


4 


6 


0 




0 


0 


0 


0 




0 


0 


0 


0 



From the last matrix we find that x\ = —r and x 2 = —r where x 3 = r, with rel. Consequently, 

x= (x 1 ,x 2 ,x 3 ) = (-r,-r,r) = r(-l,-l,l). 
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Thus, 



15. A = 



nullspace(,4) = {x e R 3 : x = r(-l, -1, 1), r eR}= span{(-l, -1, 1)}. 

nullspace(A) = {x e I 4 : Ax = 0}. The REDUCED ROW ECHELON FORM 



12 3 5 

13 4 2 
2 4 6 -1 



of the augmented matrix of this system is 



reR} = span{(l, 1,-1,0)}. 

a b 



10 10 
0 110 
0 0 0 1 



. Consequently, nullspace(A) = {r(l, 1, — 1, 0) : 



16. Ae 5 



A = 



b c 



where a, b, c G R. Thus, 



" a 0 " 




' 0 


b ' 




' 0 0 " 




' 1 


0 " 




' 0 


1 " 




' 0 


0 " 


0 0 


+ 


b 


0 


+ 


0 c 


= a 


0 


0 


+ b 


1 


0 


+ c 


0 


1 



= aA 1 + bA 2 + cA 3 . 



Therefore S = span{^4i, A 2 , A$}. 
17. S= {A e M 2 (R) : A ■■ 



0 


a 








0 




}-{ 


—a 









' 0 


-1 " 




' 0 


-1 " 




a 


1 


0 


| = span | 


1 


0 


} 



18. 

(a) S ^ 0 since 



0 0 
0 0 



e S. 



Xu Xi2 


+ 


2/n 


2/12 




£11+ 2/11 £l2 + ?/l2 


0 X 2 2 




0 


2/22 




0 X 22 + 2/22 



Closure under Addition: Let xjgS. Then, 

x + y = 
which implies that x + yeS. 

Closure under Scalar Multiplication: Let rel and x € 5. Then 

rx = r 

which implies thatrx e S. 

Consequently, S is a subspace of M 2 (1R) by Theorem 4.3.2. 





£12 






rxi2 


0 


«22 




0 


rx 22 



an ai2 
0 a 2 2 



(b) A 

Therefore, 5 = span < 



: an 

1 0 
0 0 



1 0 
0 0 



0 







" 0 


1 




' 0 


0 " 


+ ai2 


0 


0 


+ 022 


0 


1 


1 " 




' 0 


0 " 








0 




0 


1 


}■ 







19. Let v G span{vi,V2} and a, b E R. 

v = avi + 6v 2 = a(l,-l,2) + 6(2,-1,3) = (a, -a, 2a) + (26,-6,36) = (a + 26, -a - 6, 2a + 36). 
Thus, span{vi,v 2 } = {v e R 3 : v = (a + 26, -a - 6, 2a + 36), a, 6 e M}. 

Geometrically, span{vi,v 2 } is the plane through the origin determined by the two given vectors. The plane 
has parametric equations x = a + 26, y = —a — 6, and z = 2a + 36. If a, 6, and c are eliminated from the 
equations, then the resulting Cartesian equation is given by x — y — z = 0. 
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20. Let v £ span{vi,V2} and a, b £ R. 

v = avi + 6v 2 = a(l, 2, -1) + 6(-2, -4, 2) = (a, 2a, -a) + (-26, -46, 26) = (a - 26, 2a - 46, -a + 26) 

= (a-26)(l,2,-l) = fc(l,2,-l), where fc = a - 26. 
Thus, span{vi,v 2 } = {v £ R 3 : v = fc(l,2, — l),fc £ R}. Geometrically, span{vi,v 2 } is the line through the 
origin determined by the vector (1,2,-1). 

21. Let v e spanjvi, v 2 ,v 3 } and a, 6, c G R. 

v = avi + 6v 2 + cv 3 = a(l, 1, -1) + 6(2, 1,3)+ c(-2, -2, 2) = (a, a, -a) + (26, 6, 36) + (-2c, -2c, 2c) 
= (a + 26 - 2c, a + 6 - 2c, -a + 36 + 2c). 

a + 26 — 2c = x 

Assuming that v = (x, y, z) and using the last ordered triple, we obtain the system: < 



a + b — 2c — y 
-a + 36 + 2c = z 



Performing Gauss- Jordan elimination on the augmented matrix of the system, we obtain: 



1 


2 


-2 


X 




' 1 


2 


-2 


X 




' 1 


0 


-2 


2y-x 


1 


1 


-2 


y 




0 


-1 


0 


y-x 




0 


1 


0 


x-y 


-1 


3 


2 


z 




0 


5 


0 


x + z 




0 


0 


0 


by — Ax + z 



It is clear from the last matrix that the subspace, S, of R 3 is a plane through (0, 0, 0) with Cartesian equation 
Ax — by — z = 0. Moreover, {vi,v 2 } also spans the subspace S since 

v = ovi + 6v 2 + cv 3 = a(l, 1, -1) + 6(2, 1,3)+ c(-2, -2, 2) = a(l, 1, -1) + 6(2, 1,3)- 2c(l, 1, -1) 
= (a - 2c) (1, 1,-1) + 6(2, 1,3) = dvi + 6v 2 where d = a - 2c <= R. 

22. If v € spanjvi, v 2 } then there exist a, 6 <E R such that 

v = avi + 6v 2 = a(l, -1,2) + 6(2, 1,3) = (a, -a, 2a) + (26, 6, 36) = (a + 26, -a + 6, 2a + 36). 

' a + 26 = 3 

Hence, v = (3, 3, 4) is in span{vi, v 2 } provided there exists a, b £ R satisfying the system: < — a + 6 = 3 

_ 2a + 36 = 4 

Solving this system we find that a = — 1 and 6 = 2. 
Consequently, v = — vi + 2v 2 so that (3,3,4) e span{v 1; v 2 }. 

23. If v € spanjvi, v 2 } then there exist a, 6 <G R such that 

v = avi + 6v 2 = a(-l, 1,2) + 6(3, 1,-4) = (-a, a, 2a) + (36,6,-46) = (-a + 36, a + 6, 2a - 46). 

Hence v = (5, 3, —6) is in spanjvi, v 2 } provided there exists a, 6 <G R satisfying the system 

Solving this system we find that a = 1 and 6 = 2. 
Consequently, v = vi + 2v 2 so that (5,3, —6) £ spanjvi, v 2 }. 

24. If v € span{v 1; v 2 } then there exist a, 6 £ R such that 

v = avi + 6v 2 = (3a, a, 2a) + (—26, —6, 6) = (3a — 26, a — 6, 2a + 6). 

' 3a - 26 = 1 

Hence v = (1,1, —2) is in spanjvi, v 2 } provided there exists a, 6 £ R satisfying the system: < a — 6 = 1 

2a + 6 = -2 
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" 3 


-2 


1 " 




" 1 


-1 


1 " 


Since 


1 


-1 


1 


reduces to 


0 


1 


-2 




2 


1 


-2 




0 


0 


2 



it follows that the system has no solution. Hence it 

2 

must be the case that (1,1, —2) ^ span{v 1; v 2 }. 

25. If p € span{p!,p 2 } then there exist a,iel such that p(x) — ap\{x) + bp 2 (x), so p(x) — 2x 2 — x + 2 is 
in span{pi,p 2 } provided there exist o,ieK such that 

2x 2 - x + 2 = a(x - 4) + 6(x 2 - x + 3) 
= ax — 4a + o.t 2 — 6a; + 36 
= 6x 2 + (a-6)x+(36-4a). 

Equating like coefficients and solving, we find that a = 1 and 6 = 2. 



Thus, 2^ 



+ 2 = 1 • (x - 4) + 2 • (x 2 



3) = pi(x) + 2p 2 (x) so p e span{pi,p 2 }- 



26. Let Ae span{Ai, A 2 , A3} and Ci,c 2 ,C3 G 
A = ci^! + c 2 A 2 + C3A3 = ci 



" 1 


-1 " 




0 


1 " 




' 3 


0 " 


2 


0 


+ c 2 


-2 


1 


+ c 3 


1 


2 



Ci -Ci 




0 c 2 " 




3c 3 


0 




2ci 0 


+ 


-2c 2 c 2 


+ 


C3 


2c 3 _ 





Therefore span{A 1; A 2 , A 3 } = I A e M 2 (R) : ^ 



ci + 3c 3 -ci + c 2 
2ci - 2c 2 + c 3 c 2 + 2c 3 
ci + 3c 3 -ci + c 2 
2ci - 2c 2 + c 3 c 2 + 2c 3 



27. Let A e span{^4!,^4 2 } and a, 6 e 
1 2 
-1 3 



A = aAi + bA 2 = a 
So span{Ai, A 2 } = < 
let 



2 


1 ' 




a 2a 




' -26 


6 " 




a -2b 


1 


-1 




—a 3a 


+ 


6 


-b 




-a + 6 



A e M 2 ( 



a- 26 2a + 6 
— a + 6 3a — 6 



. Now, to determine whether B G span{Ai, A 2 }, 



a - 26 2a 
—a + 6 3a 



3 1 

-2 4 



. This implies that a = 1 and 6 = —1, thus £? e span{Ai, A 2 }. 



28. (a) The general vector in span{/, g} is of the form h(x) — c\ cosh x + c 2 sinh x where Ci , c 2 € 

(b) Let h e S and ci,c 2 € E. Then 

h(x) — Cif(x) + c 2 g(x) = C\ cosh x + c 2 sinh x 

e a; _|_ e -x 



ci- 

Cl 



2 

C2 



where di 



ci + c 2 



+ c 2 

ci - c 2 



and d 2 



cie 



Cie 



2 2 2 

e~ x = die x + d 2 e~ x 
ci - c 2 



+ 



c 2 e" 



c 2 e 



. Therefore 5 =span{e x , e x }. 



2 2 

29. The origin in M 3 . 

30. All points lying on the line through the origin with direction vi. 

31. All points lying on the plane through the origin containing vi and v 2 . 

32. If vi = v 2 = 0, then the subspace is the origin in M 3 . If at least one of the vectors is nonzero, then the 
subspace consists of all points lying on the line through the origin in the direction of the nonzero vector. 

33. Suppose that S is a subset of S'. We must show that every vector in span(S') also belongs to span(S"). 
Every vector v that lies in span(S') can be expressed as v = ciVi + c 2 v 2 + • • • + CfeV^, where vi, v 2 , . . . , Vfe 
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belong to S. However, since S is a subset of S' , vi, V2, . . . , also belong to 5", and therefore, v belongs to 
span(S"). Thus, we have shown that every vector in span(S') also lies in span(S"). 

34. 

Proof of =4>: We begin by supposing that spanjvi, v 2 , v 3 } = span{v l7 v 2 }. Since v 3 € span{v 1; v 2 ,v 3 }, 
our supposition implies that v 3 € spanjvi , v 2 }, which means that v 3 can be expressed as a linear combination 
of the vectors vi and v 2 . 

Proof of <=: Now suppose that v 3 can be expressed as a linear combination of the vectors vi and v 2 . We 
must show that span{v 1; v 2 ,v 3 } = span{v l7 v 2 }, and we do this by showing that each of these subsets is a 
subset of the other. Since it is clear that spanjvi, v 2 } is a subset of span{v!, v 2 , v 3 }, we focus our attention 
on proving that every vector in spanjvi, v 2 , v 3 } belongs to spanjvi, v 2 }. To see this, suppose that v belongs 
to spanjvi, v 2 , v 3 }, so that we may write v = c\V\ + c 2 v 2 + c 3 v 3 . By assumption, v 3 can be expressed as a 
linear combination of vi and v 2 , so that we may write v 3 = diVi + <i 2 v 2 . Hence, we obtain 

v = ciVi + c 2 v 2 + c 3 v 3 = ciVi + c 2 v 2 + c 3 (diVi + d 2 v 2 ) = (ci + c 3 d 1 )v 1 + (c 2 + c 3 rf 2 )v 2 e span{v x , v 2 }, 

as required. 

Solutions to Section 4.5 



1. FALSE. For instance, consider the vector space V = R 2 . Here arc two different minimal spanning sets 
for V: 

{(1,0), (0,1)} and {(1,0), (1,1)}. 
Many other examples of this abound. 

2. TRUE. We have seven column vectors, and each of them belongs to R 5 . Therefore, the number of vectors 
present exceeds the number of components in those vectors, and hence they must be linearly dependent. 

3. FALSE. For instance, the 7x5 zero matrix, O7X5, does not have linearly independent columns. 

4. TRUE. Any linear dependencies within the subset also represent linear dependencies within the original, 
larger set of vectors. Therefore, if the nonempty subset were linearly dependent, then this would require 
that the original set is also linearly dependent. In other words, if the original set is linearly independent, 
then so is the nonempty subset. 

5. TRUE. This is stated in Theorem 4.5.21. 

6. TRUE. If we can write v = ciVi + c 2 v 2 + • • • + c^k, then {v, vi, v 2 , . . . , vjj is a linearly dependent set. 

7. TRUE. This is a rephrasing of the statement in True-False Review Question 5 above. 

8. FALSE. None of the vectors (1,0), (0, 1), and (1, 1) in R 2 are proportional to each other, and yet, they 
form a linearly dependent set of vectors. 

9. FALSE. The illustration given in part (c) of Example 4.5.22 gives an excellent case-in-point here. 
Problems: 

1. {(1,-1), (1, 1)}. These vectors are elements of K 2 . Since there are two vectors, and the dimension of P 2 
is two, Corollary 4.5.15 states that the vectors will be linearly dependent if and only if \ \ = 0. Now 



-1 1 



1 1 
-1 1 



2^0. Consequently, the given vectors are linearly independent. 
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2. {(2, — 1), (3, 2), (0, 1)}. These vectors are elements of R 2 , but since there are three vectors, the vectors 
are linearly dependent by Corollary 4.5.15. Let vi = (2,— l),v 2 = (3,2),v 3 = (0,1). We now determine a 
dependency relationship. The condition 

civi + c 2 v 2 + c 3 v 3 = 0 



requires 1c\ + 3c 2 = 0 and —C\ + 2c 2 + c 3 = 0. 

The REDUCED ROW ECHELON FORM of the augmented matrix of this system is 



1 0 
0 1 



■ 5 0 

$ 0 



Hence the system has solution c\ = 3r, c 2 = — 2r, c 3 = 7r. Consequently, 3vi — 2v 2 + 7v 3 = 0. 

3. {(1,-1,0), (0, 1, -1), (1, 1, 1)}. These vectors arc elements of R 3 . 

1 0 1 

— 1 1 1 =3^0, so by Corollary 4.5.15, the vectors are linearly independent. 
0-11 

4. {(1,2, 3), (1,-1, 2), (1,-4,1)}. These vectors are elements of R 3 . 
1 1 1 

2—1—4 = 0, so by Corollary 4.5.15, the vectors are linearly dependent. Let vi = (l,2,3),v 2 = 
3 2 1 

(1,— l,2),v 3 = (1,-4,1). We determine a dependency relation. The condition c\V\ + c 2 v 2 + c 3 v 3 = 0 
requires 

ci + c 2 + c 3 = 0, 2ci - c 2 - 4c 3 = 0, 3ci + 2c 2 + c 3 = 0. 



" 1 


0 


-1 


0 " 


0 


1 


2 


0 


0 


0 


0 


0 



The REDUCED ROW ECHELON FORM of the augmented matrix of this system is 

Hence C\ = r,c 2 = — 2r, c 3 = r, and so Vi — 2v 2 + v 3 = 0. 

5. Given {(—2, 4, —6), (3, —6, 9)}. The vectors are linearly dependent because 3(— 2,4, — 6) +2(3,-6,9) 
(0,0,0), which gives a linear dependency relation. 
Alternatively, let a,6eR and observe that 



a(-2,4,-6) + 6(3,-6,9) = 


(0,0,0) 




> (-2a, 4a, -6a) + (36, -66, 96) = 


(0,0,0). 






' -2a + 


36 


= 0 






The last equality results in the system: < 


4a- 


66 


= 0 








k -6a + 


96 


= 0 














" 1 -3- 
1 2 


0 " 


The REDUCED ROW ECHELON FORM of the 


au; 


^mented matrix of this system is 


0 0 


0 










0 0 


0 



which 



implies that a = —b. Thus, the given set of vectors is linearly dependent. 
6. {(1,-1,2), (2, 1, 0)}. Let a, 6 G R. 

a(l, -1,2)+ 6(2, 1,0) = (0, 0, 0) => (a, -a, 2a) + (26, 6, 0) = (0, 0, 0) => (a + 26, -a + 6, 2a) = (0, 0, 0). The 

!a + 26 = 0 
— a + 6 = 0. Since the only solution of the system is a = 6 = 0, it 
2a = 0 

follows that the vectors are linearly independent. 
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7. {(-1,1, 2), (0,2,-1), (3, 1,2), (-1,-1,1)}. These vectors are elements of W. 3 . 

Since there are four vectors, it follows from Corollary 4.5.15 that the vectors are linearly dependent. Let 
Vl = (-1, 1, 2), v 2 = (0,2,-1), v 3 = (3,1,2), v 4 = (-1,-1,1). Then 

civi + c 2 v 2 + c 3 v 3 + C4V4 = 0 

requires 



-ci + 3c 3 - a = 0, c\ + 2c 2 + c 3 - c 4 = 0, 2ci - c 2 + 2c 3 + c 4 = 0. 



The REDUCED ROW ECHELON FORM of the augmented matrix of this system is 



so that 

ci = — 2r, c 2 = 3r, c 3 = r, C4 = 5r. Hence, — 2vi + 3v 2 + v 3 + 5v 4 = 0. 

8. {(1,-1, 2,3), (2,-1, 1,-1), (-1,1, 1,1)}. Let a, 6, c e K. 
o(l, -1,2, 3) + 6(2,-1, 1, -1) + c(-l, 1, 1, 1) - (0, 0, 0, 0) 
=> (a, -a, 2a, 3a) + (2b, -b, b, -6) + (-c, c, c, c) = (0, 0, 0, 0) 
(a + 2fe - c, -a - & + c, 2a + b + c, 3a - b + c) = (0, 0, 0, 0). 

a + 2b - c = 0 



1 0 0 
0 1 0 
0 0 1 



The last equality results in the system: 



augmented matrix of this system is 



-a - 6 + c = 0 
2a + 6 + c = 0' 
3a - b + c = 0 



. The REDUCED ROW ECHELON FORM of the 



1—1 


0 


0 


0 " 


0 


1 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 



Consequently, a = b = c = 0. Thus, the given set of 



= 2 



0 3 1 
-1 1 2 
2 2 1 



-1 3 1 

0 1 2 

1 2 1 



+ 



-1 0 3 

0 -1 1 

1 2 2 



21 ^ 0. 



vectors is linearly independent. 

9. {(2,-1,0, 1), (1,0, -1,2), (0,3, 1,2), (-1,1, 2,1)}. These vectors are elements in M 4 . 
By CET (row 1), we obtain: 
2 10-1 
10 3 1 
0-11 2 
12 2 1 

Thus, it follows from Corollary 4.5.15 that the vectors are linearly independent. 

1 4 7 

2 5 8 =0, the given set of vectors is linearly dependent in M 3 . Further, since the vectors 

3 6 9 

arc not collinear, it follows that span{vi,v 2 , v 3 } is a plane 3-space. 
2 1 -3 

0, the given set of vectors is linearly dependent. 



10. Since 



11. (a) Since 



-1 3 -9 
5 -4 12 



(b) By inspection, we see that v 3 — — 3v 2 . Hence v 2 and v 3 are collinear and therefore span{v 2 ,v 3 } is the 
line through the origin that has the direction of v 2 . Further, since Vi is not proportional to cither of these 
vectors, it does not lie along the same line, hence vi is not in span{v 2 ,v 3 }. 
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12. 



1 


0 


1 




1 


0 




1 


1 


2 


k 




0 


2 


k 


- 1 


fc 


k 


6 




0 


k 


6 


-k 



2 fc-1 
k 6-fc 



(3 — fc)(fc + 4). Now, the determinant is zero when 



k — 3 or k = —4. Consequently, by Corollary 4.5.15, the vectors arc linearly dependent if and only if k = 3 
or k = —4. 

13. {(1,0, l,fc),(-l,0,fc,l),(2,0,l,3)}. These vectors arc elements in E 4 . 
Let a, 6, c e R. 

a(l,0,l,fc) + 6(-l,0,fc,l) + c(2,0,l,3) = (0,0,0,0) 

(a, 0, a, ka) + (-6, 0, fc6, 6) + (2c, 0, c, 3c) = (0, 0, 0, 0) 
(a - b + 2c,0,a + kb + c,ka + b + 3c) = (0,0,0,0). 

a-6+2c=0 

The last equality results in the system: 



a + kb + c = 0 . Evaluating the determinant of the coefficient 
ka + b+3c = 0 



matrix, we obtain 



1 -1 2 
1 k 1 
k 1 3 



1 0 0 

1 k+1 -1 
k k+1 3 -2k 



= 2(k+ 1)(2 - k). 



Consequently, the system has only the trivial solution, hence the given set of vectors arc linearly independent 
if and only if k ^ 2, — 1. 

14. {(1, 1,0, -1), (1, k, 1, 1), (2, 1, k, 1), (-1, 1, 1, k)}. These vectors are elements in M 4 . 
Let a, b, c, d e R. 

a(l, 1,0,-1) + 6(1, k, 1, 1) + c(2, 1, k, 1) + d(-l, 1,1, fc) - (0,0,0,0) 

(a, a, 0, -a) + (6, fc6, 6, b) + (2c, c, fcc, c) + (-<i, d, d, kd) = (0, 0, 0, 0) 
=> (a + 6 + 2c - d, a + kb + c + d, b + kc + d, -a + b + c + kd) = (0, 0, 0, 0). 

a + b+2c-d=0 



The last equality results in the system: < 



a + kb+c + d=0 
b+kc + d=0 



. By Corollary 3.2.5, this system has the 



K -a + b+c+kd=0 

trivial solution if and only if the determinant of the coefficient matrix is zero. Evaluating the determinant 
of the coefficient matrix, we obtain: 



1 


1 


2 


-1 




1 1 


2 




-1 


1 


k 


1 


1 




0 k-l 


-1 




2 


0 


1 


k 


1 




0 1 


k 




1 


1 


1 


1 


k 




0 2 


3 


k- 


1 












k 2 - k + 1 


k 


-3 














3 - 2k 


k 


-3 





fc-1 -1 2 

1 fc 1 

2 3 fc- 1 



(fc-3) 



fc 2 - fc + 1 1 



3-2fc 



1 



0 -fc 2 +fc-l 3-fc 

1 fc 1 
0 3-2fc fc-3 

(fc-3)(fc-l)(fc + 2). 



For the original set of vectors to be linearly independent, we need a = b = c = 0. We see that this condition 
will be true provided that fc € R such that fc ^ 3, 1, — 2. 



15. Let a, 6, c € R. a 



a + 26 + 3c a -6+ 6c 
0 a + b + 4c 



" 1 


1 " 


+ 6 


' 2 


-1 " 




' 3 


6 " 




' 0 


0 " 


0 


1 


0 


1 


+ c 


0 


4 




0 


0 





' 0 


0 " 




0 


0 



. The last equation results in the system: < 



f a + 26 + 3c = 0 
a-6 + 6c = 0. 
a + 6 + 4c = 0 
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The REDUCED ROW ECHELON FORM of the augmented matrix of this system is 



1 0 5 
0 1 -1 
0 0 0 



which implies that the system has an infinite number of solutions. Consequently, the given matrices are 
linearly dependent. 



16. Let a, 6 € 



" 2 


-1 " 


+ b 


' -1 2 " 




' 0 


0 " 


3 


4 


1 3 




0 


0 



2a -b 


-a + 26 " 




'00" 


3a + b 


4a + 36 




0 0 



. The last equation results in the system: < 



-a + 26 = 0 
L 4a + 36 = 0 

has only the trivial solution a = b = 0, thus the given matrices are linearly independent in M 2 



2a 
3a 



. This system 



17. Let a, 6, c e 



1 0 
1 2 



a-6+2c 6+c 
a + 26+ 5c 2a + 6 + 7c 



-1 1 

2 1 

0 0 

0 0 



" 2 


1 " 




' 0 


0 " 


5 


7 




0 


0 



+ c 



The last equation results in the system: < 



The REDUCED ROW ECHELON FORM of the augmented matrix of this system is 



a - 6 + 2c = 0 
a + 26 + 5c = 0 
2a + 6 + 7c = 0 ' 
6+c= 0 



which 



1 — 1 


0 


3 


0 " 


0 


1 


1 


0 


0 


0 


0 


0 


0 


0 


0 


0 



implies that the system has an infinite number of solutions. Consequently the given matrices are linearly 
dependent. 



18. Let a, 6 e K. ap\{x) + bp 2 (x) = 0 
Equating like coefficients, we obtain the system: 



o(l - x) + 6(1 + x) = 0 
' a + 6 = 0 
-a + 6 = 0' 

a = 6 = 0, it follows that the given vectors are linearly independent. 
19. Let a, 6 e K. ap x {x) + bp 2 (x) = 0 



=> (a + 6) + (-a + b)x = 0. 
Since the only solution to this system is 



Equating like coefficients, we obtain the system: 



a(2 + 3a;) + 6(4 + 6x) = 0 
' 2a + 46 = 0 
3a + 66 = 0 
0 



(2a + 46) + (3a + 66)2: = 0. 
. The REDUCED ROW ECHELON FORM 



1 2 
0 0 



0 



of the augmented matrix of this system is 
of solutions. Thus, the given vectors are linearly dependent. 
20. Let ci , c 2 <G R. C\p\ (x) + c 2 p 2 (x) = 0 c\ (a + bx) + c 2 (c + dx) = 0 



, which implies that the system has an infinite number 



(aci + cc 2 ) + (6ci + dc 2 )x = 0. 



Equating like coefficients, we obtain the system: 



aci + cc 2 
6c i + dc 2 



The determinant of the matrix of coef- 



ficients is 



a c 
6 d 



ad — be. Consequently, the system has just the trivial solution, and hence pi(x) and 



p 2 {x) are linearly independent if and only if ad — be =/= 0. 

21. Since cos2x = cos 2 x — sin 2 x, f\{x) = h{x) — f 2 {x) so it follows that fi,f 2 , and fa are linearly dependent 
in C°°(-oo,oo). 



273 



22. Let vi = (1,2,3),V2 = (— 3,4,5), V3 = (1,— |,— |). By inspection, we see that V2 = — 3V3. Further, 
since vi and V2 are not proportional they arc linearly independent. Consequently {vi,V2} is a linearly 
independent set of vectors and span{vi,v 2 } =span{vi, V2, V3}. 

23. Let vi = (3,l,5),v 2 = (0,0,0),v 3 = (l,2,-l),v 4 = (-1,2,3). Since v 2 = 0, it is certainly true 
that spanjvi, v 3 V4} =span{vi, V2, V3 V4}. Further, since det [vi , V3 , V4] = 42 ^= 0, {vi,v 3 ,V4} is a linearly 
independent set. 

24. Since we have four vectors in R 3 , the given set is linearly dependent. We could determine the specific lin- 
ear dependency between the vectors to find a linearly independent subset, but in this case, if we just take any 

1 1 3 

three of the vectors, say (1, —1, 1), (1, —3, 1), (3, 1, 2), then —1 —3 1 = 2 ^ 0, so that these vectors are 

1 1 2 

linearly independent. Consequently, span{(l, — 1, 1), (1, —3, 1), (3, 1,2)} = span{(l, 1, 1), (1, — 1, 1). (1, —3, 1), (3, 1,2)}. 

25. Let Vl = (1,1, -1,1), v 2 = (2,-1, 3,1), v 3 = (1, 1, 2, 1), v 4 = (2, -1, 2, 1). 
2 



Since 





2 


1 — 


1—1 




1 


1—1 


3 


2 




I— 1 


1 — 



0, the set {vi,v 2 , v 3 , v 4 } is linearly dependent. We now determine the linearly 



dependent relationship. The REDUCED ROW ECHELON FORM of the augmented matrix corresponding 
to the system 



is 



1 0 0 



1 

0 10 1 
0 0 1 -§ 
0 0 0 0 



ci(l, 1, -1, 1) + c 2 (2,-l, 3, l)+c 3 (l, 1,2, l)+c 4 (2, -1,2,1) = (0,0,0,0) 

so that ci = — r, c 2 = — 3r, c 3 = r, c 4 = 3r, where r is a free variable. It follows 



that a linearly dependent relationship between the given set of vectors is 

-vi - 3v 2 + v 3 + 3v 4 = 0 

so that 

vi = -3v 2 + v 3 + 3v 4 . 

Consequently, span{v 2 , v 3 , v 4 } = span{vi,v 2 , v 3 , v 4 }, and {v 2 ,v 3 , v 4 } is a linearly independent set. 

" 1 2 1 r — 1 2 1 T32" 

26. Let A x = 3 4 , A 2 = g ? ,A 3 = 1 1 . Then 

ciAi +c 2 A 2 + C3A3 = 0 2 

requires that 

ci - c 2 + 3c 3 = 0, 2ci + 2c 2 + 2c 3 = 0, 3ci + 5c 2 + c 3 = 0, 4ci + 7c 2 + c 3 = 0. 
The REDUCED ROW ECHELON FORM of the augmented matrix of this system is 



" 1 


0 


2 


0 " 


0 


1 


-1 


0 


0 


0 


0 


0 


0 


0 


0 


0 



Consequently, the matrices are linearly dependent. Solving the system gives c\ = — 2r, c 2 = c 3 = r. Hence, 
a linearly dependent relationship is — 2^4 1 + ^2 + ^3 = 02. 
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27. We first determine whether the given set of polynomials is linearly dependent. Let 

pi (x) = 2 - 5x, P2{x) = 3 + 7x, P3{x) = 4- x. 

Then 



requires 



ci(2 - 5x) + c 2 (3 + 7x) + c 3 (4 - a:) = 0 



2ci + 3c 2 + 4c 3 = 0 and — 5ci + 7c 2 — c 3 = 0. 



This system has solution (— 31r, — 18r, 29r), where r is a free variable. Consequently, the given set of poly- 
nomials is linearly dependent, and a linearly dependent relationship is 



or equivalcntly, 



-3lpi(x) - lS P2 (x) + 29p 3 (x) = 0, 



Pa(x) = — [31pi(a;) + 18p2(a0]. 



Hence, the linearly independent set of vectors {2 — 5x,3 + 7x} spans the same subspace of Pi as that spanned 
by {2-5x,3 + 7x,4-x}. 

28. We first determine whether the given set of polynomials is linearly dependent. Let 

p 1 (x) = 2 + x 2 , p 2 (x) = 4-2x + 3x 2 , p 3 (x) = l + x. 

Then 



leads to the system 



ci(2 + x 2 ) + c 2 (4 - 2x + 3x 2 ) + c 3 (l + x) = 0 



2ci + 4c 2 + c 3 = 0, -2c 2 + c 3 = 0, ci + 3c 2 = 0. 



This system has solution (— 3r, r, 2r) where r is a free variable. Consequently, the given set of vectors is 
linearly dependent, and a specific linear relationship is 

-3pi(z) +p 2 (x) + 2p 3 (x) = 0, 

or equivalently, 

p 2 (x) = 3pi(x) - 2p 3 (x). 

Hence, the linearly independent set of vectors {2 + x 2 , 1 + x} spans the same subspace of P 2 as that spanned 
by the given set of vectors. 

1 x x 2 

2. Since W[fi, f 2 , fs](x) ^ 0 on /, it follows that the functions are 



29. W[h,f 2 ,h]{x) 



0 1 2x 
0 0 2 



linearly independent on /. 
30. 



W[h,f 2 ,f 3 ](x) 



sin x cos x 



tanx 

r,2 . 



cos x -Sim sec x 
- sin x — cos x 2 tan x sec 2 x 



tanx 
sec 2 a; 
0 tanx(2sec 2 x + 1) 



sin x cos x 
cos x — sin x sec^ 



= — tanx(2sec 2 x + 1). 

W{fi,f 2 , / 3 ](x) is not always zero over /, so the vectors are linearly independent by Theorem 4.5.21 
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1 3x x 2 - 1 
0 3 2x 
0 0 2 
independent set on / by Theorem 4.5.21 



31. W[f 1 ,f 2 ,h](x) = 



3 2x 
0 2 





e 2x 


e 3x e x 




1 


1 


1 




1 


0 


0 


32. W[h,h,h]{x) = 


2e 2x 


3e 3x _ £ -x 


= e Ax 


2 


3 


-1 


= e Ax 


2 


1 


-3 




Ae 2x 


Qe 3x e -x 




4 


9 


1 




4 


5 


-3 



6 ^ 0 on /. Consequently, {/i, f 2 , /s} is a linearly 



= 12e 4:E . Since the 



Wronskian is never zero, the functions are linearly independent on (—00,00). 

33. On [0, 00), f 2 = 7/i, so that the functions are linearly dependent on this interval. Therefore W[/i, f 2 ](x) 

3x 3 7x 2 

0 for x e [0,oo). However, on (— 00, 0), W[fi, f 2 ]{x) = g^ 2 

not zero for all x G (—00,00), the functions are linearly independent on that interval. 

1 x 2x-l 
0 1 2 
0 0 0 
arc linearly dependent on (—00,00). 

35. We show that the Wronskian (the determinant can be computed by cofactor expansion along the first 
row) is identically zero: 



34. W[h,f 2 ,h]{x) 



-2lx 4 7^ 0. Since the Wronskian is 



0. By inspection, we see that f$ = 2f 2 — /1, so that the functions 



e x e~~ x cosh x 
e x —e~ x sinhx 
e x e~ x cosh x 



- (cosh x + sinh x) — (cosh x — sinh x) +2 cosh x = 0. 



Thus, the Wronskian is identically zero on (—00,00). Furthermore, {/1, / 2 , fz} is a linearly dependent set 
because 



-\h{x)-\h{x) + h{x) = -\z X ~\e x + coshx = - l -e x - l -e x + 



= 0 for all x e I. 



36. We show that the Wronskian is identically zero for fi(x) = ax 3 and f 2 (x) = bx 3 , which covers the 
functions in this problem as a special case: 



ax 3 bx 3 
3ax 2 3bx 2 



3abx 5 - 3abx 5 = 0. 



Next, let a, b e R. 
If x > 0, then 



afi(x) + bf 2 (x) = 0 2ax 3 + 5bx 3 = 0=^(2a + 5b)x 3 = 0 2a + 56 = 0. 



If x < 0, then 

afi(x) + bf 2 (x) = 0 2ax 3 - 36a; 3 = 0 => (2a - 36)x 3 = 0 =^> 2a - 36 = 0. 

Solving the resulting system, we obtain a = 6 = 0; therefore, {fi,f 2 } is a linearly independent set of vectors 
on (—00, 00). 

37. (a) When x > 0, f 2 (x) — 1 and when x < 0, /^(a;) = — 1; thus f 2 (0) does not exist, which implies that 
hi CH-oo.oo). 
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(b) Let a, 6 € R. On the interval (— oo, 0), ax + b(—x) — 0, which has more than the trivial solution for a 
and 6. Thus, {/i,/2} is a linearly dependent set of vectors on (— oo,0). 

On the interval [0, oo), ax + bx = 0 =>• a + b = 0, which has more than the trivial solution for a and b. 
Therefore {/i, ^2} is a linearly dependent set of vectors on [0, 00). 

f a-b=0 

On the interval (—00, 00), a and b must satisfy: ax + 6(— x) = 0 and ax + 6x = 0, that is, < . Since 

I a + b = 0 

this system has only a = b = 0 as its solution, Z^} is a linearly independent set of vectors on (— 00, 00). 



y = f 2 (x) = -x 



f-lM = -f2M on (-=0, 0) 

y = fi(x) = 




y = f 1 (x) = x = f 2 (x) 



fiM =f2(x) on (0, 00) 



Figure 64: Figure for Problem 37 



0/1(1)+ 6/2(1) = 0 



af 1 (x)+bf 2 (x) + cf 3 (x) = 0 



38. Let a, b e E. 

ax + bx = Oif x ^ 0 f(a + 6)a: = 0 
a(0) +6(1) = Oif x = 0 ^ I 6=0 
a = 0 and 6 = 0 so {/1, /2} is a linearly independent set on /. 

39. Let a, 6, c € K and a; S (—00, 00). 

J a(x-l) + 6(2x)+c(3) =0fora;> 1 
I 2a(x - 1) + 6(2x) + c(3) = 0 for x < 1 

J (a + 26)x + (-a + 3c) = 0 J a + 26 = 0 and - a + 3c = 0 
^ 1 (2a + 26)x + (-2a + 3c) = 0 ^ 1 2a + 26 = 0 and - 2a + 3c = 0. 
Since the only solution to this system of equations isa = 6 = c = 0, it follows that the given functions are 
linearly independent on (-co, 00). 

The domain space may be divided into three types of intervals: (1) interval subsets of (— 00, 1), (2) interval 
subset of [l,oo), (3) intervals containing 1 where 1 is not an endpoint of the intervals. 

For intervals of type (3): 

Intervals such as type (3) are treated as above [with domain space of (—00,00)]: vectors are linearly inde- 
pendent. 

For intervals of type (1): 

a(2(x- 1)) + 6(2x) +c(3) = 0 => (2a + 26)x + (-2a + 3c) = 0 ==> 2a + 26 = 0, and -2a + 3c = 0. 

Since this system has three variables with only two equations, the solution to the system is not unique, hence 

intervals of type (1) result in linearly dependent vectors. 

For intervals of type (2) : 
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a(x — 1) + b(2x) + c(3) = 0 => a + 2b = 0 and — a + 3c =0. As in the last case, this system has three variables 
with only two equations, so it must be the case that intervals of type (2) result in linearly dependent vectors. 



40. (a) Let f 0 (x) = lji(x) 
Then W[f u f 2 ,h,U]{x) = 
any interval. 

(b) W[fo,fuf2,...,fn](x) 



= x,f 2 (x) ■■ 
1 x x 2 
0 1 2x 
0 0 2 
0 0 0 

1 x 
0 1 
0 0 



: x 2 , h (x) 
x 3 
3x 2 
6x 
6 



12 ^ 0. Hence, {/i, / 2 , f 3 , fi} is linearly independent on 



x 
2x 
2 



nx n 



n(n — \)x 



n-2 



0 0 0 



The matrix corresponding to this determinant is upper triangular, so the value of the determinant is given 
by the product of all of the diagonal entries. VF[/o, /i, / 2 , ■ ■ ■ , fn]{x) = 1 • 1 • 2 • 6 • 24 • • • n\, which is not zero 
regardless of the actual domain of x. Consequently, the functions are linearly independent on any interval. 



41. (a) Let h{x) 
W[h,h,h]{x) 



e^, f 2 ( x ) = e r2X and f 3 {x) = e^ x . Then 





e rix 


e T2X 


e r 3 x 




1 


1 


1 




rie r lX 


r 2 e r2X 


r 3 e r3X 




n 


r 2 


^3 




r 2 e rix 


r 2 e r 2 x 


r 2 r 3 x 






r 2 
r 2 


r 2 


— g( r l+ , '2+ I '3 


)x (r 3 - 


ri)(r 3 - 


T2){ri - ri). 









If ri =/= Tj for i =/= j, then W[fi, f%, f 3 ](x) is never zero, and hence the functions arc linearly independent on 
any interval. If, on the other hand, — rj with i ^ j, then fi — fj = 0, so that the functions are linearly 
dependent. Thus, r\, r 2 , r 3 must all be different in order that /i, f 2 , f 3 are linearly independent. 

(b) 







e rix 




e r 2 x 




e r n x 






r 1 e riX 


r 2 e r2X 




r n e rnX 




■Jn]{x) = 


r 2 e rix 


r 


2„r 2 x 
2 e 




ir>2 ~T n X 






r »-l e nx 


'2 


l e r 2 x 
1 

ri 


1 

r 2 


r n— 1 p r n x 
1 n c 

... 1 

••• r n 




= e riX e T2X ■ ■ ■ 


e r n x 


r 2 


r 2 


... r 2 














1 ... r n 










r?" 1 


r n ~ 
'2 


' n 



5 I/(ri,r 2 ,...,r„) 

5 n (r. 



l<i<m<n 

Now from the last equality, we see that if ^ rj for i ^ j, where i, j e {1, 2, 3, . . . , n}, then W[fi, f 2 , . . . , f n ](x) 
is never zero, and hence the functions are linearly independent on any interval. If, on the other hand, = rj 
with i j, then fi — fj = 0, so that the functions are linearly dependent. Thus {/i, f2, ■ ■ ■ , f n } is a linearly 
independent set if and only if all the are distinct for i £ {1, 2, 3, . . . , n}. 
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(*Note: V(r\, r 2 , . . . , r„) is the n x n Vandermonde determinant. See Section 3.3 Problem 21). 

42. Let a, b e R. Assume that av + few = 0. Then a(avi + v 2 ) + 6(vi + av2) = 0 which implies that 
(aa + 6)vi + (a + 6a)v 2 = 0. Now since it is given that vi and v 2 arc linearly independent, aa + 6 = 0 and 

a 1 

a + &a = 0. This system has only the trivial solution for a and b if and only if 7^ 0. That is, if and 

only if a 2 — 1 7^ 0, or a 7^ ±1. Therefore, the vectors are linearly independent provided that a 7^ ±1. 

43. It is given that vi and v 2 are linearly independent. Let Ui = aiVi + &iv 2 ,u 2 = a 2 vi + 6 2 v 2 , and 
U3 = a 3 vi + 63V2 where a\, a 2 , a 3 , 61, 6 2 , 63 e R. Let ci,c 2 ,c 3 € E. Then 

C1U1 + c 2 u 2 + c 3 u 3 = 0 

=4> Ci(aiVi + 61 v 2 ) + c 2 (a 2 V! + 6 2 v 2 ) + c 3 (a 3 Vi + 6 3 v 2 ) = 0 
=> (aai + c 2 a 2 + c 3 a 3 )vi + (ah + c 2 b 2 + c 3 & 3 )v 2 = 0. 

{cicti + c 2 a 2 + c 3 a 3 = 0 
There are an infinite number 
ah + c 2 b 2 + C363 = 0. 

of solutions to this homogeneous system since there are three unknowns but only two equations. Hence, 
{ui, u 2 , u 3 } is a linearly dependent set of vectors. 

44. Given that {v 1; v 2 , . . . , v r „} is a linearly independent set of vectors in a vector space V, and 

m 

u fe = ^2a ik Vi,k e {1,2,..., n}. (44.1) 
»=i 

n 

(a) Let Cfe e E, fc e {1,2,..., n}. Using system (44.1) and ^ c^Ufe = 0, we obtain: 

k=i 

n / m \ m / n \ 



^2 c fe X] a * feV< = 0 X! X! aifeCfc v * = 0 



fe=i \i=i / 1=1 \k=i 

Since the for each i S {1, 2, . . . , m} are linearly independent, 



X] aifeCfe = 0, 1 < i < to. (44.2) 



fe=i 

But this is a system of to equations with n unknowns a, c 2 , . . . , c n . Since n > to, the system has more 
unknowns than equations, and so has nontrivial solutions. Thus, {ui,u 2 , . . . ,u„} is a linearly dependent 
set. 

(b) If to = n, then the system (44.2) has a trivial solution -^=> the coefficient matrix of the system is 
invcrtible det[aij] 7^ 0. 

(c) If n < m, then the homogeneous system (44.2) has just the trivial solution if and only if rank(j4) = n. 
Recall that for a homogeneous system, rank(A#) =rank(A). 

(d) Corollary 4.5.15. 
45. We assume that 

ci(4vi) + c 2 (Av 2 ) + • • • + c n (Aw n ) = 0. 
Our aim is to show that a = c 2 = • • • = c n = 0. We manipulate the left side of the above equation as 
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follows: 

ci(Avi) + c 2 (Av 2 ) + ■■■ + c n {Av n ) = 0 
A(dvi) + A(c 2 v 2 ) + • • • + A(c n v n ) = 0 
^4(ciVi + c 2 v 2 H h c„v„) = 0. 

Since A is invertible, we can left multiply the last equation by A^ 1 to obtain 

civi + c 2 v 2 H h c„v„ = 0. 

Since {vi, v 2 , . . . ,v„} is linearly independent, we can now conclude directly that ci = c 2 = • • • = c„ = 0, as 
required. 

46. Assume that civi + c 2 v 2 + c 3 v 3 = 0. We must show that c\ = c 2 = c 3 = 0. Let us suppose for the 
moment that c 3 7^ 0. In that case, we can solve the above equation for v 3 : 

ci c 2 
v 3 = Vi v 2 . 

C3 c 3 

However, this contradicts the assumption that v 3 does not belong to span{vi,v 2 }. Therefore, we conclude 
that c 3 = 0. Our starting equation therefore reduces to civi + c 2 v 2 = 0. Now the assumption that {vi, v 2 } 
is linearly independent shows that c\ = c 2 = 0. Therefore, c\ = c 2 = c 3 = 0, as required. 

47. Assume that C\v 1 + c 2 v 2 + • • • + c k v k + c fe+1 v fe+1 = 0. We must show that C\ = c 2 = • • • = c k+ i = 0. 
Let us suppose for the moment that c k +i 7^ 0. In that case, we can solve the above equation for Vfe+i: 

Cl C 2 Cfe 
Vfc+1 = Vl V 2 Vfe. 

Cfe+1 C fe+ l C k+ l 

However, this contradicts the assumption that v^+i does not belong to spanjvi, v 2 , . . . , v^}. Therefore, we 
conclude that c k+ i = 0. Our starting equation therefore reduces to civi + c 2 v 2 + • • • + c k v k = 0. Now 
the assumption that {vi, v 2 , . . . , v^.} is linearly independent shows that Ci = c 2 = • • • = c k = 0. Therefore, 
ci = c 2 = • • • = c k = c k+ i = 0, as required. 

48. Let {vi, v 2 , . . . , Vfe} be a set of vectors with k > 2. Suppose that v,t can be expressed as a linear 
combination of {vi, v 2 , . . . , Vfe_i}. We claim that 

span{vi, v 2 , . . . , v fc } = span{vi,v 2 , . . . ,v fe _i}. 

Since every vector belonging to span{v l7 v 2 , . . . ,v k _i} evidently belongs to spanjv!, v 2 , . . . , v fe }, we focus 
on showing that every vector in spanjvi, v 2 , . . . , v^} also belongs to spanjvi, v 2 , . . . , Vfc_i}: 
Let v G span{vi,v 2 , . . . ,Vfe}. We therefore may write 

v = C1V1 + c 2 v 2 H h c fe v fc . 

By assumption, we may write = rfiVi + d 2 v 2 + • • • + d k -iv k _ 1 . Therefore, we obtain 

v = C1V1 + c 2 v 2 H h c fc v fe 

= C1V1 + c 2 v 2 H h c k _ 1 v k _ 1 + c fe (divi + rf 2 v 2 H h 4-iv fe -i) 

= (ci + c k di)vi + (c 2 + c fe d 2 )v 2 H h (cfe_i + c fc( i fe _i)v fc _i 

G span{vi, v 2 , . . . , v fe _i}. 

This shows that every vector belonging to span{vi,v 2 , . . . ,v k } also belongs to spanjvi, v 2 , . . . , Vfc_i}, as 
needed. 
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49. We first prove part 1 of Proposition 4.5.7. Suppose that we have a set {u, v} of two vectors in a vector 
space V. If {u,v} is linearly dependent, then we have 

cu + dv = 0, 

where c and d are not both zero. Without loss of generality, suppose that c ^ 0. Then we have 

d 

u = V, 

c 

so that u and v are proportional. Conversely, if u and v are proportional, then v = cu for some constant c. 
Thus, cu — v = 0, which shows that {u, v} is linearly dependent. 

For part 2 of Proposition 4.5.7, suppose the zero vector 0 belongs to a set S of vectors in a vector space 
V. Then 1 • 0 is a linear dependency among the vectors in S, and therefore S is linearly dependent. 

50. Suppose that {vi, v 2 , . . . , v^} spans V and let v be any vector in V. By assumption, we can write 

v = civi + c 2 v 2 H h c fe v fe , 

for some constants ci, c 2 , . . . , Ck- Therefore, 

civi + c 2 v 2 H h c fe v fc v = 0 

is a linear dependency among the vectors in {v, Vi,v 2 , . . . , Vfe}. Thus, {v, Vi,v 2 , . . . , Vfc} is linearly depen- 
dent. 

51. Let S = {pi,P2, ■ ■ ■ ,P fe} and assume without loss of generality that the polynomials are listed in 
decreasing order by degree: 

deg(pi) > deg(p 2 ) > • • • > deg(p fe ). 
To show that S is linearly independent, assume that 

c\pi + C2P2 H h c k p k = 0. 

We wish to show that c\ = c 2 = • • • = Ck = 0. We require that each coefficient on the left side of the above 
equation is zero, since we have 0 on the right-hand side. Since p\ has the highest degree, none of the terms 
C2P2,C3P3, . . . ,CkPk can cancel the leading coefficient of p\. Therefore, we conclude that c\ — 0. Thus, we 
now have 

C2P2 + c 3 p 3 H h c k p k = 0, 

and we can repeat this argument again now to show successively that c 2 = c 3 = • • • = c^ = 0. 

Solutions to Section 4.6 

1. FALSE. It is not enough that S spans V. It must also be the case that S is linearly independent. 

2. FALSE. For example, M 2 is not a subspace of K 3 , since M 2 is not even a subset of M 3 . 

3. TRUE. Any set of two non-proportional vectors in R 2 will form a basis for K 2 . 

4. FALSE. We have dim[P„] = n + 1 and dim[R™] = n. 

5. FALSE. For example, if V = R 2 , then the set S = {(1, 0), (2, 0), (3, 0)}, consisting of 3 > 2 vectors, fails 
to span V, a 2-dimensional vector space. 
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6. TRUE. We have dim[P3] = 4, and so any set of more than four vectors in P 3 must be linearly dependent 
(a maximal linearly independent set in a 4-dimcnsional vector space consists of four vectors). 

7. FALSE. For instance, the two vectors 1 + x and 2 + 2x in P3 are linearly dependent. 

8. TRUE. Since M 3 (IR) is 9-dimensional, any set of 10 vectors in this vector space must be linearly 
dependent by Theorem 4.6.4. 

9. FALSE. Only linearly independent sets with fewer than n vectors can be extended to a basis for V. 

10. TRUE. We can build such a subset by choosing vectors from the set as follows. Choose Vi to be any 
vector in the set. Now choose V2 in the set such that V2 ^ spanjvi}. Next, choose V3 in the set such that 
v 3 ^ span{v l7 v 2 }. Proceed in this manner until it is no longer possible to find a vector in the set that 
is not spanned by the collection of previously chosen vectors. This point will occur eventually, since V is 
finite-dimensional. Moreover, the chosen vectors will form a linearly independent set, since each Vj is chosen 
from outside spanjvi, v 2 , . . . , Vj_i}. Thus, the set we obtain in this way is a linearly independent set of 
vectors that spans V, hence forms a basis for V. 



11. FALSE. The set of all 3 x 3 upper triangular matrices forms a 6-dimcnsional subspace of M 3 ( 
a 3-dimensional subspace. One basis is given by {En, Ei 2 , Ei 3 , E 22 , E 2 3, E 33 } . 
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Problems: 

1. dim[M 2 ] = 
independent: 
basis for W 2 . 



2. There are two vectors, so if they are to form a basis for R 2 , they need to be linearly 
' = 2^0. This implies that the vectors are linearly independent, hence they form a 



2. dim[M 3 ] = 3. There are three vectors, so if they are to form a basis for R 3 , they need to be linearly 
1 3 1 

13 ^ 0. This implies that the vectors are linearly independent, hence they 



independent: 



form a basis for 



3. dim[M 3 ] = 3. There are three vectors, so if they are to form a basis for R 3 , they need to be linearly 

1 2 3 

independent: —1 5 11 = 0. This implies that the vectors are linearly dependent, hence they do not 

1-2-5 
form a basis for K 3 . 

4. dim[R 4 ] = 4. We need 4 linearly independent vectors in order to span Mr. However, there are only 3 
vectors in this set. Thus, the vectors cannot be a basis for R A . 

5. dim[M 4 ] = 4. There are four vectors, so if they are to form a basis for K 3 , they need to be linearly 



independent: 



1 2 

0 -1 
0 3 
0 -5 



-1 2 

2 -3 

1 1 

0 -2 



-1 2 
3 1 
-5 0 



-7 0 -5 
3 1 1 
-5 0 -2 



= -11. 



Since this determinant is nonzero, the given vectors arc linearly independent. Consequently, they form a 
basis for K 4 . 



6. dim[M 4 ] = 4. There are four vectors, so if they are to form a basis for R 3 , they need to be linearly 
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independent: 



0 1 0 k 
-10 10 
0 112 
k 0 0 1 



-1 


1 


0 




0 


0 


k 


0 


1 


2 




-1 


1 


0 


k 


0 


1 




k 


0 


1 



= -(-1 + 2k) - (-k 2 ) = k 2 - 2k + 1 = 



(k — l) 2 7^ 0 when k ^ 1. Thus, the vectors will form a basis for M 4 provided k ^ 1. 

7. The general vector p(x) G P3 can be represented as p(x) = ao + &i.x + a 2 x 2 + CI3X 3 . Thus P3 
span{l, x, x 2 , x 3 }. Further, {l,x,x 2 ,x 3 } is a linearly independent set since 



W[l,x,x 2 ,x 3 ] 



I x x 2 X 3 

0 1 2x 3x 2 

0 0 2 6x 

0 0 0 6 



12 ^ 0. 



Consequently, S — {1, x, x 2 , x 3 } is a basis for P3 and dim[P3] = 4. Of course, 5 is not the only basis for P3. 
8. Many acceptable bases are possible here. One example is 

S = {x 3 ,x 3 + l,x 3 + x,x 3 + x 2 }. 

All of the polynomials in this set have degree 3. We verify that S is a basis: Assume that 

0. 

Thus, 



C1O 3 ) + c 2 (x 3 + 1) + c 3 (x 3 + x) + c 4 (x 3 + x 2 ) 
(ci + c 2 )x 3 + C4X 2 + c 3 x + c 2 = 0, 



from which we quickly see that c\ = c 2 = c 3 = c 4 = 0. Thus, S is linearly independent. Since P 3 is 
4-dimensional, we can now conclude from Corollary 4.6.13 that S is a basis for P 3 . 

9. Ax = 0 =^ i J! Xl — ^ . The augmented matrix for this system is 
— 2 — 6 J [ x 2 J [ 0 J 

thus, x\ + 3a; 2 = 0, or x\ = —3x2. Let x 2 = r so that x\ = — 3r where reR. Consequently, 

S = {xel 2 :x = r(-3, l),r e M} = span{(-3, 1)}. It follows that {(-3,1)} is a basis for S and dim [5] = 1. 



1 


3 


0 " 


-2 


-6 


0 



I— 1 


3 


0 " 


0 


0 


0 





"0 0 0 " 




Xl 






0 " 




10. Ax = 0 => 


0 0 0 




^2 






0 


. The REDUCED ROW ECHELON FORM of the aug- 




0 1 0 




x 3 






0 








' 0 


1 0 


0 " 




mented matrix for this system is 


0 


0 0 


0 


. We see that x 2 = 0, and X\ and X3 are free variables: 






0 


0 0 


0 





xi = r and x 2 = s. Hence, (x\, x 2 , X3) = (r, 0, s) = r(l, 0, 0) + s(0, 0, 1), so that the solution set of the system 
is S = {x e M 3 : x = r(l,0,0) + s(0,0, l),r, s e R}. Therefore we see that {(1,0,0), (0,0, 1)} is a basis for S 
and dim[5] = 2. 



. The REDUCED ROW ECHELON FORM of the 





"1-1 4 " 




Xl 




" 0 " 


11. Ax = 0 => 


2 3-2 




2:2 




0 




1 2 -2 








0 






" 1 


0 


2 


0 


augmented matrix for this system is 


0 


1 - 


2 


0 






0 


0 


0 


0 



If we let x 3 — r then (xi,x 2 ,x 3 ) = (— 2r, 2r, r) = 
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r(— 2, 2, 1), so that the solution set of the system is S = {x g M 3 : x = r(— 2, 2, 1), r g E}. Therefore we see 
that {(—2,2, 1)} is a basis for S and dim[5] = 1. 



12. Ax 



0 



1- 12 3 

2- 134 
1 Oil 

3- 145 



augmented matrix for this system is 



Xl 
X2 
X3 
Xi 

1 0 

0 1 

0 0 

0 0 



. The REDUCED ROW ECHELON FORM of the 



If we let x 3 — r,x 4 — s then .x 2 = r + 2s and 



0 
0 
0 
0 

1 1 

-1 -2 
0 0 

o o i 

xi = — r — s. Hence, the solution set of the system is S = {x g R 4 : x = r(— 1, 1, 1, 0) + s(— 1, 2, 0, 1), r, s g 
M} = span{(-l, 1, 1,0), (-1,2,0, 1)}. Further, the vectors Vi = (-1, 1, 1,0), v 2 = (-1,2,0,1) arc linearly 
independent since C\V\ + c 2 v 2 = 0 => C\{— 1, 1, 1, 0) + c 2 (— 1, 2, 0, 1) = (0,0,0,0) => Ci = c 2 = 0. 
Consequently, {(— 1, 1, 1, 0), (— 1, 2, 0, 1)} is a basis for S and dim[5] = 2. 

13. If we let y = r and z = s where r,s£l, then x = 3r — s. It follows that any ordered triple in S can be 
written in the form: 

(x, y, z) = (3r - s, r, s) = (3r, r, 0) + (-s, 0, s) = r(3, 1,0) + s(-l, 0, 1), where r, s e E. If we let Vl = (3, 1, 0) 
and v 2 = (-1,0, 1), then S = {v g M 3 : v = r(3, 1,0) + s(-l,0, 1), r, sel} = span{v l7 v 2 }; moreover, v : 
and v 2 are linearly independent for if a, b g K and avi + 6v 2 = 0, then 

a(3,l,0) + 6(-l,0,l) = (0,0,0), 

which implies that (3a, a, 0) + (—6,0,6) = (0,0,0), or (3a — 6, a, 6) = (0,0,0). In other words, a = 6 = 0. 
Since {vi,v 2 } spans S and is linearly independent, it is a basis for S. Also, dim[5] = 2. 

14. 

S = {x g R 3 : x = (r,r - 2s, 3s - 5r),r,s g M} 

= {x g M 3 : x = (r, r, -5r) + (0, -2s, 3s), r, seRj 

= {x g M 3 : x = r(l, 1, -5) + s(0, -2, 3), r, s g R}. 
Thus, 5 = span{(l, 1, —5), (0, —2,3)}. The vectors Vi = (1, 1, —5) and v 2 = (0, —2,3) are linearly indepen- 
dent for if a, 6 g K and avi + 6v 2 = 0, then 

a(l, 1, -5)+6(0, -2, 3) = (0, 0, 0) => (a, a, -5a)+(0, -26, 36) = (0, 0, 0) => (a, a-26, 36-5a) = (0, 0, 0) a = 6 = 0. 
It follows that {vi,v 2 } is a basis for S and dim[5] = 2. 



15. S = {AeM 2 (R) : A 



1 0 
0 0 



a b 
0 c 



, a, 6, c g E}. Each vector in 5 can be written as 



A = a 





' 1 


0 " 


+ b 


' 0 


1 " 




' 0 


0 " 


a 


0 


0 


0 


0 


+ c 


0 


1 



so that S = span 
pendent, it follows that a basis for S is 



0 1 
0 0 



0 0 

0 1 

1 0 

0 0 



Since the vectors in this set are clearly linearly inde- 
and therefore dim[5] = 3. 



0 1 
0 0 



0 0 
0 1 



16. S = {A g M 2 (E) : A 



a b 

c —a 



, a, 6, c g E}. Each vector in S can be written as 





' 1 


0 " 




' 0 


1 " 




' 0 


0 " 


a 


0 


-1 


+ 6 


0 


0 


+ c 


1 


0 
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so that S = span 
it follows that a basis for S is - 



0 1 
0 0 j 

' i J o 

0 -1 



0 0 

1 0 
0 1 
0 0 



Since this set of vectors is clearly linearly independent, 
^ q i, and therefore dim [S] = 3. 



17. We see directly that v 3 = 2vi. Let v be an arbitrary vector in S. Then 

v = CiVi + c 2 v 2 + c 3 v 3 = (ci + 2c 3 )v! + c 2 v 2 = rfiVi + d 2 v 2 , 

where rfi = (ci + 2C3) and d 2 — c 2 . Hence S — span{vi,v 2 }. Further, vi and v 2 are linearly independent 
for if a, b £ R and avi + 6v 2 = 0, then 

a(l, 0, 1) + 6(0, 1,1) = (0, 0, 0) => (a, 0, a) + (0, 6, 6) = (0, 0, 0) (a, 6, a + 6) = (0, 0, 0) a = 6 = 0. 

Consequently, {vi,v 2 } is a basis for S and dim [5] = 2. 



18. /3 depends on /1 and / 2 since sinh x = 
W[h,f 2 ](x) 



er — e 



-. Thus, f 3 (x) = 



2 ' JJW 2 

2 7^ 0 for all .x e R, so {/1, / 2 } is a linearly independent set. Thus, {/1, / 2 } 



e e 

is a basis for S and dim [5] = 2 
19. The given set of matrices is linearly dependent because it contains the zero vector. Consequently, the 



matrices A\ 



1 3 

-1 2 



-1 4 
1 1 



,^3 



span the same subspace of M 2 (]R) as that 



5 -6 
-5 1 

spanned by the original set. We now determine whether {tIi,^,^} is linearly independent. The vector 
equation: 

ciAx + c 2 A 2 + C3A3 = 0 2 

leads to the linear system 

ci - c 2 + 5c 3 = 0, 3ci + 4c 2 - 6c 3 = 0, -c\ + c 2 - 5c 3 = 0, 2ci + c 2 + c 3 = 0. 

This system has solution (— 2r, 3r, r), where r is a free variable. Consequently, {^4i,A 2 ,A 3 } is linearly 
dependent with linear dependency relation 



or equivalcntly, 



-2Ai + 3A 2 + ^ 3 = 0, 



A 3 = 2A X - 3A 2 



It follows that the set of matrices {A\, A 2 } spans the same subspace of M 2 (R) as that spanned by the original 
set of matrices. Further { J 4 1 ,yl 2 } is linearly independent by inspection, and therefore it is a basis for the 
subspace. 

20. (a) We must show that every vector (x, y) € R 2 can be expressed as a linear combination of vi and v 2 . 
Mathematically, we express this as 

Cl (l,l) + c 2 (-l,l) = (x,y) 

which implies that 

Ci — c 2 = x and C\ + c 2 = y. 
Adding the equations here, we obtain 2ci = x + y or 



ci = ^{x + y)- 
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Now we can solve for C2: 



c 2 = y~ ci = -(y - a;). 



Therefore, since we were able to solve for c\ and C2 in terms of x and y, we see that the system of equations 
is consistent for all x and y. Therefore, {vi,v 2 } spans R 2 . 



(b) 



1 -1 
1 1 



2^0, so the vectors are linearly independent. 



(c) We can draw this conclusion from part (a) alone by using Theorem 4.6.12 or from part (b) alone by 
using Theorem 4.6.10. 

21. (a) We must show that every vector (x, y) £ R 2 can be expressed as a linear combination of vi and V2. 
Mathematically, we express this as 

ci(2,l)+ 02(3,1) = (x,y) 

which implies that 

2ci + 3c 2 = x and c\ + c 2 = y. 
From this, we can solve for C\ and c 2 in terms of x and y: 

a = 3y — x and c 2 = x — 2y. 

Therefore, since we were able to solve for c\ and ci in terms of x and y, we see that the system of equations 
is consistent for all x and y. Therefore, {vi,v 2 } spans R 2 . 



(b) 



2 3 
1 1 



T 7^ 0, so the vectors are linearly independent. 



(c) We can draw this conclusion from part (a) alone by using Theorem 4.6.12 or from part (b) alone by 
using Theorem 4.6.10. 

22. dim[R 3 ] = 3. There are 3 vectors, so if they are linearly independent, then they are a basis of R 3 by 
0 3 6 

81 7^ 0, the given vectors are linearly independent, and so {vi, V2, V3} 



Theorem 4.6.1. Since 



6 0 
3 3 



is a basis for R 3 . 

23. dim[P 2 ] = 3. There are 3 vectors, so {pi,P2,P3} may be a basis for P 2 depending on a. To be a basis, 
the set of vectors must be linearly independent. Let a, b, c G R. Then api(x) + bp2{x) + cp${x) = 0 
=*> a(l + ax 2 ) + 6(1 + x + x 2 ) + c(2 + x) = 0 

=> (a + b + 2c) + (b + c)x + (act + b)x 2 = 0. Equating like coefficients in the last equality, we obtain the 
' a + b+ 2c = 0 

b + c = 0 Reduce the augmented matrix of this system. 

aa + b = 0. 



system: < 



1 


1 


2 


0 " 




" 1 


1 


2 


0 " 




" 1 


1 


2 


0 


0 


1 


1 


0 




0 


1 


1 


0 




0 


1 


1 


0 


a 


1 


0 


0 




0 


a-l 


2a 


0 




0 


0 


a+1 


0 



For this system to have only the trivial solution, the last row of the matrix must not be a zero row. This 
means that a^-1. Therefore, for the given set of vectors to be linearly independent (and thus a basis), a 
can be any value except —1. 
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24. dirndl = 3. There are 3 vectors, so in order to form a basis for P 2 , they must be linearly independent. 
Since we are dealing with functions, we will use the Wronskian. 



1 + x x(x-l) l + 2x 2 
1 2x - 1 Ax 
0 2 4 



-2. 



W\pi,p 2 ,P3]{x) -- 

Since the Wronskian is nonzero, {pi,P2,P3} is linearly independent, and hence forms a basis for P 2 . 



1 + x x(x - 1) 1 + 2x 
1 2x - 1 2 
0 2 0 



25. W[po,Pi,P2](z) = 



1 .t 



0 1 3a; 
0 0 3 

dim[P 2 ] = 3, it follows that {po,Pi,P2} is a basis for P 2 . 
26. (a) Suppose that o, 6, c, € M. 
a 



= 3 ^ 0, so {po,Pi,P2} is a linearly independent set. Since 



" -1 


1 " 


+ b 


1 3 " 




' 1 0 " 


+ d 


' 0 


-1 " 


0 


1 


-1 0 


+ c 


1 2 


2 


3 



-a + b+ c a + 36 — c 
-fr+c+2d a + 2c+3d 



= 0 2 



= 0 2 . The last matrix results in the system: < 



REDUCED ROW ECHELON FORM of the augmented matrix of this system is 



-a+b+c= 0 
a + 36 - d = 0 
b+c + 2d= 0 
, a + 2c + 3d= 0. 
1-1-1 0 0 
0 4 1-10 
0 0 5 7 0 
0 0 0 1 0 



The 



which implies that a = b = c = d= 0. Hence, the given set of vectors is linearly independent. Since 
dim[M 2 (M)] = 4, it follows that {A 1 , A 2 , A 3 , At} is a basis for M 2 (R). 



(b) We wish to express the vector 



5 6 
7 8 



in the form 



"5 6 " 




' -1 1 " 


+ b 


1 3 " 




' 1 0 " 




' 0 


-1 " 


7 8 


= a 


0 1 


-1 0 


+ c 


1 2 


2 


3 



Matching entries on each side of this equation (upper left, upper right, lower left, and lower right), we obtain 
a linear system with augmented matrix 



-1 


1 


1 


0 


5 


1 


3 


0 


-1 


6 


0 


-1 


1 


2 


7 


1 


0 


2 


3 


8 



Solving this system by Gaussian elimination, we find that a=— 6 = 12, c=— ^, and d = ^. Thus, we 
have 



5 6 
7 8 



34 

y 



-1 1 

0 1 



12 



1 3 
-1 0 



55 

y 



1 0 
1 2 



56 

y 



27. 
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(a) Ax = 0 



11-11 

2-3 5-6 
5 0 2 -3 



Xi 

X4 



The augmented matrix for this linear system is 



1 


1 


-1 


1 


0 " 




' 1 


1 


-1 


1 


0 " 




" 1 


1 


-1 


1 


0 " 




' 1 


1 


-1 


1 


0 


2 


-3 


5 


-6 


0 


i 


0 


-5 


7 


-8 


0 


2 


0 


-5 


7 


-8 


0 


3 


0 


1 


-1.4 


1.6 


0 


5 


0 


2 


-3 


0 




0 


-5 


7 


-8 


0 




0 


0 


0 


0 


0 




0 


0 


0 


0 


0 



1. A 12 (-2), A 13 (-5) 2. A 23 (-l) 3. M 2 (-±) 

We see that x 3 = r and x^ = s are free variables, and therefore nullspace(A) is 2-dimensional. Now we 
can check directly that Avi = 0 and Av 2 = 0, and since V! and v 2 are linearly independent (they are 
non-proportional), they therefore form a basis for nullspace(A) by Corollary 4.6.13. 

(b) An arbitrary vector (x,y,z 7 w) in nullspacc(yl) can be expressed as a linear combination of the basis 
vectors: 

Or, y, z, w) = ci(-2, 7, 5, 0) + c 2 (3, -8, 0, 5), 

where ci, c 2 G R. 



28. 



(a) An arbitrary matrix in S takes the form 



a 

c 

-a — c 



b 
d 

-b-d 



—a — b 
—c — d 
a + b + c + d 



+ c 



0 0 



Therefore, we have the following basis for S: 

10-1" 
0 0 0 
-1 0 1 

From this, we see that dim[S'] — 4. 

(b) We see that each of the matrices 



0 


I— 1 


1 




0 


0 


0 


0 


0 


0 




1 


0 


-1 


0 


-1 


1 




-1 


0 


1 



0 




0 


0 


I— 1 


-1 


1—1 





I— 1 


0 


0 " 




" 0 


1 


0 " 




" 0 


0 


1 " 




" 0 


0 


0 " 




" 0 


0 


0 " 


0 


0 


0 




0 


0 


0 




0 


0 


0 




1 


0 


0 




0 


0 


0 


0 


0 


0 




0 


0 


0 




0 


0 


0 




0 


0 


0 




1 


0 


0 



has a different row or column that does not sum to zero, and thus none of these matrices belong to S, and 
they are linearly independent from one another. Therefore, supplementing the basis for S in part (a) with 
the five matrices here extends the basis in (a) to a basis for M 3 (R) . 

29. 



(a) An arbitrary matrix in S takes the form 



a 
d 

b+c- 



b 

e 

a + c - 



a + b + c- 
d+e- 



d- 

c 





' 1 


0 


0 " 




' 0 


1 


0 " 




" 0 


0 


1 " 




0 


0 


0 " 




" 0 


0 


0 


a 


0 


0 


1 


+ b 


0 


0 


1 


+ c 


0 


0 


1 


+ d 


1 


0 


-1 


+ e 


0 


1 


-1 




0 


1 


0 




1 


0 


0 




1 


1 


-1 




-1 


0 


1 




0 


-1 


1 
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Therefore, we have the following basis for S: 



1 0 0 
0 0 1 
0 1 0 



0 1 0 

0 0 1 

1 0 0 



0 0 

0 0 

1 1 



0 0 

1 0 

-1 0 



From this, we see that dim[S] = 5. 

(b) We must include four additional matrices that are linearly independent and outside of S. The matrices 
En, E\2, En + Eis, and E 2 2 will suffice in this case. 



30. Let A g Sym 2 (M) so A = A T . A 
a linear combination of |f \ J 



a b 
b c 

1 

0 



g Sym 2 (IR); a, b, c g R. This vector can be represented as 



0 0 
0 1 



" 1 


0 " 




' 0 


1 " 




' 0 


0 " 


. Since | 


" 1 


0 " 




0 


0 


+ b 




0 


+ c 


0 


1 


0 


0 






1 







A = a 

set that also spans Sym 2 (R) , it is a basis for Sym 2 1 



0 1 

1 0 



—B T . Then B = 
and spans Skew 2 ( 



0 


b ' 




0 


h- 1 


-b 


0 


= b 


I— 1 


0 



so that a basis for Skew 2 (R) is 



where d £ R. The set 
1 





"00" 






0 1 


} 


n 2 (R)] = 3. I 




0 1 


{ 


-1 0 





is a linearly independent 
it B g Skcw 2 (M) so B = 
is linearly independent 



0 

-1 0 



Consequently, dim[Skew 2 (E)] = 1. Now, 
dim[Sym 2 (M)] = 4, and hence dim[Sym 2 (M)] + dim[Skew 2 (M)] = 3 + 1=4 = dim[M 2 (R)]. 
31. We know that dim[M„(R)] = n 2 . Let S g Sym„(R) and let [Sij] be the matrix with ones in the 



and positions and zeroes elsewhere. Then the general n x n symmetric matrix can be expressed as: 
S = anSn + ai 2 Si2 +aizS\3 + • • • + a\ n Si n 

+ a 22 5' 22 +&23'S'23 + ' ' ' + 0,2 n S2n 

+ ■■■ 

~t~ ^n— 1 n— l^n— 1 n— 1 ~t~ Q>n— 1 nSn—1 n ~t~ ^nnSnn- 

We sec that S has been resolved into a linear combination of 

n(n + 1) 

n + (n — 1) + (n — 2) + • • • + 1 = linearly independent matrices, which therefore form a basis for 



Sym„(M); hence dim[Sym 2 (M)] 



2 

n(n + 1) 



Now let T g Skew„(IR) and let [Ty] be the matrix with one in the (i, j)-position, negative one in the 
position, and zeroes elsewhere, including the main diagonal. Then the general n x n skew-symmetric matrix 
can be expressed as: 

T = a i2 Ti2 + ai^Tiz +014X14 + • • • + ai n T\ n 
+ 023^23 +a24?24 + • • • + a 2n T 2 „ 

+ ••• 

H~ ®n—l n^n — l n 

(7% — 1)77- 

We see that T has been resolved into a linear combination of (n— l) + (n — 2) + (n — 3) + - • - + 2 + 1 = 

(ft — XItt, 

linearly independent vectors, which therefore form a basis for Skew„(R); hence dim[Skew„(M)] = . 

Consequently, using these results, we have 

dim[Sym„(M)] + dim[Skcw 2 (]R)] = n i n ± 1 l + ( n ~^ n = n 2 = dim[M„(R)]. 

32. (a) S is a two-dimensional subspace of R 3 . Consequently, any two linearly independent vectors lying 
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in this subspacc determine a basis for S. By inspection we see, for example, that vi = (4,-1,0) and 
v 2 = (3,0,1) both lie in the plane. Further, since they arc not proportional, these vectors are linearly 
independent. Consequently, a basis for S is {(4, —1,0), (3, 0, 1)}. 

(b) To extend the basis obtained in Part (a) to obtain a basis for M 3 , we require one more vector that 
does not lie in S. For example, since V3 = (1,0,0) docs not lie on the plane it is an appropriate vector. 
Consequently, a basis for R 3 is {(4, -1,0), (3, 0, 1), (1,0, 0)}. 

33. Each vector in S can be written as 



a 


b ' 




' 1 


0 " 


+ b 


' 0 


1 " 


b 


a 


= a 


0 


1 


1 


0 



Consequently, a basis for S is given by the linearly independent set 
basis to M 2 (R), we can choose, for example, the two vectors 



1 0 
0 1 



0 1 

1 0 



" 1 


0 " 


and 


' 0 


1 " 


0 


0 


0 


0 



To extend this 
Then the linearly 



independent set | ^ ^ 
34. The vectors in S can be expressed as 





0 


1 




1 


0 




7 


1 


0 




0 


0 


5 



0 1 
0 0 



is a basis for M 2 ( 



(2ai + a 2 )x 2 + (01 + a 2 )x + (3ai - a 2 ) = a x {2x 2 + x + 3) + a 2 (x 2 + x — l), 

and since {2x 2 + x + 3, x 2 + x — 1} is linearly independent (these polynomials are non-proportional) and 
certainly span S, they form a basis for S. To extend this basis to V = P 2 , we must include one additional 
vector (since P 2 is 3-dimensional) . Any polynomial that is not in S will suffice. For example, x £ S, since x 
cannot be expressed in the form (2a\ + a 2 )x 2 + (ai + a 2 )x + (3ai — a 2 ), since the equations 

2ai + a 2 = 0, di + a 2 = 1, 3ai — a 2 = 0 

are inconsistent. Thus, the extension we use as a basis for V here is {2x 2 + x + 3,x 2 + x — 1, x). Many other 
correct answers can also be given here. 

35. Since S is a basis for P n -i, S contains n vectors. Therefore, S U {x n } is a set of n + 1 vectors, which 
is precisely the dimension of P n . Moreover, x n does not lie in P n -i = span(S'), and therefore, S U {x n } is 
linearly independent by Problem 47 in Section 4.5. By Corollary 4.6.13, we conclude that SU{x n } is a basis 
for P n . 

36. Since S is a basis for P n -i, S contains n vectors. Therefore, S U {p} is a set of n + 1 vectors, which is 
precisely the dimension of P n . Moreover, p does not lie in P n -i = span(S'), and therefore, SU {p} is linearly 
independent by Problem 47 in Section 4.5. By Corollary 4.6.13, we conclude that SU {p} is a basis for P n . 

37. 

(a) Let efc denote the fcth standard basis vector. Then a basis for C™ with scalars in R is given by 

{ei,e 2 , • • • ,e„, iei,ie 2 , ■ ■ ■ , ie n }, 

and the dimension is 2n. 

(b) Using the notation in part (a), a basis for C" with scalars in C is given by 

{ei,e 2 , . . . ,e„}, 



and the dimension is n. 



290 



Solutions to Section 4.7 



True- False Review: 

1. TRUE. This is the content of Theorem 4.7.1. The existence of such a linear combination comes from 
the fact that a basis for V must span V, and the uniqueness of such a linear combination follows from the 
linear independence of the vectors comprising a basis. 

2. TRUE. This follows from the Equation [v]b = Pb^cI^c, which is just Equation (4.7.6) with the roles 
of B and C reversed. 

3. TRUE. The number of columns in the changc-of-basis matrix Pc^b is the number of vectors in B, while 
the number of rows of Pc^b is the number of vectors in C. Since all bases for the vector space V contain 
the same number of vectors, this implies that Pc^b contains the same number of rows and columns. 

4. TRUE. If V is an n-dimcnsional vector space, then 

Pc^bPb^c = In = Pb^cPc^b, 
which implies that Pc^b is invertiblc. 

5. TRUE. This follows from the linearity properties: 

[v - w] B = [v + (-l)w] s = [v] B + [(-l)w] B = [v] B + (-l)[w] B = [v]s - [w] B . 

6. FALSE. It depends on the order in which the vectors in the bases B and C are listed. For instance, if 
we consider the bases B = {(1, 0), (0, 1)} and C = {(0, 1), (1, 0)} for R 2 , then although B and C contain the 



same vectors, if we let v = (1,0), then [v]b 



while [v]c 



7. FALSE. For instance, if we consider the bases B = {(1,0), (0, 1)} and C = {(0, 1), (1,0)} for K 2 , and if 
we let v = (1,0) and w = (0, 1), then v ^ w, but [v]b 



0 



= [w]c- 



8. TRUE. If B = {vi, v 2 , . . . , v„}, then the column vector [vj]s is the ith standard basis vector (1 in 
the ith position and zeroes elsewhere). Thus, for each i, the ith column of Pb^b consists of a 1 in the ith 
position and zeroes elsewhere. This describes precisely the identity matrix. 



Problems: 

1. Write 

Then 



(5,-10) =ci(2,-2) + C2(l,4). 



2ci + c 2 = 5 and 
Solving this system of equations gives c\ = 3 and c 2 

[v]b = 



- 2ci + 4c 2 
-1. Thus, 



-10. 



2. Write 
Then 



(8,-2) = Cl (-l,3)+c 2 (3,2). 



-ci + 3c 2 = 8 and 3ci + 2c 2 = -2. 
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Solving this system of equations gives c\ = —2 and c 2 — 2. Thus, 

[v]s = 



3. Write 
Then 



(-9, 1,-8) = ci(l, 0, 1) + c 2 (l, 1, -1) + cs(2, 0, 1). 



ci + C2 + 2c3 = —9 and C2 = 1 and ci — c 2 + C3 = — i 
Solving this system of equations gives c\ = —4, c 2 = 1, and c 3 = —3. Thus, 



Mb 



4. Write 
Then 



(l,7,7) = c 1 (l,-6,3)+c 2 (0,5 ) -l)+c 3 (3,-l,-l). 



c\ + 3c 3 = 1 and — 6ci + 5c 2 — c 3 = 7 and 3ci — c 2 — c 3 = 7. 
Using Gaussian elimination to solve this system of equations gives c\ = 4, c 2 = 6, and c 3 



-1. Thus, 



Ms 



4 
6 
-1 



5. Write 
Then 



(1,7, 7) = ci(3, -1, -1) + 02(1, -6, 3) + c 3 (0, 5, -1). 



3ci + c 2 = 1 and — Ci — 6c 2 + 5c 3 = 7 and — C\ + 3c 2 — c 3 = 7. 
Using Gaussian elimination to solve this system of equations gives C\ = — 1, c 2 = 4, and c 3 = 6. Thus, 



Mb 



-1 
4 
G 



6. Write 
Then 



(5, 5, 5) = ci(-l, 0, 0) + c 2 (0, 0, -3) + c 3 (0, -2, 0). 



-Ci = 5 and — 2c 3 = 5 and — 3c 2 = 5. 



Therefore, c\ — —5, c 2 = — |, and c 3 = — |. Thus, 



Mb 



-5 
-5/3 
-5/2 
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7. Write 

-4a; 2 + 2x + 6 = ci(x 2 + x) + c 2 (2 + 2x) + c 3 (l). 
Equating the powers of x on each side, we have 

ci = —4 and ci + 2c 2 = 2 and 2c 2 + c 3 = 6. 

Solving this system of equations, we find that C\ — —4, c 2 = 3, and c 3 = 0. Hence, 



\p(x)]b = 



-4 
3 
0 



8. Write 



15 - 18a; - 30a; 2 = ci(5 - 3x) + c 2 (l) + c 3 (l + 2a; 2 ). 
Equating the powers of a; on each side, we have 

5ci + c 2 + c 3 = 15 and — 3ci = —18 and 2c 3 = —30. 

Solving this system of equations, we find that C\ — 6, c 2 = 0, and c 3 = —15. Hence, 



[p(*)]i 



6 
0 
-15 



9. Write 



4 - x + x 2 - 2x 3 = ci(l) + c 2 (l + x) + c 3 (l + .t + a; 2 ) + c 4 (l + a; + a; 2 + a; 3 ). 
Equating the powers of x on each side, we have 

ci + c 2 + c 3 + C4 = 4 and c 2 + c 3 + C4 = —1 and c 3 + C4 = 1 and C4 = —2. 

Solving this system of equations, we find that C\ = 5, c 2 = —2, c 3 = 3, and c 4 = —2. Hence, 



\p(x)]b = 



10. Write 



8 + x + 6a; 2 + 9x 3 = ci(a; 3 + x 2 ) + c 2 (x 3 - 1) + c 3 (x 3 + 1) + c 4 (a; 3 + x). 
Equating the powers of x on each side, we have 

— c 2 + c 3 = 8 and c 4 = 1 and C\ = 6 and Ci + c 2 + c 3 + c 4 = 9. 

Solving this system of equations, we find that ci = 6, c 2 = —3, c 3 = 5, and c 4 = 1. Hence 



[P(*)]J 
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" -3 


-2 " 




' 1 


1 " 




' 1 


1 " 




' 1 


1 " 




' 1 


0 " 


-1 


2 


= Ci 


1 


1 


+ c 2 


1 


0 


+ C 3 


0 


0 


+ c 4 


0 


0 



11. Write 



Equating the individual entries of the matrices on each side of this equation (upper left, upper right, lower 
left, and lower right, respectively) gives 

ci + c 2 + c 3 + c 4 = — 3 and ci + c 2 + c 3 = — 2 and ci + c 2 = — 1 and c\ = 2. 

Solving this system of equations, we find that ci = 2, c 2 = —3, c 3 = —1, and c 4 = —1. Thus, 



[A]b = 



2 

-3 
-1 
-1 



10 


16 " 




' 2 


-1 " 




0 


4 " 




' 1 


1 " 




' 3 


-1 " 


15 


-14 


= Ci 


3 


5 


+ c 2 


-1 


1 


+ C 3 


1 


1 


+ c 4 


2 


5 



12. Write 



Equating the individual entries of the matrices on each side of this equation (upper left, upper right, lower 
left, and lower right, respectively) gives 

2ci + c 3 + 3c 4 = -10, —c\ + 4c 2 + c 3 - c 4 = 16, 3ci - c 2 + c 3 + 2c 4 = -15, 5c 4 + c 2 + c 3 + 5c 4 = -14. 

Solving this system of equations, we find that c 4 = —2, c 2 = 4, c 3 = —3, and c 4 = —1. Thus, 



[Ah 



-2 
4 
-3 
-1 



"56" 




' -1 


1 " 




1 


3 " 




' 1 


0 " 




' 0 


-1 " 


7 8 


= Ci 


0 


1 


+ c 2 


-1 


0 


+ C 3 


1 


2 


+ c 4 


2 


3 



13. Write 



Equating the individual entries of the matrices on each side of this equation (upper left, upper right, lower 
left, and lower right, respectively) gives 

— Ci + c 2 + c 3 = 5 and c\ + 3c 2 — c 4 = 6 and — c 2 + c 3 + 2c 4 = 7 and c\ + 2c 3 + 3c 4 = 8. 

Solving this system of equations, we find that c 4 = —34/3, c 2 = 12, c 3 = —55/3, and c 4 = 56/3. Thus, 



[A]b = 



-34/3 

12 
-55/3 
56/3 



14. Write 



(a;, y, z) = ci(0, 6, 3) + c 2 (3, 0, 3) + c 3 (6, -3, 0). 
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Then 

The augmented matrix for this linear system is 

Solving this system by back-substitution gives 



3c 2 + 6c 3 = x and 6ci — 3c 3 = y and 3ci + 3c2 = z. 

. We can reduce this to row-echelon form 



" 3 


3 


0 


z 


6 


0 


-3 


y 


0 


3 


6 


z 



as 



110 z/3 
0 12 ar/3 
0 0 9 y + 2a;-2z 



12 1 , 12 4 , 2 1 

Cl =9 X+ 9 y ~9 Z and C2 = ~9 X ~ 9 y+ 9 Z and C3 = 9 a;+ 9 2/ - 

Hence, denote the ordered basis {vi,v 2 ,v 3 } by B, we have 



9 H~ 9 2/ 9 ^ 

"9^ + 2 9 2 
9 X + aV — g z 



15. Write 



a 0 + ai.x + a 2 x 2 = Ci(l + ar) + c 2 a;(a; - 1) + c 3 (l + 2x 2 ). 
Equating powers of x on both sides of this equation, we have 



Ci + c 3 = a 0 


and ci — c 2 = ai and 


c 2 4 


-2c 3 


= 0 2 . 






" 1 


0 


1 


a 0 


The augmented matrix corresponding 


to this system of equations is 


1 


-1 


0 


Oi 






0 


1 


2 


«2 



We can reduce this 



to row-echelon form as 



1 0 1 
0 1 2 
0 0 1 



a 0 

02 

-oq + «i + a 2 



. Thus, solving by back-substitution, we have 



Ci = 2ao — ai — a 2 and c 2 = 2a 0 — 2ai — a 2 and c 3 = — a 0 + ai + a 2 . 
Hence, relative to the ordered basis B = {pi,P2,Pz}, we have 



2ao — ai — a 2 
2ao — 2ai — a 2 
-a 0 + a x + a 2 



16. Let vi = (9, 2) and v 2 = (4, -3). Setting 

(9,2) = Cl (2,l) + c 2 (-3,l) 



and solving, we find c\ = 3 and c 2 = —1. Thus, [vi]c 



. Next, setting 



and solving, we find c± — —1 and c 2 = —2. Thus, [v 2 ]c 



(4,-3) = ci(2,l) + C2(-3,l) 

. Therefore, 



3 -1 
1 -2 



295 



17. Let vi = (-5,-3) and v 2 = (4,28). Setting 

(-5,-3) =ci(6,2)+c 2 (l,-l) 



and solving, we find c\ — — 1 and c 2 = 1. Thus, [vi]c 



. Next, setting 



and solving, we find c\ = 4 and c 2 = —20. Thus, [v 2 ]c 

Pc^b = 



(4,28) = Cl (6,2)+c 2 (l,-l) 

. Therefore, 



4 

-20 



1 4 
1 -20 



18. Let vi = (2,-5,0), v 2 = (3,0,5), and v 3 = (8,-2,-9). Setting 

(2, -5, 0) = Cl (l, -1, 1) + c 2 (2,0, 1) + c 3 (0, 1,3) 



and solving, we find ci = 4, c 2 = — 1, and c 3 = —1. Thus, [vi]c 



4 
-1 
-1 



. Next, setting 



(3, 0, 5) = d(l, -1, 1) + 02(2, 0, 1) + c 3 (0, 1,3) 



and solving, we find c\ — 1, c 2 = 1, and c 3 = 1. Thus, [v 2 ]c 



Finally, setting 



5, -2, -9) - 01(1,-1, 1) + c 2 (2, 0, 1) + c 3 (0, 1,3) 



and solving, we find ci = —2, c 2 = 5, and c 3 = —4. Thus, [v 3 ] ( 



-2 
5 
-4 



. Therefore, 



Pc* 



4 1 -2 
-1 1 5 
-1 1 -4 



19. Let vi = (-7,4,4), v 2 = (4,2,-1), and v 3 = (-7,5,0). Setting 

(-7,4,4) = Cl (l, 1,0) + c 2 (0, 1, 1) + c 3 (3, -1, -1) 



and solving, we find ci = 0, c 2 = 5/3 and c 3 = —7/3. Thus, [v\]c — 



0 

5/3 
-7/3 



Next, setting 



(4, 2, -1) = d(l, 1,0) + c 2 (0, 1, 1) + c 3 (3, -1, -1) 
and solving, we find c\ — 0, c 2 = 19/3 and c 3 = —7/3. Setting 

(4, 2, -1) = d(l, 1,0) + 02(0, 1, 1) + c 3 (3, -1, -1) 
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and solving, we find c\ — 3, c 2 = —2/3, and c 3 = 1/3. Thus, [v 2 ]c 



3 

-2/3 
1/3 



Finally, setting 



(-7, 5, 0) = ci(l, 1,0) + c 2 (0, 1, 1) + cs(3, -1, -1) 



and solving, we find ci = 5, c 2 = —4, and C3 = —4. Hence, [v 3 ]c = 



5 
-4 
-4 



. Therefore, 



Pc^b = 



0 3 5 

? ? ; 



20. Let V! = 7 — Ax and v 2 = 5x. Setting 

7 - Ax = ci(l - 2x) + c 2 (2 + a;) 



and solving, we find ci = 3 and c 2 = 2. Thus, [vi]c 



. Next, setting 



bx = ci(l - 2a;) + c 2 (2 + x) 



and solving, we find c\ — —2 and c 2 = 1. Hence, [v 2 ]c 



-2 
1 



Therefore, 



3 -2 
2 1 



21. Let vi = -4 + x - 6x 2 , v 2 = 6 + 2x 2 , and v 3 = -6 - 2a; + Ax 2 . Setting 

-4 + a; - 6x 2 = ci(l - a; + 3x 2 ) + c 2 (2) + c 3 (3 + a; 2 ) 



and solving, we find c\ = —1, c 2 = 3, and c 3 = —3. Thus, [vi]c = 



Next, setting 



6 + 2a; 2 = ci(l - ar + 3a; 2 ) + c 2 (2) + c 3 (3 + a; 2 ) 



and solving, we find C\ = 0, c 2 = 0, and c 3 = 2. Thus, [v 2 ]c 



. Finally, setting 



-6 - 2x + 4a; 2 = ci(l - a; + 3a; 2 ) + c 2 (2) + c 3 (3 + a; 2 ) 



and solving, we find C\ — 2, c 2 = —1, and c 3 = —2. Thus, [v 3 ] c = 



2 

-1 
-2 



Therefore, 



-10 2 
3 0-1 
-3 2 -2 
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22. Let vi = -2 + 3x + 4x 2 - x 3 , v 2 = 3x + bx 2 + 2x 3 , v 3 = -5x 2 - 5a; 3 , and v 4 = 4 + 4x + 4x 2 . Setting 
-2 + 3x + 4x 2 - x 3 = ci(l - a; 3 ) + c 2 (l + a;) + c 3 (x + x 2 ) + c 4 (x 2 + x 3 ) 



and solving, we find C\ = 0, c 2 = —2, c 3 = 5, and c 4 = —1. Thus, [vi]c 



-2 
5 
-1 



Next, setting 



3x + 5x 2 + 2x 3 = ci(l - x 3 ) + c 2 (l + x) + c 3 (x + x 2 ) + c 4 (x 2 + x 3 ) 



and solving, we find c\ = 0, c 2 = 0, c 3 = 3, and c 4 = 2. Thus, [v 2 ]c 



. Next, solving 



5x 2 - bx 3 = ci(l - a; 3 ) + c 2 (l + x) + c 3 (x + x 2 ) + c 4 (x 2 + x 3 ) 



2 i 



and solving, we find c\ = 0, c 2 = 0, c 3 = 0, and c 4 = —5. Thus, [v 3 ]c 

4 + 4x + 4x 2 = ci(l - x 3 ) + c 2 (l + x) + c 3 (x + x 2 ) + c 4 (x 2 + x 3 ) 

" 2 

2 

and solving, we find c\ — 2, c 2 = 2, c 3 = 2, and c 4 = 2. Thus, [v 4 ]c — ^ ■ Therefore, 

2 

" 0 0 0 2 " 

-2 0 0 2 



. Finally, setting 



0 


0 


0 


2 


-2 


0 


0 


2 


5 


3 


0 


2 


1 


2 


-5 


2 



23. Let vi = 2 + x 2 , v 2 = -1 - 6x + 8x 2 , and v 3 = -7 - 3x - 9x 2 . Setting 

2 + x 2 = ci(l + x) + c 2 (-x + x 2 ) + c 3 (l + 2x 2 ) 



and solving, we find ci = 3, c 2 = 3, and c 3 = — 1. Thus, [vi]c 



3 
3 
-1 



. Next, solving 



-1 - 6x + 8x 2 = ci(l + x) + c 2 (-x + x 2 ) + c 3 (l + 2x 2 ) 



and solving, we find C\ = —4, c 2 = 2, and c 3 = 3. Thus, [v 2 ] c 



. Finally, solving 



-7 - 3x - 9x 2 = ci(l + x) + c 2 (-x + x 2 ) + c 3 (l + 2x 2 ) 
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and solving, we find c\ = —2, c 2 = 1, and c 3 = —5. Thus, [vs]c 



-2 
1 

-5 



Therefore, 



PC^B = 



3 -4 -2 
3 2 1 
-1 3 -5 



24. Let vi = 


1 

-1 


0 " 

-2 


> v 2 




' 0 
3 


-1 " 
0 


> v 3 = 


" 3 5 
0 0 


, and v 4 = 


' -2 - 
0 


-4 " 
0 


. Settin 






1 

-1 


0 " 

-2 




Cl 


' 1 1 " 
1 1 


+ c 2 


1 1 " 

1 0 


+ c 3 


' 1 1 " 

0 0 


+ c 4 


' 1 

0 


0 " 

0 





and solving, we find c\ = —2, c 2 = c 3 = c 4 = 1. Thus, [v\]c = 



. Next, setting 



0 


-1 " 




' 1 


1 " 


+ c 2 


' 1 


1 " 




' 1 


1 " 




' 1 


0 " 


3 


0 


Cl 


1 


1 


1 


0 


+ c 3 


0 


0 


+ c 4 


0 


0 



and solving, we find c\ = 0, c 2 = 3, c 3 = —4, and c 4 = 1. Thus, [v 2 ]c 



0 
3 
-4 
1 



. Next, setting 



" 3 


5 " 




' 1 


1 " 




' 1 


1 " 




' 1 


1 " 




' 1 


0 " 


0 


0 


Cl 


1 


1 


+ c 2 


1 


0 


+ c 3 


0 


0 


+ c 4 


0 


0 



and solving, we find Ci = 0, c 2 = 0, c 3 = 5, and c 4 = —2. Thus, [v 3 ]c 



. Finally, setting 



" -2 


-4 " 




' 1 


1 " 


+ c 2 


' 1 


1 " 


+ c 3 


' 1 


1 " 


+ c 4 


' 1 


0 " 


0 


0 


Cl 


1 


1 


1 


0 


0 


0 


0 


0 



and solving, we find ci — 0, c 2 = 0, c 3 = —4, and c 4 = 2. Thus, [v 4 ]c = 



0 
0 

-4 
2 



. Therefore, we have 



G^b = 



2 


0 


0 


0 


1 


3 


0 


0 


I— 1 


-4 


5 


-4 


I— 1 


1 


-2 


2 



25. Let vi = £12, v 2 = £22, v 3 = E 2 i, and v 4 = E\\. We see by inspection that 



[vi]c 



. [v 2 ]c 



[v 3 ]c 



[v 4 ]c 
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Therefore, 



Pc+ 



0 10 0 
0 0 0 1 
0 0 10 
10 0 0 



26. We could simply compute the inverse of the matrix obtained in Problem 16. For instructive purposes, 
however, we proceed directly. Let wi = (2, 1) and w 2 = (—3, 1). Setting 



(2,l) = Cl (9,2) + c 2 (4,-3) 
and solving, we obtain c\ = 2/7 and c 2 = —1/7. Thus, [wJb = 

(-3,1) = Cl (9,2) + c 2 (4,-:i; 
and solving, we obtain c\ = —1/7 and c 2 = —3/7. Thus, [w 2 ]b 



2/7 
-1/7 



. Next, setting 



-1/7 
-3/7 



. Therefore, 



'b^c = 



2 _ 1 
7 7 



I _2 

7 7 



27. We could simply compute the inverse of the matrix obtained in Problem 17. For instructive purposes, 
however, we proceed directly. Let wi = (6,2) and w 2 = (1,-1). Setting 



(6,2) =ci(-5,-3) + c 2 (4,28) 
and solving, we obtain c\ = —5/4 and c 2 = —1/16. Thus, [wi]b = 

(1,-1) = Ci(-5,-3) + c 2 (4,28) 
and solving, we obtain c\ = —1/4 and c 2 = —1/16. Thus, [w 2 ]b 

Pb^c 



-5/4 
4/16 



-1/4 
-1/16 



Next, setting 



Therefore, 



5 


1 " 


4 


4 


1 


1 


16 


16 . 



28. We could simply compute the inverse of the matrix obtained in Problem 18. For instructive purposes, 
however, we proceed directly. Let w x = (1, —1, 1), w 2 = (2, 0, 1), and w 3 = (0, 1, 3). Setting 



(1, -1, 1) = ci(2, -5, 0) + 02(3, 0, 5) + c 3 (8, -2, -9) 



and solving, we find c\ — 1/5, c 2 = 1/5, and c 3 = 0. Thus, [wi]b 



1/5 
1/5 
0 



. Next, setting 



(2, 0, 1) = ci(2, -5, 0) + c 2 (3, 0, 5) + c 3 (8, -2, -9) 
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and solving, we find c\ = —2/45, c 2 = 2/5, and c 3 = 1/9. Thus, [w 2 ]s = 

(0, 1,3) = ci(2, -5, 0) + c 2 (3, 0, 5) + c 3 (8, -2, -!)) 
and solving, we find C\ — —7/4:5, c 2 = 2/5, and c 3 = —1/9. Thus, [w 3 ] B 



-2/45 
2/5 
1/9 



Finally, setting 



-7/45 
2/5 
-1/9 



Therefore, 



l 

5 

0 



29. We could simply compute the inverse of the matrix obtained in Problem 20. For instructive purposes, 
however, we proceed directly. Let Wi = 1 — 2x and w 2 = 2 + x. Setting 



2 


7 " 


45 


45 


2 


2 


5 


5 


1 


_ 1 



1 - 2x = ci(7 - Ax) + c 2 (5x) 



and solving, we find C\ — 1/7 and c 2 = —2/7. Thus, [wi]b = 

2 + x = ci(7 - 4x) + c 2 (5x) 



1/7 

-2/7 



. Setting 



and solving, we find c\ = 2/7 and c 2 = 3/7. Thus, [w 2 ]b 



2/7 
3/7 



. Therefore, 



b^c = 



2 i 

7 



2 3 
7 7 J 



30. Referring to Problem 22, we have 



0 


0 


0 


2 


-2 


0 


0 


2 


5 


3 


0 


2 


1 


2 


-5 


2 



1/2 -1/2 0 0 

-7/6 5/6 1/3 0 

-11/30 13/30 2/15 -1/5 

1/2 0 0 0 



31. We could simply compute the inverse of the matrix obtained in Problem 25. For instructive purposes, 
however, we proceed directly. Let wi = E 2 2, w 2 = En, w 3 = E 2 i, and w 4 = Ei 2 . We see by inspection 
that 



[wi]b 



, [w 2 ]b 



Therefore 



^B^C 



[w 3 ]j 



0 0 0 1 
10 0 0 
0 0 10 
0 10 0 



, [w 4 ] B 
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32. We first compute [v]s and [v]c directly. Setting 

(-5,3) =ci(9,2) + c 2 (4,-3) 

and solving, we obtain C\ = —3/35 and c 2 = —37/35. Thus, [v] B = 

(-5,3) = Cl (2,l) + c 2 (-3,l) 

and solving, we obtain c\ = 4/5 and c 2 = 11/5. Thus, [v]c 



_3_ 

35 



37 
35 



Setting 



n 

5 



. Now, according to Problem 16, 



Pc^bMb 



3 -1 
-1 -2 



3 " 




' 4 " 


35 




5 


37 




11 


35 . 




. 5 . 



[v]c, 



which confirms Equation (4.7.6). 

33. We first compute [v] B and [v]c directly. Setting 

(-1,2, 0) = Cl (-7, 4, 4) + c 2 (4, 2, -1) + c 3 (-7, 5, 0) 



and solving, we obtain C\ = 3/43, c 2 = 12/43, and c 3 = 10/43. Thus, [v] B = 



(-1, 2, 0) = d(l, 1,0) + 02(0, 1, 1) + c 3 (3, -1, -1) 



and solving, we obtain C\ = 2, c 2 = — 1, and c 3 = —1. Thus, [v]c 



_3_ 
43 



12 

43 



ill 

43 



Setting 



19, P C ^B = 



0 3 5 



5 _2 _ 4 
3 3 41 



so Pc^s[v]s = 



0 3 5 



3 3 ^ 



.1 I _ 4 
3 3 



3 3 

confirms Equation (4.7.6). 
34. We first compute [v] B and [v]c directly. Setting 

6 - Ax = ci(7 - 4ar) + c 2 (5a;) 
and solving, we obtain ci = 6/7 and c 2 = —4/35. Thus, [v]b 

6 - 4x = ci(l - 2a;) + c 2 (2 + x) 





2 




-1 




-1 




" 3 




43 




12 




43 




10 




_ 43 



Now, according to Problem 
2 " 

-1 = [v]c, which 
-1 



. Next, setting 
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and solving, we obtain c\ — 14/5 and c 2 = 8/5. Thus, [v]c 
Pc^b 



14 
5 



5 J 



Now, according to Problem 20, 



3 -2 
2 1 



so 



Pc^bMb 



' 3 


-2 " 




6 " 

7 




" 14 " 

5 


2 


i — 1 




4 

35 . 




8 

. 5 . 



which confirms Equation (4.7.6). 

35. We first compute [v]b and [v]c directly. Setting 

5 - x + 3.x 2 = Ci(-4 + x - 6x 2 ) + c 2 (6 + 2x 2 ) + c 3 (-6 - 2x + 4x 2 ) 



and solving, we obtain ci = 1, c 2 = 5/2, and c 3 = 1. Thus, [v]b = 



Next, setting 



5 - x + 3.x 2 = ci(l - x + 3x 2 ) + c 2 (2) + c 3 (3 + x 2 ) 



and solving, we obtain c\ = 1, c 2 = 2, and c 3 = 0. Thus, [v]c 



Now, according to Problem 21, 



-10 2 
3 0-1 

-3 2 -2 



so 





" -l 


0 


2 " 




1 " 




" 1 " 




3 


0 


-1 




5 
2 




2 




-3 


2 


-2 




1 




0 



[v]c, 



which confirms Equation (4.7.6). 

36. We first compute [v]b and [v]c directly. Setting 



" -1 -1 " 




1 0 " 


+ c 2 


' 0 


-1 " 


+ c 3 


' 3 


5 " 


+ c 4 


' -2 


-4 " 


-4 5 


= Ci 


-1 -2 


3 


0 


0 


0 


0 


0 



and solving, we obtain c\ = —5/2, c 2 = —13/6, c 3 = 37/6, and c 4 = 17/2. Thus, [v]b 
setting 



-5/2 
-13/6 
37/6 
17/2 



Next, 



" -1 


-1 " 




' 1 


1 " 




' 1 


1 " 




' 1 


1 " 




' 1 


0 " 


-4 


5 


= Ci 


1 


1 


+ c 2 


1 


0 


+ c 3 


0 


0 


+ c 4 


0 


0 



and solving, we find c\ = 5, c 2 = —9, c 3 = 3, and c 4 = 0. Thus, [v]c 



. Now, according to Problem 
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24, P C ^B 



-2 
1 
1 
1 



0 
0 

5 

-2 



and so 





" -2 


0 


0 


0 " 




-5/2 




5 " 




1 


3 


0 


0 




-13/6 




-9 


b[v]b = 


1 


-4 


5 


-4 




37/6 




3 




1 


1 


-2 


2 




17/2 




0 



= v c, 



which confirms Equation (4.7.6). 

37. Write x = aiv 1 + a 2 v 2 + • • • + a„v„. We have 

cx = c(aivi + a 2 v 2 H h a„v„) = (cai)vi + (ca 2 )v 2 H h (ca„)v„. 

Hence, 



[cx] B = 



cai 




ai 


ca 2 








= c 




ca„ 







c[x] B . 



38. We must show that {vi,v 2 , . . . ,v„} is linearly independent and spans V. 

Check linear independence: Assume that 

civi + c 2 v 2 H h c„v„ = 0. 

We wish to show that c\ = c 2 = • • • = c n = 0. Now by assumption, the zero vector 0 can be uniquely written 
as a linear combination of the vectors in {vi, v 2 , . . . ,v„}. Since 



we therefore conclude that 
as needed. 



O = 0-vi + 0-v 2 + --- + 0-v„, 
ci = c 2 = • • • = c„ = 0, 



Check spanning property: Let v be an arbitrary vector in V. By assumption, it is possible to express v 
(uniquely) as a linear combination of the vectors in {vi, v 2 , . . . , v„}; say 

v = aivi + a 2 v 2 H h a„v„. 

Therefore, v lies in spanjvi, v 2 , . . . , v„}. Since v is an arbitrary member of V, we conclude that {vi, v 2 , . . . , v„} 
spans V. 

39. Let B = {vi, v 2 , . . . , v„} and let C = {v^m, v CT ( 2 \, . . . , v CT („)}, where a is a permutation of the set 
{1, 2, . . . , n}. We will show that Pc^b contains exactly one 1 in each row and column, and zeroes elsewhere 
(the argument for Pb^c is essentially identical, or can be deduced from the fact that Pb^c is the inverse 
of Pc^b)- 

Let i be in {1,2,..., n}. The ith column of Pc^b is [v^]c- Suppose that ki E {1,2, ... ,n} is such that 
cr(fcj) = i. Then [v^c is a column vector with a 1 in the fcjth position and zeroes elsewhere. Since the values 
fci, fc 2 , . . . , k n are distinct, we see that each column of Pc^b contains a single 1 (with zeroes elsewhere) in a 
different position from any other column. Hence, when we consider all n columns as a whole, each position 
in the column vector must have a 1 occurring exactly once in one of the columns. Therefore, Pc<—b contains 
exactly one 1 in each row and column, and zeroes elsewhere. 
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Solutions to Section 4.8 



True- False Review: 

1. TRUE. Note that rowspace(A) is a subspace of R" and colspace(^4) is a subspace of M m , so certainly if 
rowspace(A) = colspace(A), then M. n and K m must be the same. That is, m = n. 

2. FALSE. A basis for the row space of A consists of the nonzero row vectors of any row-echelon form of 
A. 

3. FALSE. The nonzero column vectors of the original matrix A that correspond to the nonzero column 
vectors of a row-echelon form of A form a basis for colspace(A). 

4. TRUE. Both rowspace(A) and colspace(^4) have dimension equal to rank(A), the number of nonzero 
rows in a row-echelon form of A. Equivalcntly, their dimensions are both equal to the number of pivots 
occurring in a row-echelon form of A. 

5. TRUE. For an invertible n x n matrix, rank(A) = n. That means there are n nonzero rows in a row- 
echelon form of A, and so rowspace(A) is n-dimensional. Therefore, we conclude that rowspace(A) = R™. 

6. TRUE. This follows immediately from the (true) statements in True-False Review Questions 4-5 above. 
Problems: 

" 1 -2 



1. A row-echelon form of A is 
basis for colspace(A) is {(1, — 3)} 

2. A row-echelon form of A is 



0 0 



11-32 
0 1-21 

{(1, 1, -3,2), (0, 1, -2, 1)}, whereas a basis for colspace(A) is {(1, 3), (1, 4)} 

1 2 3 
0 1 2 
0 0 0 

whereas a basis for colspace(A) is {(1,5, 9), (2, 6, 10)} 



. Consequently, a basis for rowspace(^4) is {(1,-2)}, whereas a 
. Consequently, a basis for rowspace(^4) is 



3. A row- echelon form of A is 



. Consequently, a basis for rowspace(^4) is {(1, 2, 3), (0, 1, 2)}, 



4. A row-echelon form of A is 



0 1 | 



0 0 0 
0 0 0 

a basis for colspace(A) is {(3, —6, 12)}. 



5. A row-echelon form of A is 



1 


2 


1 


3 


0 


0 


0 


1 


0 


0 


0 


0 


0 


0 


0 


0 



. Consequently, a basis for rowspace(^l) is {(0,1, |)}, whereas 



. Consequently, a basis for rowspace(A) is 



6. We can reduce A to 



(Note: This is not row-echelon form, but it is not nec- 



{(1,2, —1,3), (0, 0, 0, 1)}, whereas a basis for colspace(A) is {(1,3, 1,5), (3, 5, —1,7)}. 

1-12 3 
0 2-4 3 
0 0 6 -13 

essary to bring the leading nonzero element in each row to 1.). Consequently, a basis for rowspace(A) is 
{(1,-1,2,3), (0,2,-4,3), (0,0,6,-13)}, whereas a basis for colspace(^l) is {(1, 1,3), (-1,1,1), (2, -2,4)}. 

1 -1 2 

7. We determine a basis for the rowspace of the matrix 5—4 1 

7 -5 -4 



. A row-echelon form of this matrix is 
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1 -1 
0 1 
0 0 



Consequently, a basis for the subspace spanned by the given vectors is {(1, —1, 2), (0, 1, —9)}. 



8. We determine a basis for the rowspace of the matrix 



1 3 

1 5 

2 7 
1 4 



A row-echelon form of this matrix is 



1 3 

0 1 

0 0 

0 0 



. Consequently, a basis for the subspace spanned by the given vectors is {(1, 3, 3), (0, 1, —2)}. 



1 1 

2 1 
1 2 



-1 2 
3 -4 
-6 10 



A row-echelon form of 



9. We determine a basis for the rowspace of the matrix 
11-12 

0 1—58 . Consequently, a basis for the subspace spanned by the given vectors is 
0 0 0 0 
{(1,1, -1,2), (0,1, -5,8)}. 



this matrix is 



10. We determine a basis for the rowspace of the matrix 



14 13 

2 8 3 5 

14 0 4 

2 8 2 6 



A row-echelon form of this 



matrix is 



1 4 1 

0 0 1 

0 0 0 

0 0 0 



Consequently, a basis for the subspace spanned by the given vectors is 



{(1,4,1, 3), (0,0,1,-1)}. 
11. A row-echelon form of A is 



Consequently, a basis for rowspace(yl) is {(1,-3)}, whereas a 



12. (a) A row-echelon form of A is 



. Consequently, a basis for rowspace (A) is 



basis for colspacc(A) is {(—3, 1)}. Both of these subspaces are lines in the xy-plane. 

1 2 4 
0 1 1 
0 0 0 

{(1, 2, 4), (0, 1, 1)}, whereas a basis for colspace(A) is {(1,5, 3), (2, 11, 7)}. 

(b) We see that both of these subspaces are 2-dimcnsional, and therefore each corresponds geometrically to 
a plane. By inspection, we see that the two basis vectors for rowspace(A) satisfy the equations 2x + y — z = 0, 
and therefore rowspace(A) corresponds to the plane with this equation. Similarly, we see that the two basis 
vectors for colspace(A) satisfy the equations 2x — y + z = 0, and therefore colspace(A) corresponds to the 
plane with this equations. 



13. If A 



1 1 

2 2 



, colspace(A) is spanned by (1,2), but if we permute the two rows of A, we obtain a 



new matrix whose column space is spanned by (2, 1). On the other hand, if we multiply the first row by 2, 
then we obtain a new matrix whose column space is spanned by (2, 2). And if we add —2 times the first row 
to the second row, we obtain a new matrix whose column space is spanned by (1,0). Therefore, in all cases, 
colspace(A) is altered by the row operations performed. 
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14. Many examples are possible here, but an easy 2x2 example is the matrix A = 



We have 



rowspace(A) = {(r,r) : r e R}, while colspace(A) = {(r, — r) : r e R}. Thus, rowspace(A) and colspace(^4) 
have no nonzero vectors in common. 



Solutions to Section 4.9 



True-False Review: 

1. FALSE. For example, consider the 7x3 zero matrix, 07x3. We have rank(0y X 3) = 0, and therefore by 
the Rank-Nullity Theorem, nullity(07 X 3) = 3. But \m — n\ = \7 — 3| = 4. Many other examples can be given. 
In particular, provided that m > 2n, the m x n zero matrix will show the falsity of the statement. 

2. FALSE. In this case, rowspace(j4) is a subspace of W 9 , hence it cannot possibly be equal to W 7 . The 
correct conclusion here should have been that rowspace(A) is a 7-dimensional subspace of K 9 . 

3. TRUE. By the Rank-Nullity Theorem, rank(A) = 7, and therefore, rowspace(A) is a 7-dimensional 
subspace of M 7 . Hence, rowspace(j4) = M 7 . 



4. FALSE. For instance, the matrix A 



0 1 
0 0 



is an upper triangular matrix with two zeros appearing 



on the main diagonal. However, since rank(A) = 1, we also have nullity (A) = 1. 

5. TRUE. An invertible matrix A must have nullspace(A) = {0}, but if colspace(,4) is also {0}, then A 
would be the zero matrix, which is certainly not invertible. 



6. FALSE. For instance, if we take A 
1 + 1 = 2, but A + B 



1 0 
0 0 



and B 



0 1 
0 0 



, then nullity ( A) + nullity (B) 



1 1 
0 0 



, and nullity (A + B) = 1. 

and B = 



1 0 
0 0 



0 0 
0 1 



, then nullity (A) -nullity (B) = 1-1 = 1, 



7. FALSE. For instance, if we take A = 
but AB = 0 2 , and nullity(AB) = 2. 

8. TRUE. If x belongs to the nullspace of B, then Bx = 0. Therefore, (AB)x = A(Bx) = AO = 0, so 
that x also belongs to the nullspace of AB. Thus, nullspace(B) is a subspace of nullspace (AB). Hence, 
nullity (B) < nullity (AB), as claimed. 

9. TRUE. If y belongs to nullspace (A), then Ay = 0. Hence, if Ax p = b, then 

A(y + x p ) = Ay + Ax p = 0 + b = b, 

which demonstrates that y + x p is also a solution to the linear system Ax — b. 
Problems: 

1. The matrix is already in row-echelon form. A vector (x, y, z, w) in nullspace(^4) must satisfy x— 6z— w = 0. 
We see that y,z, and w are free variables, and 



nullspace (^4) 





6z + w 


j 


y 




z 




w 



y,z,w e 



span 



0 




6 




1 — 1 


1 




0 




0 


0 




1 




0 


0 




0 




1 



> . 
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Therefore, nullity(A) = 3. Moreover, since this row-echelon form contains one nonzero row, rank(A) = 1. 
Since the number of columns of A is 4 = 1 + 3, the Rank-Nullity Theorem is verified. 



2. We bring A to row-echelon form: 



REF(A) = 

A vector (x,y) in nullspace(^4) must satisfy x — \y — 0. Setting y = 2t, we get x = t. Therefore, 



nullspace(^4) = 



t 

It 



: t e 



span 



Therefore, nullity(^4) = 1. Since REF(yl) contains one nonzero row, rank(A) = 1. Since the number of 
columns of A is 2 = 1 + 1, the Rank-Nullity Theorem is verified. 

3. We bring A to row-echelon form: 



REF(A) = 



1 1 
0 1 
0 0 



Since there are no unpivoted columns, there are no free variables in the associated homogeneous linear 
system, and so 

nullspace(^4) = {0}. 

Therefore, nullity(A) = 0. Since REF(A) contains three nonzero rows, rank(A) = 3. Since the number of 
columns of A is 3 = 3 + 0, the Rank-Nullity Theorem is verified. 

4. We bring A to row-echelon form: 



REF(A) 



1 4 
0 1 
0 0 



-1 3 
1 1 
0 0 



A vector (x, y, z, w) in nullspacc(A) must satisfy x+Ay— z+3w = 0 and y+z+w = 0. We see that z and w are 
free variables. Set z = t and w = s. Then y = —z — w = —t—s and x = z—Ay—Sw = t—4(—t—s)—3s = 5t+s. 
Therefore, 



nullspace(A) 



Therefore, nullity(A) = 2. Moreover, since REF(A) contains two nonzero rows, rank(A) = 2. Since the 
number of columns of A is 4 = 2 + 2, the Rank-Nullity Theorem is verified. 

5. Since all rows (or columns) of this matrix are proportional to the first one, rank(A) = 1. Since A has two 
columns, we conclude from the Rank-Nullity Theorem that 





5t + s 


> 






5 " 




1 " 






-t-s 


: s,t e M 






-1 




-1 




< 


t 


> = span < 




1 




0 


j 




s 


> 






0 




1 





nullity (A) = 2- rank(A) = 2-1 = 1. 



6. The first and last rows of A are not proportional, but the middle rows are proportional to the first row. 
Therefore, rank(A) = 2. Since A has five columns, we conclude from the Rank-Nullity Theorem that 



nullity(A) = 5 - rank(A) = 5-2 = 3. 



308 



7. Since the second and third columns axe not proportional and the first column is all zeros, we have 
rank(A) = 2. Since A has three columns, we conclude from the Rank-Nullity Theorem that 

nullity (A) = 3 - rank(A) = 3-2=1. 



8. This matrix (already in row-echelon form) has one nonzero row, so rank(A) 
columns, we conclude from the Rank-Nullity Theorem that 

nullity(A) = 4 - rank(A) = 4-1 = 3. 



1. Since it has four 



9. The augmented matrix for this linear system is 
matrix to row-echelon form: 



1 3 -1 

2 7 9 
1 5 21 



4 
11 
10 



. We quickly reduce this augmented 



1 — ^ 


3 


-1 


4 


0 


1 


11 


3 


0 


0 


0 


0 



A solution (x, y, z) to the system will have a free variable corresponding to the third column: z = t. Then 
y + lit = 3, so y = 3 - lit. Finally, x + 3y - z = 4, so x = 4 + t - 3(3 - lit) = -5 + 34*. Thus, the solution 
set is 



f 


" -5 + 34t " 








34 " 




" -5 " 






3- lit 


-.tern. 


H 


[■ 


-11 


+ 


3 


: t effij 




t 








1 




0 





Observe that x E 



is a particular solution to Ax = b, and that 



34 
-11 
1 



forms a basis for 



nullspacc(A). Therefore, the set of solution vectors obtained does indeed take the form (4.9.3). 

. We quickly reduce this aug- 



10. The augmented matrix for this linear system is 
mcntcd matrix to row-echelon form: 



1-12 3 

1- 255 

2- 114 



G 

13 
5 



A solution (x 7 y,z 7 w) to the system will have free variables corresponding to the third and fourth columns: 
z = t and w = s. Then y — 3z — 2w = — 7 requires that y = — 7 + 3t + 2s, and x — y + 2z + 3w = 6 requires 
that x = 6 + (-7 + 3t + 2s) - 2t - 3s = -1 + t - s. Thus, the solution set is 





-1+t-s 


> 






" i " 




' -1 " 




' -1 " 


> 




-7 + 3t + 2s 


:s,ieM 






3 




2 




-7 


:s,teR > 


< 


H 


1 


+ s 


0 


+ 


0 




t 












s 


> 






0 




1 




0 


> 
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Observe that x p = 



-1 
-7 
0 
0 



is a particular solution to Ax — b, and that 





" 1 " 




I— 1 






3 




2 




j 


1 




0 


> 




0 




1 — 1 


> 



is a basis for nullspace(A). Therefore, the set of solution vectors obtained does indeed take the form (4.9.3). 

. We quickly reduce this augmented 



11. The augmented matrix for this linear system is 
matrix to row-echelon form: 



1 -2 

-1 -7 

1 1 

2 -4 



-3 
2 
0 
-6 



1 


I— 1 


-2 


-3 " 


0 


I— 1 


i 

4 


n 

4 


0 


0 


1 


1 



There are no free variables in the solution set (since none of the first three columns is unpivoted) , and we find 

2 

> . It is easy to see that this is indeed a particular solution: 



the solution set by back-substitution: 

Since the row-echelon form of A has three nonzero rows, rank(A) = 3. Thus, nullity(A) = 0. 



2 
-3 
1 



Hence, nullspacc(A) = {0}. Thus, the only term in the expression (4.9.3) that appears in the solution is x p , 
and this is precisely the unique solution we obtained in the calculations above. 

12. By inspection, we see that a particular solution to this (homogeneous) linear system is x p = 0. We 
quickly reduce this augmented matrix to row-echelon form: 



1 1 
0 1 
0 0 



-1 5 

1 I 

2 2 

0 0 



A solution (x,y,z,w) to the system will have free variables corresponding to the third and fourth columns: 
z = t and w = s. Then y — |z + |w = 0 requires that y = 
x = t — (^t — Is) — 5s = if — |s. Thus, the solution set is 



|s, and x + y — z + 5w = 0 requires that 



2 2 
t 



: s,t £ 



+ s 



s,t e 



Since the vectors 
given in (4.9.3). 



- 1 - 




3 " 


? 




? 


2 


and 


2 


1 


0 


0 




1 



form a basis for nullspace(^l), our solutions to take the proper form 
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13. By the Rank-Nullity Theorem, rank(A) = 7 — nullity(j4) = 7 — 4 = 3, and hence, colspace(j4) is 
3-dimensional. But since A has three rows, colspace(^4) is a subspace of ]R 3 . Therefore, since the only 
3-dimensional subspace of R 3 is R 3 itself, we conclude that colspace( J 4) = R 3 . Now rowspace(A) is also 

3- dimensional, but it is a subspace of R 5 . Therefore, it is not accurate to say that rowspace(j4) = R 3 . 

14. By the Rank-Nullity Theorem, rank(A) = 4 — nullity(A) = 4 — 0 = 4, so we conclude that rowspace(A) is 

4- dimensional. Since rowspace(A) is a subspace of R 4 (since A contains four columns), and it is 4-dimensional, 
we conclude that rowspace(^4) = R 4 . Although colspace(A) is 4-dimensional, colspace(A) is a subspace of 
K 6 , and therefore it is not accurate to say that colspace(^4) = R 4 . 

15. If rowspace(A) = nullspace(j4), then we know that rank(j4) = nullity(A). Therefore, rank(j4)+ nullity(yl) 
must be even. But rank(A)+ nullity(A) is the number of columns of A. Therefore, A contains an even number 
of columns. 

16. We know that rank(A) + nullity(j4) = 7. But since A only has five rows, rank(^4) < 5. There- 
fore, nullity( J 4) > 2. However, since nullspace(A) is a subspace of R 7 , nullity(A) < 7. Therefore, 2 < 
nullity (.A) < 7. There are many examples of a 5 x 7 matrix A with nullity(-A) = 2; one example is 

" 1 0 0 0 0 0 0 " 



0 1 0 0 0 0 0 

0 0 1 0 0 0 0 

0 0 0 1 0 0 0 

0 0 0 0 1 0 0 



The only 5x7 matrix with nullity (A) = 7 is 0s X 7, the 5x7 zero matrix. 



17. We know that rank(A) + nullity (A) = 8. But since A only has three rows, rank(A) < 3. There- 
fore, nullity(A) > 5. However, since nullspace(A) is a subspace of R 8 , nullity (A) < 8. Therefore, 5 < 
nullspacc(A) < 8. There are many examples of a 3 x 8 matrix A with nullity (A) = 5; one example is 

1 0 0 0 0 0 0 0 " 

0 1 0 0 0 0 0 0 . The only 3x8 matrix with nullity(A) = 8 is 0 3x8 , the 3 x 8 zero matrix. 
0 0 1 0 0 0 0 0 

18. If £>x = 0, then ABx. = AO = 0. This observation shows that nullspace(_B) is a subspace of 
nullspace(AB). On the other hand, if ABx = 0, then Bx = (A~ 1 A)Bx = A- 1 (AB)x = A~ X Q = 0, so 
Bx = 0. Therefore, nullspace(^4_B) is a subspace of nullspace(i?). As a result, since nullspace(B) and 
nullspacc( J 4i?) are subspaces of each other, they must be equal: nullspacc(yl_B) = nullspacc(_B). Therefore, 
nullity (AB) = nullity (B). 

Solutions to Section 4.10 



True-False Review: 

1. TRUE. This follows from the equivalence of (a) and (m) in the Invertible Matrix Theorem. 

2. FALSE. If the matrix has n linearly independent rows, then by the equivalence of (a) and (m) in the 
Invertible Matrix Theorem, such a matrix would be invertible. But if that were so, then by part (j) of the 
Invertible Matrix Theorem, such a matrix would have to have n linearly independent columns. 

3. FALSE. If the matrix has n linearly independent columns, then by the equivalence of (a) and (j) in the 
Invertible Matrix Theorem, such a matrix would be invertible. But if that were so, then by part (m) of the 
Invertible Matrix Theorem, such a matrix would have to have n linearly independent rows. 

4. FALSE. An n x n matrix A with det(A) = 0 is not invertible by part (g) of the Invertible Matrix 
Theorem. Therefore, by the equivalence of (a) and (1) in the Invertible Matrix Theorem, the columns of A 
do not form a basis for R n . 
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5. TRUE. If rowspace(j4) ^ M. n , then by the equivalence of (a) and (n) in the Invcrtible Matrix Theorem, 
A is not invertible. Therefore, A is not row-equivalent to the identity matrix. Since B is row-equivalent to 
A, then B is not row-equivalent to the identity matrix, and therefore, B is not invcrtible. Hence, by part 
(k) of the Invertible Matrix Theorem, we conclude that colspace(S) ^ W L . 

6. FALSE. If nullspace(A) = {0}, then A is invertible by the equivalence of (a) and (c) in the Invertible 
Matrix Theorem. Since E is an elementary matrix, it is also invertible. Therefore, EA is invcrtible. By part 
(g) of the Invertible Matrix Theorem, det(£M) ^ 0, contrary to the statement given. 

7. FALSE. The matrix [A\B] has 2n columns, but only n rows, and therefore rank(L4|£>]) < n. Hence, by 
the Rank-Nullity Theorem, nullity ( [A \B}) >n>0. 

8. TRUE. The first and third rows are proportional, and hence statement (m) in the Invertible Matrix 
Theorem is false. Therefore, by the equivalence with (a), the matrix is not invertible. 

0 10 0 
10 0 0 



9. FALSE. For instance, the matrix () ,, 

0 0 

statements of the Invcrtible Matrix Theorem. 

1 

10. FALSE. For instance, the matrix 3 

1 



is of the form given, but satisfies any (and all) of the 



is of the form given, but has a nonzero determinant, 



and so by part (g) of the Invertible Matrix Theorem, it is invertible. 



Solutions to Section 4.11 



1. FALSE. The converse of this statement is true, but for the given statement, many counterexamples 
exist. For instance, the vectors v = (1, 1) and w — (1,0) in R 2 arc linearly independent, but they arc not 
orthogonal. 

2. FALSE. We have 

(fcv, few) = fc(v, few) = fc(fcw,v) = fc 2 (w, v) = fc 2 (v,w), 

where we have used the axioms of an inner product to carry out these steps. Therefore, the result conflicts 
with the given statement, which must therefore be a false statement. 

3. TRUE. We have 



(civi + c 2 v 2 ,w) = (civi,w) + (c 2 v 2 ,w) = ci(vi, w) + c 2 (v 2 , w) = c\ ■ 0 + c 2 • 0 = 0. 



4. TRUE. We have 

(x + y,x-y) = (x,x) - (x,y) + (y,x) - <y,y) = (x,x) - (y,y) = |||x||| 2 - |||y||| 2 . 
This will be negative if and only if |||x||| 2 < |||y||| 2 , and since |||x||| and |||y||| are nonnegative real numbers, 

lll x lll 2 < lllylll 2 ^ an d oiul y ^ lll x lll < lllylll- 

5. FALSE. For example, if V is the inner product space of integrable functions on (—00,00), then the 
formula 




f(t)g(t)dt 
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is a valid any product for any choice of real numbers a < b. See also Problem 9 in this section, in which a 
"non-standard" inner product on M 2 is given. 

6. TRUE. The angle between the vectors — 2v and — 2w is 

(-2v)-(-2w) (-2) 2 (vw) vw 



cos 9 ■■ 



-2v|||||| -2w||| (-2) 2 |||v||||||w||| |||v||||||w||| ' 
and this is the angle between the vectors v and w. 

7. FALSE. This definition of (p, q) will not satisfy the requirements of an inner product. For instance, if 
we take p — x, then (p,p) = 0, but p ^ 0. 

Problems: 

1. (v, w) = 8, | |v| | = 3\/3, ||w|| = V7. Hence, 

(v,w) 8 
cos 9 — - — rfr; — - = — == 9 « 0.95radians. 
v w 3\/2T 



2. {f,g) = J xsmxdx = TT,\\f\\ = sin 2 xdx^j = yj (|), llffll = y z 2 dx^ = y (y) • Hence, 

cos 6* = — ^ -7- = — w 0.68 radians. 

(I) 1/2 (f) 1/2 ^ 

3. (v,w) = (2 + i)(-l - i) + (3 - 2i)(l + 3i) + (4 + i)(3 + i) = 19 + Hi. ||v|| = v / (^v) = V35- 
||w|| = */ (w, w) = a/22- 

4. Let A,B,C e M 2 (R). 



(1) 
(2) 
(3) 



(A, A) = a 2 ! + a 2 2 + a^ + a| 2 > 0, and (A, A) = 0 an = a i2 = a 2 i = a 22 = 0 A = 0. 
(A, B) = aii&n + ai 2 bi2 + a 2 i6 2 i + a 22 b 22 = 6nan + oi 2 a i2 + 6 2 ia 2 i + & 22 a 22 = (B, A) . 
Let tel. 

(feA, B) = fcaii6n + ka 12 b\2 + ka 21 b 2X + ka 22 b 22 = fc(on6n + ai 2 & i2 + a 2 i& 2 i + a 22 b 22 ) = k(A, B). 
(4): 

((A + B),C) = (an + &n)cn + (a i2 + &i 2 )c 12 + (a 21 + & 2 i)c 21 + (a 22 + b 22 )c 22 

= (ancii + biicn) + (a 12 c 12 + b 12 c 12 ) + (a 2 ic 2i + &21C21) + (a 22 c 22 + 6 22 c 22 ) 
= (ancii + a i2 ci 2 + a 2i c 2 i + a 22 c 22 ) + (6nCn + 6i 2 ci 2 + 6 2 ic 2 i + 6 22 c 22 
= (4,C> + (5,C). 

5. We need only demonstrate one example showing that some property of an inner product is violated by the 
given formula. Set A = J ^ . Then according to the given formula, we have (A, A) = —2, violating 
the requirement that (u, u) > 0 for all vectors u. 

6. (A, B) = 2 • 3 + (-1)1 + 3(-l) + 5 • 2 = 12. 

\\A\\ = \f(A^A) = ^2-2 + (-1)(-1) + 3 • 3 + 5 • 5 = y/39. 
\\B\\ = ^{B^B) = v /3-3+l-l + (-l)(-l) + 2-2 = Vl5. 

7. (A,B) = 13, \\A\\ = ^33, ||B|| = y/7. 
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8. Let pi,P2,P3 € Pi where pi(x) = a + bx,p2(x) = c + dx, and p%{x) = e + fx. 
Define 

(Pi,P2> = ac+ bd. (8.1) 

The properties 1 through 4 of Definition 4.11.3 must be verified. 

(1) : (pi,pi) = a 2 + 6 2 > 0 and (pi,pt) = 0 a = b = 0 = 0. 

(2) : (pi,p 2 ) = ac + bd = ca + db = (p2,Pi). 

(3) : Let tel. 

(kp\,p2) = kac + kbd = k(ac + bd) = /c(pi,p 2 )- 

(4) : 

(Pi +P 2 ,P3> = (a + c)e + (b+d)f = ae + ce + bf + df 

= (ae + bf) + (ce + df) 

= (Pl,P3) + (P2,_P3>- 

Hence, the mapping defined by (8.1) is an inner product in P\. 

9. Property 1: 

(u, u) = 2u\U\ + U\U2 + u 2 ui + 2u 2 u 2 = 2u\ + 2u\U2 + 2w 2 = [u\ + u 2 ) 2 + u\ + u 2 > 0. 
(u, u) = 0 (ui + u 2 ) 2 + u\ + u\ = 0 4=3- mi = 0 = u 2 u = 0. 
Property 2: 

(u, v) = 2tiiUi + u 1 v 2 + u 2 v 1 + 2u 2 v 2 = 2u 2 v 2 + u 2 v 1 + u 1 v 2 + 2uiUi = (v, u) . 
Property 3: 

k(u, v) = fc(2uiui + U1V2 + U2V1 + 2u 2 v 2 ) — 2ku\V\ + ku\v 2 + ku 2 v\ + 2ku2V 2 

= 2(ku 1 )v 1 + (kui)v 2 + (ku 2 )v 1 + 2(ku 2 )v 2 = (ku, v) 

= 2ku\V\ + ku\V2 + ku 2 vi + 2ku 2 v 2 

= 2ui(kvi) + ui(kv 2 ) + u 2 (kv 1 ) + 2u 2 (kv 2 ) = (u, fcv). 
Property 4: 

((u + v), w) = ((til + Vi,U 2 + v 2 ), (w 1} w 2 )) 

= 2(ui + vi)wi + (ui + vi)w 2 + (ti 2 + v 2 )wi + 2(u 2 + v 2 )w 2 
= 2uiWi + 2viwi + U\w 2 + V\w 2 + u 2 wi + v 2 wi + 2u 2 w 2 + 2v 2 w 2 
= 2u 1 uj 1 + tiitU2 + u 2 Wi + 2u 2 w 2 + 2viWi + viw 2 + v 2 wi + 2v 2 w 2 
= (u,w) + (v,w>. 

Therefore (u, v) = 2tiit>i + U1V2 + U2V1 + 2u 2 v 2 defines an inner product on R 2 . 

10. (a) Using the defined inner product: 

(v,w) = ((1,0), (-1,2)) =2- 1(-1) + 1-2 + 0(-l)+ 2-0-2 = 0. 

(b) Using the standard inner product: 

(v,w) = ((1,0), (-1,2)) = 1(-1) + 0 • 2 = -1 ? 0. 

11. (a) Using the defined inner product: 

(v, w) = 2 • 2 • 3 + 2 • 6 + (-1)3 + 2(-l)6 = 9^0. 

(b) Using the standard inner product: 
(v,w) = 2 • 3 + (-1)6 = 0. 

12. (a) Using the defined inner product: 

(v, w) = 2 • 1 • 2 + 1 • 1 + (-2) • 2 + 2 • (-2) ■ 1 = -3 + 0. 

(b) Using the standard inner product: 
(v,w) = l-2 + (-2)(l) =0. 
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13. (a) Show symmetry: (v,w) = (w,v). 

(v, w) = ((vi,v 2 ), (wi,w 2 )) = viwi - v 2 w 2 = W1V1 - w 2 v 2 = ((wi,w 2 ), (vi,v 2 )) = (w,v). 

(b) Show (/cv,w) = /c(v,w) = (v,fcw). 

Note that fcv = k(v±, v 2 ) — (kvi, kv 2 ) and few = k(u>i, w 2 ) = (kwi, kw 2 ). 

(fcv,w) = ((kvi, kv 2 ), (wi,w 2 )) = (kvi)wx - (kv 2 )w 2 = k(viWi - v 2 w 2 ) = k((vi, v 2 ), (wi, w 2 )) = fc(v,w). 
Also, 

(v, few) = ((vi,v 2 ),(kwi,kw 2 )) = vi(kwx) - v 2 (kw 2 ) = k(viWi ~ v 2 w 2 ) = k((v!,v 2 ),(wi,w 2 )) = fc(v,w). 

(c) Show ((u + v),w) = (u, w) + (v,w). 

Let w = (wi,w 2 ) and note that u + v = (m + i>x,u 2 + v 2 ). 
((u + v),w) = +v ll u 2 + v 2 ), (wi,w 2 )) = (ui + vi)wi - (u 2 + v 2 )w 2 

— UiWi + ViWi — U 2 W 2 — V 2 W 2 = U\Wi — U 2 W 2 + V\Wi — V 2 W 2 

= ((ui,v 2 ), (wi,w 2 )) + ((vi,v 2 ), (wi,w 2 )) = (u,w) + (v,w). 
Property 1 fails since, for example, (u, u) < 0 whenever \u 2 \ > \ui\. 

14. (v,v) = 0 ==>■ ((vi,v 2 ),(vi,v 2 )) = 0 v\ - v\ = 0 v\ = v\ =^> \v\\ = \v 2 \. Thus, in this space, 



null vectors are given by {(wi,«2) € 



r, s € 



15. (v,v) < 0 =*> ((v 1 ,v 2 ),(v 1 ,v 2 )) < 0 : 
given by {(vi,v 2 ) G M. 2 : v\ < 

16. (v,v> >0^ ((vi.waj.fa.va)) > 0 =► v\ - v\ > 0 
given by {(^1,^2) S M 2 : v\ > 

17. 



I u i| = 1^2 1 } or equivalently, v = r(l,l) or v = s(l, — 1) where 
v\ — v\ < 0 =>• v\ < v\. In this space, time like vectors are 
v\ > v\. In this space, spacelike vectors are 



Null Vectors 



Spacelike Vectors 




Spacelike Vectors 



Null Vectors 



Null Vectors 



Spacelike Vectors 

x 

Spacelike Vectors 



Null Vectors 



Figure 65: Figure for Problem 17 



18. Suppose that some fcj < 0. If denotes the standard basis vector in W 1 with 1 in the ith position and 
zeros elsewhere, then the given formula yields (e.;, e,) = fcj < 0, violating the first axiom of an inner product. 
Therefore, if the given formula defines a valid inner product, then we must have that ki > 0 for all i. 

Now we prove the converse. Suppose that each ki > 0. We verify the axioms of an inner product for the 
given proposed inner product. We have 



(v, v) = kivj + k 2 v\ + h k n v 2 n > 0, 



and we have equality if and only if v± = v 2 = ■ ■ ■ = v n = 0. For the second axiom, we have 

(w, v) = fcituiui + k 2 w 2 v 2 H h k n w n v n = kiVi_Wi + k 2 v 2 w 2 H h k n v n w n = (v, w). 

For the third axiom, we have 

(fcv,w) = ki(kvi)wi + k 2 (kv 2 )w 2 + h k n (kv n )w n = k[kiV\Wi + k 2 v 2 w 2 H h k n v n w n ] = fc(v, w) 

Finally, for the fourth axiom, we have 

(u + v,w) = fci(ui + v 1 )w 1 + k 2 (u 2 + v 2 )w 2 H h k n (u n + v n )w n 

= [kiuiwi + k 2 u 2 w 2 H h k n u n w n ] + [kxviwx + k 2 v 2 w 2 H h k 

= (u,w) + (v,w). 

19. We have 

(v, 0) - (v, 0 + 0) = (0 + 0, v) = (0, v) + (0, v) = (v, 0) + (v, 0) = 2(v, 0) , 

which implies that (v, 0) = 0. 

20. (a) For all v,w e V. 

||v + w|| 2 = ((v + w),(v + w)) 

= (v, v + w) + (w, v + w) by Property 4 

= (v + w, v) + (v + w, w) by Property 2 

= (v,v) + (w,v) + (v,w) + (w,w) by Property 4 

= (v, v) + (v, w) + (w, v) + (w, w) by Property 2 

H|v|| 2 + 2(v,w) + ||w|| 2 . 

(b) This follows immediately by substituting (v, w) = 0 in the formula given in part (a). 

(c) (i) From part (a), it follows that ||v + w|| 2 = ||v|| 2 +2(v,w) + ||w|| 2 and ||v- w|| 2 = ||v+ (-w)|| 
||v|| 2 + 2(v,-w) + || - w|| 2 = ||v|| 2 - 2(v,w) + ||w|| 2 . 

Thus, ||v + w|| 2 - ||v - w|| 2 = (||v|| 2 + 2(v,w> + ||w|| 2 ) - (||v|| 2 - 2(v,w> + ||w|| 2 ) = 4(v,w). 

(ii) ||v + w|| 2 + ||v-w|| 2 - (||v|| 2 + 2(v,w) + ||w|| 2 ) + (||v|| 2 -2(v,w) + ||w|| 2 ) = 2||v|| 2 + 2||w|| : 

2(l|v|| 2 + ||w|| 2 ). 

21. For all v, w e V and v t , w l E C. 
||v + w|| 2 



(v + W, V + 


w) 




(v, v + w) - 


- (w, V + 


w) by Property 4 


(v + w, v) - 


h (v + w 


w) by Property 2 


(v,v) + (w 


v) + (v, 


w) + (w,w) by Property 4 


(v,v) + (w 


v) + (v, 


w) + (w, w) 


(v,v) + (w 


w) + (v 


w) + (v,w) 



= l|v|| 2 + ||w|| 2 + 2Rc{(v,w>} 
= ||v|| 2 + 2Rc{(v,w)}+ ||v|| 2 . 



Solutions to Section 4.12 
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1. TRUE. An orthonormal basis is simply an orthogonal basis consisting of unit vectors. 

2. FALSE. The converse of this statement is true, but for the given statement, many counterexamples exist. 
For instance, the set of vectors {(1, 1), (1, 0)} in R 2 is linearly independent, but does not form an orthogonal 
set. 



3. TRUE. We can verify easily that 

costsmtdt = "'" " I? = 0, 



Jo 



sin 2 t , 



which means that {cos x, sin x} is an orthogonal set. Moreover, since they are non-proportional functions, 
they are linearly independent. Therefore, they comprise an orthogonal basis for the 2-dimensional inner 
product space span{cosx,sinx}. 

4. FALSE. For instance, in R 3 we can take the vectors x x = (1,0,0), x 2 = (1, 1,0), and x 3 = (0,0, 1). Ap- 
plying the Gram-Schmidt process to the ordered set {xi,x 2 ,x 3 } yields the standard basis {ei,e 2 ,e 3 }. How- 
ever, applying the Gram-Schmidt process to the ordered set {x 3 ,x 2 ,xi} yields the basis {x 3 ,x 2 , (|,— ^,0)} 
instead. 

5. TRUE. This is the content of Theorem 4.12.7. 

6. TRUE. The vector P(w,v) is a scalar multiple of the vector v, and since v is orthogonal to u, P(w, v) 
is also orthogonal to u, so that its projection onto u must be 0. 

7. TRUE. We have 

T,/ , \ (wi+w 2 ,v) (wi,v) + (w 2 ,v) (wi,v) (w 2 ,v) 

P(wi + w 2 , v = — v = V = V + v = P(wi, v + P(w 2 , V . 

Ml ll v ll ll v ll ll v ll 

Problems: 

1. ((2,-l,l),(l,l,-l)) = 2 + (-l) + (-l)=0; 
((2,-1,1), (0, 1,1)) =0 + (-l) + 1=0; 
((1,1,-1), (0,1, 1)> = 0 + 1 + (-1) = 0. 

Since each vector in the set is orthogonal to every other vector in the set, the vectors form an orthogonal 
set. To generate an orthonormal set, we divide each vector by its norm: 
||(2,-1,1)|| = V4+ 1 + 1 = 76, 
||(1,1,-1)|| = yT + T + T = >/3, and 

||(0, 1, 1)|| = \/0 + 1 + 1 = \/2. Thus, the corresponding orthonormal set is: 

{^(2,-1,1), f (1,1,-1), f (0,1,1)}- 

2. ((1,3, -1,1), (-1,1,1, -1)> = -1 + 3 +(-l) + (-l)=0; 
((1,3, -1, 1), (1,0, 2, 1)) = 1 + 0 + (-2) + 1=0; 

((-1,1, 1,-1), (1,0,2,1)) = -1 + 0 + 2 + (-1) = 0. 

Since all vectors in the set are orthogonal to each other, they form an orthogonal set. To generate an 

orthonormal set, we divide each vector by its norm: 

||(1,3,-1,1)|| = VI + 9 + 1 +T = Vl2 = 2v/3, 

||(-1,1, 1,-1)|| = x/TTTTTTT = yfl = 2, and 

||(1,0,2,1)|| = VI + 0 + 4+ 1 = y/6. Thus, an orthonormal set is: 

-1,1), -(-1,1,1,-1), ^-(1,0,2,1) L 
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3. ((1,2,-1, 0),(1, 0,1, 2)) = 1 + 0 + C-l) +0 = 0; 
((1,2,-1,0), (-1,1, 1,0)) = -1 + 2+ (-1) +0 = 0; 
((1,2,-1,0), (1, -1, -1,0)) = 1 + (-2) + 1 + 0 = 0; 
((1,0, 1,2), (-1,1, 1,0)) = -1 + 0+1 + 0 = 0; 
((1,0, 1,2), (1,-1, -1,0)) = l + 0+(-l) + 0 = 0; 
((-1,1, 1,0), (1,-1, -1,0)) = -l + (-l) + (-l) = -3. 
Hence, this is not an orthogonal set of vectors. 

4. ((1,2, -1,0, 3), (1,1, 0,2,-1)) = 1 + 2 + 0 + 0+ (-3) =0; 
((1, 2, -1, 0, 3), (4, 2, -4, -5, -4)) = 4 + 4 + 4 + 0+ (-12) = 0; 
((1, 1,0, 2, -1), (4, 2, -4, -5, -4)) = 4 + 2 + 0 + (-10) +4 = 0. 

Since all vectors in the set are orthogonal to each other, they form an orthogonal set. To generate an 
orthonormal set, we divide each vector by its norm: 
||(1,2,-1,0,3)|| = y /l + 4 + 1 + (T+9 = VI5, 
||(1,1,0,2,-1)|| = VI + 1 + 0 + 4+1 = y/7, and 



||(4, 2, -4, -5, -4)|| = V16 + 4+16 + 25+16 = V77. Thus, an orthonormal set is: 



15 (1,2, -1,0,3), ^(1,1,0,2,-1), ^(4, 2, -4, -5, -4) 



\ 7 7 -7 "7— /7 y \-7-7~7— 7 ~/7 rjrj 



5. We require that (vi,v 2 ) = (vi,w) = (v 2 ,w) = 0. Let w = (a,b,c) where a, 6, c e R. 

(vi,v 2 ) = ((1,2,3), (1,1,-1)) =0. 

(vi,w) = ((1,2,3), (a, b, c)) a + 2fc+3c= 0. 

(v 2 ,w) = ((1, 1,-1), (a, b, c)) =^a + 6-c = 0. 

Letting the free variable c = teM, the system has the solution a = 5i, b = — 4t, and c = i. Consequently, 
{(1, 2, 3), (1, 1, —1), (5i, — 4t, t)} will form an orthogonal set whenever t ^ 0. To determine the corresponding 
orthonormal set, we must divide each vector by its norm: 

||vi|| = VI +4 + 9 = V14, ||v 2 || = VI + 1 + 1 = V3, ||w|| = V25t 2 + 16t 2 + 1 2 = V42F = |t|V42 = tV42 
if t > 0. Setting t = 1, an orthonormal set is: 



^(1,2,3)^(1,1, -1),^(5, -4,1) 



6. ((1 -i,3 + 2i), (2 + 3i, 1 - i)) = (1 - i){2 + 3i) + (3 + 2i)(l - i) = (1 - i)(2 - 3i) + (3 + 2i)(l + i) = 
(2 - 3z - 2i - 3) + (3 + 3i + 2« - 2) = (-1 - hi) + (1 + 5i) = 0. The vectors are orthogonal. 
||(l-i,3 + 2i)|| = y/( j - i)(l + Q + (3 + 2t)(3 - 2i) = VI + 1 + 9 + 4 = Vl5. 

||(2 + 3i,l - = V(2 + 3i)(2 - 3iJ + (1 - i)(l + i) = V4 + 9 + 1 + 1 = VT5. Thus, the corresponding 
orthonormal set is: 



15 Vl5 

(1 — i,3 + 2i), - (2 + 3i,l-i) 



I 15 "15 

7. ((1 -i,l + i,i), (0, i, 1 - »)) = (1 - i) ■ 0 + (1 + i)(-i) + i(l + i) = 0. 

((1 -i,l + i,i),(-3 + 3i,2 + 2i,2i)) = (1 — 3 — 3i) + (1 + i){2 - 2i) + i(-2i) = 0. 

((0, i, 1 - i), (-3 + 3i, 2 + 2i, 2i)) = 0 + i(2 - 2i) + (1 - i)(-2i) = (2i + 2) + (-2i - 2) = 0. 

Hence, the vectors are orthogonal. To obtain a corresponding orthonormal set, we divide each vector by its 

norm. 

||(i + »,»)!! = Vi 1 - W + i) + (i + 0(1 - 0 + *H) = Vi + 1 + 1 + 1 + 1 = V5. 
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||(0,*,1 -i)|| = y/0 + + (1 - i)(l + Q = y/l + 1 + 1 = yg. 

1 1 (-3 + 3i,2 + 2i,2i)|| = ^(-3 + 3i)(-3 - 3i) + (2 + 2i){2 - 2i) + 2i(-2i) = V9 + 9 + 4 + 4 + 4 
Consequently, an orthonormal set is: 



30. 



^(1 + ^(0, i, 1 - i), — 



(-3 + 3i, 2 + 2i, 2z) 



8. Let z = a + bi where a,b E M.. We require that (v, w) = 0. 

((l-i,l + 2i), (2 + i,a + bi)) = 0 => (1 - i)(2 - i) + (1 + 2i)(a - bi) = 0 1 - 3i + a + 26+ (2a - 6)i = 0. 

f a + 26= -1 

Equating real parts and imaginary parts from the last equality results in the system: < 

I 2a — b = 3. 

This system has the solution a = 1 and b = — 1; hence z = 1 — i. Our desired orthogonal set is given by 
{(1 - *, 1 + 2t), (2 + t, 1 - *)}■ 

||(l-i,l + 2i)|| = y/(l - + i) + (1 + 2i)(l - 2i) = Vl + 1 + 1 + 4 = V7. 

||(2 + i,l-i)|| = a/(2 + i)(2 - i) + (1 - i)(l + i) = V4 + 1 + 1 + 1 = y/7. 
The corresponding orthonormal set is given by: 

J^(l-i,l + 2i),^(2 + i,l-i)}. 



9- $2) = (l,sin7ra;) = ^ sin7ra;da; 
(/i?/3) = (l,cos7ra;) = J cosTrxdx — 

r-l 



- COS 7TX 
7T 

sin 7rx 



0. 



7T 



= 0. 



(/2,/3> = (Sin 7TX, cos ttx) = 

vectors are orthogonal. 

ldx = Jix] 1 ^ = V2. 



sin ttx cos irxdx 



1 2-Kxdx 



An 



- cos 2ttx 



0. Thus, the 



sin 2 nxdx = 



1 — cos 2nx 



dx 



cos 7rxda; 



1 + cos 2ttx 



dx 



'X' 


l 




i 






— sin 2irx 




.2. 


-l 


Air 


-l 


'X' 


l 




l 




+ 


— sin 2nx 




.2. 


-l 


Air 


-l 



1. 



1. 



f V2 1 

Consequently, < — ,sin7ra;,cos7ra; > is an orthonormal set of functions on [—1,1]. 



10. (/i,/ 2 ) = {l,x) = j l-xdx = 



3r 2 - 1 
</l,/3> = <l,— -— ) 



1 3a: 2 - 1 



x 
~2 

dx 



= 0. 



= 0. 
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(h,f 3 ) = (x 



3x 2 -l 



>-jC 



3i 2 -1 , 1 

x ■ — dx = - 

2 2 



Zx^_x 2 _ 
4 2 



= 0. Thus, the vectors are orthogonal. 



Il/i|| = 
ll/ 2 || = 
ll/ 3 || = 



I J dx = = y/2. 



x 2 dx 



J-l 

-1 



V6 
3 ' 



3x 2 



1 



dx = 



(9x 4 - 6a; 2 + l)da 



9x 5 



2x 3 + x 



10 



To obtain a set of orthonormal vectors, we divide each vector by its norm: 



II/: 



fi V2. h V6, /■ 



IIMI 2 /2 ' H/3I 



Thus, 



\/2 v/6 



2 ' 2 ' 4 
11. (/i,/2} = y sin 7rx sin 2nxdx 
(/i,/s) = £ 



(3x 2 — 1) > is an orthonormal set of vectors. 



2 7-i 



(cos 37rx — cos -Kx)dx = 0. 



1 r 1 

sin 7TX sin 3Trxdx = - / (cos 4*7rx — cos 27rx)dx = 0. 

2 j-i 



{f2,h) = j sin 27T.T sin 3Trxdx = ^ ^ (cos 57rx — cos irx)dx = 0. 
Therefore, {fi,f2,fa} is an orthogonal set. 
H/ill = W y sin 2 nxdx = J J ^(1 — cos 2nx)dx = J- 



sin 27rx 



= 1. 



II/2I 
ll/sl 



sin 2 2TTxdx 



-(1 — cos4-7rx)<ix 
-i2 l j 



'y sin 2 3-Kxdx = J J ^(1 — cos67rx)dx 



1 


sin 47rx 


1 




r ^ _ 


-1 


1 


sin 67rx 
6tt 


1 




-1 



1. 



= 1. 



Thus, it follows that {/1, /2, /j} is an orthonormal set of vectors on [—1,1]. 

12. / 2 ) = (cos7rx, cos 27rx) = J cos 7rx cos 2nxdx = ^ y (cos37rx + cos7rx)dx = 0. 

(/ij/3) — (cos 7rx, cos 37rx) = y cos 7tx cos Sirxdx = ^ y (cos 47rx + cos 2-7rx)rfx = 0. 



(/2,/3> = (cos2ttx,cos 



3ttx) = y 



cos 27rx cos 3irxdx 



Therefore, {/i, / 2 , /a} is an orthogonal set. 
Il/i|| = < 



2 /;< 



cos 57rx + cos nx)dx = 0. 



cos 2 nxdx 



1 + cos27rx)<ix : 



x + 



sin 27rx 
2tt 



11/2 



' y cos 2 2-Kxdx — W ^ y (1 + cos 47rx)c?x = w ^ 



sin 47rx 

47T 



= 1. 
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sin 6nx 



6tt 



1. 



H/3II = yy cos 2 3irxdx = y - y (I + cos6irx)dx = ; 
Thus, it follows that{/i, /2, /a} is an orthonormal set of vectors on [—1, 1]. 

13. It is easily verified that (Ai,A 2 ) = 0, (Ai, A 3 ) = 0, (A 2 ,A 3 ) = 0. Thus we require a, b, c, d such that 
(Ai, A4) = 0 => a + 6 - c + 2d = 0, 
(A 2 , At) = 0 => -a + b + 2c + d = 0, 
(A 3 , At) = 0 ==> a - 36 + 2d = 0. 

3 1 

Solving this system for a, b, c, and d, we obtain: a = -c, 6 = — -c, d = 0. Thus, 



where fc is any nonzero real number. 



2 C 2 C 


= 2c 


' 3 


-1 " 




' 3 


-1 " 


C 0 


2 


0 


= k 


2 


0 



14. Let Vl = (1, -1, -1) and v 2 = (2,1,- 1). 
ui = vi = (1,-1,-1), ||u 1 || = v / TTlTT=v / 3. 
(v 2 ,ui) = ((2, 1,-1), (1,-1,-1)) =2-1 + 1=2. 

(v 2 ,ui) „ 2 1 



u 2 = v 2 



Ul 



Ul = (2,1,-1) - (1,-1,-1) = -(4,5,-1). 



|u 2 || = ^(16 + 25 + l)/9 = -V42. Hence, an orthonormal basis is: 



^(1,-1,-1), ^(4, 5,-1) 



15. Let vi = (2, 1, -2) and v 2 = (1,3,- 1). 

ui = Vl = (2, 1, -2), ||ui|| = V4 + 1 + 4 = V9 = 3. 

(v 2 , ui) = ((1,3, -1), (2, 1, -2)) = 2-l + l-3+ (-2)(-l) = 7. 

(v ^ui = (1,3,-1) - £(2,1,-2) = §(-1,4,1). 



U 2 = V 2 - 



5^2 



|u 2 || = -VI + 16 + 1= :i 



Hence, an orthonormal basis is: 



I(2,l,-2),^(-l,4,l) 



16. Let vi = (-1, 1, 1, 1) and v 2 = (1,2,1,2). 

ui = vi = (-1,1,1,1), ||ui|| = vmTTTT = 2. 

(v 2 ,ui) = ((1,2,1,2), (-1,1, 1, 1)) = 1(-1) +2-1 + 1-1 + 2-1=4. 
^^ui = (1,2, 1,2) - (-1, 1, 1, 1) = (2, 1, 0, 1). 



u 2 = v 2 



ui 



|u 2 || = V4 + 1 + 0 + 1 = V6- Hence, an orthonormal basis is: 

U(-l, 1,1,1), ^(2,1, 0,1) 



17. Let vi = (1,0,-1,0), v 2 = ( 1,1,-1,0) and v 3 = (-1,1,0,1). 
ui = vi = (1,0,-1,0), ||ui|| = VI + 0+1 + 0 = V2. 
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(v 2 ,ui) = ((l,l,-l,0),(l,0,-l,0)) = l-l + l-0 + (-l)(-l) + 0-0 = 2. 
u 2 = v 2 - ^p^ui = (1,1.-1,0) - (1,0,-1,0) = (0,1,0,0). 
||u 2 || = V0 + 1 + 0 + 0 = 1. 

(v 3 ,ui) = ((-1,1,0,1), (1,0, -1,0)) = (-1)1 + 1 -0 + 0(-l) + 1-0 = -1. 
(v 3 ,u 2 ) = ((-1, 1, 0, 1), (0, 1, 0, 0)) = (-1)0 + 1 • 1 + 0 • 0 + 1 • 0 = 1. 

u 3 = v 3 - Trnr^i - nrnrr^ = ^ ^ + - 1 - 0 ) - (0,1,0,0) = ^(-1,0,-1,2); 
ll u ilr ll u 2|| 2 2 

1 y/E 
I j U3 1 1 = -Vl + 0+1+4 = — . Hence, an orthonormal basis is: 

j^(l,0,-l,0), (0,1,0,0), ^(-1,0,-1,2) j. 

18. Let Vl = (1,2,0,1), v 2 = ( 2,1,1,0) and v 3 = (1,0,2,1). 

ui = vi = (1,2,0,1), ||m|| = VI + 4 + 0 + 1 = y/6. 

(v 2 ,ui) = ((2, 1, 1, 0), (1, 2, 0, 1)) = 2 • 1 + 1 • 2 + 1 • 0 + 0 • 1 = 4. 

u 2 = v 2 - ^j^ui = ( 2 , 1, 1. 0) - ^(1, 2 , 0, 1) = ^(4, -1,3, -2). 
||u 2 || = ^Vl6+ 1 + 9 + 4= ^V30. 

(v 3 , Ui) = ((1, 0, 2, 1), (1, 2, 0, 1)) = 1 • 1 + 0 • 2 + 2 • 0 + 1 • 1 = 2. 
(v 3 ,u 2 ) = ((1, 0, 2, 1), (4/3, -1/3, 1, -2/3)) = 1(4/3) + 0(-l/3) + 2 • 1 + l(-2/3) = |. 



( V3,"l) _ (V3," 2 ) 

mil 2 Ul ||u 2 || 2 w ' i,r 

2 _ _ — 4V5 



u 3 = v 3 - \^^ Ul - V^u 2 = (1,0,2,1) - -(1,2,0,1) - -(4,-1,3,-2) = -(-1,-1,3,3); 



|u 3 || = - Vl + 1 + 9 + 9 = — — • Hence, an orthonormal basis is: 
5 5 



|^(1,2,0,1), ^(4,-1,3,-2), ^(-1,-1,3,3)|. 

19. Let vi = (1, 1,-1, 0), v 2 = ( -1,0,1,1) and v 3 = (2,-1, 2, 1). 

ui = vi = (1,1,-1,0), ||ui|| = Vl + l + l + 0 = V3- 

(v 2 ,ui) = ((-1,0, 1,1), (1,1, -1,0)) = -1 • 1 + 0 ■ 1 + 1(-1) + 1 ■ 0 = -2. 

u 2 = v 2 - fep^i = (-1,0,1,1)- ^(1,1,-1,0) = 1(-1,2,1,3). 



||u 2 || = ^Vl+4+l + 9= 

(v 3 ,ui) = ((2, -1,2,1), (1,1, -1,0)) = 2 ■ 1 + -1 ■ 1 + 2(-l) + 1 ■ 0 = -1. 

(v 3 ,u 2 ) = ((2, -1,2,1), (-1/3, 2/3, 1/3, 1)) = 2(-l/3) + (-l)(2/3) +2(1/3) + 1-1= 1. 

U3 " V3_ lutF Ul " Ju2\F U2 = C 2 '- 1 ' 2 ' 1 ) + |(1,1,-1,0) - ^(-1,2,1,3) = ^(3,-1,2,1); 



4V15 

|u 3 || = — - — . Hence, an orthonormal basis is: 



^(1,1,-1,0), ^(-1,2,1,3), ^(3,-1,2,1)1. 
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20. A 



-echelon form of A is 



Hence, a basis for rowspace(A) is {(1, — 2, 1), (0, 7, 1))}. 



1 -2 1 
0 1 \ 
0 0 0 

The vectors in this basis are not orthogonal. We therefore use the Gram-Schmidt process to determine an 
orthogonal basis. Let vi = (1, —2, 1), v 2 = (0, 7, 1). Then an orthogonal basis for rowspace(^4) is {111,112}, 
where 

Ul - (1, -2, 1), u 2 = (0, 7, 1) + y (1, -2, 1) = 1(13, 16, 19). 

21. Let V! = (1 - i, 0, i) and v 2 = (1,1 + i, 0). 

ui = vi = (l-*,0,i), ||ui|| = y/(l-i)(l + i) + 0 + i(-i) = VS. 

(v 2 ,ui) = ((l,l + t,0), (l-i,0,i)) = l(l + t) + (l + i)0 + 0(-i) = l + *. 



u 2 = v 2 



(V2,Ui) 



ui = (l,l + i,0) 



l + i 



,, (l-*,0,*') = -(1,3 + 3*,!-*). 



|u 2 || = - Vl + (3 + 3*)(3 — 3i) + (1 — *)(1 + i) = — — . Hence, an orthonormal basis is: 



^(l-i,0,i),^(l,3 + 3i,l-i)|. 



22. Let vi = (1 + *', i, 2 - *') and v 2 = (1 + 2i, 

m = vi = (l + *,*,2-*), ||ui|| = V(l + - *) + *H) + (2 - *)(2 + *) = 2V2. 
(v 2 , ui) = (1 + 2*)(1 - i) + (1 - *)(-*) + *(2 + i) = 1 + 2*. 

^ V2, "^ ui = (1 + 2i, 1 - i, i) - hi + 2i)(l + i, i, 2 - i) = J(9 + 13*, 10 - 9*, -4 + 5*'). 



u 2 = v 2 - 



||u 2 || = 1 V(9 + 13 *)( 9 - 13i ) + ( 10 - 9 *)( 10 + 9 *) + (- 4 + 5*) (-4 - 5i) 
8 

basis is: 

\V2,_ . . „ VTT8. 



T18 



. Hence, an orthonormal 



4- (1 + M ' 2 - i) < 236 



(9 + 13*, 10 - 9*, -4 + 5*) } . 



23. Let fi = 1, f 2 = x and / 3 = x 2 . 
.91 = /1 = 1; 

IM| 2 = / dx = 1; (f 2 ,9i) = / a;cfe = 
Jo Jo 
, (/2,.9l) 1 l/„ ^ 

» = /»-- ra rft = *-2 = 2 (2a - 1) - 

2 a 



(h,9i) = / a; 2 ^ = 
Jo 

(h,92) = 

Jo 



dx 
3 



a; — a; + - I dx = 



r T 3 
3 



x J a; a; 
T+4 



1 

12' 





da: = 


V 


x 3 ' 


1 


1 


K 














4 


6 


0 


12 



.93 = /3 - 

by: 



(/3,5l> {h,92> 



\\9i\\- 



-.91 



INI 



Y 92 = x 



6 



(6a; 2 — 6a; + 1). Thus, an orthogonal basis is given 



1, 1(23-1), l(6a; 2 -6a; + l)|. 
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24. Let /i = 1, fi = x 2 and / 3 = x 4 for all a; in [-1, 1]. 



Let 0i = A = 1. 



/ ' •< ;J '/.'- "|- /i,/ 3 / | - 1 ' - r ' 2 



x^dx = |, and (/ 2 ,/3> = ^ x b da: ... 



da; = 2, ||/ 2 |r= / x 4 dx 



/: 



.92 = /2 



(/2,gi ) 
IMP 



-.91 = £ 



(x 2 ,i> 



• 1 = ^ 



1 _ 1 

3 ~ 3 



(3.x - 1). 



(/3,5l> (/3,52> 

93 ~ h ~ W S1 "W^ S 



(xV) (x 4 ,(x 2 -§)) / 1\ 

||1|| 2 ||x 2 -i|| 2 I 3; 



Thus, an orthogonal basis is given by 



^(3x 2 - 1), ^(35x 4 - 30x 2 + 3) 



7T 7T 

2' 2 



(/ 2 ,/ 3 ) 
nal. 



— cos 2x 
4 



r/2 



25. Let fi = 1, / 2 = sin a; and / 3 = cosx for all a: in 

/tt/2 
sinxda; = [— cos2a;]^ 2 /2 = 0. Therefore, /1 and / 2 are orthogonal. 
-tt/2 

/7r/2 /■•tt/2 
sin a; cos xdx = - / sin 2x( 
-tt/2 2 J_ 7r / 2 

/tt/2 
cosxdx = [sin a;] "(f /2 = 2. 
-tt/2 

Let gi = fi = 1 so that ||<?i|| 2 = / dx = n 

J -it/2 

.92 = / 2 = sin a;, and ||g 2 || 2 = 



= 0. Therefore, / 2 and / 3 are orthogo- 



sin 2 xdx 



1 — cos 2a; , n 

dx = —. 

2 2 



{fz->9i) ^ _ (h-, 92) ^ _ CQSX _ ^ . 1 _ 0 • sin a; = — (71- cosx — 2). Thus, an orthogonal basis for 



the subspace of C°[— 7r/2, 7r/2] spanned by {1, sin a;, cosx} is: 



1, sin a;, — (7r cos x — 2) 

7T 



} 



26. Given Ai 



" 1 -1 " 


and A 2 = 


'2 -3 " 




2 1 




4 1 



1 -1 

2 1 



. Using the Gram-Schmidt procedure: 
(A 2 , Bi) = 10 + 6 + 24 + 5 = 45, and ||Bi|| 2 = 5 + 2 + 12 + 5 = 24. 

. Thus, an orthogonal basis for the 



fi - A (^2; B\) 

2 ~ 2 " imF 1 

subspace of M 2 (R) spanned by Ai and A 2 is: 



" 2 


-3 " 


15 


' 1 


-1 " 




■ 1 9 ■ 


4 


1 


" ~8~ 


2 


1 




f 1 

.4 8 . 



1 -1 

2 1 



I _9 

I J 
4 8 
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27. Given A x = 



0 1 

1 0 



A 2 



0 1 

1 1 



and A 3 = 



1 1 
1 0 



. Using the Gram-Schmidt procedure: 



0 1 

1 0 



, (A 2 , Si) = 5, and ||Bi| 



\\Bi 2 



0 1 

1 1 



Also, (A 3 , Si) = 5, (A 3 , B 2 ) = 0, and 
(A,Si) „ (A 3 ,B 2 ) 

&3 — A 3 1 1 „ M9 "1 ii ,-, ii, ^2 



l#l| 



-Bo 



0 1 

1 0 

h\ 
1 1 
1 0 



0 0 
0 1 





' 0 


1 " 


-0 


' 0 


0 " 




' 1 


0 " 




1 


0 


0 


1 




0 


0 



Thus, an orthogonal 



basis for the subspace of M 2 (JS,) spanned by Ai, A 2 , and A 3 is: 



0 1 

1 0 



1 0 
0 0 



0 0 
0 1 



which is the subspace of all symmetric matrices in M 2 (M.) . 

28. Given pi(x) = 1 — 2x + 2x 2 and p 2 (x) = 2 — x — x 2 . Using the Gram-Schmidt procedure: 
qi = 1 - 2x + 2x 2 , (p 2 , qi ) = 2 • 1 + (-l)(-2) + (-1)2 = 2, ||gi|| 2 - l 2 + (-2) 2 + 2 2 = 9. So, 

(P2,9l) „ 2 2 n o , n 2- 1 

<?2=P2--n TT^-qi = 2-X-X 



INI 2 



(1 — 2x + 2x z ) = - (16 — 5x — 13x 2 ). Thus, an orthogonal basis for the 



subspace spanned by pi and p 2 is {1 — 2x + 2x 2 , 16 — 5x — 13x 2 }. 

29. Given p\(x) = 1 + x 2 , p 2 (x) = 2 — x + x 3 , and p 3 (x) = —x + 2x 2 . Using the Gram-Schmidt procedure: 
qi = l + x 2 , (p 2 ,9i) =2- l + (_l)(0)+0- 1 + 1-2 = 2, and || gi || 2 = l 2 + l 2 = 2. So, 

92 = P2 - ^ 2 '^ 9i = 2 - x + x 3 - (1 + x 2 ) = 1 - x - x 2 + x 3 . Also, 

\m\\ 

(P3,9i) = 0-l + (-l)0 + 2-l + 0 2 = 2 

(P3, 92) = 0 • 1 + (-1) 2 + 2(-l) + 0 • 1 = -1, and 

IMI 2 = l 2 + (-1) 2 + (-1) 2 + l 2 = 4 so that 

(P3,«iL (P3,92)„ a; + 2a; 2 -(l + x 2 )+i(l-x- a ; 2 +x 3 )= i(-3-5x + 3x 2 + :r 3 ). Thus, an 



93 = P3 ' 



|ki||2 -9i- |M|2 ,. 4 4 

orthogonal basis for the subspace spanned by Pi, p 2 , and p 3 is {l + x 2 , 1 — x — x 2 + x 3 , — 3 — 5x + 3x 2 + x 3 }. 

30. {ui, u 2 , v} is a linearly independent set of vectors, and (ui, u 2 ) = 0. If we let u 3 = v + Aui + fiu 2 , then 
it must be the case that (u 3 , ui) = 0 and (u 3 , u 2 ) = 0. (u 3 , Ui) = 0 =+ (v + Aui + fiu 2 , m) = 0 
=+ (v, ui) + A(ui, ui) + n(u 2 , ui) = 0 =+ (v, ui) + A(ui, ui) + /j, ■ 0 = 0 



"92 



A 



( v . u i) 



u i 



(u 3 , u 2 ) = 0 => (v + Aui + [iu 2 , u 2 ) = 0 

(v, u 2 ) + A(ui, u 2 ) + n{u 2 , u 2 ) = 0 =>■ (v, u 2 ) + A • 0 + ^(u 2 , u 2 ) = 0 
_ (vyug) 

TT -f ( V : U l) 

Hence, ii u 3 = v — n — — U! 



u i 



l|u 2 || 2 



u 2 , then {ui, u 2 , u 3 } is an orthogonal basis for the subspace spanned 



by {ui,u 2 ,v}. 

31. It was shown in Remark 3 following Definition 4.12.1 that each vector is a unit vector. Moreover, for 
i + 3, 

11, 1 



(vi,Vj) = 0, 



II v «ll II II V HI II v jl 

since (vj, Vj) = 0. Therefore {ui,u 2 , . . . , Ufc} is an orthonormal set of vectors. 
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32. Set 

z = x P(x, vi) - P(x, v 2 ) P(x, v fc ). 

To verify that z is orthogonal to Vj, we compute the inner product of z with v,: 

(z,Vj) = (x-P(x,vi)-P(x,v 2 ) P(x,v fc ),v < ) 

= (x,Vi) - (P(x,Vi),Vi) - (P(x,V 2 ),Vi) (P(x,Vfc),Vi>. 

Since P(x,Vj) is a multiple of Vj and the set {vi,V2, . . . ,v^} is orthogonal, all of the subtracted terms on 
the right-hand side of this expression are zero except 

(P(x,Vi),Vi) = (-|^-p- Vl ,v 4 ) = -|p-p-(v,,v 4 ) = (x,Vi). 

Therefore, 

(z,Vj) = (X, Vj) - (x,Vj) = 0, 

which implies that z is orthogonal to Vj. 

33. We must show that W 1 - is closed under addition and closed under scalar multiplication. 

Closure under addition: Let vi and v 2 belong to W^. This means that (vi, w) = (v 2 , w) = 0 for all w £ W. 
Therefore, 

(vi + v 2 , w) = (vi , w) + (v 2 , w) = 0 + 0 = 0 
for all w £ W. Therefore, vi + v 2 £ W 1 - . 

Closure under scalar multiplication: Let v belong to W 1 - and let c be a scalar. This means that (v,w) = 0 
for all w £ W. Therefore, 

(cv, w) = c(v, w) = c • 0 = 0, 

which shows that cv £ W^. 

34. In this case, W 1 - consists of all (x,y,z) £ M 3 such that ((x,y,z),(r,r,—r)) = 0 for all reR. That is, 
rx + ry — rz = 0. In particular, we must have x + y — z = 0. Therefore, W 1 - is the plane x + y — z = 0, 
which can also be expressed as 

TL r± = span{(-l, 0,1), (0,1,1)}. 

35. In this case, W 1 - consists of all (x, y, z, w) £ R 4 such that ((x, y, z, w), (0, 1, —1,3)) = ((x, y, z, w), (1,0, 0, 3)) 
0. This requires that y — z + 3w = 0 and x + 3u> = 0. We can associated an augmented matrix with this 



system of linear equations: \ q 0 3 0' ^ otc z anc ^ w arc ^ ree var i a bles: z = s and w = t. 
Then y = s — it and x = — 3t. Thus, 

W 1 - = {(-3t, s-3t, s,t):s,(eE} = {*(-3, -3, 0, l)+s(0, 1,1,0) :s,tel}= span{(-3, -3, 0, 1), (0, 1, 1, 0)}. 



36. In this case, W 1 - consists of all 2 x 2 matrices 



x y 
z w 



The set of symmetric matrices is spanned by the matrices 
have 



x y 




1 — 1 


o " 




x y 




' 0 


1 " 


z w 


) 


0 


0 


>=< 


z w 




1 


0 



that are orthogonal to all symmetric matrices. 

. Thus, we must 

= 0. 



I— 1 


0 " 




' 0 


I— 1 




' 0 


0 " 


0 


0 


5 


1 


0 


1 


0 


1 



x y 
z w 



0 0 
0 1 
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Thus, x = 0, y + z = 0 and w = 0. Therefore 

n : 1 0 



z e 



span 



0 -1 

1 0 



z 0 

which is precisely the set of 2 x 2 skew-symmetric matrices. 

37. Suppose v belongs to both W and W 1 - . Then (v,v) = 0 by definition of W^-, which implies that v = 0 
by the first axiom of an inner product. Therefore W and W 1 - can contain no common elements aside from 
the zero vector. 

38. Suppose that W\ is a subset of W2 and let v be a vector in (W2) ± - This means that (v,W2) = 0 for 
all w 2 G W2. In particular, v is orthogonal to all vectors in W\ (since W\ is merely a subset of W2). Thus, 
v e (Wi)^. Hence, we have shown that every vector belonging to (W2) 1 " also belongs to (Wi)^. 

39. (a) Using technology we find that 



J sinnxdx = 0, J 



sinnxdx = 0, / cosnxdx = 0, / sin nx cos mx dx = 0. 



f- 

J — TT 



Further, for to 7^ n, 



/TT 
Si 
-TT 



sin nx sin tox dx = 0 and 



cos nx cos mx dx = 0. 



Consequently the given set of vectors is orthogonal on [— tt, tt]. 
(b) Multiplying (4.12.7) by cosmx and integrating over [— tt,tt] yields 

r-rr 00 

, cos nx + b n sin nx) cos mx dx. 



/TT -| /»7T /»7T 

/(x) cos mxdx = -a 0 / cos mi + / ^(a„i 
-7T ^ </ — 7T </ — 7T n _ 1 



cos mx dx + 

Assuming that interchange of the integral and infinite summation is permissible, this can be written 



/TT -j^ />TT 00 pTT 

f(x) cosmx dx = -ao / cos mx dx -\- / (a n cos nx + 6 n sinnx) cos mx dx. 
-7T ^ «/ — 7T n _^^— 7T 



which reduces to 



/7T J /»7T /■ 7T 

/(x) cos mxdx = -ao / cos mxdx + a m / cos 2 mxdx 
-TT ^ ^-7T ./— 7T 



where we have used the results from part (a). When m = 0, this gives 



/(x) dx = -ao I dx = 7ra 0 a 0 = 3 / /(x) dx, 



_ 1 r 



whereas for to 7^ 0, 

/7T PTT ^ /"H 

,/(x) cos tox dx = a m / cos 2 mx dx = 7ra m a m = — /(x) cos tox dx. 
-7T J —TT ^ J — 7T 

(c) Multiplying (4.12.7) by sin(mx), integrating over [— 7r,7r], and interchanging the integration and sum- 
mation yields 

/TT ^ p TT 00 /■TT 

/(x) sin mxdx = -a 0 / sinmxdx + ^ / (a n cos nx + b n sin nx) sin mx dx. 
-7T 7T n — 1 71 
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Using the results from (a), this reduces to 

/(cc) sin mx dx = b n / sin 2 mx dx — nb n b n = — f(x) sin mi da;. 

-7T ^J-TT 



(d) The Fourier coefficients for / axe 

1 

ao = - 



The Fourier series for / is 



xdx = 0, a r . 



x cos nx dx = 0, 



If* 2 2 

6„ = — / xsinnxdx — cos nir = — (— 1)" . 

7T n n 



V -(-l)" +1 sinna;. 

n=l 

(e) The approximations using the first term, the first three terms, the first five terms, and the first ten terms 
in the Fourier series for / are shown in the accompanying figures. These figures suggest that the Fourier 
series is converging to the function f(x) at all points in the interval (— ir,ir). 

s 3 M 




Figure 66: Figure for Problem 39(e) - 3 terms included 
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S 5 (x) 




Figure 67: Figure for Problem 39(e) - 5 terms included 



S10M 




Figure 68: Figure for Problem 39(e) - 10 terms included 
Solutions to Section 4.13 

Problems: 

1. Write v = (ai, a 2 , a 3 , a 4 , as) £ K . Then we have 

(r + s)v = (r + s)(ai, 02,03,04, 05) 

= ((r + s)a x , (r + s)a 2 , (r + s)a 3 , (r + s)a 4 , (r + s)a 5 ) 
= (rai + sai,ra2 + sa 2 ,ra 3 + sa 3 , ra 4 + sa 4 , ra 5 + sa 5 ) 
= (ra 1 ,ra 2 , ra 3 , ra 4 , ra 5 ) + (sai,sa 2 , sa 3 ,sa,4, sa 5 ) 
= r(ai,a 2 , a 3 , a 4 , a 5 ) + s(ax,a 2 , a 3 , a 4 , a 5 ) 
= rv + sv. 
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2. Write v = (ai, a 2 , 03, a 4 , as) and w = (61, 62, &3, &4, 65) in M 5 . Then we have 

r(v + w) = r((ai, 02,03,04,05) + (61, b 2 , h, b 4 , 65)) 

= r(ax + &!,a 2 + o 2 ,a 3 + 6 3 ,a 4 + b 4 ,a 5 + b 5 ) 

= (r(ai + bi),r(a 2 + b 2 ),r(a 3 + 6 3 ),r(a 4 + & 4 ),r(a 5 + 65)) 

= (rai + rbi,ra 2 + rb 2 ,ra 3 + rb 3 , ra 4 + rb 4 , ra 5 + rb 5 ) 

= (ra!,ra 2 ,ra 3 ,ra 4 ,ra 5 ) + (rbi,rb 2 ,rb 3 ,rb 4 ,rb 5 ) 

= r(a 1 ,a 2 ,a 3 ,a 4 ,a 5 ) + r(b 1 ,b 2} b 3} b 4 ,b 5 ) 

= rv + rw. 

3. NO. This set of polynomials is not closed under scalar multiplication. For example, the polynomial 
p(x) = 2x belongs to the set, but \p{x) = \x does not belong to the set (since | is not an even integer). 

4. YES. This set of polynomials forms a subspace of the vector space P5. To confirm this, we will check 
that this set is closed under addition and scalar multiplication: 

Closure under Addition: Let p(x) = cio + a\x + a 4 x 4 + 05X 5 and q(x) = 60 + bix + b 4 x A + 65a; 5 be polynomials 
in the set under consideration (their x 2 and x 3 terms are zero). Then 

p(x) + q(x) = (a 0 + b a ) + (a\ + bi)x + h (a 4 + b^x 4 + (a 5 + b 5 )x 5 

is again in the set (since it still has no x 2 or x 3 terms). So closure under addition holds. 

Closure under Scalar Multiplication: Let p(x) = a 0 + a x x + a 4 x A + a$x 5 be in the set, and let k be a scalar. 
Then 

kp(x) = (fca 0 ) + (kai)x + (ka 4 )x + (ka 5 )x 5 , 
which is again in the set (since it still has no x 2 or x 3 terms). So closure under scalar multiplication holds. 

5. NO. We can see immediately that the zero vector (0, 0, 0) is not a solution to this linear system (the first 
equation is not satisfied by the zero vector) , and therefore, we know at once that this set cannot be a vector 
space. 

6. YES. The set of solutions to this linear system forms a subspace of W 3 . To confirm this, we will check 
that this set is closed under addition and scalar multiplication: 

Closure under Addition: Let (01,02,03) and (6 1; b 2 ,b 3 ) be solutions to the linear system. This means that 

4ai - 7a 2 + 2a 3 = 0, 5ai - 2a 2 + 9a 3 = 0 

and 

4&i - 7b 2 + 2b 3 = 0, 56i - 2b 2 + 9b 3 = 0. 
Adding the equations on the left, we get 

4(oi + 61) - 7(o 2 + b 2 ) + 2(o 3 + b 3 ) = 0, 

so the vector (a x + 6 1; a 2 + b 2 , a 3 + b 3 ) satisfies the first equation in the linear system. Likewise, adding the 
equations on the right, we get 

5(oi + &i) - 2(o 2 + 6 2 ) + 9(o 3 + b 3 ) = 0, 

so (ai + 61, a 2 + b 2 , o 3 + b 3 ) also satisfies the second equation in the linear system. Therefore, (ai + 61, a 2 + 
b 2 , a 3 + 63) is in the solution set for the linear system, and closure under addition therefore holds. 
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Closure under Scalar Multiplication: Let (ai,<Z2, a 3 ) be a solution to the linear system, and let k be a scalar. 
We have 



Aai - 7a 2 + 2a 3 = 0, 
and so, multiplying both equations by k, we have 

fc(4ai - 7a 2 + 2a 3 ) = 0, 



or 



4(fcai) -7(fca 2 ) + 2(fca 3 ) = 0, 



5ai — 2a 2 + 9a 3 = 0, 

fc(5ai - 2a 2 + 9a 3 ) = 0, 
5(fcai) - 2(fca 2 ) + 9(fca 3 ) = 0. 



Thus, the vector (kai, ka 2 , ka 3 ) is a solution to the linear system, and closure under scalar multiplication 
therefore holds. 



7. NO. This set is not closed under addition. For example, the vectors 
belong to the set (their entries are all nonzero), but 



1 1 
1 1 



and 



-1 1 
1 1 



both 



" 1 


1 " 




' -1 


1 — 1 




' 0 


2 " 


I— 1 


I— 1 


+ 


1 


I— 1 




2 


2 



which does not belong to the set (some entries are zero, and some are nonzero). So closure under addition 
fails, and therefore, this set does not form a vector space. 



8. YES. The set of 2 x 2 real matrices that commute with C 



1 2 

2 2 



forms a subspace of M 2 (R) . To 



confirm this, we will check that this set is closed under addition and scalar multiplication: 

Closure under Addition: Let A and B be 2 x 2 real matrices that commute with C. That is, AC = CA and 
BC = CB. Then 

(A + B)C = AC + BC = CA + CB = C(A + B), 
so A + B commutes with C, and therefore, closure under addition holds. 

Closure under Scalar Multiplication: Let A be a 2 x 2 real matrix that commutes with C, and let k be a 
scalar. Then since AC = CA, we have 

(fcA)C = k(AC) = k(CA) = C(kA), 

so kA is still in the set. Thus, the set is also closed under scalar multiplication. 

9. YES. The set of functions / : [0, 1] -» [0, 1] such that /(0) = / Q) = / (|) = / (|) = /(l) = 0 is a 
subspace of the vector space of all functions [0,1] — > [0,1]. We confirm this by checking that this set is closed 
under addition and scalar multiplication: 

Closure under Addition: Let g and h be functions such that 
and 



h(0) = h 



h 



3(1) = 0 



= h(l) = 0. 
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Now 



(g + h)(0) = g(0) + h(0) =0 + 0 = 0, 



(g + h) 
(g + h) 



{9 + h)[-)=g[-)+h[- 



= 0 + 0 = 0, 
= 0 + 0 = 0, 
= 0 + 0 = 0, 



(g + h)(l) = 5 (1) + Ml) =0 + 0 = 0. 
Thus, g + h belongs to the set, and so the set is closed under addition. 
Closure under Scalar Multiplication: Let g be a function with 

1 



and let k be a scalar. Then 



.9(0) =gl-)=gl-)=gl-)= g(l) = 0 



(kg)(0) = k-g(0) = k-0 = 0, 



(kg) 
(kg) 
(kg) 



= k-g 
= k-g 
= k-g 



= fc-0 = 0, 
= fc-0 = 0, 
= k-0 = 0, 



(kg)(l) = k-g(l) = k-0 = 0. 
Thus, kg belongs to the set, and so the set is closed under scalar multiplication. 

10. NO. This set is not closed under addition. For example, the function / defined by f(x) — x belongs to 
the set, and the function g defined by 



g(x) 



_ / x, if 
" I 0, if 



x < 1/2 
x > 1/2 



belongs to the set. But 



(/ + <?)(*) = 



2x, if x < 1/2 
x, if x > 1/2. 



Then / + g : [0, 1] — > [0, 1], but for 0 < x < \, \(,f + g)(x)\ = 2x > x, so / + g is not in the set. Therefore, 
the set is not closed under addition. 

11. NO. This set is not closed under addition. For example, if we let 



A = 



1 0 
0 1 



and 



B = 



0 1 
0 0 



then A 2 = A is symmetric, and B 2 = O2 is symmetric, but 

(A + B) 2 



1 — 1 


1 — 1 


2 


1 — 1 


2 " 


0 


I— 1 




0 


1 
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is not symmetric, so A + B is not in the set. Thus, the set in question is not closed under addition. 

12. YES. Let us describe geometrically the set of points equidistant from (—1,2) and (1,-2). If (x,y) is 
such a point, then using the distance formula and equating distances to (—1, 2) and (1, —2), we have 

y/(x + l) 2 + {y- 2) 2 = y/(x - l) 2 + {y + 2) 2 

or 

(x + l) 2 + (y-2) 2 = (x-l) 2 + (y + 2) 2 

or 

x 2 + 2x + 1 + y 2 - Ay + A = x 2 - 2x + 1 + y 2 + Ay + A. 

Cancelling like terms and rearranging this equation, we have Ax = 8y. So the points that are equidistant 
from (—1,2) and (1, —2) lie on the line through the origin with equation y = |x. Any line through the origin 
of W 2 is a subspace of M 2 . Therefore, this line forms a vector space. 

13. NO. This set is not closed under addition, nor under scalar multiplication. For instance, the point 
(5,-3,4) is a distance 5 from (0,-3,4), so the point (5,-3,4) lies in the set. But the point (10,-6,8) = 
2(5, —3, 4) is a distance 

V(10 - 0) 2 + (-6 + 3) 2 + (8 - 4) 2 = V100 + 9+ 16 = VI25 ^ 5 

from (0, —3, 4), so (10, —6, 8) is not in the set. So the set is not closed under scalar multiplication, and hence 
does not form a subspace. 

14. We must check each of the vector space axioms (A1)-(A10). 

Axiom (Al): Assume that (ai,a 2 ) and (61,62) belong to V. Then 02,62 > 0. Hence, 

(ai,a 2 ) + (6i,6 2 ) = (ai + 6i,a 2 6 2 ) E V, 
since 0262 > 0. Thus, V is closed under addition. 

Axiom (A2): Assume that (ai,a 2 ) € V, and let He a scalar. Note that since 02 > 0, the expression 
a§ > 0 for every k e R. Hence, fc(ai,a 2 ) = (fcai,a 2 ) € V, thereby showing that V is closed under scalar 
multiplication. 

Axiom (A3): Let (ai, a 2 ), (61, 6 2 ) € V. We have 

(ai,a 2 ) + (61,63) = (ai + b 1} a 2 b 2 ) 
= (61 + ai,6 2 a 2 ) 
= (61,62) + (01,02), 

as required. 

Axiom (A4): Let (ai, a 2 ), (61, 6 2 ), (ci, c 2 ) <E V". We have 

((ai,a 2 ) + (61,62)) + (ci,c 2 ) = (tii + 6i,a 2 6 2 ) + (ci,c 2 ) 

= ((ai + 61) + ci, (a 2 6 2 )c 2 ) 
= (ai + (61 + ci), a 2 (6 2 c 2 )) 
= (ai,a 2 ) + (61 + ci,6 2 c 2 ) 
= (ai,a 2 ) + ((6i,6 2 ) + (ci,c 2 )), 
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as required. 

Axiom (A5): We claim that (0, 1) is the zero vector in V. To see this, let (61,62) <= V. Then 

(0,l) + (6i,6 2 ) = (0 + 6i,l-6 2 ) = (6i,6 2 ). 
Since this holds for every (6i, 6 2 ) € V, we conclude that (0, 1) is the zero vector. 

Axiom (A6): We claim that the additive inverse of a vector (a\, a 2 ) in V is the vector (— a\, a^ 1 ) (Note that 
a^ 1 > 0 since a 2 > 0.) To check this, we compute as follows: 

(ai,a 2 ) + (-aijag 1 ) = (ai + (-01), a 2 a 2 _1 ) = (0, 1). 

Axiom (AI): We have 

1 • (a 1; a 2 ) = (01,03) = (oi,a 2 ) 

for all (ai, a 2 ) € V. 

Axiom (A8): Let (ai,a 2 ) e V, and let r and s be scalars. Then we have 

(rs)(a 1 ,a 2 ) = ((rs)a 1} a 2 s ) 
= (r( Sai ),(4D 
= r(sai, a 2 ) 
= r(s(a 1 ,a 2 )), 

as required. 

Axiom (A9): Let (ai,a 2 ) and (61,62) be members of V, and let r be a scalar. We have 

r((oi,a 2 ) + (61,62)) = r(oi + h,a 2 b 2 ) 

= (r(oi + 6i),(a 2 6 2 ) r ) 
= (ra x + rbi,a r 2 b r 2 ) 
= (rai,a 2 ) + (rbi,b 2 ) 
= r(oi,o 2 ) + r(6i,6 2 ), 

as required. 

Axiom (A10): Let (ai,a 2 ) G V, and let r and s be scalars. We have 

(r + s)(ai,a 2 ) = ((r + s)oi, a^" 1 " 8 ) 
= (rai + sai,a 2 a 2 ) 
= {rai,a r 2 ) + (sai.Oj) 
= r(ai,a 2 ) + s(ai,a 2 ), 

as required. 

15. We must show that W is closed under addition and closed under scalar multiplication: 

Closure under Addition: Let (a,2 a ) and (6, 2 b ) be elements of W. Now consider the sum of these elements: 

(a, 2 Q ) + (6, 2 b ) = (a + 6, 2 a 2 b ) = (a + 6, 2 a+h ) e T4^, 

which shows that W is closed under addition. 
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Closure under Scalar Multiplication: Let (a, 2°) be an element of W, and let k be a scalar. Then 

k(a, 2 a ) = (ka, (2 a ) k ) = (ha, 2 ka ) e W, 

which shows that W is closed under scalar multiplication. 
Thus, W is a subspace of V. 

16. Note that 3(1,2) = (3, 2 3 ) = (3,8), so the second vector is a multiple of the first one under the vector 
space operations of V from Problem 14. Therefore, {(1,2), (3,8)} is linearly dependent. 

17. We show that S = {(1,4), (2, 1)} is linearly independent and spans V. 
S is linearly independent: Assume that 

Cl (l,4)+c 2 (2,l) = (0,l). 

This can be written 

( Cl ,4 Cl ) + (2c 2 ,l C2 ) = (0,l) 

or 

( Cl + 2c 2 ,4 Cl ) = (0,l). 

In order for 4 Cl = 1, we must have c\ = 0. And then in order for c\ + 2c 2 = 0, we must have c 2 = 0. 
Therefore, S is linearly independent. 

S spans V: Consider an arbitrary vector (a l7 o 2 ) <G V, where a 2 > 0. We must find constants C\ and c 2 such 
that 

ci(l,4) + 02(2,1) = (oi,a 2 ). 

Thus, 

( Cl ,4 Cl ) + (2c 2 ,l C2 )-( ai ,a 2 ) 

or 

( Cl + 2c 2 ,4 Cl ) = (01,02). 

Hence, 

Ci + 2c 2 = a\ and 4 Cl = a 2 . 
From the second equation, we conclude that 

ci = log 4 (a 2 ). 

Thus, from the first equation, 

C2 = ^{ai -log 4 (a 2 )). 
Hence, since we were able to find constants c\ and c 2 in order that 

ci(l,4) + 02(2,1) = (ai,a 2 ), 
we conclude that {(1,4), (2, 1)} spans V. 

18. This really hinges on whether or not the given vectors are linearly dependent or linearly independent. 
If we assume that 

ci(2 + x 2 ) + c 2 (4 -2x + 3x 2 ) + c 3 (l + x) = 0, 
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then 



(2ci + 4c 2 + c 3 ) + ( 



2c 2 + c 3 )x + 



(ci + 3c 2 ).t 2 = 0. 



Thus, we have 



2ci + 4c 2 + c 3 = 0 



2c 2 + c 3 



0 



ci + 3c 2 = 0. 



Since the matrix of coefficients 



2 
0 
f 



4 1 
-2 1 
3 0 



fails to be invertible, we conclude that there will be non-trivial solutions for ci,c 2 , and c 3 . Thus, the 
polynomials are linearly dependent. We can therefore remove a vector from the set without decreasing the 
span. We remove 1 + x, leaving us with {2 + x 2 , 4 — 2x + 3x 2 }. Since these polynomials are not proportional, 
they are now linearly independent, and hence, they are a basis for their span. Hence, 



19. NO. This set is not closed under scalar multiplication. For example, (1, 1) belongs to W, but 2 • (1, 1) = 
(2, 2) docs not belong to W. 

20. NO. This set is not closed under scalar multiplication. For example, (1, 1) belongs to W, but 2 • (1, 1) = 
(2, 2) does not belong to W. 

21. NO. The zero vector (zero matrix) is not an orthogonal matrix. Any subspace must contain a zero 
vector. 

22. YES. We show that W is closed under addition and closed under scalar multiplication. 

Closure under Addition: Assume that / and g belong to W. Thus, /(a) = 2/(6) and g(a) = 2g(b). We must 
show that / + g belongs to W. We have 



so f + g e W. So IF is closed under addition. 

Closure under Scalar Multiplication: Assume that / belongs to W and k is a scalar. Thus, /(a) = 2/(6). 
Moreover, 



dim{2 + x 2 , 4 - 2x + 3x 2 , 1 + x} = 2. 



(/ + 9){o) = f(a) + g(a) = 2/(6) + 2g(b) = 2[/(6) + g(b)j = 2(f + g)(b), 



(kf)(a) = kf(a) = fc(2/(6)) = 2(fc/(6)) = 2(fc/)(6), 



so kf <G W. Thus, W is closed under scalar multiplication. 

23. YES. We show that W is closed under addition and closed under scalar multiplication. 
Closure under Addition: Assume that / and g belong to W. Thus, 




and 




Hence. 




so / + g € W. 
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Closure under Scalar Multiplication: Assume that / belongs to W and k is a scalar. Thus, 



Therefore, 



[ f(x)dx = 0. 

J a 

pb pb pb 

I (kf)(x)dx = / kf(x)dx = k f(x)dx=k-0 = 0, 

J a J a J a 



so kf G W. 

24. YES. We show that W is closed under addition and scalar multiplication. 
Closure under Addition: Assume that 

g W. 

_ ei /i J [ e 2 h 

Thus, 
Hence, 

{a 1 + a 2 ) + (b 1 + b 2 ) = (c 1 + c 2 ) + (f 1 + f 2 ) and 
Thus, 



ai 


6i " 




a 2 


6 2 " 


Cl 


di 




c 2 


d 2 


e i 


A . 




e 2 


h _ 


ei - 


/i- 




«2 


+ b 2 



(ai + o 2 )-(ci+c 2 ) = (ei + e 2 )-(/i + / 2 )-(<ii+d 2 ). 



Ol 


6i " 




a 2 


b 2 ' 




a\ - 


h »2 


&1 + &2 




Cl 




+ 


c 2 


d 2 




Cl ~ 




di + d 2 


e vk, 


ei 


/i 




. e2 


h 




ei - 


he 2 


fi + h _ 





which means is closed under addition. 
Closure under Scalar Multiplication: Assume that 



a b 
c d 
e / 



G W 





a b 




ka 


kb ' 


k 


c d 




kc 


kd 




. e / . 




ke 


kf _ 



and k is a scalar. Then we have a + b = c + f and a — c = e — f — d. Thus, ka + kb = kc + kf and 
ka — kc — ke — kf — kd. Therefore, 



G W, 



so is closed under scalar multiplication. 

25. (a) NO, (b) YES. Since 3 vectors are required to span R 3 , S cannot span V. However, since the 
vectors are not proportional, they are linearly independent. 

"6-3 2 

26. (a) YES, (b) YES. If we place the three vectors into the columns of a 3 x 3 matrix 111 

1-8-1 

we observe that the matrix is invcrtiblc. Hence, its columns are linearly independent. Since we have 3 
linearly independent vectors in the 3-dimensional space M' ! , we have a basis for M -i . 
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27. (a) NO, (b) YES. Since we have only 3 vectors in a 4-dimensional vector space, they cannot possibly 
span 



I . To check linear independence, we place the vectors into the columns of a matrix: 

1 



6 1 

-3 1 

2 1 

0 0 



The first three rows for the same invcrtiblc matrix as in the previous problem, so the reduced row-echelon form 
10 0 



0 1 0 
0 0 1 
0 0 0 



so there are no free variables, and hence, the column vectors form a linearly independent 



set. 



28. (a) YES, (b) NO. Since (0, 0,0) is a member of S, S cannot be linearly independent. However, the set 
{(10, —6, 5), (3, —3, 2), (6, 4, —1)} is linearly independent (these vectors can be made to form a 3 x 3 matrix 
that is invertible), and thus, S must span at least a 3-dimensional space. Since dim[K 3 ] = 3, we know that 
S spans K 3 . 

29. (a) YES, (b) YES. Consider the linear equation 

d(2x - x 3 ) + c 2 (l + x + x 2 ) + 3c 3 + c 4 x = 0. 

Then 

(c 2 + 3c 3 ) + (2ci + c 2 + c 4 )x + c 2 x 2 - cix 3 = 0. 

From the latter equation, we see that c x = c 2 = 0 (looking at the x 2 and x 3 coefficients) and thus, c 3 = c 4 = 0 
(looking at the constant term and x coefficient). Thus, c\ = c 2 = c 3 = c 4 = 0, and hence, S is linearly 
independent. Since we have four linearly independent vectors in the 4-dimensional vector space P 3 , we 
conclude that these vectors also span P 3 . 

30. (a) NO, (b) NO. The set 5* only contains four vectors, although dim[P 4 ] = 5, so it is impossible for 
S to span P 4 . Alternatively, simply note that none of the polynomials in S contain an x 3 term. 

To check linear independence, consider the equation 

c^x 4 + x + 2 + 1) + c 2 (x 2 + x + 1) + c 3 (x + 1) + c 4 (x 4 + 2x + 3) = 0. 
Rearranging this, we have 

(ci + c 4 )x 4 + (c 4 + c 2 )x 2 + (c 2 + c 3 + 2c 4 )x + (c 4 + c 2 + 3c 4 ) = 0, 
and so we look to solve the linear system with augmented matrix 



1 


1 


1 


3 


0 " 




" 1 


1 


1 


3 


0 " 




" 1 


1 


1 


3 


0 " 


0 


1 


1 


2 


0 




0 


1 


1 


2 


0 




0 


1 


1 


2 


0 


1 


1 


0 


0 


0 




0 


0 


-1 


-3 


0 




0 


0 


1 


3 


0 


1 — ^ 


0 


0 


1 


0 




0 


-1 


-1 


-2 


0 




0 


0 


0 


0 


0 



where we have added — 1 times the first row to each of the third and fourth rows in the first step, and zeroed 
at the last row in the second step. We see that c 4 is a free variable, which means that a nontrivial solution 
to the linear system exists, and therefore, the original vectors are linearly dependent. 
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31. (a) NO, (b) YES. The vector space M 2x3 (IR) is 6-dimensional, and since only four vectors belong 
to S, S cannot possibly span M 2x3 (IR). On the other hand, if we form the linear system with augmented 
matrix 



1 — ^ 


3 


1 

I— 1 


-11 


0 


0 


2 


-2 


-6 


0 


0 


1 


-3 


-5 


0 


0 


1 


3 


1 


0 


1—1 


2 


2 


-2 


0 


1—1 


3 


1 


-5 


0 



row reduction shows that each column of a row-echelon form contains a pivot, and therefore, the vectors are 
linearly independent. 

32. (a) NO, (b) NO. Since M 2 (K) is only 4-dimensional and S contains 5 vectors, S cannot possibly be 
linearly independent. Moreover, each matrix in S is symmetric, and therefore, only symmetric matrices can 
be found in the span(S'). Thus, S fails to span M 2 (IR). 

33. Assume that {v l7 V2,v 3 } is linearly independent, and that V4 does not lie in span{v l7 v 2 , v 3 }. We will 
show that {v l7 v 2 , v 3 , v 4 } is linearly independent. To do this, assume that 

C1V1 + c 2 v 2 + C3V3 + C4V4 = 0. 

We must prove that c\ = c 2 = c 3 = C4 = 0. 

If C4 7^ 0, then we rearrange the above equation to show that 

Cl c 2 c 3 

v 4 = vi v 2 v 3 , 

C4 C4 C4 

which implies that v 4 G spanjvi, v 2 ,v 3 }, contrary to our assumption. Therefore, we know that c 4 = 0. 
Hence the equation above reduces to 

C1V1 + c 2 v 2 + c 3 v 3 = 0, 

and the linear independence of {v!,v 2 ,v 3 } now implies that c x = c 2 = c 3 = 0. Therefore, C\ = c 2 = c 3 = 
c 4 = 0, as required. 

34. Note that v and w are column vectors in W n . We have v • w = v T w. Since w e nullspace(A T ), we 
have A T w = 0, and since v e colspace(yl), we can write v = Avi for some vi e W n . Therefore, 

v w = v T w = (ylvi) T w = (vf yl T )w = vj (A T w) = vf (0) = 0, 

as desired. 
35. 

(a): Our proof here actually shows that the set oinxn skew-symmetric matrices forms a subspace of M n (R) 
for all positive integers n. We show that W is closed under addition and scalar multiplication: 

Closure under Addition: Suppose that A and B are in W. This means that A T = —A and B T = —B. Then 

(A + B) T = A T + B T = (-A) + (-B) = -(A + B), 

so A + B is skew-symmetric. Therefore, A + B belongs to W, and W is closed under addition. 

Closure under Scalar Multiplication: Suppose that A is in W and k is a scalar. We know that A T = —A. 
Then 

(kAf = k{A T ) = k(-A) = -(kA), 
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so kA is skew-symmetric. Therefore, kA belongs to W, and W is closed under scalar multiplication. 
Therefore, W is a subspace. 

(b): An arbitrary 3x3 skew-symmetric matrix takes the form 



0 a b 

—a 0 c 
-b -c 0 



0 1 0 
-10 0 
0 0 0 



0 0 
0 0 



-10 0 



0 0 



0 

-1 



This results in O3 if and only if a = b = c = 0, so the three matrices appearing on the right-hand side 
are linearly independent. Moreover, the equation above also demonstrates that W is spanned by the three 
matrices appearing on the right-hand side. Therefore, these matrices are a basis for W: 



Basis 



0 1 0 
-10 0 
0 0 0 



0 0 1 
0 0 0 
-10 0 



0 0 0 
0 0 1 
0-10 



Hence, dim[VF] = 3. 

(c): Since dim[M 3 (IR)] = 9, we must add an additional six (linearly independent) 3x3 matrices to form a basis 
for M 3 (R). Using the notation prior to Example 4.6.3, we can use the matrices En, E22, -B33, -B12, E13, -E23 
to extend the basis in part (b) to a basis for M 3 (R): 



Basis for M 3 ( 



0 1 0 
-10 0 
0 0 0 



0 0 1 
0 0 0 
-10 0 



0 0 
0 1 

-1 0 



, E\i,E22, E33, E\2i E13, E23 



36. 



(a): We show that W is closed under addition and closed under scalar multiplication. Arbitrary elements 
of W have the form 

a b —a — b 

c d —c — d 

—a — c —b—d a + b + c+d 



Closure under Addition: Let 
X 1 = 



ai 

Cl 



di 



-ai 

-ci 



di 



— 01 — ci —61 — di ai + bi + ci + d\ 
be elements of W. Then 



and X 2 



0,2 
C2 



b 2 
d 2 



-CL2 - b 2 

-C2 - d 2 



-a-2 - c 2 -b 2 - d 2 a 2 + b 2 + c 2 + d 2 



Xi + A 2 



di + a 2 
ci + c 2 
-ai — ci — a 2 



c 2 



h + b 2 
di + d 2 
-b 1 - di - b 2 



d 2 «i + h 



-ai -61-02-62 
-ci - di - c 2 - d 2 
ci + di + a 2 + b 2 + c 2 + d 2 



which is immediately seen to have row sums and column sums of zero. Thus, Xi + X 2 belongs to W, and 
W is closed under addition. 



Closure under Scalar Multiplication: Let 

X l = 



ai bi — a\ — b\ 

ci di —ci — di 

ai — ci —61 — di ai + bi + ci + di 
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and let k be a scalar. Then 



kX x 



ka\ kb\ k{—a\ — 61) 

kci kd\ k(—c\ — di) 

k(— ai — Ci) k(— 61 — di) k{ai + bi + c\ + d\) 



and we see by inspection that all row and column sums of kX\ are zero, so kXi belongs to W. Therefore, 
W is closed under scalar multiplication. 

Therefore, W is a subspace of M 3 (R). 

(b): We may write 



a b —a — b 




1 


0 


-1 ' 




" 0 1 -1 " 




0 


0 


0 " 




' 0 


0 


0 


c d —c—d 


= a 


0 


0 


0 


+b 


0 0 0 


+c 


1 


0 


-1 


+d 


0 


1 


-1 


—a — c —b — d a+b+c+d 




-1 


0 


1 




0 -1 1 




-1 


0 


1 




0 - 


1 


1 


This results in O3 if and only if a 


= b -- 


= c = 


d 


= 0, 


so the matrices appearing on 


the 


right-hand side 







are linearly independent. Moreover, the equation above also demonstrates that W is spanned by the four 
matrices appearing on the right-hand side. Therefore, these matrices are a basis for W: 



Basis = 



1 0 
0 0 

-1 0 



0 1 
0 0 

0 -1 



0 0 0 

1 0 -1 
-1 0 1 



0 0 0 
0 1 -1 
0 -1 1 



Hence, dim[V7] = 4. 

(c): Since dim[M 3 (R)] = 9, we must add an additional five (linearly independent) 3x3 matrices to form 



a basis for M 3 (R). Using the notation prior to Example 4.6.3, we can use the matrices En, E 12 , E 13 , E 2 \, 
and E 3 i to extend the basis from part (b) to a basis for M 3 (M): 



1 0 -1 
0 0 0 
-1 0 1 



1 -1 
0 0 
-1 1 



Basis for 

0 0 

1 0 

-1 0 



, En,E 12 , E13, E 2 i,E 3 i 
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(a): We must verify the axioms (A1)-(A10) for a vector space: 

Axiom (Al): Assume that (v\,wi) and (^2,^2) belong to V 0 W. Since vi +y v 2 e V and wi +w w 2 € W, 
then the sum 

(Ul, tUi) + (v 2 ,W 2 ) = (V! + V V2,Wi + W W 2 ) 

lies in V 0 W. 

Axiom (A2): Assume that (v,w) belongs to V (B W, and let fcbea scalar. Since k -y v e V and k -w w G W, 
the scalar multiplication 

k ■ (v, w) — (k -v v, k -w w) 

lies in V 0 W. 

For the remainder of the axioms, we will omit the -y and -\y notations. They are to be understood. 
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Axiom (A3): Assume that (vi,wi), {v 2 ,w 2 ) € V ® W. Then 

(vi,wi) + (v 2 ,w 2 ) = (vi + v 2 , wi + w 2 ) = (v 2 + v 1 ,w 2 + wi) = (v 2 ,w 2 ) + (vi,wi), 

as required. 

Axiom (AJj.): Assume that (v\, w\), (v 2 , w 2 ), (v 3 , w 3 ) eV®W. Then 

(Oi,wi) + (v 2 ,w 2 )) + (v 3 ,w 3 ) = (n +v 2 ,w 1 + w 2 ) + (v 3 ,w 3 ) 

= ((vi + v 2 ) + v 3 , (wt + w 2 ) + w 3 ) 

= (Vl + (v 2 + V3),W! + (W 2 + W 3 )) 

= + (v 2 + v 3 ,w 2 + w 3 ) 

= (V!,Wi) + ((v 2 ,w 2 ) + (v 3 ,w 3 )), 

as required. 

Axiom (A5): We claim that the zero vector in V ® W is (Oy, Ow), where Oy is the zero vector in the vector 
space V and Ow is the zero vector in the vector space W. To check this, let (v, w) e V ® W. Then 

(Oy , Ow) + (v, w) = (Oy + v, Ow + w) = (v, w), 

which confirms that (0y,0iy) is the zero vector for V © W. 

Axiom (A6): We claim that the additive inverse of the vector (v, w) € V 0 W is the vector (—v, —w), where 
— v is the additive inverse of v in the vector space V and — w is the additive inverse of w in the vector space 
W. We check this: 

(v,w) + (-v, -w) = (v+ (-v),w + (-w)) = (0 V ,0 W ), 

as required. 

Axiom (A7): For every vector (v, w) e V ® W, we have 

1 • (v, w) = (1 • v, 1 • w) = (v, w), 

where in the last step we have used the fact that Axiom (A7) holds in each of the vector spaces V and W. 

Axiom (A8): Let (v,w) be a vector in V ® W, and let r and s be scalars. Using the fact that Axiom (A8) 
holds in V and W, we have 

(rs)(v, w) — ((rs)v, (rs)w) 
= (r(sv), r(sw)) 
= r(sv, sw) 
= r(s(v, w)). 

Axiom (A9): Let (v\,w\) and (v 2 , w 2 ) be vectors in V ® W, and let r be a scalar. Then 

r((vi,wi) + (v 2 ,w 2 )) = r(vi +v 2 ,wi + w 2 ) 

= (r(vi + v 2 ),r(wi + w 2 )) 
= (rvi + rv 2l rw\ + rw 2 ) 
= (rvi,rwi) + (rv 2 ,rw 2 ) 
= r(v 1 ,w 1 ) +r(v 2 ,w 2 )), 

as required. 
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Axiom (A10): Let (v,w) e V © W, and let r and s be scalars. Then 

(r + s)(v, w) = ((r + s)u, (r + s)u>) 
= (rw + sv, rw + sw) 

— (rv, rw) + (sv, sw) 

— r(v, w) + s(v, w), 

as required. 

(b) : We show that {(v, 0):»£ V} is a subspace of V © W, by checking closure under addition and closure 
under scalar multiplication: 

Closure under Addition: Suppose («i,0) and (v 2 ,0) belong to {(v,0) : v e V}, where Vi,v 2 G V. Then 

(«i,0) + («2,0) = (wi + W2,0) G {(«, 0) : w G V}, 
which shows that the set is closed under addition. 

Closure under Scalar Multiplication: Suppose (v, 0) G {(v, 0) : v G and fc is a scalar. Then 0) = (kv, 0) 
is again in the set. Thus, {(v,0) : v E V} is closed under scalar multiplication. 

Therefore, {(v, 0) : v G V} is a subspace of V © 14 7 . 

(c) : Let {vi,v 2 , ...,«„} be a basis for V, and let {wi,w 2 , ■ . ■ , w m } be a basis for W. We claim that 

S" = {(v t ,0) : 1 < i < n} U {(0,^) : 1 < j < m} 

is a basis for V ®W. To show this, we will verify that S is a linearly independent set that spans V ®W: 
Check that S is linearly independent: Assume that 

ci(vi, 0) + c 2 (v 2 , 0) + • • • + c n (v n , 0) + di(0, wi) + d 2 (0, tua) + • • • + d m (0, to m ) = (0, 0). 

We must show that 

c\ = c 2 = ■ ■ ■ = c n = di = d 2 = ■ ■ ■ = d m = 0. 
Adding the vectors on the left-hand side, we have 

(ciwi + c 2 v 2 H h c n v n ,diwi + d 2 w 2 H h d m w m ) = (0,0), 

so that 

CiVi + c 2 v 2 H h c n v n = 0 and d x w x + d 2 w 2 H h d m w m = 0. 

Since {vi,v 2 , . . . , v n } is linearly independent, 

Ci = C 2 = • • • = Cn = 0, 

and since {wi, W2, • ■ • , w m } is linearly independent, 

di = d 2 = ■ ■ ■ = d m = 0. 

Thus, S is linearly independent. 

Check that S spans V © W: Let (v, w) G V © TL". We must express (w, w) as a linear combination of the 
vectors in S. Since {wi, v 2 , . . . ,v n } spans V", there exist scalars c\, c 2 , . . ■ , c n such that 

v = civi + c 2 v 2 H h c n v n , 
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and since {w\, w 2 , ■ • ■ , w m } spans W, there exist scalars d\, d 2 , ■ . . , d m such that 

w = diwi + d 2 w 2 H h d m w m . 

Then 

(v t w) = ci(«i,0) + c 2 (v 2 ,0) H h Cn{v n ,0) + di(0,u;i) + d 2 (0, w 2 ) H h rf m (0,w m ). 

Therefore, (v, w) is a linear combination of vectors in S, so S spans V © W. 

Therefore, S is a basis for V ®W. Since 5 contains n + m vectors, dim[V 0 W] — n + m. 

38. There are many examples here. One such example is S — {x 3 ^ X X ^ X X ^ X 3 — 1}, a basis for P 3 
whose vectors all have degree 3. To see that S is a basis, note that S is linearly independent, since if 

C1X 3 + c 2 (x 3 - x 2 ) + c 3 (x 3 - x) + c 4 (x 3 - 1) = 0, 

then 

(ci + c 2 + c 3 + c 4 )x 3 — c 2 x 2 - c 3 x — c 4 = 0, 

and so c\ = c 2 = c 3 = c 4 = 0. Since S is a linearly independent set of 4 vectors and dim[P 3 ] = 4, S is a basis 
forP 3 . 

39. Let A be an m x n matrix. By the Rank-Nullity Theorem, 

dim[colspace(^4)] + dim[nullspace(A)] = n. 
Since, by assumption, colspace(A) = nullspace(A) = r, n = 2r must be even. 

40. The ith row of the matrix A is bj(ci c 2 ... c„). Therefore, each row of A is a multiple of the first row, 
and so rank(A) = 1. Thus, by the Rank- Nullity Theorem, nullity (A) = n — 1. 



1 2 
0 0 



41. A row-echelon form of A is given by 
a basis for the columnspace of A is given by 

. All three subspaces are one-dimensional. 



. Thus, a basis for the rowspace of A is given by {(1,2)}, 
-3 1 1 

g >, and a basis for the nullspace of A is given by 



42. A row-echelon form of A is given by 



1-6-2 0 
0 11/3 5/21 
0 0 0 0 



. Thus, a basis for the rowspace of A is 



{(1, —6, —2, 0), (0, 1, |, Jj)}, and a basis for the column space of A is given by 



6 
3 

21 



>. For 



the nullspace, we observe that the equations corresponding to the row-echelon form of A can be written as 

1 5 

x — 6y — 2z = 0 and y + -z + —w = 0. 



Set w = t and z = s. Then y = — — J^t and x = —y-t. Thus, 



10 



1 



21 



nullspaceOl) = <^ -— - 1, --s - —t,s,t : s,t eR> — it [ - — ,- — ,0, 1 +s 0,--, 1,0 



10 



21 



Hence, a basis for the nullspace of A is given by {(—-£■, — gj, 0, 1), (0, —3, 1,0)} 
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1 -2.5 -5 
0 1 1.3 
0 0 1 
0 0 0 

{(1, — 2.5, — 5), (0, 1, 1.3), (0, 0, 1)}, and a basis for the columnspace of A is given by 



43. A row-echelon form of A is given by 



Thus, a basis for the rowspace of A is given by 



-4 




0 




3 


0 




10 




13 


6 




5 




2 


-2 




5 




10 



Moreover, we have that the nullspace of A is 0-dimensional, and so the basis is empty. 

. Thus, a basis for the rowspace of A is 



44. A row-echelon form of A is given by 
given by 



1 0 2 2 1 

0 1-1-4 -3 

0 0 14 3 

0 0 0 1 0 



{(1,0,2,2,1), (0,1, -1,-4, -3), (0,0, 1,4,3), (0,0,0, 1,0)}, 
a basis for the columnspace of A is given by 



3 " 




" 5 " 




I— 1 




0 




I— 1 




1 




-2 




0 





5 
2 
1 

-4 



2 
2 

-2 
-2 



For the nullspace, if the variables corresponding the columns are (x,y, z,u,v), then the row-echelon form 
tells us that v = t is a free variable, u = 0, z = — 3t, y = 0, and x = 5i. Thus, 

nullspace(,4) = {(5t, 0, -3i, 0, i) : f € f } = {t(5, 0, -3, 0, 1) : f e E}, 

and so a basis for the nullspace of A is {(5, 0, —3, 0, 1)}. 

45. We will obtain bases for the rowspace, columnspace, and nullspace and orthonormalize them. A row- 

12 6 



echelon form of A is given by 



0 1 2 
0 0 0 
0 0 0 



We see that a basis for the rowspace of A is given by 



{(1,2,6), (0,1,2)}. 

We apply Gram-Schmidt to this set, and thus we need to replace (0, 1, 2) by 



14 

(0,1,2) --(1,2,6) = 



So an orthogonal basis for the rowspace of A is given by 

(1,2,6) 



14 13 2 
"41' 41'~41 
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To replace this with an orthonormal basis, we must normalize each vector. The first one has norm 
the second one has norm Hjj. Hence, an orthonormal basis for the rowspace of A is 



/4T and 



41 



(1,2,6), 



14 13 2 ' 
"41' 41' _ 41 



Returning to the row-echelon form of A obtained above, we see that a basis for the columnspace of A is 





" 1 " 




" 2 " 






2 




1 




j 


0 


) 


I — i 


> 




h- 1 




0 


> 



We apply Gram-Schmidt to this set, and thus we need to replace 



by 



" 2 " 




1 — 1 




4 " 


1 


4 


2 


1 


-1 




~ 6 


0 


_ 3 


3 


0 




1 




-2 



So an orthogonal basis for the columnspace of A is given by 





" 1 " 




4 " 






2 


1 


-1 




< 


0 


Ico 


3 


j 








-2 





The norms of these vectors are, respectively, y/6 and \/30/3. 
basis to obtain the orthonormal basis for the columnspace: 



Hence, we normalize the above orthogonal 





' 1 " 




4 " 






2 




-1 






0 


' 30 


3 


> 


V 


1 




-2 


> 



Returning once more to the row-echelon form of A obtained above, we see that, 
nullspace of A, we must solve the equations x + 2y + 6z = 0 and y + 2z = 0. Setting z - 
we find that y = — 2t and x = —2t. Thus, a basis for the nullspace of A is {(— 2, - 
normalized to 

2 2 

3'~3 : 



in order to find the 
= t as a free variable, 
2, 1)}, which can be 



■Ail 



46. A row-echelon form for A is 



5 
3/2 
1 
0 
0 



Note that since rank(A) = 3, nullity(^4) = 0, and so 



there is no basis for nullspace (A). Moreover, rowspace(^4) is a 3-dimensional subspace of ] 
rowspace( J 4) = R 3 . An orthonormal basis for this is {(1,0,0), (0, 1,0), (0,0, 1)}. 



and therefore, 
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Finally, consider the columnspace of A. We must apply the Gram-Schmidt process to the three columns 
of A. Thus, we replace the second column vector by 



3 " 




1 " 




" -1 " 


-3 




-1 




1 


2 


-4 


0 




2 


5 




1 




1 


5 




1 




1 



Next, we replace the third column vector by 



v 3 = 



" 5 " 




1 " 




" -1 " 




3 " 


I— 1 


7 


-1 




1 




3 


3 






3 




0 




2 




0 


2 


~ 2 


1 


~ 2 


1 




-3 


8 




1 




1 




3 



Hence, an orthogonal basis for the columnspace of A is 





I— 1 




-1 




3 










1 




3 




< 


0 




2 


1 


0 


> 




1 




1 




-3 






1 




1 — 




3 


> 



Normalizing each vector yields the orthonormal basis 





1 " 




" -i " 




3 " 




1 


-1 


1 


i 


1 


3 






0 




2 




0 


> 


' 2 


1 


'71 


1 


'6 


-3 






1 




1 




3 


> 



47. Let xi = (5, —1,2) and let x 2 = (7, 1, 1). Using the Gram-Schmidt process, we have 

vi =xi = (5,-1,2) 

and 

Hence, an orthogonal basis is given by 

{(5,-1,2), _!)}. 

48. We already saw in Problem 26 that S spans R 3 , so therefore an obvious orthogonal basis for span(S') 
is {(1, 0, 0), (0, 1, 0), (0, 0, 1)}. Alternatively, for practice with Gram-Schmidt, we would proceed as follows: 
Let xi = (6, —3, 2), x 2 = (1, 1, 1), and x 3 = (1, —8, —1). Using the Gram-Schmidt process, we have 



vi =xi = (6,-3,2), 
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(X2,vi) . . 5 

v 2 = x 2 - ^p v i = (1. 1. 1) - 49(6. -3, 2) 



19 64 39 
49' 49' 49 



and 



v 3 = x 3 - 



(x 3 ,vi) (x 3 ,v 2 ) 



38 



-vi - 



l v ilr II V 2| 

Hence, an orthogonal basis is given by 

(6,-3,2), 



v 2 = (1, -8,-1) - - (6, -3, 2) + — (19, 64, 39) = - - . 



19 64 39 
49' 49' 49 
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45 36 81 
61' ~61' 61 



45 36 81 



61 61 61 



49. We already saw in Problem 29 that S spans P 3 , so therefore we can apply Gram-Schmidt to the basis 



{1, 



! } for P 3 , instead of the given set of polynomials. Let xi — 1, x 2 = x, x 3 = x 2 , and X4 = a; 3 . 



Using the Gram-Schmidt process, we have 



vi = Xi = 1, 



v 2 = x 2 



\X 2 ,Vi 



vi 



v 3 = x 3 



(x 3 ,Vi) (X 3 ,V 2 ) 2 1 

-V 2 = X -(x--) 



VI 



"Vi 



v 2 



3=" ~ X+ 6> 



and 



(x 4 ,vi) (x 4 ,v 2 ) (x 4 ,v 3 ) 3 1 9 1 3 2 1 3 3 2 3 1 

V4 = X4 "NF VI "W V2 "NF V3 = I -*+6 )=2; "2* +5^20- 



Hence, an orthogonal basis is given by 



1 ^ 2 "^3^2^ 

1 j X ~ , 3/ 3/ I ~ . IZT ~ X I ~ 3j 



20 J 



50. It is easy to see that the span of the set of vectors in Problem 32 is the set of all 2 x 2 symmetric 
matrices. Therefore, we can simply give the orthogonal basis 



1 0 
0 0 



0 1 

1 0 



0 0 
0 1 



for the set of all 2 x 2 symmetric matrices. 
51. We have 

(u, v) = ((2, 3), (4, -1)) - 2 • 4 + 3 • (-1) - 5, ||u|| = \/T3, ||v|| = VTr, 

and so 



= cos 



u V 



= COS 



13VT7 



1.23 radians. 



52. We have 

(u, v) - ((-2, -1, 2,4), (-3, 5, 1, 1)) = (-2) • (-3) + (-1) • 5 + 2 • 1 + 4 • 1 = 7, ||u|| = 5, ||v|| = 6, 
and so 

cos" 1 ( } U : V \, I = cos" 1 I g~~g ) = cos- 1 (7/30) w 1.34 radians. 



u v 
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53. For Problem 51, we have 

(u, v) = ((2,3), (4, -1)) = 2 • 2 • 4 + 3 • (-1) = 13, ||u|| = y/vf, ||v|| = V33, 

and so 

6» = COS- 1 [: | 

l u llll v liy W17-V/33, 



0 = cos" 1 | ^ U ' V M = cos -1 [ Jl 3 ^_ ) - 0.00 i/admns. 



For Problem 52, we have 

(u, v) = ((-2,-1, 2, 4), (-3, 5, 1, 1)) = 2 • (-2) • (-3) + (-1) • 5 + 2 • 1 + 4 • 1 = 13, ||u|| = y/29, ||v|| = Vl5, 
and so 

6 = cos" 1 ( ^ U ;, V ^ - cos" 1 ( _ 13 w 1.20 radians. 



54. 

(a): We must verify the four axioms for an inner product given in Definition 4.11.3. 
Axiom 1: We have 

p-p = p(to)p(t 0 ) + p{h)p{h) + ■■■+ p{t n ) P {t n ) = P (t 0 ) 2 + P (h) 2 + ■■■+ P (t n ) 2 > o. 

Moreover, 

P (t 0 ) 2 + P (h) 2 + ■■■+ P {t n ) 2 = 0 <==> p(t 0 ) = p(ti) = • • • = p(t n ) = 0. 
But the only polynomial of degree < n which has more than n roots is the zero polynomial. Thus, 

p ■ p = 0 p = 0. 

Axiom 2: We have 

p-q = p(t 0 )q(t 0 ) + p(ti)q(h) H h p(t n )q(t n ) = q(t 0 )p(t 0 ) + q(ti)p(h) H h q(t n )p(t n ) = q-p 

for all P„. 

Axiom 3: Let fc be a scalar, and let p,q e P n . Then 

(fcp) • g = (kp)(t Q )q(t 0 ) + (fcp)(*l)«(*l) + • • • + {kp)(t n )q{t n ) 
= kp(t 0 )q(t 0 ) + kp(ti)q(ti) H h kp(t n )q(t n ) 

= k\p(t 0 )q{t 0 ) + p(ti)g(ti) + • • ■ +p(t n )g(*n)] 
= Mp- «L 

as required. 

Axiom 4: Let pi,P2,q € P„. Then we have 

(Pi +P2) • <? = (Pi +p 2 )(to)g(io) + (Pi +P2)(*iM*i) H h (pi +P2)(i«)'?( i ™) 

= [pi(to) +P2(*o)]«(*o) + [Pl(*l) +J>2(*l)]g(*l) + ' ' ' + [Pl(*n) + P2{t n )]q{t n ) 

= \pi{t 0 )q{t 0 ) + Pl{tl)q{h) + ■■■+ Pl(t n )q(t n )} + [p 2 (t 0 )q(t 0 ) + P2(*l)<K*l) + ' ' ' + P2(*n)«(*n)] 
= (Pi ' ?) + (P2 ' 
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as required. 

(b) : The projection of p 2 onto span {p 0 , p{\ is given by 

(P2,Po) , (P2,Pl> 20 0 

-n — + -n — no-Pi = -^Po + — pi = 5. 

boll 2 bill 2 4 n 

(c) : We take q = t 2 - 5. 

55. Let x = (2, 3, 4) and let v = (6, -1, -4). We must find the length of 

N , , ((2, 3, 4), (6,-1, -4)) , s , 7 , s ( 148 152 184 

x - P(x, v) = (2, 3, 4) - | |(6 /^;_ 4) p V -l, -4) = (2, 3, 4) + _( 6) -1, -4) = (-, - , - 

which is 

... „ /148 152 184 \ „ r _ 

x - P(x, v = , , w 5.30. 

11 1 ' Ul 11 V 53 ' 53 ' 53 J 11 

56. Note that 

(x - y, Vj) = (x, v,) - (y, V;) = 0, 
by assumption. Let v be an arbitrary vector in V, and write 

v = OiVi + a 2 v 2 H h a„v„, 

for some scalars oi, ■ ■ ■ , a n . Observe that 

(x-y,v) = (x-y,a 1 v 1 +a 2 v 2 H h a n v n ) = a x (x - y, Vi) + a 2 (x - y, v 2 > H ha„(x-y,v„) 

= ai • 0 + a 2 • 0 H h a n ■ 0 = 0. 

Thus, x — y is orthogonal to every vector in V. In particular 

(x-y,x-y) =0, 

and hence, x y = 0. Therefore x = y. 

57. Any of the conditions (a)-(p) appearing in the Invertible Matrix Theorem would be appropriate at this 
point in the text. 

Solutions to Section 5.1 

True-False Review: 

1. FALSE. The conditions T(u + v) = T(u) + T(v) and T(c ■ v) = c • T(v) must hold /or a// vectors u, v 
in V and for all scalars c, not just "for some". 

2. FALSE. The dimensions of the matrix A should be to x n, not n x to, as stated in the question. 

3. FALSE. This will only necessarily hold for a linear transformation, not for more general mappings. 

4. TRUE. This is precisely the definition of the matrix associated with a linear transformation, as given in 
the text. 

5. TRUE. Since 

0 = T(0) = T(v + (-v)) = T(v) + T(-v), 
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we conclude that T(-v) = -T(v). 

6. TRUE. Using the properties of a linear transformation, we have 

T((c + d)v) = T(cv + dv) = T(cv) + T(dv) = cT(v) + oT(v), 

as stated. 
Problems: 

1. Let (xi,x 2 ), (2/1,1/2) G K 2 and c e M. 

T((xi,x 2 ) + (2/1,2/2)) = + 2/i,x 2 +2/2) 

= (xi + 2/1 + 2.t 2 + 2j/ 2 ,2a;i + 2y 1 -x 2 - j/ 2 ) 
= (xi + 2x 2 ,2xi - x 2 ) + (2/1 + 22/2,22/1 - 2/2) 
= T(a;i,X2) + T(2/i,2/2). 

T(c(xi,x 2 )) = T(cxi, cx 2 ) = (cxi + 2cx 2 ,2cxi - cx 2 ) = c(xi + 2x 2 , 2x\ - x 2 ) = c7Xxi,x 2 ). 
Thus, T is a linear transformation. 

2. Let (xi,x 2 ,x 3 ), (2/1,2/2,2/3) G M 3 and cel. 

T((xi,x 2 ,x 3 ) + (2/1,2/2,2/3)) = 7X2:i +2/1,2:2 + 2/2,^3 + 2/3) 

= (xi + 2/1 + 3x 2 + 32/2 + 2:3 + 2/3, xi + 2/1 - a; 2 - 2/2) 
= (2:1 + 3x 2 + 2:3, xi - x 2 ) + (2/1 + 3?/2 + 2/3, 2/i - 2/2) 
= 1X2:1,2:2, 2:3) + T(2/i,2/2,2/3)- 

T(c(xi,x 2 ,x 3 )) = T(cxi,cx 2 ,cx 3 ) = (cxi + 3cx 2 + cx 3 , cxi — cx 2 ) = c(xi + 3x 2 + x 3 , xi -x 2 ) = cT(xi,x 2 ,x 3 ). 
Thus, T is a linear transformation. 

3. Let 2/1,2/2 G C 2 (7) and cel. Then, 

T(2/i + 2/2) = (2/1 + 2/2)" - 16(2/i + 2/2) = (2/i' - I62/1) + (2/2 - I62/2) = T(2/i) + T(2/ 2 ). 

T(q/i) = (cyi) - 16(q/i) = 0(2/1 - I62/1) = cT(yi). 
Consequently, T is a linear transformation. 

4. Let 2/1,2/2 G C 2 (7) and cel. Then, 

2X2/1 + 2/2) = (2/1 + 2/2)" + 01(2/1 + 2/2)' + 02(2/1 + 2/2) 

= (2/1 + 012/i + 022/1) + (2/2 + 012/2 + 022/2) = 2 1 (2/i) + 2 1 (2/ 2 ). 
T(cyi) = (cj/i)" + oi(cyi)' + a 2 (cy 1 ) = c(y[ + a x y x + a 2 yi) = cT{y x ). 
Consequently, T is a linear transformation. 

pb pb pb pb 

5. Let f,geV and cel. Then T(f+g)= / (f+g)(x)dx = / [/(x)+ 5 (x)]dx = / f(x)dx+ g(x)dx = 

J a J a J a J a 

T(f)+T(g). 

T(cf) — / [cf(x)]dx — c f(x)dx = cT(f). Therefore, T is a linear transformation. 
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6. Let A 1 ,A 2 ,B e M„(R) and cel. 

T(A 1 + A 2 ) = (A 1 + A 2 )B - B(A 1 + A 2 ) = A X B + A 2 B - BA\ - BA 2 

= {A X B - BAi) + (A 2 B - BA 2 ) = T(A\) + T(A 2 ). 
T(cAi) = (cAiS) - B(cAi) = c(^iB - BAi) = cT(^i). 
Consequently, T is a linear transformation. 

7. Let A, B e M„(R) and cel. Then, 

S*(A + B) = (A + S) + (A + B) T = A + A T + B + B T = S(A) + S(B). 
S(cA) = (cA) + (cA) T = c(A + A T ) = cS(A). 
Consequently, S is a linear transformation. 

8. Let A, Be M n (R) and ceR. Then, 

n n n 

T(A + B)= tr(A + B) = ]T(a fefe + b kk ) = ]T a kk + ]T b kk = tr(A) + tr(B) = T(A) 



T(B). 



fc=i 



fc=i 



T(cA) - tr(cA) = ^ ca fcfe = a fefe = ctr(A) = cT(A). 

fe=i fc=i 
Consequently, T is a linear transformation. 

9. Let x = (xi,x 2 ), y = (2/1,2/2) be in R 2 . Then 

T(x + y) =T{x 1 +y 1 ,x 2 + y 2 ) = (xi + x 2 + Vl + y 2 , 2), 

whereas 

T(x) + T(y) = (si + x 2 , 2) + (2/1 + 2/2,2) = (x x + x 2 + Vl + y 2 , 4). 
We see that T(x + y) ^ T(x) + T(y), hence T is not a linear transformation. 

10. Let A e M 2 (R) and cel. Then 

T(cA) = det(cA) = c 2 dct(A) = c 2 T(A). 
Since T(cA) ^ cT(A) in general, it follows that T is not a linear transformation. 

11. If T(x u x 2 ) = (3xi - 2x 2 , xi + 5x 2 ), then A = [T(ei), T(e 2 )] = 



3 -2 
1 5 



12. If T(xi, x 2 ) = (xi + 3x 2 , 2xi - 7x 2 , xi), then A = [T(e 1 ),T(e 2 )] = 



1 3 

2 -7 
1 0 



1 

-1 



13. If T(xi, x 2 , x 3 ) = (xi - x 2 + x 3 , x 3 - Xi), then A = [T(ei), T(e 2 ), T(e 3 )] = 

14. If T(x 1 ,x 2 ,x 3 )=xi +5x2-3x3, then A =[r( ei ),T(e 2 ), T(e 3 )]= [ 15-3] 



16. T(x) = Ax = 



= (2:3 


- Xl 


,-xi,3xi 


1 


3 " 




Xl 




-4 


7 




x 2 





-1 1 

0 1 



-1 0 1 

-10 0 

3 0 2 

0 0 0 



xi + 3x 2 
-4xi + 7x 2 



which we write as 



T(xi, x 2 ) = (xi + 3x 2 , -4xi + 7x 2 ). 
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17. T(x) = Ax 



2 -1 

3 1 



Xi 
X3 



2x 1 - x 2 + 5x 3 
3xi + x 2 - 2x 3 



which we write as 





' 2 


2 -3 " 




Xl 




2xi + 2x2 — 3x3 




18. T(x) = Ax = 


4 


-1 2 




X 2 




4x x - x 2 + 2x 3 


, which we write as 




5 


7 -8 




x 3 




5xi + 7x 2 — 8x3 





19. T(x) = Ax = 



T(xi, x 2 , x 3 ) = (2xi - x 2 + 5x 3 , 3xi + x 2 - 2x 3 ). 

—3 x\ 2x\ + 2x2 — 3^3 

2 X2 = 4xi — X2 + 2x 3 , which we 
—8 x 3 5xi + 7x 2 — 8x3 

T(xi, x 2 , x 3 ) = (2xi + 2x 2 - 3x 3 , 4xi - x 2 + 2x 3 , 5xi + 7x 2 - 8x 3 ). 

which we write as 
T(x) = (-3x,-2x,0,x). 



" -3 " 




— 3x 


-2 




-2x 


0 


[x} = 


0 


1 




X 



20. T(x) = Ax = [ 1 -4 -6 0 2 ] 



Xl 
X2 
X 3 
X4 
X 5 



= [xi — 4x 2 — 6x3 + 2x 5 ], which we write as 



T(xi, x 2 ,x 3 ,x 4 ,x 5 ) = xi - 4x 2 - 6x 3 + 2x 5 . 

21. Let u be a fixed vector in V, vi,v 2 e V^, and ceM. Then 
T(vi + v 2 ) = (u, vi + v 2 ) = (u, vi) + (u, v 2 > = T(vi) + T(v 2 ). 

T(cvi) = (u,cvi) = c(u, vi) = cT(vi). Thus, T is a linear transformation. 

22. We must show that the linear transformation T respects addition and scalar multiplication: 
T respects addition: Let vi and v 2 be vectors in V. Then we have 

T(vi + v 2 ) = ((ui, vi + v 2 ), (u 2 ,vi + v 2 » 
= ((vi + V 2 ,Ui), (vi + v 2 ,u 2 )) 
= «Vl,Ui) + (v 2 ,ui), (vi,u 2 ) + (v 2 ,u 2 » 
= ((vi,ui), (vi,u 2 )) + ((v 2 ,ui), (v 2 ,u 2 )) 

= ((ui,Vi), (U 2 , Vi)) + ((U1,V 2 ), (U 2 ,V 2 )) 

= T(vi)+T(v 2 ). 

T respects scalar multiplication: Let v be a vector in V and let c be a scalar. Then we have 

T(cv) - «ui,cv>,<u 2) cv» 
= «cv,ui), (cv,u 2 )) 

= (c(v,Ui),c(v,U 2 » 

= c((v,ui), (v,u 2 )) 

= C((U1,V), (U 2 , V» 

= cT(v). 
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23. (a) If D = [vi,v 2 ] 



1 1 

1 -1 



then det(D) = —2^0, so by Corollary 4.5.15 the vectors vi = (1, 1) 



and v 2 = (1, —1) are linearly independent. Since dim[R 2 ] = 2, it follows from Theorem 4.6.10 that {vi, v 2 } 
is a basis for R 2 . 



(b) Let x = (x\,x 2 ) be an arbitrary vector in R 2 . Since {vi,v 2 } forms a basis for R 2 , there exist c\ and c 2 

(X!,X 2 ) = ci(l, 1) + c 2 (l, -1), 



such that 
that is, such that 



ci + c 2 = xi, ci - c 2 = x 2 . 



Solving this system yields ci = l(xi + x 2 ), c 2 = l(a;i — ^2)- Thus, 

(xi,a; 2 ) = + x 2 )v 1 + i(a;i - x 2 )v 2 , 



so that 

T[(xi,x 2 )] = T 



-(xi + x 2 )vi + -(xi - x 2 )v 2 



= l -( Xl + a: 2 )T(vi) + ^(a;i - x 2 )T(v 2 ) 
= ^(a;i + a:2)(2,3) + i(xi-X2)(-l,l) 



, 2xi + x 2 . 



xi 3x 2 

— H 

2 2 

In particular, when (4, —2) is substituted for (xi, x 2 ), it follows that T(4, —2) = (—1,6). 

24. The matrix of T is the 4 x 2 matrix [T(e 1 ),T(e 2 )\. Therefore, we must determine T(1,0) and T(0,1), 
which we can determine from the given information by using the linear transformation properties. A quick 
calculation shows that (1,0) = — 1(— 1, 1) + |(1,2), so 

T(l,0)=T(-!(-l,l)+!(l,2)) = -^ 
Similarly, we have (0, 1) = |(-1, 1) + §(1,2), so 

r(0, 1) - T(l(-1, 1) + 1(1,2)) = It(-1, 1) + 1t(1, 2) = 1(1,0, -2, 2) + l(-3, 1, 1, 1) = (_|, 1, -1, 1). 



Therefore, we have the matrix of T: 



-5/3 -2/3 

1/3 1/3 

5/3 -1/3 

-1 1 



25. The matrix of T is the 2x4 matrix [T(ei), T(e 2 ), T(e 3 ), T(e 4 )]. Therefore, we must determine 
T(l, 0,0,0), T(0, 1,0,0), T(0, 0,1,0), and T(0, 0,0,1), which we can determine from the given information 
by using the linear transformation properties. We are given that 



T(l,0,0,0) = (3,-2). 
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Next, 



and 



T(0, 1,0,0) =T(1, 1,0,0) -T(l, 0,0,0) = (5,1)- (3,-2) = (2,3), 
T(0, 0, 1, 0) = T(l, 1, 1,0) - T(l, 1, 0,0) = (-1,0) - (5, 1) = (-6, -1), 



T(0, 0,0,1) =T(1, 1,1,1) -T(l, 1,1,0) = (2,2) - (-1,0) = (3,2). 
Therefore, we have the matrix of T: 

3 2-63 
-2 3-12 

26. The matrix of T is the 3x3 matrix [T(e 1 ),T(e 2 ),T(e 3 )]. Therefore, we must determine T(1,0,0), 
T(0, 1, 0), and T(0, 0, 1), which we can determine from the given information by using the linear transforma- 
tion properties. A quick calculation shows that (1,0, 0) = (1,2,0) — 6(0, 1,1) + 2(0, 2, 3), so 

T(l, 0, 0) = T(l, 2, 0) - 6T(0, 1, 1) + 2T(0, 2, 3) = (2, -1, 1) - 6(3, -1, -1) + 2(6, -5, 4) - (32, -5, 4). 

Similarly, (0,1,0) = 3(0,1,1) - (0,2,3), so 

T(0, 1, 0) - 3T(0, 1, 1) - T(0, 2, 3) - 3(3, -1, -1) - (6, -5,4) = (3, 2, -7). 

Finally, (0,0,1) = -2(0,1,1) + (0,2,3), so 

T(0, 0, 1) = -2T(0, 1,1)+ T(0, 2, 3) - -2(3, -1, -1) + (6, -5, 4) = (0, -3, 6). 

Therefore, we have the matrix of T: 

32 3 0 " 
-5 2 -3 
4-7 6 

27. The matrix of T is the 4 x 3 matrix [T(e 1 ),T(e 2 ),T(e 3 )]. Therefore, we must determine T(1,0,0), 
T(0, 1,0), and T(0, 0, 1), which we can determine from the given information by using the linear transforma- 
tion properties. A quick calculation shows that (1,0,0) = j(0,— 1,4) — j(0,3,3) + |(4,4, — 1), so 

T(1,0,0) = jT(0,-1,4)-jT(0,3,3)+jT(4,4,-1) = \(2, 5, -2, 0,0, 5)+j(-3, 1, 1,3) = (0,^,-1,-1) 

Similarly, (0,1,0) = - £(0,-1,4) + ^(0,3,3), so 

r(0, 1,0) = -|(2,5, -2,1) + ±(-1,0,0,5) = (-|,-l, \, §)• 
Finally, (0,0,1) = |(0, -1,4) + ^(0,3,3), so 

T(0, 0, 1) - l -T{Q, -1,4) + ±T(0, 3, 3) = ^(2, 5, -2, 1) + ^(-1,0, 0, 5) - (1 1, -| ±). 



Therefore, we have the matrix of T: 



0 -2/3 1/3 

3/2 -1 1 

-1/4 2/5 -2/5 

-1/4 17/15 8/15 
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28. T(ax 2 + bx + c) = aT(x 2 ) + bT{x) + cT{l) = a(3x + 2) + b(x 2 - 1) + c(x + 1) = bx 2 + (3a + c)x+(2a-b+c). 

29. Using the linearity of T, we have T(2vi + 3V2) = vi + v 2 and T(vi + V2) = 3vi — V2. That is, 
2T(vi) + 3T(v 2 ) = vi + v 2 and T(vi) + T(v 2 ) = 3vi — v 2 . Solving this system for the unknowns T(vi) and 
T(v 2 ), we obtain T(v 2 ) = 3v 2 — 5vi and T(vi) = 8vi — 4v 2 . 

30. Since T is a linear transformation we obtain: 

T(x 2 )-T(l) = x 2 + x-3, (30.1) 

2T(x) = Ax, (30.2) 

3T(x) +2T(1) = 2(x + 3) = 2.x + 6. (30.3) 

From Equation (30.2) it follows that T(x) = 2x, so upon substitution into Equation (30.3) we have 
3(2x) + 2T(1) = 2(x + 3) or T(l) = -2x + 3. Substituting this last result into Equation (30.1) yields 
T(x 2 ) — (— 2x + 3) = x 2 + x — 3 so T(x 2 ) = x 2 — x. Now if a, b and c are arbitrary real numbers, then 
T(ax 2 + bx + c) = aT(x 2 ) + bT(x) + cT(l) = a(x 2 - x) + b(2x) + c(-2x + 3) 

= ax 2 — ax + 2bx — 2cx + 3c = ax 2 + (—a + 26 — 2c)x + 3c. 

31. Let v G V. Since {vi, v 2 } is a basis for V, there exists a, 6 € R such that v = avi + fev 2 . Hence 

T(v) = T(ovi + 6v 2 ) = oT(vi) + 6T(v 2 ) = o(3vi - v 2 ) + 6(vi + 2v 2 ) 
= 3avi — av 2 + 6vi + 26v 2 = (3a + 6)vi + (2b — a)v 2 . 

32. Let v be any vector in V. Since {vi, v 2 , . . . , v^} spans V, we can write v = c\Vi + c 2 v 2 + • • • + c^Vfe for 
suitable scalars ci, c 2 , . . . , Cfc. Then 

T(v) = T(civi + c 2 v 2 + • • • + c fe v fe ) = ciT(vi) + c 2 T(v 2 ) + • • • + c fe T(v fe ) 

= ciS(vi) + c 2 5(v 2 ) + • • • + c k S(v k ) 
= 5(ciVi + c 2 v 2 H h c fc v fc ) = 5(v), 

as required. 

33. Let v be any vector in V. Since {vi, v 2 , . . . , Vfe} is a basis for V, we can write v = civi + c 2 v 2 + - • ■ + Ck'Vk 
for suitable scalars C\ , C2 , . . . , c/j . Then 

T(v) = T(civi + c 2 v 2 + • • • + c fe v fe ) = ciT(vi) + c 2 T(v 2 ) + • • • + c fe T(v fe ) = ciO + c 2 0 + . . . c k 0 = 0, 

as required. 

34. Let vi and v 2 be arbitrary vectors in V. Then, 
(Tj + T 2 )(vi + v 2 ) = Ti(vi + v 2 ) + T 2 (vi + v 2 ) 

= Ti(vi) + Ti(v 2 ) + T 2 (vi) + T 2 (v 2 ) 
= Ti(vi) + T 2 (vi) + Ti(v 2 ) + T 2 (v 2 ) 
= (Ti+T 2 )(v 1 ) + (T 1 + T 2 )(v 2 ). 
Further, if fc is any scalar, then 

(Ti + T 2 )(fcv) - Ti(fcv) + T 2 (fcv) - fcTi(v) + fcT 2 (v) - fc[Ti(v) + T 2 (v)] - fc(Tj + T 2 )(v). 

It follows that Ti + T 2 is a linear transformation. 

Now consider the transformation cT, where c is an arbitrary scalar. 

(cT)(vi + v 2 ) = cT( Vl + v 2 ) = c[T(vi) + T(v 2 )] - cT(vi) + cT(v 2 ) - (cT)( Vl ) + (cT)(v 2 ). 



356 



" 5 


6 " 




Xi 




5x i + 6x 2 


2 


-2 








2x\ — 2x 2 



(cT)(fcvi) = cT(k Vl ) = c[fcT(vi)] = (cfe)T(vi) = (fcc)T(vi) = fc[cT( Vl )]. 
Thus, cT is a linear transformation. 

35. (Ti + T 2 )(x) = Ti(x) + T 2 (x) = Ax + Bx = (A + B)x = 
Hence, (Ti + T 2 )(xi,x 2 ) = (5xi + 6x 2 , 2xi - 2x 2 ). 

(cTi)(x) = cTi(x) = c(ix) = (cA)x = [ 3c 0 ° 1 [ Xl 1 = [ 3ca!l + f 2 

[ -c 2c J [ x 2 J [ — cxi + 2cx 2 

Hence, (cTi)(xi,x 2 ) = (3cxi + cx 2 , — cxi + 2cx 2 ). 

36. (Ti + T 2 )(x) = Ti(x) + T 2 (x) = Ax + Bx = (A + B)x. 
(cTi)(x) - cTi(x) - c(Ax) = (cA)x. 

37. Problem 34 establishes that if T\ and T 2 are in L(V, W) and c is any scalar, then T\ + T 2 and cT\ are 
in L(V, W). Consequently, Axioms (Al) and (A2) are satisfied. 

A3: Let v be any vector in L(V, W). Then 

(Ti + T 2 )(v) = Ti(v) + T 2 (v) - T 2 (v) + Ti(v) - (T 2 + Ti)(v). 

Hence T\ + T 2 = T 2 + Ti, therefore the addition operation is commutative. 
A4: Let T 3 e £(V,W). Then 

[(Ti + T 2 ) + T 3 ] (v) = (Ti + T 2 )(v) + T 3 (v) - [T^v) + T 2 (v)] + T 3 (v) 

= Ti(v) + [T 2 (v) + T 3 (v)] - Ti(v) + (T 2 + T 3 )(v) - [T x + (T 2 + T 3 )](v). 
Hence (Ti + T 2 ) + T 3 = Ti + (T 2 + T 3 ), therefore the addition operation is associative. 
A5: The zero vector in L(V, W) is the zero transformation, O : V — > VF, defined by 

O(v) = 0, for all v in V, 

where 0 denotes the zero vector in V. To show that O is indeed the zero vector in L(V, W), let T be any 
transformation in L(V,W). Then 

(T + 0)(v) = T(v) + O(v) = T(v) + 0 = T(v) for all v e V, 

so that T + 0 = T. 

A6: The additive inverse of the transformation T e T(V, VT) is the linear transformation — T defined by 
-T = (-l)T, since 

[T + (-T)](v) = T(v) + (-T)(v) = T(v) + (-l)T(v) = T(v) - T(v) = 0, 

for all v eV, so that T + (-T) = O. 
A7-A10 are all straightforward verifications. 

Solutions to Section 5.2 



True- False Review: 

1. FALSE. For example, T(xi,x 2 ) = (0,0) is a linear transformation that maps every line to the origin. 

2. TRUE. All of the matrices R x , R y , R xy , LS X , LS y , S x , and S y discussed in this section are elementary 
matrices. 
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3. FALSE. A shear parallel to the a;-axis composed with a shear parallel to the y-axis is given by matrix 
" 1 + kl k 
I 1 



" 1 


k ' 




' 1 


0 " 




0 


1 




I 


1 





which is not a shear. 



4. TRUE. This is explained prior to Example 5.2.1. 

5. FALSE. For example, 

and this matrix is not in the form of a stretch. 

6. FALSE. For example, 



" 0 


1 " 




' 1 


0 " 




' 0 


-1 " 


1 


0 




0 


-1 




1 


0 



" k 


0 " 




' 1 0 " 




' k 0 " 


0 


1 




0 I 




0 I 



is not a stretch. 
Problems: 

1. T(l,l) = (l,-1), T(2,l) = (l,-2), T(2,2) = (2,-2), T(l,2) = (2,-1). 



Figure 69: Figure for Problem 1 
2. T(l,l) = (0,3), T(2,l) = (l,4), T(2,2) = (0,6), T(l, 2) = (-1, 5). 




2 - 
1 - 



-2-1 12 

Figure 70: Figure for Problem 2 



3. T(l,l) = (2,0), T(2,l) = (3,-1), T(2,2) = (4,0), T(l, 2) = (3, 1). 
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Figure 71: Figure for Problem 3 



4. T(l,l) = (-4,-2), T(2,l) = (-6,-4), T(2, 2) = (-8, -4), T(l,2) = (-6,-2). 



y 




Figure 72: Figure for Problem 4 



5. A 



1 2 
0 1 



T(x) = Ax corresponds to a shear parallel to the x-axis. 



0 2 
2 0 



2 0 
0 0 



1 0 
0 2 



1. P 12 2. Mi (1/2) 3. M 2 (l/2). 



1 0 
0 1 

So, 



T(x) = Ax = P 12 M 1 (2)M 2 (2)x 

which corresponds to a stretch in the y-direction, followed by a stretch in the ^-direction, followed by a 
reflection in y = x. 



7. A = 



8. 



1 0 
3 1 

0 

-1 



T(x) = Ax corresponds to a shear parallel to the y-axis. 

So, 



1 0 
0 1 



1. Mx(-l) 2. M 2 (-l) 



T(x) = Ax = M x (-l)M2(-l)x 
which corresponds to a reflection in the cc-axis, followed by a reflection in the y-axis. 



1 0 
0 1 



1. A 12 (2) 2. M 2 (l/2) 3. A 21 (3). 



So, 



T(x) = Ax = A 12 (-2)M 2 (2)A 21 (-3)x 



which corresponds to a shear parallel to the a;-axis, followed by a stretch in the y-direction, followed by a 
shear parallel to the y-axis. 
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10. 



1 2 

3 4 



1 0 
0 1 



1. A 12 (-3) 2. A 2 i(l) 3. M 2 (-l/2). 



So, 



T(x) = Ax = A 12 (3)A 21 (-l)M 2 (-2)x 

which corresponds to a reflection in the cc-axis followed by a stretch in they y-direction, followed by a shear 
parallel to the x-axis, followed by a shear parallel to the y-axis. 



11. 



1 0 
0 2 



a stretch in the y-direction. 



12. 

So, 



-1 
-1 



So T(x) = Ax corresponds to a reflection in the x-axis followed by 



1 1 
0 1 



1 0 
0 1 



1. A 12 (-l) 2. M 1 (-l) 3. A 21 (-l). 



T(x) = Ax = Ai 2 (l)Mi(-l)^2i(l)x 

which corresponds to a shear parallel to the cc-axis, followed by a reflection in the y-axis, followed by a shear 
parallel to the y-axis. 



13. 

R(6) = 



cose o 

o 1 

cos 9 0 

0 1 





1 0 " 






sin 9 1 






1 0 " 






sin 9 1 





1 0 

0 secfl 



tan 6* 
sec 9 



- tan 6 
1 

cos 9 0 
0 1 



1 

sin 9 



tan6> 
cos 9 



cos 9 -suit 
sin6> cos 6 

which coincides with the matrix of the transformation of R 2 corresponding to a rotation through an angle 9 
in the counter-clockwise direction. 

7T . TO -1 



14. The matrix for a counter-clockwise rotation through an angle 9 = — is 



1 



0 



Now, 



1 0 
0 1 



1. P 12 2. M 2 (-l) 



So, 



T(x) = Ax = P 12 M 2 (-l)x 
which corresponds to a reflection in the x-axis followed by a reflection in y = x. 

Solutions to Section 5.3 

True-False Review: 

1. FALSE. The statement should read 

dim[Ker(T)] + dim[Rng(T)] = dim[V], 
not dim[W] on the right-hand side. 

2. FALSE. As a specific illustration, we could take T : P 4 — > R 7 defined by 

T(a 0 + a\x + a 2 x 2 + a 3 x 3 + a 4 a; 4 ) = (a 0 , Oi, a 2 , a 3 , a 4 , 0, 0), 
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and it is easy to see that T is a linear transformation with Ker(T) = {0}. Therefore, Ker(T) is 0-dimensional. 

3. FALSE. The solution set to the homogeneous linear system Ax = 0 is Ker(T), not Rng(T). 

4. FALSE. Rng(T) is a subspacc of W, not V, since it consists of vectors of the form T(v), and these 
belong to W. 

5. TRUE. From the given information, we see that Ker(T) is at least 2-dimensional, and therefore, since 
M 2 3 is 6-dimensional, the Rank-Nullity Theorem requires that Rng(T) have dimension at most 6 — 2 = 4. 

6. TRUE. Any vector of the form T(v) where v belongs to R n can be written as Av, and this in turn can 
be expressed as a linear combination of the columns of A. Therefore, T(v) belongs to colspace(A). 



Problems: 

1. T(7,5,-l) = 

T(-21,-15,2) = 
T(35,25,-5) = 



-1 

-2 - 

-1 2 

-2 -3 



7 

5 

-1 

' -21 

-15 
2 

35 " 

25 

-5 



> (7,5,-1) eKcr(T). 
=> (-21,-15,2) $ Ker(T). 
(35,25,-5) e Kcr(T). 



2. Kcr(T) = {x e R 2 : T(x) = 0} = {x E R 2 : Ax = 0}. The augmented matrix of the system Ax = 0 is: 



" 3 


6 


0 " 


I— 1 


2 


0 



1 2 
0 0 



with reduced row-echelon form of 

Ker(T) = {x E R 2 : x = (-2t, t), t e 



. It follows that 
{x e R 2 : x = t(-2, 1), t E 



Geometrically, this is a line in R 2 . It is the subspace of K 2 spanned by the vector (—2, 1). 
dim[Ker(T)] = 1. 

For the given transformation, Rng(T) = colspace(A). From the preceding reduced row-echelon form of A, 
we see that colspace(yl) is generated by the first column vector of A. Consequently, 

Rng(T) = {y e R 2 : y = r(3, 1), r € R}. 

Geometrically, this is a line in R 2 . It is the subspace of R 2 spanned by the vector (3, 1). 
dim[Rng(T)] = 1. 

Since dim[Ker(T)]+ dim[Rng(T)] = 2 = dim[R 2 ], Theorem 5.3.8 is satisfied. 



3. Ker(T) = {x e R 3 : T(x) = 0} = {x e 





" 1 


-1 


0 


0 " 




" 1 


0 


0 


0 " 


is: 


0 


1 


2 


0 


, with reduced row-echelon form 


0 


1 


0 


0 




2 


-1 


1 


0 




0 


0 


1 


0 



: Ax = 0}. The augmented matrix of the system Ax = 0 

Thus xi = x 2 = x 3 = 0, so 



Ker(T) = {0}. Geometrically, this describes a point (the origin) in R . 
dim[Ker(T)] = 0. 

For the given transformation, Rng(T) = colspace(A). From the preceding reduced row-echelon form of A, 
we see that colspace(A) is generated by the first three column vectors of A. Consequently, 
Rng(T) = R 3 , dim[Rng(T)] = dim[M 3 ] = 3, and Theorem 5.3.8 is satisfied since 
dim[Kcr(T)]+ dim[Rng(T)] = 0 + 3 = dim[ 



4. Kcr(T) = {x e R 3 : T(x) = 0} = {x e R 3 : ^x = 0}. The augmented matrix of the system Ax = 0 is: 
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1 


-2 


1 


0 " 




" 1 


0 


-5 


0 " 


2 


-3 


-1 


0 


, with reduced row-echelon form of 


0 


1 


-3 


0 


5 


-8 


-1 


0 




0 


0 


0 


0 



Ker(T) = {x G R 3 : x = t{5, 3, 1), t G R}. 



Geometrically, this describes the line in R 3 through the origin, spanned by (5, 3, 1). 
dim[Kcr(T)] = 1. 

For the given transformation, Rng(T) = colspace(A). From the preceding reduced row-echelon form of A, 
we see that a basis for colspace(A) is given by the first two column vectors of A. Consequently, 



Rng(T) = {y G R 3 : y = r(l, 2, 5) + a(-2, -3, -8), r, a G R}. 
Geometrically, this is a plane through the origin in R 3 . 

dim[Rng(T)] = 2 and Theorem 5.3.8 is satisfied since dim[Ker(T)]+ dim[Rng(T)] = 1 + 2 = 3 = dim[R 3 ]. 
5. Kcr(T) = {x G M 3 : T(x) = 0} = {x G R 3 : Ax = 0}. The augmented matrix of the system Ax = 0 is: 



1 -1 2 

-3 3 -6 



with reduced row-echelon form of 



I— 1 


1 

I— 1 


2 


0 " 


0 


0 


0 


0 



. Thus 



Ker(T) = {x G R 3 : x = r(l, 1, 0) + s(-2, 0, 1), r, s G 



Geometrically, this describes the plane through the origin in R 3 , which is spanned by the linearly indepen- 
dent set {(1,1,0), (-2, 0,1)}. 
dim[Kcr(T)] = 2. 

For the given transformation, Rng(T) = colspace(A). From the preceding reduced row-echelon form of A, 
we see that a basis for colspace(A) is given by the first column vector of A. Consequently, 



Rng(T) = {y G R 2 : y = t(l, -3), * G R}. 
Geometrically, this is the line through the origin in R 2 spanned by (1,-3). 

dim[Rng(T)] = 1 and Theorem 5.3.8 is satisfied since dim[Kcr(T)j+ dim[Rng(T)] = 2 + 1=3 = dim[M 3 ]. 



6. Kcr(T) = {x G R 3 : T(x) = 0} = {x G 



h- 1 


3 


2 


0 " 


2 


6 


5 


0 



with reduced row-echelon form of 

Ker(T) = {x G R 3 : x 



: Ax = 0}. The augmented matrix of the system Ax = 0 is: 
. Thus 



I— 1 


3 


0 


0 " 


0 


0 


h- 1 


0 



-(-3,1,0), r G R}. 



Geometrically, this describes the line through the origin in R 3 , which is spanned by (—3, 1,0). 
dim[Ker(T)] = 1. 

For the given transformation, Rng(T) = colspace(A). From the preceding reduced row-echelon form of A, 
we see that a basis for colspace(A) is given by the first and third column vectors of A. Consequently, 
Rng(T) = span{(l,2), (2,5)} = R 2 , so that dim[Rng(T)] = 2. Geometrically, Rng(T) is the rry-plane, and 
Theorem 5.3.8 is satisfied since dim[Kcr(T)]+ dim[Rng(T)] = 1 + 2 = 3 = dim[M 3 ]. 

-5/3 -2/3 

1/3 1/3 

5/3 -1/3 

-1 1 



7. The matrix of T in Problem 24 of Section 5.1 is A = 



Thus, 



Ker(T) = nullspace(A) = {0} 
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and 



Rng(T) = colspace(A) = span 



8. The matrix of T in Problem 25 of Section 5.1 is A — 



-5/3 " 




" -2/3 


1/3 




1/3 


5/3 




-1/3 


-1 




1 


3 2 


-6 3 " 


-2 3 


-1 2 ' 



> . 



. Thus, 



and 



Ker(T) = nullspace(A) = span{(16/13, 15/13, 1,0), (-5/13, -12/13, 0, 1)} 
Rng(T) = colspace(^) = M 2 . 



9. The matrix of T in Problem 26 of Section 5.1 is A - 



32 3 
-5 2 
4 -7 



. Thus, 



and 



Ker(T) = nullspace(A) = {0} 
Rng(T) = colspace(^) = R 3 . 



10. The matrix of T in Problem 27 of Section 5.1 is A = 



0 -2/3 1/3 

3/2 -1 1 

0 2/5 -2/5 

-1/4 17/15 8/15 



Thus, 



Ker(T) = nullspace(A) = {0} 



and 



Rng(T) = colspace(A) = span < 



0 

3/2 
0 

-1/4 



-2/3 " 




■ 1/3 


-1 




1 


2/5 




-2/5 


17/15 




8/15 



11. (a) Ker(T) = {v e I 3 : (u, v) = 0}. For v to be in the kernel of T, u and v must be orthogonal. Since 
u is any fixed vector in R 3 , then v must lie in the plane orthogonal to u. Hence dim[Kcr(T)] = 2. 

(b) Rng(T) = {y e R : y = (u, v), v e R 3 }, and dim[Rng(T)] = 1. 

12. (a) Ker(S) = {A e M n (R) : A - A T = 0} = {A e M„(R) : A = A T }. Hence, any matrix in Ker(S) is 
symmetric by definition. 

(b) Since any matrix in Ker(S') is symmetric, it has been shown that {A\, A2, A3} is a spanning set for the 
set of all symmetric matrices in M 2 (R), where 



At 



" 1 0 " 




' 0 1 " 


, ^3 = 


'00" 


0 0 


,A 2 = 


1 0 


0 1 



Thus, dim[Ker(5)] = 3. 
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13. Kcr(T) = {A £ M n (R) : AB - BA = 0} = {A £ M 2 (R) : AB = BA}. This is the set of matrices that 
commute with B. 

14. (a) 

Ker(T) = {p £ P 2 : T(p) = 0} = {ax 2 + k + ceP 2 : ax 2 + (a + 26 + c)x + (3a - 26 - c) = 0, for all x}. 
Thus, for p{x) = ax 2 + bx + c to be in Ker(T), a, 6, and c must satisfy the system: 

a =0 
a + 26+c =0 
3a - 2b - c =0 

Solving this system, we obtain that a = 0 and c = —26. Consequently, all polynomials of the form 
Ox 2 + 6x + (-26) arc in Kcr(T), so 

Kcr(T) = {6(x — 2) : 6 e R}. 
Since Ker(T) is spanned by the nonzero vector x — 2, it follows that dim[Rng(T)] = 1. 
(b) In this case, 

Rng(T) = {T(ax 2 + bx + c) : a, 6, c £ R} 

= {ax 2 + (a + 26 + c)x + (3a - 26 - c) : a, 6, c e R} 
= {a(x 2 + x + 3) + 6(2x - 2) + c(x - 1) : a, 6, c e R} 
= {a(x 2 + x + 3) + (26 + c)(x - 1) : a, 6, c e M} 
= span{x 2 + x + 3, x — 1}. 

Since the vectors in this spanning set are linearly independent on any interval, it follows that the spanning 
set is a basis for Rng(T). Hence, dim[Rng(T)] = 2. 

15. Kcr(T) = {p e P 2 ■ T(p) = 0} = {ax 2 + 6x + c e P 2 : (a + 6) + (6 - c)x = 0, for all x}. Thus, 
a, 6, and c must satisfy: a + b = 0 and 6 — c = 0 a = — 6 and 6 = c. Letting c = r € R, we have 
ax 2 + 6x + c = r(-x 2 + x + 1). Thus, Kcr(T) = {r(-x 2 + x + 1) : r e R} and dim[Ker(T)] = 1. 

Rng(T) = {T(ax 2 + bx + c) : a, b,c e R} = {(a + 6) + (6 - c)x : a, b,c £ R} = {a + c 2 x : c x ,c 2 £ R}. 
Consequently, a basis for Rng(T) is {l,x}, so that Rng(T) = Pi, and dim[Rng(T)] = 2. 

16. Ker(T) = {p £ P x : T(p) = 0} = {ax + 6 £ P x : (6 - a) + (26 - 3a)x + 6x 2 = 0, for all x}. Thus, a 
and 6 must satisfy: b-a = 0, 26-3a = 0, and 6 = 0 a = 6 = 0. Thus, Kcr(T) = {0} and dim[Kcr(T)] = 0. 

Rng(T) = {T(ax + 6) : a, b £ R} = {(6 - a) + (26 - 3a)x + 6x 2 : a, 6 £ R} 

= {-a(l + 3x) + 6(1 + 2x + x 2 ) : a, 6 £ R} 

= span{l + 3x, 1 + 2x + x 2 }. 
Since the vectors in this spanning set are linearly independent on any interval, it follows that the spanning 
set is a basis for Rng(T), and dim[Rng(T)] = 2. 

17. 

T(v) = 0 ^> T(avi + 6v 2 + cv 3 ) = 0 

<^=> aT(vi) + 6T(v 2 ) + cT(v 3 ) = 0 

a(2wi — w 2 ) + 6(wi — w 2 ) + c(wi + 2w 2 ) = 0 

(2a + 6 + c)wi + (-a - 6 + 2c)w 2 = 0 
^> 2a + b + c = 0 and a - b + 2c = 0. 
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Reducing the augmented matrix of the system yields: 



2 


1 1 


0 " 




I— 1 


-1 2 


0 " 




' 1 


0 


1 — 1 


0 


h- 1 


-1 2 


0 




2 


1 1 


0 




0 


1 


-1 


0 



Setting c = r =>• b = r, a = —r. Thus, 

Ker(T) = {v e V : v = r(-vi + v 2 + v 3 ), r e M} and dim[Ker(T)] = 1. 



Rng(T) = {T(v) :veF} = {(2a + 6+ c)wi + (-a - 6 + 2c)w 2 : a,6,c G V} = span{wi,w 2 } = W. 
Consequently, dim[Rng(T)] = 2. 

18. (a) If w e Rng(T), then T(v) = w for some v £ V, and since {v l7 v 2 , . . . , v„} is a basis for V, there 
exist ci, c 2 , . . . , c n e R for which v = ciVi + c 2 v 2 + • • • + c„v„. 
Accordingly, w = T(v) = aiT(vi) + a 2 T(v 2 ) + • • • + a„T(v„). Thus, 

Rng(T) = span{T(vi),r(v 2 ), . . . , T(v„)}. 

We must show that {T(vi),T(v 2 ), . . . ,T(v„)} is also linearly independent. Suppose that 

&iT(vi) + fo 2 T(v 2 ) + • • • + 6„T(v„) = 0. 

Then T(&m + 6 2 v 2 + • • • + b n v n ) = 0, so since Kcr(T) = {0}, 6m + 6 2 v 2 + • • • + 6„v„ = 0. Since 
{vi, v 2 , . . . , v„} is a linearly independent set, the preceding equation implies that b\ = 6 2 = • • • = b n = 0. 
Consequently, {T(vi), T(v 2 ), . . . , T(v„)} is a linearly independent set in W. Therefore, since we have already 
shown that it is a spanning set for Rng(T), {T(vi), T(v 2 ), . . . ,T(v„)} is a basis for Rng(T). 

(b) As an example, let T : R 3 -» M 2 be defined by T((a,&,c)) = (a, 6) for all (a, 6, c) in E 3 . Then for the 
basis {ei, e 2 , e 3 } of M 3 , we have {T(ei), T(e 2 ), T(e 3 )} = {(1,0), (0, 1), (0, 0)}, which is clearly not a basis for 
R 2 . 

Solutions to Section 5.4 



True-False Review: 



1. FALSE. Many one-to-one linear transformations T : P 3 
example would be to define 

T(a 0 + a\x + a 2 x 2 + a 3 x 3 ) = 



M 32 can be constructed. One possible 



a 0 ai 
0 0 



It is easy to check that with T so defined, T is a one-to-one linear transformation. 
2. TRUE. We can define an isomorphism T : V — > M 32 via 





a 


6 


c 




a 


6 " 


'( 


0 


d 


e 


)■ 


c 


d 




_ 0 


0 


/ . 




e 


f 



With T so defined, it is easy to check that T is an isomorphism. 

3. TRUE. Both Kcr(Ti) and Ker(T 2 Ti) are subspaces of Vi, and since if Ti(vi) = 0, then (T 2 T 1 )v 1 = 
T 2 (Ti(vi)) = T 2 (0) = 0, we see that every vector in Ker(Ti) belongs to Kcr(T 2 Ti). Therefore, Ker(Ti) is a 
subspace of Ker(T 2 Ti). 
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4. TRUE. Observe that T is not one-to-one since Ker(T) ^ {0} (because Kcr(T) is 1 -dimensional) . 
Moreover, since M22 is 4-dimensional, then by the Rank-Nullity Theorem, Rng(T) is 3-dimcnsional. Since 
P 2 is 3-dimensional, we conclude that Rng(T) = P 2 ; that is, T is onto. 

5. TRUE. Since M 2 (R) is 4-dimensional, Rng(T) can be at most 4-dimensional. However, P4 is 5- 
dimcnsional. Therefore, any such linear transformation T cannot be onto. 

6. TRUE. If we assume that (T 2 7i)v = (T 2 7i)w, then T 2 (7\(v)) = T 2 (7i(w)). Since T 2 is one-to-one, 
then Ti(v) = Ti(w). Next, since T x is one-to-one, we conclude that v = w. Therefore, T 2 Ti is one-to-one. 

7. FALSE. This linear transformation is onto one-to-one. The reason is essentially because the derivative 
of any constant is zero. Therefore, Ker(T) consists of all constant functions, and therefore, Ker(T) ^ {0}. 

8. TRUE. Since M23 is 6-dimcnsional and Rng(T) is only 4-dimensional, T is not onto. Moreover, since P3 
is 4-dimensional, the Rank-Nullity Theorem implies that Ker(T) is O-dimensional. Therefore, Kcr(T) = {0}, 
and this means that T is one-to-one. 

9. TRUE. Recall that dim[R™] = n and dim[R m ] = to. In order for such an isomorphism to exist, R™ and 
R m must have the same dimension; that is, m — n. 

10. FALSE. For example, the vector space of all polynomials with real coefficients is an infinite-dimensional 
real vector space, and since R™ is finite-dimensional for all positive integers n, this statement is false. 

11. FALSE. In order for this to be true, it would also have to be assumed that T\ is onto. For example, 
suppose V\ = V 2 = V3 = R 2 . If we define T 2 (x,y) — (x,y) for all (x,y) in R 2 , then T 2 is onto. However, 
if we define Ti(x,y) = (0,0) for all (x,y) in R 2 , then (T 2 Ti)(x, y) = T 2 (Ti(x,y)) = T 2 (0,0) = (0,0) for all 
(x, y) in R 2 . Therefore T 2 T X is not onto, since Rng(T 2 7i) = {(0, 0)}, even though T 2 itself is onto. 

12. TRUE. This is a direct application of the Rank-Nullity Theorem. Since T is assumed to be onto, 
Rng(T) = R 3 , which is 3-dimensional. Therefore the dimension of Ker(T) is 8 — 3 = 5. 



Problems: 

1. TiT 2 (x) = Ti(T 2 (x)) = Ti(fix) = (AB)x, so T X T 2 = AB. Similarly, T 2 T X 



AB = 
TiT 2 (x) 



-1 2 
3 1 

: (AB)X : 



1 5 " 

-2 0 




" -5 
1 


-5 " 
15 


. BA = 


1 

-2 


" -5 


-5 




Xi 




— 5xi — 


5x 2 


1 


15 








x\ + 15x 2 


; 14 


7 " 




X\ 




14xi + 7x 2 " 


2 - 


-4 




x 2 




2xi - 4x 2 



-1 2 
3 1 



BA. 
14 7 

2 -4 



T 2 T 1 ( X ) = (BA) X = 
Clearly, TiT 2 + T 2 T X 

2. ^(^(x)) = B(A( X )) = [ -1 1 ] 
[2 3 ] x. 

TiT 2 does not exist because T\ must have a domain of ! 
of Ti, is R. 



= (— 5(xi + x 2 ), xi + 15x 2 ) and 
= (7(2x! + x 2 ), 2(xi -2x 2 )). 



Xi 

a; 2 



[ 



-1 1 



Xi 
3xi 



2:2 
2x 2 



[ 2xi + 3x 2 



3. Kcr(Ti) = {x e 
the system: Xi — x 2 



0 



I 2 : Ax = 0}. Ax 

0 and 2xi — 2x 2 = 0, or equivalently, x x = x 2 . Thus 

Ker(Ti) = {x e R 2 : x = r(l,l) where r E R 
Geometrically, this is the line through the origin in R 2 spanned by (1,1). 



2 , yet the range of T 2 , which must be the domain 
This matrix equation results in 



" 1 


-1 " 




Xi 




' 0 " 


2 


-2 




X 2 _ 




0 
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Ker(T 2 ) = {x€l 2 : Bx = 0}. Bx = 0 



Xi 

x 2 



. This matrix equation results in the 



system: 2xi + x 2 = 0 and 2>x\ — x 2 = 0, or cquivalcntly, x\ = x 2 = 0. Thus, Ker(T 2 ) = {0}. Geometrically, 
this is a point (the origin). 

Kcr(TiT 2 ) ={x€l 2 : (AB)x = 0}. (AB)x = 0 = 



" 1 


-1 " 




' 2 


1 " 




X\ 




' 0 " 


2 


-2 




3 


-1 




. X2 




0 



" -1 


2 " 








' 0 " 


-2 


4 




. ^2 




0 



. This matrix equation results in the system: 
—Xi + 2x 2 = 0 and — 2x% + 4x 2 = 0, 



or equivalently, x\ = 2x 2 . 

Thus, Kcr(TiT 2 ) = {x e M 2 : x = s(2, 1) where s € 
K 2 spanned by the vector (2, 1). 



1 -1 

2 -2 



Z2 



" 4 


-4 " 




Xi 




' 0 " 


1 


-1 




x 2 




0 



Geometrically, this is the line through the origin in 

Ker (T 2 Tx) ={x€l 2 : (BA)x = 0}. (BA)x = 0 == 

. This matrix equation results in the system: 
4xi — 4a; 2 = 0 and X\ — x 2 = 0, 

or equivalently, x\ = x 2 . 

Thus, Ker(T 2 Ti) = {x € M 2 : x = t(l, 1) where t € M.}. Geometrically, this is the line through the origin in 
K 2 spanned by the vector (1,1). 

4. 

(T 2 T 1 )(A) = T 2 (Ti(A)) = T 2 (A - A T ) = {A- A T ) + (A- A T ) T = {A- A T ) + (A T - A) = 0„. 
5. (a) (Ti(/))(x) = ^Mn(x - a)} = cos(x - a). 



{T 2 (f))(x) — / sin(t — a)dt = [— cos(t — a)] a = 1 — cos(a; — a). 

J a 

(TxT 2 )(/)(x) = A[i _ cos^ - a)] = sin(a; - a) = .f(x). 

(T 2 Ti)(f)(x) = J cos(i — a)d£ = [sin(i — a)]* = sin(x — a) = f(x). Consequently, 
(T 1 T 2 )(f) = (T 2 T 1 )(f) = f. 

d 



(b) (TiT 2 )(/) = Ti(T 2 (/)) = Tx f(x)<k 



x = 



dx 



f(x)dx)=f(x). 



{T 2 T l ){g)=T 2 {T l {g))=T 2 



dg{x) 
dx 



x dgjx) 
dx 



dx — g(x) — g(a). 



6. Let v € V. There exists a, 6 € R such that v = avi + 6v 2 . Then 

T 2 Ti (v) = T 2 [oTi(vi) + KTi(v 2 )] - T 2 [a(vi - v 2 ) + 6(2vi + v 2 )] 

= T 2 [(a + 26)vi + (6 - a)v 2 ] = (a + 2&)T 2 (vi) + (6 - a)T(v 2 ) 

= (a + 26) (vi + 2v 2 ) + (6 - a)(3vi - v 2 ) = (56 - 2a) Vi + 3(a + 6)v 2 . 

7. Let veF. There exists a, 6 G K such that v = avi + 6v 2 . Then 

T 2 Ti(v) = T 2 [aTi(vi) + KTi(v 2 )] - T 2 [a(3vi + v 2 )] 

= 3a(— 5v 2 ) + a(— Vi + 6v 2 ) = — avi — 9av 2 . 
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: Ax 



is: 



8. Kcr(T) = {x G E 2 : T(x) 
" 4 2 0 " 
1 3 0 
one-to-one by Theorem 5.4.7. 
For the given transformation, Rng(T) = {y G E 2 : Ax — y is consistent}. The augmented matrix of the 



0} = {x G 
, with reduced row-echelon form of 



0}. The augmented matrix of the system Ax = 0 
It follows that Ker(T) = {0}. Hence T is 



1 — 1 


0 


0 " 


0 


1 — 1 


0 



system Ax = y is 



4 2 
1 3 



2/1 

2/2 



with reduced 



-echelon form of 



1 0 
0 1 



(32/i 
(22/2 



ife)/5 
2/i )/5 



The system is, 



therefore, consistent for all (2/1,2/2), so that Rng(T) = E 2 . Consequently, T is onto. T 1 exists since T has 
been shown to be both one-to-one and onto. Using the Gauss- Jordan method for computing A -1 , we have 



4 2 
1 3 



1 0 
0 1 



- ! 



1 

10 



Thus, A~ 



1 
10 



9. Ker(T) = {x G 



so T-!(y) = A-iy- 

2 : T(x) = 0} = {x G E 2 : Ax = 0}. The augmented matrix of the system Ax = 0 is: 

r 1 9 n 1 

. It follows that 



h- 1 


2 


0 " 


0 


0 


0 



, with reduced row-echelon form of 

Ker(T) = {x G E 2 : x = t(-2, 1), t G 



By Theorem 5.4.7, since Ker(T) ^ {0}, T is not one-to-one. This also implies that T 1 does not exist. 
For the given transformation, Rng(T) = {y € R 2 : Ax = y is consistent}. The augmented matrix of the 



system Ax = y is 


1 

-2 




2 
4 


2/1 

2/2 . 


this matrix implies 


that 


22/ 


L + 


2/2 = 



with reduced row-echelon form of 



1 2 
0 0 



2/1 

2yi + 2/2 



. The last row of 



Rng(T) = {(2/1,2/2) e M 2 : 2yi + 2/2 = 0} = {y G M 2 : y = s(l, —2), s G E}. 
T is not onto because dim[Rng(T)] = 1^2 = dim[E 2 ]. 

10. Kcr(T) = {x G E 3 : T(x) = 0} = {x G E 3 : Ax = 0}. The augmented matrix of the system Ax = 0 is: 



1 — 1 


2 


1 


0 " 


2 


5 


1 — 


0 



" 1 


0 


-7 


0 " 


0 


1 — 1 


3 


0 



with reduced row-echelon form 



Ker(T) = {(0:1,0:2,0:3) G E 3 : x x = It, x 2 = -3i, x 3 = t,te 



. It follows that 



{x G 



: x 



i(7,-3,l), te 



By Theorem 5.4.7, since Ker(T) 7^ {0}, T is not one-to-one. This also implies that T -1 does not exist. 
For the given transformation, Rng(T) = {y G E 2 : Ax = y is consistent}. The augmented matrix of the 
system Ax = y is 



"12-1 


2/1 




'10-7 


52/i 


-22/2 " 


2 5 1 


2/2 _ 




0 1 3 


2/2 


-22/1 



We clearly have a consistent system for all y = (2/1,2/2) G 
Definition 5.3.3. 



\ thus Rng(T) = E 2 . Therefore, T is onto by 



11. Reducing A to row-echelon form, we obtain 



REF(A) 



1 3 5 

0 1 2 

0 0 0 

0 0 0 
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We quickly find that 
Moreover, 



Ker(T) = nullspace(^) = span{(l, -2, 1)}. 



Rng(T) = colspace(yl) = span < 





" 0 " 




" 1 " 




< 


3 




4 


> 




5 




4 






2 




1 — 


> 



Based on these calculations, we see that T is neither one-to-one nor onto. 
12. We have 



and so 



(0,0,1) = -1(2,1,-3) + |(1,0,0) + 1(0,1,0), 



no, 0, 1) - -1t(2, 1, -3) + |t(1, 0, 0) + 1t(o, 1, 0) 
= -1(7,-1) + |(4,5) + 1(-1,1) 



(0,4). 



(a) From the given information and the above calculation, we find that the matrix of T is A = ^ ^ . 

(b) Because A has more columns than rows, REF(A) must have an unpivoted column, which implies that 
nullspacc(A) ^ {0}. Hence, T is not one-to-one. On the other hand, colspace(yl) = M 2 since the first two 
columns, for example, are linearly independent vectors in M 2 . Thus, T is onto. 

13. Show T is a linear transformation: 
Let x, y e V and c, A e R where A ^ 0. 

T(x + y) = A(x + y) = Ax + Ay = T(x) + T(y), and 

T(cx) = A(cx) = c(Ax) = cT(x). Thus, T is a linear transformation. 

Show T is one-to-one: 

x e Kcr(T) T(x) = 0 Ax = 0 x = 0, since A ^ 0. Thus, Kcr(T) = {0}. By Theorem 5.4.7, T 
is one-to-one. 
Show T is onto: 

dim[Ker(T)]+ dim[Rng(T)] = dim[V] => dim[{0}]+ dim[Rng(T)] = dim[V] 

=> 0+ dim[Rng(T)] = dim[V] dim[Rng(T)] = dim[V] => Rng(T) = V. Thus, T is onto by Definition 

5.3.3. 

Find T" 1 : 

T-!(x) = lx since T(T- X (x)) = T Qx^ = A Qx^ = x. 

14. T : Pi -> Pi where T(aa; + 6) = (26 - a)x + (b + a). 
Show T is one-to-one: 

Kcr(T) = {p e Pi : T(p) = 0} = {ax + b <= Pi : (26 - a)x + (b + a) = 0}. Thus, a and 6 must satisfy the 
system 26 — a = 0, b + a = 0. The only solution to this system is a = 6 = 0. Consequently, Ker(T) = {0}, 
so T is one-to-one. 
Show T is onto: 

Since Ker(T) = {0}, dim[Ker(T)] = 0. Thus, dim[Kcr(T)]+ dim[Rng(T)] = dim [Pi] 

=> dim[Rng(P)] = dim[Pi], and since Rng(T) is a subspacc of Pi, it follows that Rng(T) = Pi. Conse- 
quently, T is onto by Theorem 5.4.7. 
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Determine T . 

Since T is one-to-one and onto, T _1 exists. T(ax + 6) = (26 — a)x + (b + a) 

A + B 2B — A 

=> T~ 1 [(2b- a)x + (b+ a)] = ax + b. If we let A = 2b- a and B = a+b, then 6 = — - — and a = 

so that T~ l [Ax + B] = -(2B - A)x + -(A + B). 

15. T is not one-to-one: 

Ker(T) = {p e P 2 : T(p) = 0} = {ax 2 + bx + c : c + (a — b)x = 0}. Thus, a, b, and c must satisfy the system 
c = 0 and a - b = 0. Consequently, Ker(T) = {r(x 2 1 1) : r e 1} / {0}. Thus, by Theorem 5.4.7, T is not 
one-to-one. T _1 does not exist because T is not one-to-one. 
T is onto: 

Since Ker(T) = {r(x 2 + x) : r e R}, we see that dim[Kcr(T)] = 1. 

Thus, dim[Kcr(T)]+ dim[Rng(T)] = dim[P 2 ] 1+ dim[Rng(T)] = 3 => dim[Rng(T)] = 2. Since Rng(T) 
is a subspace of Pi, 

2 = dim[Rng(T)] < dim [Pi] = 2, 

and so equality holds: Rng(T) = P x . Thus, T is onto by Theorem 5.4.7. 

16. {vi,v 2 } is a basis for V and T : V — > V is a linear transformation. 
Show T is one-to-one: 

Any v e V can be expressed as v = avi + 6v 2 where a, 6 e R. 

T(v) = 0 T(avi + 6v 2 ) = 0 aT(vi) + 6T(v 2 ) = 0 a(vi + 2v 2 ) + 6(2v x - 3v 2 ) = 0 

(a + 26)vi + (2a - 36)v 2 = 0 a + 2b = 0 and 2a - 36 = 0 a = b = 0 v = 0. Hence 
Ker(T) = {0}. Therefore T is one-to-one. 
Show T is onto: 

dim[Kcr(T)] = dim[{0}] = 0 and dim[Ker(T)]+ dim[Rng(T)] = dim[V] implies that 0+ dim[Rng(T)] = 2 
or dim[Rng(T)] = 2. Since Rng(T) is a subspace of V, it follows that Rng(T) = V. Thus, T is onto by 
Theorem 5.4.7. 
Determine T : 

Since T is one-to-one and onto, T -1 exists. 
T(ovi + 6v 2 ) = (a + 26)vi + (2a - 36)v 2 

=> T" 1 [(a + 26)vi + (2a-36)v 2 ] = (avi + 6v 2 ). If we let A = a + 26 and B = 2a -36, then a = ^(3A + 2P) 
and 6= -(2A-B). Hence, T^Avi + Pv 2 ) = -(3 A + 2P)vi + -(24 - P)v 2 . 

17. Let v e V. Then there exists a, 6 € K such that v = avi + 6v 2 . 

a . 6 



(TiT 2 )v = Ti[aT 2 (vi) + 6T 2 (v 2 )] = 7\ 



2 (vi +v 2 ) + -(vi - v 2 ) 



a + 6 m . , a — L, , a + 6. , a — 6. 

— Ii(vi) + — Ti(v 2 ) = — (vi + v 2 ) + — (vi - v 2 ) 

a + 6 a — 6\ (a + b a — 6\ 

— + — )^+{— 2 2 -Jv 2 = av 1 + 6v 2 = v. 

(T 2 Ti)v - T 2 [aTi(vi) + 67i(v 2 )] - T 2 [a(vi + v 2 ) + 6( Vl - v 2 )] 

= T 2 [(a + 6) Vl + (a-6)v 2 ] = (a + 6)T 2 (vi) + (a - 6)T 2 (v 2 ) 

a + 6 a — b. , 
= — ^( v i + v 2) H 2^ ( Vl - V2 ^ = aVl + ° V2 = v - 

Since (TiT 2 )v = v and (T 2 Ti)v = v for all v e V, it follows that T 2 is the inverse of T x , thus T 2 = Tf 1 . 
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18. An arbitrary vector in Pi can be written as 

p(x) = ap 0 (x) + bpi(x), 

where po(x) = 1 , and p\ (x) — x denote the standard basis vectors in Pi . Hence, we can define an isomorphism 
T : R 2 -> Pi by 

T{a 1 b) = a + bx. 

19. Let S denote the subspace of M 2 (ffi) consisting of all upper triangular matrices. An arbitrary vector in 
S can be written as 



a b 




' 1 


0 " 




' 0 


1 " 




' 0 


0 " 


0 c 


= a 


0 


0 


+ b 


0 


0 


+ c 


0 


1 



Therefore, we define an isomorphism T : R 3 — > S by 

T(a,b, c) = 



a b 
0 c 



20. Let S denote the subspace of M 2 (R) consisting of all skew-symmetric matrices. An arbitrary vector in 
S can be written as 



0 


a 




0 


1 " 


—a 


0 


= a 


-1 


0 



Therefore, we can define an isomorphism T : R — > S by 

T(a) = 



0 a 

-a 0 



21. Let S denote the subspace of M 2 (R) consisting of all symmetric matrices. An arbitrary vector in S can 
be written as 



a b 




' 1 


0 " 


+ b 


' 0 


1 " 




' 0 


0 " 


b c 


= a 


0 


0 


1 


0 


+ c 


0 


1 



Therefore, we can define an isomorphism T : R 3 — > S by 

T(a,b,c) 



a b 
b c 



22. A typical vector in V takes the form A - 



abed 
0 e / g 
0 0 h i 
0 0 0 j 



. Therefore, we can define T : V 



do 



via 



T{A) = (a,b,c,d,e,f,g,h,i,j). 

It is routine to verify that T is an invertible linear transformation. Therefore, we have n = 10. 

23. A typical vector in V takes the form p = a 0 + a 2 x 2 + a^rr 4 + a^x 6 + a s x 8 . Therefore, we can define 
T : V -» R 5 via 

T(p) = (a 0 ,a 2 ,a4,a 6 ,a s ). 
It is routine to verify that T is an invertible linear transformation. Therefore, we have n = 5. 
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24. Wc have 



25. Wc have 



26. Wc have 



27. Wc have 



Tf^x) = A _1 x 
T 2 - 1 (x) = A- 1 x = 



3 -1 
-2 1 



x. 



-1/3 -1/6 
1/3 2/3 



x. 



T 3 - 1 (x) = ,4- 1 x: 



11/14 -8/7 1/14 
-3/7 5/7 1/7 
3/14 1/7 -1/14 



x. 



t 4 : 1 ( x ) = a- 1 x = 



8 


-29 


-5 


19 


2 


-8 



28. The matrix of T 2 Ti is 

-2 1" 
-2 4 



" -4 


-1 " 




' 1 


1 " 




' -6 -7 " 


2 


2 




2 


3 




6 8 



The matrix of T X T 2 is 



1 1 

2 3 















" 3 5 


1 " 




. 


The 


matrix 


of T 4 T 3 


is 


1 2 


1 
















2 6 


7 




1 


1 


3 " 






3 5 1" 




" 10 


25 


23 


0 


1 


2 






1 2 1 




5 


14 


15 


3 


5 - 


-1 






2 6 7 




12 


19 


1 



1 1 

0 1 



3 " 




6 


13 


18 " 




2 




4 


8 


6 


. The matrix of T 3 T 4 is 


-1 




23 


43 


11 





30. We have 



{T 2 T 1 )(cvl 1 )=T 2 (T 1 (cvl 1 )) 
= T 2 (cTi(ui)) 
= c(T 2 (T 1 (u 1 ))) 



as needed. 



31. We first prove that if T is one-to-one, then T is onto. The assumption that T is one-to-one implies that 
dim[Kcr(T)] = 0. Hence, by Theorem 5.3.8, 

d\m[W] = dim[V] = dim[Rng(T)], 

which implies that Rng(T) = W. That is, T is onto. 

Next we show that if T is onto, then T is one-to-one. We have Rng(T) = W, so that dim[Rng(T)] = 
dim[T / l /r ] = dim[V]. Hence, by Theorem 5.3.8, we have dim[Ker(T)] = 0. Hence, Ker(T) = {0}, which implies 
that T is one-to-one. 

32. If T : V -> W is linear, then show that T^ 1 : W -» V is also linear. 

Let y, z e H 7 , c e K, and T(u) = y and T(v) = z where u, v e V. Then T" 1 ^) = u and T" 1 ^) = v. Thus, 



T-^y + z) = T-^TCu) + T(v)) = T _1 (T(u + v)) = u + v = T^y) + T'^z), 
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and 

T-\cy) = T-\cT(u)) = T-\T(ai)) = cu = cT-\y). 
Hence, T _1 is a linear transformation. 

33. Let T : V — > V be a one-to-one linear transformation. Since T is one-to-one, it follows from Theorem 
5.4.7 that Kcr(T) = {0}, so dim[Ker(T)] = 0. By Theorem 5.3.8 and substitution, 

dim[Ker(T)]+ dim[Rng(T)] = dim[V] =^0+ dim[Rng(T)] = dim[V] =*> dim[Rng(T)] = dim[V], 

and since Rng(T) is a subspace of V, it follows that Rng(T) = V, thus T is onto. T _1 exists because T is 

both one-to-one and onto. 

34. To show that {T(vi), T(v 2 ), . . . , T(vfc)} is linearly independent, assume that 

ciT(vi) + c 2 T(v 2 ) + • • • + c fc T(v fc ) = 0. 

We must show that ci = c 2 = • • • = Ck = 0. Using the linearity properties of T, we can write 

T(civi + c 2 v 2 H h CfeVfe) = 0. 

Now, since T is one-to-one, we can conclude that CiVi + c 2 v 2 + • • • + CfeVfc = 0, and since {v 1; v 2 , . . . , v fe } is 
linearly independent, we conclude that c\ = c 2 = • • • = Ck = 0 as desired. 

35. To prove that T is onto, let w be an arbitrary vector in W. We must find a vector v in V such that 
T(v) = w. Since {wi, w 2 , . . . , w m } spans W, we can write 

w = ciwi + c 2 w 2 H h c m w m 

for some scalars c\ , c 2 , . . . , c m . Therefore 

T(civi + c 2 v 2 H h c m v TO ) = CiT(vi) + c 2 T(v 2 ) H h c m T(v m ) = qwi + c 2 w 2 H h c m w m = w, 

which shows that v = CiVi + c 2 v 2 + • • • + c m v m maps under T to w, as desired. 

36. Since T is a linear transformation, Rng(T) is a subspace of W, but 

dim[VK] = dim[Rng(T)] = n, so = Rng(T), which means, by definition, that T is onto. 

37. CORRECTION: ASSUME THAT J\ IS ONE-TO-ONE. Let v be an arbitrary vector in V. 
Since (7\T 2 )(v) = v for all v in V, we can use 7\(v) instead of v. Thus, (T^^T^v)) = T^v). Since 7\ 
is one-to-one, we conclude that T 2 (Ti(v)) = v. That is, (T 2 Ti)(v) = v, as required. 

38. Suppose that x belongs to Rng(T). This means that there exists a vector v in V such that T(v) = x. 
Applying T to both sides of this equation, we have T(T(v)) = T(x), or T 2 (v) = T(x). However, since 
T 2 = 0, we conclude that T 2 (v) = 0, and hence, T(x) = 0. By definition, this means that x belongs to 
Ker(T). Thus, since every vector in Rng(T) belongs to Ker(T), Rng(T) is a subset of Ker(T). In addition, 
Rng(T) is closed under addition and scalar multiplication, by Theorem 5.3.5, and therefore, Rng(T) forms 
a subspace of Ker(T). 

39. 

(a) To show that T 2 Ti : Vi -» V 3 is one-to-one, we show that Kcr(T 2 Ti) = {0}. Suppose that vi G Ker(T 2 Ti). 
This means that (T 2 Ti)(vi) = 0. Hence, T 2 (Ti(vi)) = 0. However, since T 2 is one-to-one, we conclude that 
^i( v i) = 0- Next, since T\ is one-to-one, we conclude that vi = 0, which shows that the only vector in 
Ker(T 2 Ti) is 0, as expected. 



373 



(b) To show that T 2 T\ : V\ — ► V3 is onto, we begin with an arbitrary vector V3 in V3. Since T 2 : V 2 — > V3 is 
onto, there exists v 2 in V2 such that T 2 (v 2 ) = v 3 . Moreover, since Ti : V\ — > V 2 is onto, there exists vi in 
V\ such that Ti(vi) = v 2 . Therefore, 

(r 2 Ti)(vi) - T 2 (T!(vi)) = T 2 (v 2 ) = v 3 , 

and therefore, we have found a vector, namely Vi, in V\ that is mapped under T 2 Ti to v 3 . Hence, T 2 Ti is 
onto. 

(c) This follows immediately from parts (a) and (b). 

Solutions to Section 5.5 

True-False Review: 

1. FALSE. The matrix representation is an m x n matrix, not an n x m matrix. 

2. FALSE. The matrix [T\q would only make sense if C was a basis for V and B was a basis for W, and 
this would only be true if V and W were the same vector space. Of course, in general V and W can be 
different, and so this statement does not hold. 



3. FALSE. The correct equation is given in (5.5.2). 



4. FALSE. The correct statement is ([T] 



[T 



-llB 



5. TRUE. Many examples are possible. A fairly simple one is the following. Let T\ : M 2 — > M 2 be given 
by Ti(x,y) = (x,y), and let T 2 : M 2 -» M 2 be given by T 2 (x,y) = (y,x). Clearly, Ti and T 2 are different 

linear transformations. Now if B\ = {(1,0), (0, 1)} = Ci, then [Ti]^ 



0 1 



IfB 2 = {(l,0),(0,l)}and 



1 0 
0 1 



. Thus, although T\ 7^ T 2 , we found suitable bases B\, C\, B2, C 2 



C 2 = {(0,1), (1,0)}, then [T 2 }%1 = 
such that [T!]%\ - [T 2 \% 

6. TRUE. This is the content of part (b) of Corollary 5.5.10. 

Problems: 

1. 

(a): We must determine T(l), T(x), and T(x 2 ), and find the components of the resulting vectors in 
relative to the basis C. We have 

T(l) = (l,2), 2» = (0,1), T(x 2 ) = (-3,-2). 

Therefore, relative to the standard basis C on R 2 , we have 



[T(l)]c = 



[T(x)]c = 



[T{x 2 )]c = 



-3 
-2 



Therefore, 



[Tf B = 



1 0 -3 

2 1 -2 



(b): We must determine T(l), T(l+x), and T(l + x + x 2 ), and find the components of the resulting vectors 
in R 2 relative to the basis C. We have 



T(l) = (l,2), T(1 + .t) = (1,3), T(l + x + a; 2 ) = (-2,l). 
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Setting 

and solving, we find c\ 
and solving, we find c\ 



T(l) = (l,2) = Cl (l,-l) + c 2 (2,l) 

-1 



-1 and c 2 = 1. Thus, [T(l)] c 



. Next, setting 



T(l + x) = (1,3) =ci(l,-l)+c 2 (2,l) 



-5/3 
4/3 



-5/3 and c 2 = 4/3. Thus, [T(l + x)] c = 

T(l + a: + x 2 ) - (-2, 1) - Cl (l, -1) + c 2 (2, 1) 
and solving, we find c\ = -4/3 and c 2 = -1/3. Thus, [T(l + a; + x 2 )]c 



. Finally, setting 



-4/3 
-1/3 



Putting the results for 



[T(l)] c , [T(l + x)] c , and [T(l + x + x 2 )] c into the columns of [T]g, we obtain 



[Tf B = 



5 _4 

1 _? 
3 3 



(a): We must determine T(En), T(E 12 ), T(E 2 i), and T(E 22 ), and find the components of the resulting 
vectors in P 3 relative to the basis C. We have 

T(E n ) = l-x 3 , T(E 12 )=3x 2 , T(E 21 )=x\ T(E 22 ) = -1. 



Therefore, relative to the standard basis C on P 3 , we have 



[TOi)]c - 



1 
0 
0 

-1 



, [T(E 12 )] C = 



[T(E 21 )] C = 



[T(E 22 )] C = 



-1 
0 
0 
0 



Putting these results into the columns of [T]g, we obtain 



Pig 



10 0-1 

0 0 0 0 

0 3 0 0 

-10 1 0 



(b): The values oiT(E 2 i), T(Eu), T(E 22 ), and T(E\ 2 ) were determined in part (a). We must express those 
results in terms of the ordered basis C given in (b) . We have 



[T(E 21 )] C - 



, [T{E n )]c = 
Putting these results into the columns of [T]g, we obtain 

[Tf B = 



[T(E 22 )] C = 



[T(E 12 )] C = 



0 0 0 0 

0 1-10 

1-1 0 0 

0 0 0 3 
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3. 



(a): We must determine T(l, 0, 0), T(0, 1, 0), and T(0, 0, 1), and find the components of the resulting vectors 
relative to the basis C. We have 

T(1,0,0) = cosx, T(0,1,0) = 3sina;, T(0,0, 1) = -2cosa: + sinx. 

Therefore, relative to the basis C, we have 



[T(1,0,0)]< 



, [r(o,i,o)] c 



, [T(0,0,1)] C 



Putting these results into the columns of \T\%, we obtain 



[Tf B 



1 0 -2 
0 3 1 



(b): We must determine T(2, — 1, —1), T(l,3, 5), and T"(0,4, —1), and find the components of the resulting 
vectors relative to the basis C. We have 

T(2,-l,-l) = 4cos.t - 4sin.x, T(l,3,5) = -9 cos x + 14 sin x, T(0,4,-l) = 2cosx + 11 sinx. 

Setting 

4 cos x — 4 sin a; = ci(cosa; — since) + c 2 (cosa; + since) 



and solving, we find c\ — 4 and c 2 = 0. Therefore [T(2, — 1, — l)]c 



Next, setting 



-9 cos x + 14 sin x — c\ (cos x — sin x) + c 2 (cos x + sin or) 



and solving, we find c\ — —23/2 and c 2 = 5/2. Therefore, [T(l,3, 5)]c = 



-23/2 
5/2 



2cosx + 11 sinx = C!(cosa; — sinx) + c 2 (cosx + sin a;) 



and solving, we find c x = -9/2 and c 2 = 13/2. Therefore [T(0,4, -l)] c 



into the columns of [T]^, we obtain 



-9/2 
13/2 



. Finally, setting 



. Putting these results 



[T] C B 



4 _23 _9 

0 I il 

U 2 2 



4. 



(a): We must determine T(l), T(x), and T(x 2 ), and find the components of the resulting vectors relative to 
the standard basis C on P 3 . We have 



T(l) = l + x, T{x)=x + x\ T{x z ) = x z + x A . 



Therefore, 



[T(l)}c 



[T(x) 



c 



[T(x 2 )]c - 
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Putting these results into the columns of \T\%, we obtain 



[Tf B 



1 0 0 

1 1 0 

0 1 1 

0 0 1 



(b): We must determine T(l), T(x — 1), and T((x — l) 2 ), and find the components of the resulting vectors 
relative to the given basis C on P 3 . We have 



Setting 



T(l) = l + x, T(x- 1) = -1 + x 2 , T((x-l) 2 ) = l-2x-x 2 + x 3 . 
1+X= Cl(l) + c 2 (x - 1) + c 3 (x - l) 2 + c 4 (x - l) 3 



and solving, we find c± = 2, c 2 = 1, c 3 = 0, and c 4 — 0. Therefore [T(l)]c 

-1 + x 2 = ci(l) + c 2 (x - 1) + c 3 (x - l) 2 + c 4 (x - l) 3 
and solving, we find c\ — 0, c 2 — 2, C3 = 1, and C4 = 0. Therefore, [T(x — l)]c = 

1 - 2x - x 2 + x 3 = ci(l) + c 2 (a; - 1) + c 3 (x - l) 2 + c 4 (x - l) 3 



Next, setting 



Finally, setting 



and solving, we find c\ = —1, c 2 = —1, c 3 = 2, and C4 = 1. Therefore, [T((x — l) 2 )]c 



these results into the columns of \T}%, we obtain 



[T] C B 



. Putting 



2 0-1 

1 2 -1 

0 1 2 

0 0 1 



5. 



(a): We must determine T(l), T(x), T(x 2 ), and T(x 3 ), and find the components of the resulting vectors 
relative to the standard basis C on P 2 . We have 

T(l) = 0, T(x) = 1, T{x 2 ) = 2x, T(x 3 ) = 3x 2 . 

Therefore, if C is the standard basis on P 2 , then we have 



[T(l)]c - 



, [T(x)] t 



[T(x 2 )]c 



, [T(x 3 )] 



c 
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Putting these results into the columns of [T]g, we obtain 



[T] C B 



0 10 0 
0 0 2 0 
0 0 0 3 



(b): We must determine T(x 3 ), T(x 3 + 1), T(x 3 + x), and T(x 3 + x 2 ), and find the components of the 
resulting vectors relative to the given basis C on ?2- We have 



T(x 3 ) = 3x 2 , T(x 3 + l) = 3x 2 , T(x 3 + x) = 3x 2 + l, T(x 3 + x 2 ) = 3x 2 + 2x. 



Setting 



3a; 2 = ci(l) + c 2 (l + x) + c 3 (l + x + x 2 ) 
and solving, we find c\ — 0, c 2 = —3, and c 3 = 3. Therefore [T(x 3 )]c — 



. Likewise, [T(x 3 + l)] c = 



0 

-3 
3 



Next, setting 



3x 2 + 1 = ci(l) + c 2 (l + .t) + c 3 (l + .x + x 2 ) 
and solving, we find Ci = 1, c 2 = —3, and c 3 = 3. Therefore, [T(x 3 + x)] c = 

3x 2 + 2x = ci(l) + c 2 (l + x) + c 3 (l + a; + x 2 ) 

and solving, we find Ci = —2, c 2 = —1, and c 3 = 3. Therefore, [T(x 3 + 2x)\ 



. Finally, setting 



c 



results into the columns of [T]§, we obtain 



[Tf B = 



-2 
-1 
3 



. Putting these 



0 0 1-2 

-3 -3 -3 -1 
3 3 3 3 



6. 



(a): We must determine T(Eu), T(Ei 2 ), T(E 2 i), and T(£' 22 ), and find the components of the resulting 
vectors relative to the standard basis C on R 2 . We have 

T(E 11 ) = (1,1), T(£ 12 ) = (0,0), T(£ 21 ) = (0,0), T(E 22 ) = (1, 1). 

Therefore, since C is the standard basis on M. 2 , we have 



[T(En)]c = 



1 



> [T(£7i 2 )]c = 



[T(^2l)] C = 



, [T(E 22 )] C = 



Putting these results into the columns of [T]g, we obtain 



[Tf B 



10 0 1 
10 0 1 
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(b): Let us denote the four matrices in the ordered basis for B as A\, A 2 , A3, and At, respectively. We 
must determine T(Ai), T(A 2 ), T(A 3 ), and T(Ai), and find the components of the resulting vectors relative 
to the standard basis C oni 2 . We have 



T(A!) = (-4,-4), T(A 2 ) = (3,3), T(A S ) = (-2, -2), T(Ai) = (0,0). 
Therefore, since C is the standard basis on R 2 , we have 



-4 
-4 



[T(4,)]< 



[T(4»)]< 



Putting these results into the columns of [T]g, we obtain 



Pig 



-4 3-2 0 
-4 3-2 0 



7. 

(a): We must determine T(En), T(E 12 ), T{E 21 ), and T(E 22 ), and find the components of the resulting 
vectors relative to the standard basis C on M 2 (M). We have 

^(-^li) = .En, T(Ei 2 ) — 2_E 12 — E 2 i, T(E 2 i) — 2E 2 i — E 12 , T(E 22 ) = E 22 . 

Therefore, we have 



[T(E 



line 



0 
2 
-1 
0 



> [T(£7i 2 )]c = 
Putting these results into the columns of \T}%, we obtain 

[Tf B = 



[T{E: 



21)\C 



[T{E 22 )]c = 



10 0 0 
0 2-10 

0-1 2 0 

0 0 0 1 



(b): Let us denote the four matrices in the ordered basis for B as A±, A 2 , A 3 , and A 4 , respectively. We 
must determine T(Ai), T(A 2 ), T(A^), and T{Ai), and find the components of the resulting vectors relative 
to the standard basis C on M 2 (R). We have 

T(A 1 ) = 

Therefore, we have 



T(A 2 ) 



1 0 
3 2 



T(A 3 ) 



T(A 4 ) 



0 7 

-2 0 



[T(A 



D\c 



, [T(A 2 )] C 



[T(A 



3JJC 



. [T(^)]c 
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Putting these results into the columns of [T]g, we obtain 



[T] C B 



-110 0 

-2 0-8 7 
-2 3 7-2 

-3 2-2 0 



8. 

(a): We must determine T(e 2x ) and T(e~ 3x ), and find the components of the resulting vectors relative to 
the given basis C. We have 

T(e 2x ) = 2e 2x and T(e~ 3x ) = -3e~ 3a; . 

Therefore, we have 



[T]\ 



2 0 

0 -3 



(b): We must determine T(e 2x — 3e 3x ) and T(2e 3x ), and find the components of the resulting vectors 
relative to the given basis C. We have 



Now, setting 



T(e 2x - 3e- 3x ) = 2e 2x + 9e- 3x and T(2 e - 3x ) = ~6 e - 3x . 
2e 2x + 9e- 3x = Cl (e 2x + e~ 3x ) + c 2 (~e 2x ) 



and solving, we find c\ = 9 and c 2 = 7. Therefore, [T(e — 3e )]c = 



. Finally, setting 



and solving, we find c\ = c 2 = —6. Therefore, [T(2e 3x )]c 
of [T]g, we obtain 



-6e~ 3x = Cl (e 2x + e- 3x ) + c 2 (-e 2x ) 

. Putting these results into the columns 



-6 
-6 



9 -6 
7 -6 



9. 



(a): Let us first compute [T]§. We must determine T(l) and T(x), and find the components of the resulting 
vectors relative to the standard basis C = {En, E\ 2 , E 2 i, -B22} on M 2 (R). We have 



Therefore 



T(l) = 



[r(i)]< 



1 0 

0 -1 



Hence, 



and T(x) = 



and [T(x)] c 



1 -1 

0 0 

0 -2 

-1 1 



-1 0 
-2 1 

-1 

0 
-2 

1 



380 



Now, 

Therefore, we have 



-2 + 3x]j 



-2 
3 



[T(p(x))] c = [T] c B \p{x)\i 



1 

1 — 1 


1 

1 — 1 




" -5 " 


0 


0 




' -2 " 




0 


0 


-2 




3 




-6 


I— 1 


1 




5 



Thus, 



(b): We have 



10. 



T(p(x)) 



-5 0 
-6 5 



T(p(x)) = T(-2 + 3s) 



-5 0 
-6 5 



(a): Let us first compute [T]g. We must determine T(1,0, 0), T(0, 1, 0), and T(0, 0, 1), and find the 
nents of the resulting vectors relative to the standard basis C = {l,x, x 2 , x 3 } on P 3 . We have 



T(1,0,0) = 2-x-x 3 , T(0,l,0) = -x, T(0,0,1) = x + 2x 3 . 



Therefore, 



2 
-1 
0 
-1 



[T(0,1,0)] C = 



[T(1,0,0)] C = 

Putting these results into the columns of we obtain 
Now, 

and therefore, 



[T(0,0,1)] C = 



2 


0 


0 


-1 


-1 


1 


0 


0 


0 


1 


0 


2 



[v] B = [(2,-l,5)] B 



2 

-1 
5 



[T(v)]c=[T]%[v] B 



2 


0 


0 


| — i 




I— 1 


0 


0 


0 


1 


0 


2 



2 

-1 
5 



4 
4 
0 



Therefore, 

T(v) = 4 + 4a; + 8a; 3 . 



381 



(b): We have 



T(v) = T(2, -1,5) = 4 + 4a; + 8x 3 . 



11. 



(a): Let us first compute [T]%. We must determine T(E n ), T(E 12 ), T(E 2 i), and T(E 22 ), and find the 
components of the resulting vectors relative to the standard basis C = {En, E\ 2 , E 2 i, E 22 }. We have 



Therefore, 



T(E 12 ) = 



T{E 21 ) = 



0 0 
0 3 



T{E 22 ) = 



1 3 
0 0 



2 
-1 

0 
-1 



[T(E 12 )} C 



-1 
0 
0 

-1 



[T(E 21 )] C 



Putting these results into the columns of [T] B , we obtain 



[T(E 22 )] C 



Now, 



and therefore, 



Hence, 



[Tf B 



[Ah 



[T(A)] c = [Tf B [A] B 



2 
-1 

0 
-1 



T(A) = 



-1 0 1 

0 0 3 

0 0 0 

-13 0 



-7 
2 
1 

-3 



-1 0 1 

0 0 3 

0 0 0 

-13 0 

-19 -2 
0 8 



" -7 " 




" -19 " 


2 




-2 


1 




0 


-3 




8 



(b): We have 



T(A) 



-19 
0 



12. 



(a): Let us first compute [T]§. We must determine T(l), T(x), and T(x 2 ), and find the components of the 
resulting vectors relative to the standard basis C = {1 4 }. We have 



T(l) = x 2 , T{x) = x 3 , T{x 2 ) = x 4 
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Therefore, 



[T(l))c = 



, [T(x)] c = 



PV)]c = 



Putting these results into the columns of [T]g, we obtain 



Now, 



[Tf B 



and therefore, 



[T{ P {x))]c=[Tf B \p{x)} 1 



' 0 


0 


0 " 






0 


0 


0 






1 


0 


0 






0 


1 


0 






0 


0 


1 












" -1 " 




)X — 


Qx 2 


B- 




5 


1 








-6 




' 0 


0 


0 " 




0 " 


0 


0 


0 




" -1 " 




0 


1 


0 


0 




5 




-1 


0 


1 


0 




-6 




5 


0 


0 


1 




-6 



Hence, 



(b): We have 



13. 



T(p(x)) = -x 2 + 5x 3 -6x 4 . 
T(p(x)) = -x 2 + 5x 3 -6x 4 . 



(a): Let us first compute [T]§. We must determine T(Eij) for 1 < i 1 j < 3, and find components of the 
resulting vectors relative to the standard basis C = {1}. We have 

T(E n ) = T{E 22 ) = T(E 33 ) = 1 and T(E 12 ) = T(E 13 ) - T(E 23 ) = T(E 21 ) = T(E 31 ) - T(E 32 ) = 0. 

Therefore 

[T(E u )]c = [T{E 22 ] C = [r(^ 33 ] c = [1] and all other component vectors are [0]. 
Putting these results into the columns of \T}%, we obtain 

[T]g = [1 000 1 000 1]. 



383 



Now, 



[A]b = 



2 
-6 
0 
1 
4 
-4 
0 
0 
-3 



and therefore, 



[T(A)]c = [T] c B [A} B = [ 1 0 0 0 1 0 0 0 1 ] 



2 
-6 
0 
1 

4 = [3]. 
-4 
0 
0 

^ -3 
Hence, T(A) = 3. 
(b): We have T(A) = 3. 
14. 

(a): Let us first compute [T]g. We must determine T(l), T(a;), T(x 2 ), T(x 3 ), and T(a; 4 ), and find the 
components of the resulting vectors relative to the standard basis C — {1, x, x 2 , x 3 }. We have 



T(1)=0, T(x) = l, T(x 2 )=2x, T(x 3 ) = 3x 2 , T(x A )=4x 3 . 



Therefore, 



[T(l)}c 



[T(x)] c 

0 

Putting these results into the columns of [T] B , we obtain 

[Tf B = 



[T{x 3 )] c 



[T(x 4 )} c 



0 
0 
0 

4 



0 10 0 0 

0 0 2 0 0 

0 0 0 3 0 

0 0 0 0 4 



Now, 



[p(x)] B = [3 - Ax + 6x 2 + 6x 3 - 2x 4 ] B = 



3 

-4 
6 
6 

-2 



384 



and therefore, 



[T(p(x))] c = [T]%\p(x)] B = 



0 10 0 0 

0 0 2 0 0 

0 0 0 3 0 

0 0 0 0 4 



3 
-4 
6 
G 

-2 



-4 
12 
18 



Therefore, 



(b): We have 



15. 



T(p(x)) = T(3 -4x + 6x 2 + 6a; 3 - 2a; 4 ) = -4 + 12a; + 18a; 2 - 8x 3 . 
T(p(x)) =p'(x) = -4+ 12a; + 18x 2 - 8x 3 . 



(a): Let us first compute \T}%. We must determine T(l), T(x), T(x 2 ), and T(x 3 ), and find the components 
of the resulting vectors relative to the standard basis C = {1}. We have 



T(l) = l, T(ar) = 2, T(a; 2 ) = 4, T(a; 3 ) = 



Therefore, 



[T(l)] c = [l], P»] c = [2], [T(x 2 )] c = [4], [T(a; 3 )] c = [8]. 
Putting these results into the columns of [T]g, we obtain 

[T]g = [ 1 2 4 8 ] . 

Now, 



[p(aO] B = [2x - 3x 2 ] B = 



and therefore, 



-8]. 



[T(p(x))] c = [Tf B \p(x)] B =[1 2 4 8] 

Therefore, T(p(x)) = -8. 

(b): We have p(2) = 2 • 2 - 3 • 2 2 = -8. 

16. The linear transformation T 2 Ti : P4 — > E is given by 

(T 2 T 1 )(p(x))=j/(2). 

Let A denote the standard basis on P4, let B denote the standard basis on P3, and let C denote the standard 
basis on R. 

(a): To determine [T^Ti]^, we compute 

(T 2 Ti)(l)=0, (T 2 Ti)(a;) = 1, (T 2 T!)(a; 2 ) = 4, (T 2 Ti)(a; 3 ) = 12, (T 2 Ti)(a; 4 ) = 32. 
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Therefore 

[(T 2 T 1 )(1)] C = [0], [(T 2 T 1 )(x)] c = [l], l(T 2 T 1 )(x 2 )}c = [4], [(T 2 Ti)(a; 3 )]c = [12], [(r 2 Ti)(^)]c = [32]. 
Putting these results into the columns of [T 2 7i]^, we obtain 

[T 2 Ti]5 = [ 0 1 4 12 32 ] . 

(b): We have 



PygM = [ 12 4 8 



0 10 0 0 

0 0 2 0 0 

0 0 0 3 0 

0 0 0 0 4 



[ 0 1 4 12 32 ] = [T 2 Ti]S. 



(c): Let = 2 + 5a; — x 2 + 3x 4 . Then the component vector of p(x) relative to the standard basis A is 
2 



\p(x)]a = 



. Thus, 



Therefore, 
Of course, 



[(T 2 T 1 )(p(x))] c - [TiT^M^U = [ 0 1 4 12 32 ] 

(T 2 Ti)(2 + 5x - x 2 + 3x 4 ) = 97. 
p'(2) = 5-2 • 2 + 12 • 2 3 = 97 



= [97]. 



by direct calculation as well. 

17. The linear transformation T 2 Ti : P\ —> M 2 is given by 

(T 2 T 1 )(a+6a;) = (0,0). 

Let A denote the standard basis on Pi, let i? denote the standard basis on M 2 (R), and let C denote the 
standard basis on K 2 . 

(a) : To determine [T 2 Ti]^, we compute 

(T 2 Ti)(l) = (0, 0) and (T 2 Ti)(x) = (0, 0). 

Therefore, we obtain [T 2 Ti]g = 0 2 . 

(b) : We have 



[r 2 ]g[T!]f 



10 0 1 
10 0 1 



1 -1 

0 0 

0 -2 

-1 1 



0 2 = [TaTift. 
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(c): The component vector of p(x) = — 3 + 8x relative to the standard basis A is = 

[(T 2 T 1 )(^))]c - [T&FMxftA = WMU 

(T 2 T!)(-3 + 8x) = (0,0). 
(T 2 T 1 )(-3 + 8x) = T 1 



-3 
8 



Thus, 



Therefore 
Of course 



-11 0 
-16 11 



(0,0) 



by direct calculation as well. 

18. The linear transformation T 2 T\ : P 2 — > P 2 is given by 

(r 2 T 1 )(^)) = [(.x + iMx)]'. 

Let A denote the standard basis on P 2 , let B denote the standard basis on P 3 , and let C denote the standard 
basis on P 2 . 

(a): To determine [T^Ti]^, we compute as follows: 



(T 2 T 1 )(1) - 1, (T 2 Ti)(a;) = l + 2x, (T 2 Ti)(x 2 ) = 2x + 3x 2 . 



Therefore, 



[(TaTiXl)] 



Putting these results into the columns of [T 2 Ti] A , we obtain 



1 1 0 
0 2 2 
0 0 3 



(b): We have 



[T2]%[Ti]% = 



0 10 0 
0 0 2 0 
0 0 0 3 



1 0 0 

1 1 0 

0 1 1 

0 0 1 



1 1 0 
0 2 2 
0 0 3 



MIS. 



(c): The component vector of p(x) = 7 — x + 2x 2 relative to the standard basis A is [p(ar)]x 
Thus, 



Therefore, 





"110" 




7 " 




" 6 " 


[(T 2 T 1 )(p(x))}c = [T 2 T 1 f A \p(x)U = 


0 2 2 




-1 




2 




0 0 3 




2 




6 


(T 2 T 1 )(7-x + 2x 2 ) 


= 6 + 2x + 6x 


2 
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Of course 

(T 2 7i)(7 -x + 2x 2 ) = T 2 ((x + 1)(7 -x + 2x 2 )) = T 2 (7 + 6x + x 2 + 2x 3 ) = 6 + 2x + 6x 2 
by direct calculation as well. 

(d): YES. Since the matrix [T 2 Ti]^ computed in part (a) is invertible, T 2 Ti is invertible. 

19. NO. The matrices [T]g obtained in Problem 2 are not invertible (they contain rows of zeros), and 
therefore, the corresponding linear transformation T is not invertible. 

20. YES. We can explain this answer by using a matrix representation of T. Let B = {l,x,x 2 } and let 
C= {(1,0,0), (0,1,0), (0,0,1)}. Then T(l) = (1,1,1), T(x) = (0,1,2), and T(x 2 ) = (0,1,4), and so 

10 0" 
111. 
1 2 4 

Since this matrix is invertible, the corresponding linear transformation T is invertible. 

21. Note that 

w belongs to Rng(T) w = T(v) for some v in V 

■^=> [w]c = PX v )]c f° r some v in V 
[ w ]c = Pis Mb f° r some v in V. 

The right-hand side of this last expression can be expressed as a linear combination of the columns of 

and therefore, w belongs to Rng(T) if and only if [w]c can be expressed as a linear combination of the 

columns of [T]g. That is, if and only if [w]c belongs to colspace([T]g). 

Solutions to Section 5.6 



[Tf B = 



True-False Review: 

1. FALSE. If v = 0, then Av = Av = 0, but by definition, an eigenvector must be a nonzero vector. 

2. TRUE. When we compute det(A — XI) for an upper or lower triangular matrix A, the determinant is 
the product of the entries lying along the main diagonal of A — XI: 

det(A - XI) = (an - A)(a 22 - A) . . . (a nn - A). 

The roots of this characteristic equation are precisely the values an, a 22 , . . . , a nn along the main diagonal of 
the matrix A. 

3. TRUE. The eigenvalues of a matrix are precisely the set of roots of its characteristic equation. Therefore, 
two matrices A and B that have the same characteristic equation will have the same eigenvalues. 



4. FALSE. Many examples of this can be found. As a simple one, consider A 
We have det(A - XI) 



0 0 
0 0 



and B 



0 1 
0 0 



is an eigenvector 



(—A) 2 = A 2 = dct(£> — XI). Note that every nonzero vector in 

a 
0 

Therefore, A and B do not have precisely the same set of eigenvectors. In this case, every eigenvector of B 
is also an eigenvector of A, but not conversely 



of A corresponding to A = 0. However, only vectors of the form 



with a 0 are eigenvectors of B. 
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5. TRUE. Geometrically, all nonzero points v = (x,y) in M 2 are oriented in a different direction from the 
origin after a 90° rotation than they are initially. Therefore, the vectors v and Av are not parallel. 

6. TRUE. The characteristic equation of an n x n matrix A, det(A — XI) is a polynomial of degree n i 
the indeterminate A. Since such a polynomial always possesses n roots (with possible repeated or complex 
roots) by the Fundamental Theorem of Algebra, the statement is true. 

7. FALSE. This is not true, in general, when the linear combination formed involves eigenvectors cor 
responding to different eigenvalues. For example, let A ■■ 



0 2 



with eigenvalues A 



It is easy to see that corresponding eigenvectors to these eigenvalues are, respectively, vi 
. However, note that 

A( Vl + bfv 2 ) = 



1 and A = 2. 

and 



v 2 



which is not of the form A(vi + v 2 ), and therefore vi + v 2 is not an eigenvector of A. As a more trivial 
illustration, note that if v is an eigenvector of A, then Ov is a linear combination of {v} that is no longer an 
eigenvector of A. 

8. TRUE. This is basically a fact about roots of polynomials. Complex roots of real polynomials always 
occur in complex conjugate pairs. Therefore, if A = a + ib (b ^ 0) is an eigenvalue of A, then so is A = a — ib. 

9. TRUE. If A is an eigenvalue of A, then we have Av = Av for some eigenvector v of A corresponding to 
A. Then 

A 2 v = A(Av) = A(Xv) = \{Av) = A(Av) = A 2 v, 
which shows that v is also an eigenvector of A 2 , this time corresponding to the eigenvalue A 2 . 
Problems: 



Av. 



1. 


Av = 


" 1 3 " 

2 2 




' 1 " 

1 




4 " 

4 




4 


1 " 

1 




Av. 








1 - 


-2 - 


6 " 






2 " 






6 " 




2 " 


2. 


Av = 


-2 


2 - 


5 






1 






3 


= 3 


1 






2 


1 


8 






1 






3 




-1 



3. Since v = c\ 

Av 

4. ^4vi = Aivi = 
Av 2 = A 2 v 2 



+ c 2 

4 
2 
4 





4 




' Ci + 


4c 2 " 










3 




-3c 2 


, it follows that 




0 




— 3ci 












' ci + 4c 2 




" -2ci - 8c 2 " 




" ci + 4c 2 






-3c 2 




6c 2 


= -2 


-3c 2 






— 3ci 




6ci 




— 3ci 



Av. 



= Ai 



"41" 




I— 1 


= A 2 


I— 1 




' 5 " 




' A 2 " 


2 3 




I— 1 


1 




5 




. A 2 . 



Ai 
-2Ai 

A 2 = 5. 



Ai = 2. 



Thus Ai = 2 corresponds to vi and A 2 = 5 corresponds to v 2 . 

5. The only vectors that arc mapped into a scalar multiple of themselves under a reflection in the x-axis 
are those vectors that either point along the a;-axis, or that point along the y-axis. Hence, the eigenvectors 



389 



are of the form (a, 0) or (0, 6) where a and b are arbitrary nonzero real numbers. A vector that points along 
the x-axis will have neither its magnitude nor its direction altered by a reflection in the x-axis. Hence, the 
eigenvectors of the form (a, 0) correspond to the eigenvalue A = 1. A vector of the form (0, b) will be mapped 
into the vector (0, —b) = —1(0, b) under a reflection in the x-axis. Consequently, the eigenvectors of the form 
(0, b) correspond to the eigenvalue A = — 1. 

6. Any vectors lying along the line y — x are unmoved by the action of T, and hence, any vector (t, t) with 
t 0 is an eigenvector with corresponding eigenvalue A = 1. On the other hand, any vector lying along 
the line y = — x will be reflected across the line y = x, thereby experiencing a 180° change of direction. 
Therefore, any vector (t, —t) with t ^ 0 is an eigenvector with corresponding eigenvalue A = — 1. All vectors 
that do not lie on the line y — x or the line y = — x are not eigenvectors of this linear transformation. 

7. If 8 ^ 0, 7r, there are no vectors that are mapped into scalar multiples of themselves under the rotation, 
and consequently, there arc no real eigenvalues and eigenvectors in this case. If 8 = 0, then every vector is 
mapped onto itself under the rotation, therefore A — 1, and every nonzero vector in R 2 is an eigenvector. If 
8 = 7r, then every vector is mapped onto its negative under the rotation, therefore A = — 1, and once again, 
every nonzero vector in R 2 is an eigenvector. 

8. Any vectors lying on the y-axis are unmoved by the action of T, and hence, any vector (0, y, 0) with y 
not zero is an eigenvector of T with corresponding eigenvalue A — 1. On the other hand, any vector lying 
in the xz-plane, say (x,0, z) is transformed under T to (0,0,0). Thus, any vector (x,0, z) with x and z not 
both zero is an eigenvector with corresponding eigenvalue A = 0. 



0 



9. det{A - XI) = 0 <^= 
<^ (A + 2)(A-4) = 0 
If A = — 2 then (A — XI)v = 0 assumes the form 



3 - A -1 

-5 -1-A 
=> A = -2 or A = 4. 



A 2 - 2A - 8 = 0 



5 


-1 " 




Vl 




' 0 " 


-5 


1 




V 2 




0 



bvi — v 2 = 0 =>■ v 2 = 5v\. If we let V\ = t e M, then the solution set of this system is {(t, 5t) : t € 



so the eigenvectors corresponding to A = — 2 arc v = t(l, 5) where t G 
If A = 4 then (^4 — A/)v = 0 assumes the form 



v 2 



-I -1 
-5 -5 

=> —vi —v 2 = 0 =>■ v 2 = —vi. If we let v 2 = r e R, then the solution set of this system is {(r, — r) : r G 
so the eigenvectors corresponding to A = 4 arc v — r(l, — 1) where ret. 



10. det(A - XI) = 0 <= 

(A - 3)(A + 5) = 0 A = 3 or A = -5. 
If A = 3 then (A — XI)v = 0 assumes the form 



1-A 6 

2 -3 - A 
> A = 3 or A = - 



0 



A 2 + 2A- 15 = 0 



-2 
2 



vi 



==>■ vi — 3v 2 = 0. If we let v 2 = r e R, then the solution set of this system is {(3r, r) : r e 
eigenvectors corresponding to A = 3 arc v = r(3, 1) where rel. 



If A = — 5 then (A — A/)v = 0 assumes the form 



6 6 
2 2 





«1 




' 0 " 




. W 2 




0 



==>■ «i + «2 = 0. If we let »2 = s £ R, then the solution set of this system is {(— s, s) : s e 
eigenvectors corresponding to A = — 5 arc v = s(— 1, 1) where s € R. 



so the 



so the 



11. det(4 — A/) = 0 



0 



7 - A 4 
-1 3 - A 
(A - 5) 2 = 0 ^> X = 5 of multiplicity two 



A 2 - 10A + 25 = 0 
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If A = 5 then (A — A/)v = 0 assumes the form 



2 4 vi 0 
-1 -2 J [ v 2 \ ~ [ 0 

vi + 2v 2 = 0 v\ = —2v 2 . If we let v 2 = t e R, then the solution set of this system is {(— 2t, t) : t e 
so the eigenvectors corresponding to A = 5 are v = t(— 2, 1) where tel. 

2 - A 0 



12. det(A - A/) = 0 



0 



2- A 



0 



(2 -A)* 



0 



A = 2 of multiplicity two. 



If A = 2 then (A — XI)v — 0 assumes the form 



0 0 
0 0 



v 2 



Thus, if we let v\ = s and v 2 — t where s,ielR, then the solution set of this system is {(s,t) : s,t € 
the eigenvectors corresponding to A = 2 arc v = s(l, 0) + t(0, 1) where s,t gl. 



so 



13. det(A- A/) = 0 



3- A 
4 



-2 

■1- A 



0 



A 2 -2A 


+ 5 = 0^= 


>X = 


l±2i. 


2 + 2i 


-2 




Vl 




' 0 


4 


-2 + 2i 




v 2 




0 



If A = 1 — 2i then (A — AJ)v = 0 assumes the form 

=> (1 + i)v\ — v 2 = 0. If we let v\ — s <E C, then the solution set of this system is {(s, (1 + i)s) : s e UJ- so 
the eigenvectors corresponding to A = 1 — 2« arc v = s(l, 1 + i) where s € C. By Theorem 5.6.8, since the 
entries of A are real, A = 1 + 2i has corresponding eigenvectors of the form v = t(l, 1 — i) where t € C. 



14. det(A - A/) = 0 



2- A 3 
-3 2 - A 



0 



(2 -A) 2 = -9 



A = 2 ± 3z. 



If A = 2 — 3j then (A — AJ)v = 0 assumes the form 



3i 3 vi 0 
-3 3i \ [ v 2 \ ~ [ 0 

=> t>2 = — it)i. If we let vi = t £ C, then the solution set of this system is {(t, — it) : t E C} so the 
eigenvectors corresponding to A = 2 — 3i arc v = t(l, — i) where t £ C. By Theorem 5.6.8, since the entries 
of A are real, A = 2 + 3i has corresponding eigenvectors of the form v = r(l,i) where r e C. 



10 -A -12 
0 2 - A 
-8 12 



15. &et(A — XI) = 0 
If A = 2 then (A — A/)v = 0 assumes the form 



0 

6- A 



0 



= 0 <= 

-12 
0 
12 



(A -2f 



0 



A = 2 of multiplicity three. 









' 0 " 




v 2 




0 




. V 3 




0 



=> 2vi — 3«2 + 2^3 = 0. Thus, if we let v 2 — 2s and w 3 = t where s,(el, then the solution set of this 
system is {(3s — t, 2s, t):s,(eR} so the eigenvectors corresponding to A = 2 are v = s(3, 2, 0) + t(— 1, 0, 1) 
where s.tgM. 



3 - A 0 0 

0 2-A -1 

1 -1 2-A 



16. dct(A - XI) = 0 <^= 
multiplicity two. 

If A = 1 then (A — A/)v = 0 assumes the form 



(A-l)(A-3) : 



A = 1 or A = 3 of 





Vl 




' 0 " 




v 2 




0 




. V 3 




0 



2 0 0 

0 1 -1 

1 -1 1 

=> vi = 0 and v 2 — v 3 = 0. Thus, if we let v 3 — s where s e R, then the solution set of this system is 

{(0, s,s) :s€R} so the eigenvectors corresponding to A = 1 are v = s(0, 1, 1) where s e 

" 0 0 0 " 

0 -1 -1 

1 -1 -1 

vi = 0 and ^2 + ^3 = 0. Thus, if we let vs — t where ( £ M, then the solution set of this system is 



If A = 3 then (A — A/)v = 0 assumes the form 





Vl 




' 0 " 




v 2 




0 




. V 3 




0 
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{(0, —t, t) : t <G R} so the eigenvectors corresponding to A = 3 arc v = t(0, —1,1) where ieK. 

= 0 (A - l) 3 = 0 A = 1 of multiplicity three. 



17. det(A — XI) = 0 <= 

If A = 1 then (A — A/)v = 0 assumes the form 



1 - A 0 
0 3 - A 
2 -2 



0 
2 

1 - A 





V\ 




" 0 " 




V2 




0 




. W 3 . 




0 



0 0 0 
0 2 2 

2 -2 -2 

=> v\ = 0 and t>2 + t>3 = 0. Thus, if we let V3 = s where s € R, then the solution set of this system is 
{(0, — s, s) : s £ R} so the eigenvectors corresponding to A = 1 arc v = s(0, — 1, 1) where seK. 

6 — A 



0 



3 

-2- A 
0 



18. det(A-AJ) = 0 <= 
or A = 3. 

If A = — 1 then (A — AJ)v = 0 assumes the form 



-4 
2 

1 - A 



= 0 (A-l)(A+l)(A-3) = 0<^=> A = -1, A = 1, 









" 0 " 








0 




. U 3 _ 




0 



7 3-4 
-5 -1 2 
0 0 0 

t>i = V3 — V2 and 4^2 — 3«3 = 0. Thus, if we let V3 = 4r where r£l, then the solution set of this system 
is {(r, 3r, 4r) : r e R} so the eigenvectors corresponding to A = — 1 are v = r(l,3,4) where rel. 

5 3-4 
-5 -3 2 
0 0-2 

5«i + 3v 2 = 0 and w 3 = 0. Thus, if we let v 2 — —5s where s € R, then the solution set of this system is 



If A = 1 then (^4 — A/)v = 0 assumes the form 





" Vl 




' 0 " 




V2 




0 




. V 3 . 




0 



{(3s,- 


-5s, 0) : s e I 


^} so the eigenvectors corresponding to A 


= 1 


are v = 


s(3, 


-5, 0) where s € 








3 3 


-4 " 




Vl 




0 




If A = 


3 then (A - 


A7)v = 0 assumes the form 


-5 -5 


2 




V2 




0 










0 0 


-4 




V3 




0 





=> vi + v 2 = 0 and v 3 = 0. Thus, if we let v 2 — t where t € R, then the solution set of this system is 
{(— t, t, 0) : t G R} so the eigenvectors corresponding to A = 3 arc v = t(— 1, 1, 0) where t e R. 



7- A 
8 
0 



-8 6 
-9- A 6 
0 -1 - A 



19. det(A - XI) = 0 <s= 
three. 

If A = — 1 then (A — A/)v = 0 assumes the form 



(A + l) 3 = 0 A = -1 of multiplicity 



8-8 6 
8-8 6 
0 0 0 

=> Avi — Av 2 + 3«3 = 0. Thus, if we let v 2 = r and w 3 = 4s where r, s e R, then the solution set of this 
system is {(r — 3s, r, 4s) : r, s <E R} so the eigenvectors corresponding to A = —1 arc v = r(l, 1, 0) + s(— 3, 0, 4) 
where r, s € R. 





Vl 




' 0 " 




V2 




0 




. V 3 _ 




0 



20. det(A - XI) = 0 
multiplicity two. 



-A 1 -1 
0 2- A 0 
2 -1 3- A 



= 0 



(A - 1)(A - 2) 2 = 0 



A = 1 or A = 2 of 





" -1 


1 


-1 " 




Vl 




' 0 " 


If A = 1 then (A — XI)v = 0 assumes the form 


0 


1 


0 




v 2 




0 




2 


-1 


2 




. V 3 




0 



=> v 2 = 0 and v\ + V3 = 0. Thus, if we let v 3 — r where r € R, then the solution set of this system is 
{(— r, 0, r) : r e R} so the eigenvectors corresponding to A = 1 arc v = r(— 1, 0, 1) where r £ R. 



392 



If A = 2 then (A — A7)v = 0 assumes the form 



-2 1 -1 
0 0 0 
2 -1 1 

=> 2v i — V2 + V3 = 0. Thus, if we let v\ = s and v% = t where s,t£R, then the solution set of this system 
is {(s, 2s + (,f):s,!el} so the eigenvectors corresponding to A = 2 arc v = s(l,2,0) + t(0, 1, 1) where 
s.tgf. 









" 0 " 








0 




. W 3 _ 




0 



21. det(A -XI) = 0 



1 - A 0 
0 -A 
0 -1 



0 
1 

-A 



= 0<=3>(1- A)(l + A 2 ) = 0 4=> A = 1 or A = ±i. 



If A = 1 then (A — A7)v = 0 assumes the form 



If A = — i then (A — A7)v = 0 assumes the form 





Vl 




' 0 " 




V2 




0 




. V 3 




0 



0 0 0 
0 -1 1 
0 -1 -1 

— v 2 + v 3 = 0 and — v 2 — v 3 = 0. The solution set of this system is {(r, 0,0) : r g C} so the eigenvectors 
corresponding to A = 1 arc v = r(l, 0, 0) where r g C. 

" 1+i 0 0 
0 i 1 
0 -1 i 

=>■ vi = 0 and — v 2 + iv% = 0. The solution set of this system is {(0,si, s) : s E C} so the eigenvectors 
corresponding to A = — i arc v = s(0, i, 1) where s e C. By Theorem 5.6.8, since the entries of A are real, 
A = i has corresponding eigenvectors of the form v = t(0, —i, 1) where t £ C. 









" 0 " 








0 




. "3 _ 




0 



-2 - A 
1 
1 



1 0 

1 - A -1 

3 -3 - A 



22. det(A - XI) = 0 <= 
X=-2±i. 

If A = — 2 then (^4 — A7)v = 0 assumes the form 



(A + 2)(A 2 +4A + 5) = 0 



-2 or 





Vl 




' 0 " 




V2 




0 




. V 3 




0 



0 1 0 

1 1 -1 

1 3 -1 

v 2 = 0 and vi — v% = 0. Thus, if we let v% = r where r e C, then the solution set of this system is 
{(r, 0, r) : r g C} so the eigenvectors corresponding to A = — 2 are v = r(l, 0, 1) where r g 

-i 1 0 
1 \-i -1 
1 3 -1-i 



If A = — 2 + i then (^4 — A7)v = 0 assumes the form 



vi 



-2 + i -\-2i 
-1)3 = 0 and V2 H W3 





Vl 




' 0 " 




V2 




0 




. V 3 . 




0 



0. Thus, if we let W3 = 5s where s g C, then the solution 

5 5 

set of this system is {((2 — i)s, (1 + 2i)s,5s) : s g C} so the eigenvectors corresponding to A = —2 + i are 
v = s(2 — i, 1 + 2i, 5) where s g C. By Theorem 5.6.8, since the entries of ^4 are real, A = — 2 — i has 
corresponding eigenvectors of the form v = t(2 + i, 1 — 2i, 5) where f g C. 



2- A -1 3 
3 1 - A 0 
2 -1 3- A 



23. det(A - A7) = 0 

If A = 0 then (A — A7)v = 0 assumes the form 



0 



A(A - 2)(A - 4) = 0 A = 0, A = 2, or A = 4. 



2-13 
3 1 0 
2-13 

=> ui + 2v 2 — 3«3 = 0 and — 5v 2 + 9v 3 — 0. Thus, if we let v 3 — 5r where r£l, then the solution set of this 
system is {(— 3r, 9r, 5r) : r g R} so the eigenvectors corresponding to A = 0 arc v = r(— 3, 9, 5) where r g E. 









' 0 " 








0 




. V 3 




0 
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If A = 2 then (A — A/)v = 0 assumes the form 



0-13 
3-10 
2 -1 1 

v\ — vs = 0 and v 2 — 3v 3 = 0. Thus, if we let w 3 = s where s € R, then the solution set of this system is 





Vl 




' 0 " 




v 2 




0 




. V 3 




0 



{(s,3s,s) :sel 


\ so the eigenvectors correspondin 


g to A = 


2 are v 


= s(l,3,l 


) where s € 








2 -1 


3 




Vl 




0 




If A = 4 then (A 


— A/)v = 0 assumes the form 




3 -3 


0 




V2 




0 










2 -1 


-1 




1 v 3 




0 





=>■ vi — v 3 = 0 and i>2 — v 3 = 0. Thus, if we let v 3 = t where teR, then the solution set of this system is 
{(t, t, t) : t e M} so the eigenvectors corresponding to A = 4 arc v = t(l, 1, 1) where fef. 



24. det(A - A/) = 0 



5- A 0 0 
0 5 - A 0 
0 0 5 - A 



= 0 (A - 5) 3 = 0 A = 5 of multiplicity three. 





"0 0 0 " 




Vl 




' 0 " 


If A = 5 then (A — A/)v = 0 assumes the form 


0 0 0 




V2 




0 




0 0 0 




. V 3 . 




0 



Thus, if we let vi — r, v 2 — s, and v 3 = t where r, s, t G M, then the solution set of this system is 
{(r, s, t) :r,s,(£ R} so the eigenvectors corresponding to A — 5 arc v = r(l, 0, 0) + s(0, 1, 0) + i(0, 0, 1) where 
r,s,t € K. That is, every nonzero vector in M 3 is an eigenvector of A corresponding to A = 5. 



-A 2 2 
2 -A 2 
2 2 -A 



25. det(A-XI) = 0 
two. 

If A = 4 then (^4 — A/)v = 0 assumes the form 



0 



(A-4)(A + 2) 2 



A = 4 or A 



-2 of multiplicity 



-4 2 2 
2-4 2 
2 2-4 

=>• fi — V3 = 0 and vi — v$ = 0. Thus, if we let v% = r where rel, then the solution set of this system is 
{(r, r, r) : r £ R} so the eigenvectors corresponding to A = 4 are v = r(l, 1, 1) where rel. 





Vl 




' 0 " 




Vl 




0 




. V 3 . 




0 





"2 2 2 " 




Vl 




" 0 " 


If A = — 2 then (A — A/)v = 0 assumes the form 


2 2 2 




V2 




0 




2 2 2 




. v 3 




0 



=> vi + v 2 + v 3 = 0. Thus, if we let v 2 — s and v 3 — t where s,t €R, then the solution set of this system is 
{(— s — t,s,t) : s,t <E R} so the eigenvectors corresponding to A = — 2 are v = s(— 1, 1,0) + t(— 1, 0, 1) where 



26. det(A - A/) = 0 <*= 
^A 2 (A-16)(A + 2)=0 
If A = 16 then (A — A/)v = 0 assumes the form 
vi - 1841u 3 + 2078^4 



= 0 



A 4 - 14A 3 - 32A 2 = 0 



1 - A 2 3 4 
4 3-A 2 1 
4 5 6-A 7 
7 6 5 4-A 

A = 16, A = —2, or A = 0 of multiplicity two. 

-15 2 3 4 
4-13 2 1 
4 5-10 7 
7 6 5 -12 
0, t>2 + 82«3 — 93«4 = 0, and 31t>3 — 35«4 = 0. Thus, if we let i>4 = 31r where 
rel, then the solution set of this system is {(17r, 13r, 35r, 31r) : r e R} so the eigenvectors corresponding 
to A = 16 arc v = r(17, 13, 35, 31) where rel. 





Vl 




' 0 " 




v 2 




0 




v 3 




0 




Vi _ 




0 
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If A = — 2 then (A — A7)v = 0 assumes the form 



=> v\ + V4 = 0, V2 — V4 = 0, and v 3 + V4 = 0 
this system is {(— s, s, — s, s) : s G 
where set. 



3 
4 
4 
7 

Thus, 





«1 




' 0 " 




"2 




0 




W3 




0 




. 1,4 . 




0 



if we let V4 = s where s G R, then the solution set of 



so the eigenvectors corresponding to A = — 2 arc v = s(— 1,1,— 1,1) 



If A = 0 then (A — A/)v = 0 assumes the form 



==>■ v\ — V3 — 2«4 — 0 and V2 + 2v^ + 3«4 = 0. 
solution set of this system is {(a + 26, —2a — 36, a, 6) 
are v = a(l,-2, 1, 0) + 6(2, -3, 0, 1) where a, 6 e E. 



" 1 2 


3 


4 " 






Vl 




" 0 " 


4 3 


2 


1 






V2 




0 


4 5 


6 


7 






V3 




0 


7 6 


5 


4 






Vi _ 




_ 0 _ 


Thus, if 


we 


let 


V3 


= a 


and 


v A = 



27. dct{A -\I) = 0 



multiplicity two. 



-A 


I— 1 


0 


0 


1 


-A 


0 


0 


0 


0 


-A 


-1 


0 


0 


1 


-A 



6 where a,b G M, then the 
a, b G E} so the eigenvectors corresponding to A = 0 



(A 2 + l) 2 = 0 A = ±i, where each root is of 



If A = — i then (A — \I)v = 0 assumes the form 



1 

-1 
0 
0 





Vl 




" 0 " 




V2 




0 




V3 




0 




. W 4 . 




0 



==>■ vi — iv 2 = 0 and v 3 + 1V4 = 0. Thus, if we let i>2 = r and W4 = s where r, s G C 
of this system is {(ir, r, —is, s) : r, s G C} so the eigenvectors corresponding to A = - 
s(0,0,— i, 1) where r, s G C. By Theorem 5.6.8, since the entries of A are real, A 
eigenvectors v = a(—i, 1,0,0) + 6(0, 0, i, 1) where a, 6 G C. 



'., then the solution set 
i are v = r(i, 1, 0, 0) + 
= i has corresponding 



28. This matrix is lower triangular, and therefore, the eigenvalues appear along the main diagonal of the 
matrix: A = 1 + i, 1 — 3i, 1. Note that the eigenvalues do not occur in complex conjugate pairs, but this does 
not contradict Theorem 5.6.8 because the matrix does not consist entirely of real elements. 



29. (a) p(X) = det(A - XI 2 ) 



(b) 

A 2 - 5 A + 6/ 2 



1 - A 
2 

-1 
4 



-1 
4- A 



A 2 - 5A + 6. 



-1 -5 
10 14 

(c) Using part (b) of this problem: 

A 2 -5A + 6I 2 = 0 2 A-\A 2 -5A + 67 2 ) = 

^^-5/2 + e^ 1 = o 2 

6A- 1 = 5h-A 



-5 


5 " 




' 6 


0 " 




' 0 


0 " 


-10 


-20 


+ 


0 


6 




0 


0 



= 0o. 



A- 1 ■ 0 2 
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30. (a) det(A - XI 2 ) = 
A = -3. 



1 - A 
2 



2 

-2- A 



= 0^A 2 + A- 6 = 0^(A- 2)(A + 3) = 0^A = 2or 



" 1 


2 " 




' 1 


2 " 




' 1 


0 " 


2 


-2 




0 


-6 




0 


1 



(b) 

det(B - A/ 2 ) = 0 



B. 



1 - A 0 
0 1 - A 
and B do not have the same eigenvalues. 



(A -I) 5 



A = 1 of multiplicity two. Matrices A 



31. 

A(3v 1 - v 2 ) = 3Avi - Aw 2 = 3(2 Vl ) - (-3v 2 ) = 6vj + 3v 2 

= 6 



I— 1 




2 




6 




6 




12 


I— 1 


+ 3 


1 




-6 


+ 


3 




-3 



32. (a) Let a,b,c E R. If v = avi + 6v 2 + cv 3 , then 5,0,3) = o(l,-l,l) + b(2,l,3) + c(-l,-l,2), or 

a + 26-c = 5 



-a + & - c = 0 
a + 36 + 2c = 3. 



(5, 0,3) = (a + 26 — c, — a + 6 — c, a + 36 + 2c). The last equality results in the system: < 

This system has the solution a = 2, b = 1, and c = —1. Consequently, v = 2vi + v 2 — v 3 . 
(b) Using part (a): 

Aw = A(2vi + v 2 - v 3 ) = 2Avi + Av 2 - Av 3 = 2(2vi) + (-2v 2 ) - (3v 3 ) 
= 4vi - 2v 2 - 3v 3 = 4(1, -1, 1) - 2(2, 1,3) - 3(-l, -1,2) = (3, -3, -8). 

33. 

A{avi + c 2 v 2 + c 3 v 3 ) = A(civi) + A(c 2 v 2 ) + A(c 3 v 3 ) 

= Ci(Avi) + c 2 (Av 2 ) + c 3 (ylv 3 ) 

= Ci(Avi) + c 2 (Av 2 ) + c 3 (Av 3 ) 

= A(ciVi + c 2 v 2 + c 3 v 3 ). 
Thus, ciVi + c 2 v 2 + c 3 v 3 is an eigenvector of A corresponding to the eigenvalue A. 

34. Recall that the determinant of an upper (lower) triangular matrix is just the product of its main diagonal 
elements. Let A be an n x n upper (lower) triangular matrix. It follows that A — XI n is an upper (lower) 
triangular matrix with main diagonal clement an — A, i = 1, 2, . . . , n. Consequently, 



det(A - XI n ) = 0 Y[{a u - A) = 0. 



This implies that A = an, a 2 



, cc Tl 



35. Any scalar A such that det(A — XI) = 0 is an eigenvalue of A. Therefore, if 0 is an eigenvalue of A, then 
det(A — 0 • /) = 0, or dct(A) = 0, which implies that A is not invcrtible. On the other hand, if 0 is not an 
eigenvalue of A, then det(A — 0 • /) + 1 0, or det(A) + 1 0, which implies that A is invertible. 

36. A is invertible, so A^ 1 exists. Also, A is an eigenvalue of A so that Av = Av. Thus, 

A~\Av) = A~\Xv) =^ {A- l A)w = XA~ x v => I n v = XA^v v = XA- 1 ^ => \v = A~\. 
^ A 

Therefore -r- is an eigenvalue of A^ 1 provided that A is an eigenvalue of A. 
A 

37. By assumption, we have Av = Av and Bw — fiv. 
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(a) Therefore, 

(AB)v = A(Bv) = A(fiv) = fi(Av) = /i(Av) = (A^t)v, 
which shows that v is an eigenvector of AB with corresponding eigenvalue A/i. 

(b) Also, 

(A + B)v = Av + Bw = Av + fiv = (A + fi)v, 
which shows that v is an eigenvector of A + B with corresponding eigenvalue A + ^. 

38. Recall that a matrix and its transpose have the same determinant. Thus, 

det(A - XI n ) = dct(L4 - A/„] T ) = det(A T - XI n ). 

Since A and A T have the same characteristic polynomial, it follows that both matrices also have the same 
eigenvalues. 

39. (a) v = r + is is an eigenvector with eigenvalue A = a + bi, b ^ 0 => Av = Av 

=> A(r + is) = (a + bi)(r + is) = (ar — bs) + i(as + br) =^> Av = ar — bs and As = as + br. 
Now if r = 0, then AO = aO — bs 0 = 0 — 6s =^> 0 = bs =^> s = 0 since 6^0. This would mean that 
v = 0 so v could not be an eigenvector. Thus, it must be that r^O. Similarly, if s = 0, then r = 0, and 
again, this would contradict the fact that v is an eigenvector. Hence, it must be the case that r ^ 0 and 

(b) As in part (a), Ar = ar — bs and As = as + br. 
Let ci,c 2 e R. Then if 

cir + c 2 s = 0, (39.1) 
we have A(c\Y + c 2 s) = 0 c\Ar + c 2 As = 0 =>• ci(ar — bs) + c 2 (as + br) = 0. 

Hence, (c\a + c 2 b)r + (c 2 a — Ci&)s = 0 =>■ a(c\r + c 2 s) + b(c 2 r — cis) = 0 ==> b(c 2 r — cis) — 0 where we 
have used (39.1). Since b ^ 0, we must have c 2 r — c\s = 0. Combining this with (39.1) yields c\ = c 2 = 0. 
Therefore, it follows that r and s are linearly independent vectors. 

40. Ai = 2, v = r(-l, 1). A 2 = 5, v = s(l, 2). 

41. Ai = -2 (multiplicity two), v = r(l, 1, 1). A 2 = -5, v = s(20, 11, 14). 

42. Ai = 3 (multiplicity two), v = r(l,0, -1) + s(0, 1,-1). A 2 = 6, v = t(l, 1, 1). 

43. Ai = 3 - v/6, v = r(\/6, -1 + >/6, -5 + \/6). A 2 = 3 + VE, v = s(\/6, 1 + 5 + \/6), A 3 = -2, v = 
t(-l,3,0). 

44. Ai = 0, v = r(2, 2, 1). A 2 = 3i, v = s(-4 - 3i, 5, -2 + 6i), A 3 = -3i, v = t(-4 + 3i, 5, -2 - 6i). 

45. Ai = -1 (multiplicity four), v = a(-l,0, 0, 1, 0) + b(-l,0, 1,0, 0) + c(-l, 0, 0, 0, 1) + d(-l, 1, 0, 0, 0). 

Solutions to Section 5.7 

True- False Review: 

1. TRUE. This is the definition of a nondefective matrix. 

2. TRUE. The cigenspace E\ is equal to the null space of the n x n matrix A — XI, and this null space is 
a subspace of R n . 

3. TRUE. The dimension of an eigenspace never exceeds the algebraic multiplicity of the corresponding 
eigenvalue. 
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4. TRUE. Eigenvectors corresponding to distinct cigenspaces arc linearly independent. Therefore if we 
choose one (nonzero) vector from each distinct eigenspace, the chosen vectors will form a linearly independent 
set. 

5. TRUE. Since each eigenvalue of the matrix A occurs with algebraic multiplicity 1, we can simply choose 
one eigenvector from each eigenspace to obtain a basis of eigenvectors for A. Thus, A is nondcfcctivc. 

6. FALSE. Many examples will show that this statement is false, including the n x n identity matrix /„ 
for n > 2. The matrix I n is not defective, and yet, has A = 1 occurring with algebraic multiplicity n. 

7. TRUE. Eigenvectors corresponding to distinct eigenvalues are always linearly independent, as proved in 
the text in this section. 



Problems: 



0 



1 - A 
2 



4 

3- A 



0 



1. det(A-AJ) 
A = -l. 

If Ai = 5 then (A — XI)v = 0 assumes the form 

set of this system is {(r, r) : r <E R}, so the eigenspace corresponding to Ai 

Eh] = 1. 



4A - 5 = 0 (A - 5)(A + l) = 0^A = 5or 



" -4 


4 " 




Vl 




' 0 " 


2 


-2 




V 2 




0 



> v 1 -v 2 
5 is E t : 



0. The solution 
{v e R 2 : v = 



r(l, 1), rel}. A basis for Ei is {(1, 1)}, and dim 
If A 2 = — 1 then (A — A7)v = 0 assumes the form 



2 4 
2 4 





Vl 




' 0 " 




. V2 




0 



set of this system is {(—2s, s) : s G R}, so the eigenspace corresponding to A 2 
s(-2, 1), seK}. A basis for £ 2 is {(-2, 1)}, and dim[E 2 } = 1. 

A complete set of eigenvectors for A is given by {(1, 1), (—2, 1)}, so A is nondefective 



«i + 2v 2 = 0. The solution 
-1 is E 2 = {v e R 2 : v = 



2. det(A - A/) = 0 



3- A 
0 



0 

3- A 



0 



(3 -A) 5 



0 



A = 3 of multiplicity two. 



" 0 


0 " 




Vl 




' 0 " 


0 


0 




. 1,2 




0 



If Ai = 3 then (A — A/)v = 0 assumes the form 

The solution set of this system is {(r, s) :r,s£ R}, so the eigenspace corresponding to Ai = 3 is 
£ 1 ={veM 2 :v = r(l,0) + s(0,l), r,s£ R}. A basis for ^ is {(1,0), (0, 1)}, and dim^] = 2. 
A is nondefective. 

3. dct(^ -\I) = 0<= 



1 - A 

-2 



2 

5- A 



(A-3) 2 



" -2 


2 " 








' 0 " 


-2 


2 








0 



If \i = 3 then (A — XI)v = 0 assumes the form 

set of this system is {(r, r):r£ R}, so the eigenspace corresponding to Ai = 3 is 
Ei = {v e R 2 : v = r(l, 1), rel}. A basis for E x is {(1, 1)}, and dim[£i] = 1. 
A is defective since it does not have a complete set of eigenvectors. 

5 



A = 3 of multiplicity two. 

> Vi — v 2 — 0. The solution 



4. det(A -\I) = 0<= 
If Ai = 2 - i then (A-AJ)v 



5- A 
-2 



0 



-1 - A 
0 assumes the form 



X 2 - 4A + 5 = 0 



X = 2±i. 





Vl 




' 0 " 




. V2 




0 



-2vi+(-3+i)v 2 



3 + i 5 
-2 -3 + i 

0. The solution set of this system is {((—3 + i)r, 2r) : r e C}, so the eigenspace corresponding to Ai = 2 — i 
is Ei = {v e C 2 : v = r(-3 + i,2), r e C}. A basis for E x is {(-3 + i, 2)}, and dim[£"i] = 1. 
If A2 = 2 + i then from Theorem 5.6.8, the eigenvectors corresponding to A 2 = 2 + i are v = s{— 3 — i, 2) 
where s e C, so the eigenspace corresponding to A 2 = 2 + i is E 2 = {v e C 2 : v = s(— 3 — i, 2), s e C}. A 
basis for E 2 is {(—3 — «, 2)}, and dim[£y = 1. ^4 is nondefective since it has a complete set of eigenvectors, 
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namely {(-3 + i, 2), (-3 - i, 2)}. 



3 — A 
0 
0 



-4 -1 
1 - A -1 
-4 2 - A 



5. det(A - XI) = 0 <=. 
multiplicity two. 

If Ai = —2 then (A — A7)v = 0 assumes the form 



(A + 2)(A-3) 2 = 0 



A = -2 or A = 3 of 



5 -4 -1 
0 1 -1 
0-4 4 

The solution set of this system is {(r, r, r) : r <G R}, so the eigenspace corresponding to Ai = —2 is E\ = 





Vl 




' 0 " 




V2 




0 




. V 3 . 




0 



{v e M 3 : v = r(l, 1, 1), r € E}. A basis for £?i is {(1, 1, 1)}, and dim^i 

,0-4-1 

If A2 = 3 then (A — A7)v = 0 assumes the form 
solution set of this system is {(s, t, —At) : s, t e E 



1. 









" 0 " 








0 




. W 3 _ 




0 



0-4-1 v 2 = 0 => Av 2 + v 3 = 0. The 
0 -4 -1 

so the eigenspace corresponding to X 2 = 3 is 
£ 2 = {v e R 3 : v = s(l,0,0)+t(0,l,-4), s,t e E}. A basis for S 2 is {(1, 0, 0), (0, 1, -4)}, and dim [£ 2 ] = 2. 
A complete set of eigenvectors for A is given by {(1, 1, 1), (1, 0, 0), (0, 1,-4)}, so A is nondefective. 



0 



4- A 0 

0 2 - A -3 
0 -2 1 - A 



6. det(A — XI) = 0 <*== 
multiplicity two. 

If Ai = —1 then (A — A7)v = 0 assumes the form 



= 0 



(A + 1)(A - 4) 2 = 0 A = -1 or A = 4 of 





Vl 




' 0 " 




V2 




0 




. V 3 _ 




0 



5 0 0 
0 3-3 
0-2 2 

=> ui = 0 and v 2 — v 3 = 0. The solution set of this system is {(0, r, r) : r e R}, so the eigenspace 
corresponding to Ai = -1 is E\ = {v E R 3 : v = r(0, 1,1), r e R}. A basis for E\ is {(0,1,1)}, and 
dim^i] = 1. 

"000 

0 -2 -3 
0 -2 -3 

The solution set of this system is {(s,3t, — 2t) : s,t € K}, so the eigenspace corresponding to A 2 = 4 is 
75 2 = {v e M 3 : v = s(l,0,0)+i(0,3, -2), s,i6 E}. A basis for E 2 is {(1,0,0), (0, -1, 1)}, and dim[£y = 2. 
A complete set of eigenvectors for A is given by {(1, 0, 0), (0, 3, —2), (0, 1, 1)}, so A is nondefective. 



If A 2 = 4 then (A — A7)v = 0 assumes the form 





Vl 




' 0 " 




v 2 




0 




. V 3 . 




0 



2v 2 + 3v 3 = 0. 



7. det(A - A7) = 0 



3 - A 1 0 
-1 5- A 0 
0 0 4- A 



(A - 4) 3 = 0 



A = 4 of multiplicity three. 





" -1 1 0 " 








" 0 " 


If Ai — A then (^4 — A7)v = 0 assumes the form 


-1 1 0 




v 2 




0 




0 0 0 




. W 3 . 




0 



=> vi — v 2 — 0 and v 3 e R. The solution set of this system is {(r, r, s) : r, s <E E}, so the eigenspace corre- 
sponding to A 1 = 4is£! = {vel8 3 :v = r(l, 1, 0) + s(0, 0, 1), r, s e E}. A basis for £1 is {(1, 1, 0), (0, 0, 1)}, 
and dim^i] = 2. 

A is defective since it does not have a complete set of eigenvectors. 



8. det(A - A7) = 0 



3 - A 0 0 
2 -A -4 
1 4 -A 



= 0 <==> (A — 3)(A 2 + 16) = 0 A = 3 or A = ±4i. 
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If Ai = 3 then (A — A/)v = 0 assumes the form 





Vl 




" 0 " 




V 2 




0 




. V 3 . 




0 



if x. 



0 0 0 

2 -3 -4 

1 4 -3 

==> lliii — 25t>3 = 0 and llt^ — 2u 3 . The solution set of this system is {(25r, 2r, llr) : r e C}, so the 
eigenspace corresponding to Ai = 3 is Ei = {v e C 3 : v = r(25, 2, 11), r G C}. A basis for Si is {(25, 2, 11)}, 
and dim[Si] = 1. 

"3 + 4i 0 0 

2 Ai -4 
1 4 4i 

=> vi = 0 and iw 2 — «3 = 0. The solution set of this system is {(0,s,is) : s e C}, so the eigenspace 
corresponding to A 2 = —Ai is E 2 = {v e C 3 : v = s(0, l,i), s e C}. A basis for S 2 is {(0,1, i)}, and 
dim[S 2 ] = 1. 

If A3 — Ai then from Theorem 5.6.8, the eigenvectors corresponding to A 3 = Ai arc v = t(0, 1,— i) where 
t e C, so the eigenspace corresponding to A 3 = Ai is £ 3 = {veC 3 :v = i(0, 1, — i), i € C}. A basis for S 3 is 
{(0, 1, — i)}, and dim[S 3 ] = 1. A complete set of eigenvectors for A is given by {(25, 2, 11), (0,1, i), (0,1,— i)}, 
so A is nondefcctive. 



-Ai then (A — A/)v = 0 assumes the form 





Vl 




" 0 " 








0 




. W 3 . 




0 



4- A 
-4 
0 



1 

-A 
0 



6 

-7 
-3- A 



9. det(A - XI) = 0 ^== 
multiplicity two. 

If Xi = —3 then (^4 — A7)v = 0 assumes the form 



= 0 (A + 3)(A-2) 2 = 0 



A = -3 or A = 2 of 





«1 




" 0 " 




V 2 




0 




. W 3 . 




0 



7 1 6 

-4 3 -7 
0 0 0 

=>■ fi + «3 = 0 and v 2 — w 3 = 0. The solution set of this system is {(— r, r, r) : r <G K}, so the eigenspace 
corresponding to Ai = -3 is E x = {v e K 3 : v = r(— 1, 1, 1), r e E}. A basis for _Ei is {(— 1, 1, 1)}, and 
dim [Si] = 1. 

'216 

-4 -2 -7 
0 0 5 

=> 2vi + v 2 = 0 and w 3 = 0. The solution set of this system is {(— s,2s, 0) : s <G K}, so the eigenspace 
corresponding to A 2 = 2 is E 2 = {v e M 3 : v = s(-l,2,0), s e M} 
dim[£; 2 ] = 1. 

A is defective because it does not have a complete set of eigenvectors. 



If A 2 = 2 then (A — A/)v = 0 assumes the form 





Vl 




" 0 " 




v 2 




0 




. W 3 . 




0 



A basis for E 2 is {(—1,2,0)}, and 



2- A 0 0 
10. det(A - XI) = 0 <^=> 0 2 - A 0 

0 0 2 - A 

If Ai = 2 then (A — A/)v = 0 assumes the form 



= 0 (A 




2) 3 - 


0 A = 


" 0 0 0 " 




Vl 




" 0 " 


0 0 0 




v 2 




0 


0 0 0 




. v 3 . 




0 



A = 2 of multiplicity three. 



. The solution set of this 



system is {(r, s, t) : r,s,t € K}, so the eigenspace corresponding to Ai = 2 is 

E x = {v e M 3 : v = r(l,0,0) + s(0,l,0)+t(0,0,l), r,s,tg E}. A basis for E x is {(1, 0, 0), (0, 1, 0), (0, 0, 1)}, 
and dim [Si] = 3. 

A is nondefcctive since it has a complete set of eigenvectors. 



11. det(4 - A/) = 0 
three. 



7- A 
8 
0 



-8 6 
-9- A 6 
0 -1 - A 



(A + l) 3 = 0 A = -1 of multiplicity 
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If A i = — 1 then (A — A/)v = 0 assumes the form 



Avi - 4v 2 + 3v 3 = 0. 



8-8 6 vi 0 
8-8 6 v 2 = 0 
0 0 0 J [ v 3 J [ 0 
The solution set of this system is {(r — 3s, r, 4s) : r, s G K}, so the eigenspace corresponding to Ai = —1 is 
£ 1 = {veR 3 :v = r(l,l,0) + s(-3,0,4), r, s G K}. A basis for E x is {(1, 1, 0), (-3, 0, 4)}, and dim [Ei] = 2. 
A is defective since it does not have a complete set of eigenvectors. 



2- A 2 -1 
2 1-A -1 
2 3 -1-A 



12. dct(A - XI) = 0 
multiplicity two. 

If Ai = 2 then (A — A/)v = 0 assumes the form 



(A - 2)A 2 = 0 



A = 2 or A = 0 of 





Vl 




' 0 " 




V2 




0 




. V 3 . 




0 



0 2-1 
2 -1 -1 
2 3-3 

=> 4vi — 3«3 = 0 and 2v 2 — v 3 = 0. The solution set of this system is {(3r, 2r, 4r) : r G E}, so the 
eigenspace corresponding to Ai = 2 is Ei = {v G M 3 : v = r(3,2,4), r G R}. A basis for £i is {(3,2,4)}, 
and dim[^i] = 1. 





"2 2 -1 " 




Vl 




" 0 " 




If A 2 = 0 then (A — AJ)v = 0 assumes the form 


2 1 -1 




v 2 




0 






2 3-1 




V3 




0 




2vi — W3 = 0 and t> 2 = 0. The solution set of this system is { 


a, 0,2s) : 


s G K}, 


corresponding to A 2 = 0 is E 2 = {v G M 3 : \ 


= «(1,0,2), 


s 


G R) 


. A basis for _E 2 



dim [S 2 ] = 1. 

A is defective because it does not have a complete set of eigenvectors. 



1-A -1 2 
1 -1-A 2 
1 -1 2- A 



13. det(A - XI) = 0 <^ 
multiplicity two. 

If Ai = 2 then (A — A/)v = 0 assumes the form 



= 0 



(A - 2)A 2 = 0 



A = 2 or A = 0 of 





Vl 




' 0 " 




v 2 




0 




. V 3 . 




0 



-1 -1 2 
1 -3 2 
1 -1 0 

Vi — v 3 = 0 and v 2 — v 3 = 0. The solution set of this system is {(r, r, r) : r G K}, so the eigenspace 
corresponding to Ai = 2 is £?i = {v G M 3 : v = r(l,l,l), r G E}. A basis for E x is {(1,1,1)}, and 
dim^i] = 1. 

" i -l 2 1 r vi i r o 

1-12 w 2 = 0 
1 -1 2 J [ u 3 J [ 0 
The solution set of this system is {(s — 2t,s,t) : s,t G K}, so the eigenspace corresponding to A 2 = 0 is 
£ 2 = {v£l 3 :v = s(l, 1,0) + £(-2,0,1), s,t G E}. A basis for £ 2 is {(1, 1, 0), (-2, 0, 1)}, and dim [E 2 ] = 2. 
A is nondefective because it has a complete set of eigenvectors. 



If A 2 = 0 then (^4 — A7)v = 0 assumes the form 



vi - v 2 + 2v 3 = 0. 



14. det(A - XI) = 0 <^= 

If Ai = 2 then (^4 — A/)v = 0 assumes the form 



(A -2) 



2- A 3 0 
-1 -A 1 = 0 
-2 -1 4- A 

0 3 0 

-1 -2 1 
-2 -1 2 

vi — vs = 0 and v 2 — 0. The solution set of this system is {(r, 0,r) : r G 



3 


= 0 A 


= 2 of multiplicity three. 








" 0 " 










0 






«3 




0 





so the eigenspace 



corresponding to Ai = 2 is E x = {v G R 3 : v = r(l,0,l), r G E}. A basis for E x is {(1,0,1)}, and 



401 



dim^i] = 1. 

A is defective since it does not have a complete set of eigenvectors. 



-A -1 -1 
-1 -A -1 
-1 -1 -A 



15. det(A-A7) = 0 <= 
two. 

If Ai = —2 then (^4 — A7)v = 0 assumes the form 



= 0 (A + 2)(A-1) 2 = 0 A = -2 or A = 1 of multiplicity 





Vl 




" 0 " 




V 2 




0 




. W 3 . 




0 



2 -1 -1 
-1 2 -1 
-1 -1 2 

=> v i — v 3 = 0 and v 2 — v 3 = 0. The solution set of this system is {(r, r, r) : r E R}, so the eigenspace 
corresponding to Ai = -2 is E\ = {v E M 3 : v = r(l,l,l), r E R}. A basis for Ei is {(1,1,1)}, and 
dim [Si] = 1. 

" -1 -1 -1 
-1 -1 -1 
-1 -1 -1 

s,t E R}, so the eigenspace corresponding to A2 





Vl 




' 0 " 




V2 




0 




. V 3 . 




0 



vi + v 2 + v 3 = 0. 



1 



If A 2 = 1 then (A — A7)v = 0 assumes the form 

The solution set of this system is {(— s — t,s,t) 
is E 2 = {v E R 3 : v = s(-l,l,0) + £(-1,0,1), s,t E R}. A basis for E 2 is {(-1, 1, 0), (-1, 0, 1)}, and 
dim[S 2 ] = 2. 

A is nondefective because it has a complete set of eigenvectors. 

16. (A — 4)(A + 1) = 0 A = 4 or A = —1. Since A has two distinct eigenvalues, it has two linearly 
independent eigenvectors and is, therefore, nondefective. 



17. (A - l) 2 = 0 ^> A = 1 of multiplicity two. 
If Ai = 1 then (^4 — A7)v = 0 assumes the form 



5 5 " 




Vl 




' 0 " 


-5 -5 




V2 




0 


enspace correspond] 


ng to Ai 



vi + v 2 = 0. The solution 



is E x = {v E R 2 : v = r(-l, 1), r E R}. A basis for E x is {(1, 1)}, and dim[75i] = 1. 
A is defective since it does not have a complete set of eigenvectors. 

18. A 2 — 4A + 13 = 0 <==^ A = 2 ± 3i. Since A has two distinct eigenvalues, it has two linearly independent 
eigenvectors and is, therefore, nondefective. 

19. (A — 2) 2 (A + 1) = 0 A=— lorA = 2of multiplicity two. To determine whether A is nondefective, 
all we require is the dimension of the eigenspace corresponding to A = 2. 

-1-3 1 
-1 -3 1 
-1 -3 1 

The solution set of this system is {(—3s + t, s,t) : s,t E R}, so the eigenspace corresponding to A = 2 is 
£ = {v£l 3 :v = s(-3,l,0) + i(l,0,l), s, t E R}. Since dim[£] = 2, A is nondefective. 

20. (A - 3) 3 = 0 A = 3 of multiplicity three. 



If A = 2 then (A — A7)v = 0 assumes the form 





Vl 




' 0 " 




V2 




0 




. V 3 . 




0 



-vi - 3v 2 + v 3 = 0. 





" -4 2 2 " 




Vl 




' 0 " 


If A = 3 then (A — A7)v = 0 assumes the form 


-4 2 2 




v 2 




0 




-4 2 2 




. V 3 _ 




0 



v 2 = 0. The solution set of this system is {(r, 2r — s, s) : r,s E 
is£={vel 3 :v = r(l, 2, 0) + s(0, -1, 1), r, s E R}. 
A is defective since it does not have a complete set of eigenvectors. 



> —2vi + v 2 + v 3 = 0 and 
so the eigenspace corresponding to A = 3 



21. det(A - A7) = 0 



2- A 1 
3 4- A 



0 



(A - 1)(A - 5) = 0 A = 1 or A = 5. 
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If Ai = 1 then (A — AI)v = 0 assumes the form 



" 1 


1 " 




Vl 




' 0 


3 


3 




. U 2 _ 




0 



vi + V2 — 0. The eigenspace 



corresponding to Ai = 1 is Ei = {v £ M 2 : v = r(— 1, 1), r £ R}. A basis for E x is {(— 1, 1)}. 

If At = 5 then (A — A/)v = 0 assumes the form \ Vl = !? =>■ 3th — = 0. The 

3 — 1 V2 0 

eigenspace corresponding to A 2 = 5 is E 2 = {v e M 2 : v = s(l, 3), s € R}. A basis for E 2 is {(1, 3)}. 



V2 





3- 






\ 2 " 




Ei' 








-2 -1 / 


\l 2 




-y- 





Figure 73: Figure for Problem 21 



22. det(A- A7) = 0 



2 - A 3 
0 2- A 



= 0 



(2 - A) 2 = 0 



A = 2 of multiplicity two. 



If Ai = 2 then (A — XI)v = 0 assumes the form 
eigenspace corresponding to Ai = 2 is Ei = {v e I 



"03" 








' 0 


0 0 








0 


: 2 : v = r(l,0), 


r e IE 


I}. 



«i e R and ^ = 0. The 



V2 



Ei 



-> V1 



Figure 74: Figure for Problem 22 



23. det(A- A/) = 0 



5 - A 0 
0 5- A 



0 



(5 -A) 2 



0 



A = 5 of multiplicity two. 



If Ai = 5 then (A — A/)v = 0 assumes the form 



vi,v 2 € 

U U J I V2 J I u 

corresponding to Ai = 5 is Ei = {v £ M 2 



0 0 
0 0 





Vl 




' 0 " 




V2 




0 


(0,1), r 


S £ 


R}. 



The eigenspace 
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V2 



Ei is the whole of R2 

V1 



Figure 75: Figure for Problem 23 



24. det(A - XI) 
multiplicity two. 



3- A 1 -1 
1 3- A -1 
-1 -1 3-A 



(A-5)(A-2) 2 = 0 





" -2 1 -1 " 




Vl 




" 0 " 


If Ai = 5 then (A — A7)v = 0 assumes the form 


1 -2 -1 




V2 




0 




-1 -1 -2 




V3 




0 


=>■ vi + V3 = 0 and V2 + v% = 0. The eigenspace 


corresponding to A 


i = 5 


is 





Ei = {v G K 3 : v = r(l, 1, -1), r G R}. A basis for £1 is {(1, 1, -1)} 

1 1 -1 
1 1 -1 
-1 -1 1 



If A, 



2 then (A — A7)v = 0 assumes the form 

















. U 3 . 





A = 5 or A = 2 of 



vi + v 2 - v 3 = 0. 



The eigenspace corresponding to A2 = 2 is £2 = {v £ 
£ 2 is {(-1,1,0), (1,0,1)}. 



s(-l,l,0) +*(1,0,1), s,t£ K}. A basis for 



V3 




Figure 76: Figure for Problem 24 



25. det(A - XI) = 0 
three. 



-3-A 1 0 
-1 -1-A 2 
0 0 -2 -A 





" -1 


1 


0 " 




"1 




" 0 " 


2 then (A — A7)v = 0 assumes the form 


-1 


1 


2 




v 2 




0 




0 


0 


0 




. W 3 




0 



= 0 (A + 2) 3 = 0 A = -2 of multiplicity 



vi — i>2 — 0 and 



«3 = 0. The eigenspace corresponding to Ai = —2 is Ei — {v G M 3 : v = r(l, 1, 0), r G M}. A basis for 75i is 
{(1,1,0)}. 
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vi (1,1, or 

Figure 77: Figure for Problem 25 





" 1 


-2 3 " 




Vl 




' 0 " 


26. (a) If Ai = 1 then (A — A/)v = 0 assumes the form 


1 


-2 3 








0 




1 


-2 3 




. V 3 . 




0 



=>■ Vi — 2v 2 + 3^3 = 0. The eigenspace corresponding to Ai = 1 is 
£i = {veM 3 :v= r(2,l,0) + s(-3,0,l), r,s £ E}. A basis for E x is {(2, 1, 0), (-3, 0, 1)}. 
Now apply the Gram-Schmidt process where vi = (—3,0,1), and V2 = (2,1,0). Let Ui = 
(v a ,ui) = ((2, 1,0), (-3, 0,1)) = 2(-3) + 1-0 + 0- 1 = -6 and || Ul || 2 = (-3) 2 + 0 2 + l 2 = 10. 



vi so that 



U2 = V2 — 



lluiH 2 



ui = (2,1,0) 



^(-3,0,1) = 1(1,5,3). 



Thus, {(—3, 0, 1), (1, 5, 3)} is an orthogonal basis for E\ 





" -1 


-2 


3 " 




"l 




(b) If A2 = 3 then (A — AJ)v = 0 assumes the form 


1 


-4 


3 










1 


-2 


1 




. U 3 . 





Vi — i>2 = 0 and 



V2 — V3 = 0. The eigenspace corresponding to A2 = 3 is E% — {v £ I 
E 2 is {(1,1,1)}. 

To determine the orthogonality of the vectors, consider the following inner products: 
((-3, 0,1), (1,1,1)) = -3 + 0 + 1 = -2 ^ 0 and ((1,5,3), (1, 1, 1)) =1+5+3=9^0 
Thus, the vectors in E\ are not orthogonal to the vectors in Ei- 



v = r(l, 1, 1), r e M}. A basis for 





" -1 


-1 


1 " 




Vl 




' 0 " 


27. (a) If Ai = 2 then (A — A/)v = 0 assumes the form 


-1 


-1 


1 








0 




1 


1 


-1 




. V 3 . 




0 



vi + v 2 — U3 = 0. The eigenspace corresponding to Ai = 2 is 
£ 1 = {veK 3 :v = r(-l,l,0) + s(l,0,l), r,s £ R}. A basis for E x is {(-1, 1, 0), (1, 0, 1)}. 
Now apply the Gram-Schmidt process where V! = (1,0,1), and v 2 = ( — 1,1,0). Let Ui 



vi so that 



(v 2 ,ui) = ((-1,1,0), (1,0,1)) 

(V2,Ul' 



1-0 



u 2 = v 2 



Ui 



-1 • 1 

(-1,1,0) + 1(1, 0,1) 



0 ■ 1 

1 (-1,2,1) 



1 and ||ui| 



0 2 



.imir 2 V ' ' ' 2 

Thus, {(1,0, 1), (—1,2, 1)} is an orthogonal basis for E\ 



(b) If A 2 



-1 then (A — A/)v = 0 assumes the form 





Vl 






V2 






. V 3 . 





The eigenspace 



corresponding to A 2 = — 1 is E 2 = {v £ R 3 : v = r(— 1, —1, 1), r £ E}. A basis for E 2 is {(—1, —1, 1)}. 
To determine the orthogonality of the vectors, consider the following inner products: 
((1,0,1), (-1,-1,1)) = -1 + 0 + 1 =0 and ((-1,2,1), (-1,-1,1)) = 1-2+1 = 0. 
Thus, the vectors in E\ are orthogonal to the vectors in E 2 . 
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28. We are given that the eigenvalues of A are Ai — 0 (multiplicity two), and A2 = a + b + c. There are two 
cases to consider: Ai = A2 or Ai 7^ A2. 



If Xi = X 2 then Ai = 0 is of multiplicity three, and (A — A/)v = 0 assumes the form 
, or equivalcntly, 



a 


b 


c 




Vl 


a 


b 


c 




V 2 


a 


b 


c 




. V 3 . 



av\ + bv2 + CV3 = 0. 



(28.1) 



The only way to have three linearly independent eigenvectors for A is if a = b = c = 0. 
If Ai ^ A2 then Ai = 0 is of multiplicity two, and A 2 = a + fe + c^0 are distinct eigenvalues. By Theorem 
5.7.11, Ei must have dimension two for A to possess a complete set of eigenvectors. The system for de- 
termining the eigenvectors corresponding to Ai = 0 is once more given by (28.1). Since we can choose two 
variables freely in (28.1), it follows that there are indeed two corresponding linearly independent eigenvectors. 
Consequently, A is nondefective in this case. 

29. (a) Setting A = 0 in (5.7.4), we have p(X) = det(A - XI) = dct(A), and in (5.7.5), we have p(X) = 
p(0) = b n . Thus, b n = dct(A). 

The value of det(A — XI) is the sum of products of its elements, one taken from each row and each column. 
Expanding det(A — XI) yields equation (5.7.5). The expression involving A™ in p(X) comes from the product, 

n 

Y\(au — A), of the diagonal elements. All the remaining products of the determinant have degree not higher 

i=l 

than n — 2, since, if one of the factors of the product is Ojj, where i ^ j, then this product cannot contain 
the factors A — an and A — ajj. Hence, 

n 

p(X) — Y\_( a u — A) + (terms of degree not higher than n — 2) 



so, 



p(X) = (-l)"A n + (-l) n -\au + a 22 + ■ ■ ■ + a nn )X n - 1 + ■ ■ 
Equating like coefficients from (5.7.5), it follows that bi = (— l) n_1 (an + a 2 2 + 



On- 



(b) Letting A = 0, we have from (5.7.6) that p(0) = JJ(A* - 0) or p(0) = ]J A 4 , but from (5.7.5), p(0) = b n , 

i=l i=l 

n 

therefore b n = A,. Letting A = 1, we have from (5.7.6) that 



P(A) = II( A ' - A ) = I1( A " A «) = - (Ai + A 2 + • • • + A^A"- 1 + ... + b n ]. 

i=l i=l 

Equating like coefficients with (5.7.5), it follows that bi = (— l) n_1 (Ai + A2 + • • • + A„). 

(c) From (a), b n = det(A), and from (b), det(A) = XiX 2 ■ ■ ■ X n , so det(A) is the product of the eigenvalues 
of A. 

From (a), 61 = (-l)™" 1 ^! + a 22 + ■ ■ ■ + a nn ) and from (b), 61 = (-l) rt " 1 (Ai + A 2 + • • • + A„), thus 
on + «22 + • • • + a nn = Xi + X 2 + ■ ■ ■ + X n - That is, tr{A) is the sum of the eigenvalues of A. 

30. 
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(a) We have det(^4) = 19 and tr(A) = 3, so the product of the eigenvalues of A is 19, and the sum of the 
eigenvalues of A is 3. 

(b) We have det(A) = —69 and tr(A) = 1, so the product of the eigenvalues of A is -69, and the sum of the 
eigenvalues of A is 1 . 

(c) We have det(A) = —607 and tr(A) = 24, so the product of the eigenvalues of A is -607, and the sum of 
the eigenvalues of A is 24. 

31. Note that Ei ^ 0 since 0 belongs to E { . 

Closure under Addition: Let vi, v 2 € Ei. Then A(vi + v 2 ) = Avi + ^4v 2 = AjVi + A.;v 2 = Aj(vi + v 2 ) =>■ 

vi + v 2 e Ei. 

Closure under Scalar Multiplication: Let c e C and vi £ Ei. Then A{cv\) — c(Avi) — c(AjVi) — Aj(cvi) =>■ 
cvi e 

Thus, by Theorem 4.3.2, Ei is a subspace of C n . 

32. The condition 

civ 1 +c 2 v 2 = 0 (32.1) 
=> ^(civi) + A(c 2 v 2 ) = 0 ciAvi + c 2 ^v 2 = 0 

^c 1 (A 1 v 1 ) + c 2 (A 2 v 2 ) = 0. (32.2) 

Substituting c 2 v 2 from (32.1) into (32.2) yields (Ai — A 2 )ciV! = 0. 

Since A 2 ^ Ai, we must have CiVi = 0, but vi ^ 0, so c\ = 0. Substituting into (32.1) yields c 2 — 0 also. 
Consequently, vi and v 2 are linearly independent. 

33. Consider 

CiVi + c 2 v 2 + c 3 v 3 = 0. (33.1) 
If ci ^ 0, then the preceding equation can be written as 

wi + w 2 = 0, 

where wi = C\V\ and w 2 = c 2 v 2 + C3V3. But this would imply that {wi, w 2 } is linearly dependent, which 
would contradict Theorem 5.7.5 since Wj and w 2 are eigenvectors corresponding to different eigenvalues. 
Consequently, we must have c\ = 0. But then (33.1) implies that c 2 = C3 = 0 since {vi,v 2 } is a linearly 
independent set by assumption. Hence {vi, v 2 , V3} is linearly independent. 

34. Ai = 1 (multiplicity 3), basis: {(0, 1, 1)}. 

35. Ai = 0 (multiplicity 2), basis: {(-1, 1, 0), (-1, 0, 1)}. A 2 = 3, basis: {(1,1,1)}. 

36. Ai = 2, basis: {(1, -2\/2, 1)}. A 2 = 0, basis: {(1,0,-1)}. A 3 = 7, basis: {(\/2, 1, \/2)}. 

37. Ai = -2, basis: {(2, 1, -4)}. A 2 = 3 (multiplicity 2), basis: {(0, 2, 1), (3, 11,0)}. 

38. Ai = 0 (multiplicity 2), basis: {(0, 1, 0, -1), (1, 0, -1, 0)}. A 2 = 6, basis: {(1,1,1,1)}. A 3 = -2, basis: 
{1,-1,1,-1)}. 

39. A has eigenvalues: 

Ai = ^a+^Va 2 + 86 2 , 
A 2 = ^a-^v / « 2 + 8fe 2 , 
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A 3 = 0. 

Provided a ^ ±6, these eigenvalues are distinct, and therefore the matrix is nondefective. 

If a = b ^ 0, then the eigenvalue A = 0 has multiplicity two. A basis for the corresponding eigenspace is 

{(— 1, 0, 1), (—1, 1, 0)}. Since this is two-dimensional, the matrix is nondefective in this case. 

If a = —6 ^ 0, then the eigenvalue A = 0 once more has multiplicity two. A basis for the corresponding 

eigenspace is {(0, 1, 1), (1, 1, 0)}, therefore the matrix is nondefective in this case also. 

If a = b = 0, then A = 0 2 , so that A = 0 (multiplicity three), and the corresponding eigenspace is all of 1R 3 . 
Hence A is nondefective. 

40. If a = b = 0, then A = 0 3 , which is nondefective. We now assume that at least one of cither a or b is 
nonzero. 

A has eigenvalues: Xi = b, X 2 = a — b, and A 3 = 3a + b. 

Provided 0,26, —b, the eigenvalues are distinct, and therefore A is nondefective. 

If a = 0, then the eigenvalue A = b has multiplicity two. In this case, a basis for the corresponding eigenspace 
is {(1, 0, 1), (0, 1, 0)}, so that A is nondefective. 

If a = 26, then the eigenvalue A = 6 has multiplicity two. In this case, a basis for the corresponding eigenspace 
is {(—2, 1,0), (—1,0, 1)}, so that A is nondefective. 

If a = —6, then the eigenvalue A = —26 has multiplicity two. In this case, a basis for the corresponding 
eigenspace is {(0, 1,1), (1,0,-1)}, so that A is nondefective. 

Solutions to Section 5.8 



True-False Review: 

1. TRUE. The terms "diagonalizable" and "nondefective" are synonymous. The diagonalizability of 
a matrix A hinges on the ability to form an invertible matrix S with a full set of linearly independent 
eigenvectors of the matrix as its columns. This, in turn, requires the original matrix to be nondefective. 

2. TRUE. If we assume that A is diagonalizable, then there exists an invertible matrix S and a diagonal 
matrix D such that S~ 1 AS — D. Since A is invertible, we can take the inverse of each side of this equation 
to obtain 

D- 1 = (S^AS)- 1 = S^A^S, 
and since D~ x is still a diagonal matrix, this equation shows that A~ x is diagonalizable. 



3. FALSE. For instance, the matrices A = I 2 and B = 



1 1 
0 1 



both have eigenvalue A = 1 (with 



multiplicity 2). However, A and B are not similar. [Reason: If A and B were similar, then S~ 1 AS = B 
for some invertible matrix S, but since A = I 2 , this would imply that B = I 2 , contrary to our choice of B 
above.] 

4. FALSE. An n x n matrix is diagonalizable if and only if it has n linearly independent eigenvectors. 
Besides, every matrix actually has infinitely many eigenvectors, obtained by taking scalar multiples of a 
single eigenvector v. 

5. TRUE. Assume A is an n x n matrix such that p(A) = det(A — XI) has no repeated roots. This implies 
that A has n distinct eigenvalues. Corresponding to each eigenvalue, we can select an eigenvector. Since 
eigenvectors corresponding to distinct eigenvalues are linearly independent, this yields n linearly independent 
eigenvectors for A. Therefore, A is nondefective, and hence, diagonalizable. 

6. TRUE. Assuming that A is diagonalizable, then there exists an invertible matrix S and a diagonal 
matrix D such that S~ 1 AS = D. Therefore, 

D 2 = (S^AS) 2 = (S- 1 AS)(S- 1 AS) = S' 1 ASS' 1 AS = S- 1 A 2 S. 
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Since D 2 is still a diagonalizable matrix, this equation shows that A 2 is diagonalizablc. 

7. TRUE. Since I~ x AI n = A, A is similar to itself. 

8. TRUE. The sum of the dimensions of the eigenspaces of such a matrix is even, and therefore not equal 
to n. This means we cannot obtain n linearly independent eigenvectors for A, and therefore, A is defective 
(and not diagonalizable). 



Problems: 

1. det(A-XI) 



0 



A 



0 



A 2 - A - 6 = 0 



-1-A -2 
-2 2 - A 

2. A is diagonalizablc because it has two distinct eigenvalues. 



(A — 3)(A + 2) = 0 



" -4 


-2 " 




Vl 




' 0 " 


-2 


-1 






- 


0 



If Ai = 3 then (A — A/)v = 0 assumes the form 

vi = r e E, then the solution set of this system is {(— r, 2r) : r G 
Ai = 3 are vi = r(— 1,2) where rel. 

If A 2 = —2 then (A — A/)v = 0 assumes the form 



A = 3 or 



> 2vi + v 2 = 0. If we let 
so the eigenvectors corresponding to 



1 -2 
-2 4 



V2 



v 2 = s e E, then the solution set of this system is {(2s, s) : s e 
A 2 = —2 arc v 2 = s(2, 1) where set. 

-12" 



vi — 2v 2 = 0. If we let 



so the eigenvectors corresponding to 



Thus, the matrix S 



0 



satisfies S^AS = diag(3, -2). 
A 



4 

1 - A 



0 



2. det(A - XI) 
multiplicity two 
If A = —3 then (A — A/)v = 0 assumes the form 



\ 2 + 6A + 9 = 0 



(A + 3) 2 



" -4 


4 " 




«1 




' 0 ' 


-4 


4 




. W 2 




0 



-3 of 



> vi — v 2 = 0. If we let 
, so the eigenvectors corresponding to 



Vi = r e E, then the solution set of this system is {(r, r) : r e 
A = — 3 are v = r(l, 1) where rel. 

A has only one linearly independent eigenvector, so by Theorem 5.8.4, A is not diagonalizablc. 



3. det(A - XI) = 0 

multiplicity two. 

If A = -3 then (A - A/)v 



1-A 
2 



-7- A 



0 



A 2 + 6A + 9 = 0 



(A + 3) 2 



0 



-3 of 



0 assumes the form 



" 4 -8 " 








' 0 " 


2 -4 




. V2 




0 



> vi — 2v 2 = 0. If we let 
, so the eigenvectors corresponding to 



v 2 = r e E, then the solution set of this system is {(2r,r) : r e 
A = — 3 are v = r(2, 1) where rel. 

A has only one linearly independent eigenvector, so by Theorem 5.8.4, A is not diagonalizable 



4. det(A - XI) = 0 
two distinct eigenvalues 
If A = -Ai then (4 - A7)v 



-A 4 
-4 -A 



0 A 2 + 16 = 0 X = ±Ai. A is diagonalizable because it has 



0 assumes the form 



Ai 


4 




Vl 




' 0 


-4 


Ai 




. V 2 




0 



vi — iv 2 = 0. If we let 



v 2 = r e C, then the solution set of this system is {(ir,r) : r e C}, so the eigenvectors corresponding to 
A = — Ai arc v = r(i, 1) where r e C. Since the entries of A are real, it follows from Theorem 5.6.8 that 
v 2 = (— i, 1) is an eigenvector corresponding to A = Ai. 

Thus, the matrix S = ! * satisfies S~ 1 AS = diag(— Ai, Ai). 
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1 - A 0 0 

0 3 — A 7 

1 1 -3 - A 



5. det(A - XI) = 0 <^= 
A = 4. 

If A = 1 then (A — A7)v = 0 assumes the form 



0 0 0 

0 2 7 

1 1 -4 

=^> 2vi — 15«3 = 0 and 2v 2 + 7v 3 = 0. If we let v 3 = 2r where r G E, then the solution set of this system is 
{(15r, — 7r, 2r) : r G R} so the eigenvectors corresponding to A = 1 are Vi = r(15, —7, 2) where ret. 



(1- 


-A)(A 


+ 4)(A- 




Vl 




" 0 " 




V2 




0 




V3 




0 



A = 1, A = -4 or 





" 5 0 0 " 




Vl 




' 0 " 


If A = — 4 then (A — AJ)v = 0 assumes the form 


0 7 7 








0 




1 1 1 




. V 3 




0 



Vl 



0 and t>2 + V3 = 0. If we let v 2 — s G R, then the solution set of this system is {(0, s, — s) : s G 



so the eigenvectors corresponding to A = — 4 arc 


v 2 = 


«(0,1, 


-1) 


where s 


G E 






" -3 


0 


0 




Vl 




" 0 " 


If A = 4 then (A — A7)v = 0 assumes the form 


0 


-1 


7 




V2 




0 




1 


1 


-7 




V3 




0 



=> vi = 0 and V2 — 7v$ = 0. If we let v% = t G K, then the solution set of this system is {(0, 7t,t) : t G 
so the eigenvectors corresponding to A = 4 are v 3 = t(0, 7, 1) where tel. 

15 0 0 " 

satisfies S- 1 AS = diag(l,4, -4). 



Thus, the matrix S - 



-7 7 
2 1 



1 - A 
2 
2 



-2 
-3- A 

-2 



0 
0 

-2- A 



6. det(A-XI) = 0 <= 
If A = — 1 then (A — A7)v = 0 assumes the form 



0 



(A+1) E 



2-2 0 
2-2 0 
2-2 0 





Vl 




' 0 " 




v 2 




0 




. V 3 




0 



A = — 1 of multiplicity three. 



vi — v 2 — 0 and 



v 3 G R. If we let v 2 = r G E and v 3 = s G E, then the solution set of this system is {(r, r, s) : r, s G 
the eigenvectors corresponding to A = — 1 arc vi = r(l, 1,0) and v 2 = s(0, 0, 1) where r, s G E. 
A has only two linearly independent eigenvectors, so by Theorem 5.8.4, A is not diagonalizable. 



so 



-A -2 -2 
-2 -A -2 
-2 -2 -A 



0 



7. det(A - A7) = 0 <^= 
two. 

If A = — 4 then (A — A7)v — 0 assumes the form 



(A - 2) 2 (A + 4) = 0 A = -4 or A = 2 of multiplicity 









" 0 " 








0 




. V 3 . 




0 



4 -2 -2 
-2 4 -2 
-2 -2 4 

=> vi — V3 = 0 and w 2 — W3 = 0. If we let v 3 = r G R, then the solution set of this system is {(r, r, r) : r G 
so the eigenvectors corresponding to A = —4 arc Vi = r(l, 1, 1) where r G E. 

-2 -2 -2 
-2 -2 -2 
-2 -2 -2 

we let u 2 = s G E and w 3 = t G E, then the solution set of this system is {(— s — t, s,t) : s,t G E}, so two 
linearly independent eigenvectors corresponding to A = 2 are v 2 = s(— 1, 1, 0) and v 3 = i(— 1,0,1). 

1 -1 -1 

satisfies S^AS = diag(-4, 2, 2). 



If A = 2 then (A — A7)v = 0 assumes the form 





Vl 




' 0 " 




V2 




0 




. V 3 _ 




0 



vi + v 2 + v 3 = 0. If 



Thus, the matrix S = 
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2 - A 1 4 
-2 1-A 4 
-2 1 4- A 



8. det(A-XI) = 0 <*= 
two. 

If A = 3 then (A — A/)v = 0 assumes the form 



= 0 A 2 (A-3) = 0 A = 3, or A = 0 of multiplicity 





«1 




' 0 " 








0 




. V 3 . 




0 



-5 1 4 
-2 -2 4 
-2 1 1 

==> v\ — v 3 = 0 and u 2 — v 3 = 0. If we let »3 = rel, then the solution set of this system is {(r, r,r) : r e 
so the eigenvectors corresponding to A = 3 arc Vi = r(l, 1, 1) where rel. 

-2 1 4 
-2 1 4 
-2 1 4 

we let t>i = s e K and w 3 = t e K, then the solution set of this system is {(s, 2s — At, t) : s,i € R}, so two 
linearly independent eigenvectors corresponding to A = 0 arc v 2 = s(l,2,0) and v 3 = t(0, —4. 1). 
"11 0 " 

' satisfies S^AS = diag(3, 0, 0). 



If A = 0 then (A — A/)v = 0 assumes the form 





Vi 




' 0 " 








0 




. V 3 . 




0 



-2v 1 +v 2 + 4v 3 = 0. If 



Thus, the matrix S 



1 2 
1 0 



-4 
1 





2- A 0 0 












9. det(A — XI) = 0 


0 1-A 0 


= 0 <^=> (A 




2)(A 


-I) 2 


= 0 




2 -1 1-A 












multiplicity two. 


















" 1 0 0" 








" 0 " 


If A = 1 then (A - XIW = 


= 0 assumes the form 


0 0 0 








0 






2-10 








0 


v 3 e R. If we let v 3 = r e 


R then the solution set of this system is {(0, 0, r) 


: r e 



A = 2 or A = 1 of 



ui = u 2 = 0 and 



corresponding linearly independent eigenvector. Hence, by Theorem 5.8.4, A is not diagonalizable. 



10. det(A - XI) = 0 <= 

If A = 4 then (A — XI)v = 0 assumes the form 



4- A 
3 
0 



0 0 

1-A -1 
2 1-A 



= 0 (A 2 + 1)(A - 4) = 0 A = 4, or A = ±i. 



0 0 0 V! 0 
3-5-1 w 2 = 0 
0 2 -3 J [ v 3 J [ 0 
=>■ 6«i — 17«3 = 0 and 2i; 2 — 3^3 = 0. If we let w 3 = 6r e C, then the solution set of this system is 
{(17 r, 9r, 6r) : r e C}, so the eigenvectors corresponding to A = 4 are vi = r(17, 9, 6) where r G C. 

" 4 - i 0 0 1 [ vi 1 [0" 

3 —1—z —1 u 2 = 0 => Ui = 0 and 
0 2 1 - i J [ w 3 J [ 0 

2v 2 + (1 — i)«3 = 0. If we let v 3 = —2s e C, then the solution set of this system is {(0, (1 — i)s, 2s) : s e C}, 
so the eigenvectors corresponding to A = i are v 2 = s(0, 1 — i, 2) where s € C. Since the entries of A are real, 
v 3 = t(0, 1 + i, 2) where t£C are the eigenvectors corresponding to A = — i by Theorem 5.6.8. 

17 0 0 

9 1-i l + i satisfies S~ 1 AS = diag(4, i, -i). 
6 2 2 



If A = i then (A — A/)v = 0 assumes the form 



Thus, the matrix S 



11. det(A -XI) = 0 



-A 2 -1 
-2 -A -2 
1 2 -A 



= 0 A(A 2 + 9) = 0 A = 0, or A = ±3i. 
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0 2 


-1 " 




Vl 




" 0 " 


If A = 0 then (A — \I)v = 0 assumes the form 


-2 0 


-2 








0 




1 2 


0 




. W 3 




0 



If A = — 3i then (A — A7)v = 0 assumes the form 





Vl 




" 0 " 




V2 




0 




. W 3 . 




0 



=> ^i + «3 = 0 and 2v 2 — v% = 0. If we let v 3 = 2r e C, then the solution set of this system is 
{(— 2r, r, 2r) : r e C}, so the eigenvectors corresponding to A = 0 are vi = r(— 2, 1,2) where r e C. 

3i 2 -1 
-2 3i -2 
1 2 3i 

=^> 5«i + (— 4+3i)«3 = 0 and 5i> 2 + (2+6z)w3 = 0. If we let v 3 = 5s e C, then the solution set of this system is 
{((4 — 3i)s, (— 2 — 6i)s, 5s) : s € C}, so the eigenvectors corresponding to A = — 3i arc v 2 = s(4 — 3i, — 2 — Qi, 5) 
where s <E C. Since the entries of A are real, v 3 = t{A + 3i, —2 + Qi, 5) where ( 6 C are the eigenvectors 
corresponding to A = 3i by Theorem 5.6.8. 

-2 A + 3i 4 — 3« 

satisfies S~ 1 AS = diag(0, 3i, —3i). 



Thus, the matrix S = 



-2 + 6i 
5 



6i 
5 



1 - A -2 0 
-2 1-A 0 
0 0 3 - A 



12. det(A -\I) = 0<= 
multiplicity two. 

If A = — 1 then (A — XI)v = 0 assumes the form 



(A - 3) 2 (A + 1) = 0 A = -1 or A = 3 of 





Vl 




" 0 " 




Vl 




0 




. V 3 . 




0 



2-2 0 
-2 2 0 
0 0 4 

=^> 2vi — v 2 = 0 and v 3 = 0. If we let v\ — r e K, then the solution set of this system is {(r, r, 0) : r e 
so the eigenvectors corresponding to A = — 1 arc vi = r (1,1,0) where rel. 

-2 -2 0 " 
-2 -2 0 
0 0 0 

v 3 e M. If we let v 2 — s G R and W3 = < e E, then the solution set of this system is {(— s, s,t) : s,t £ M}, so 
the eigenvectors corresponding to A = 3 arc v 2 = s(— 1, 1, 0) and v 3 = f(0, 0, 1). 

1-10, 

satisfies S" 1 ^ = diag(-l, 3, 3). 



If A — 3 then (A — A/)v = 0 assumes the form 





Vl 




' 0 " 




V2 




0 




. V 3 




0 



vi + V2 — 0 and 



Thus, the matrix S = 



1 0 
0 1 



13. Ai — 2 (multiplicity 2), basis for cigenspace: {(—3, 1,0), (3,0,1)}. 
A2 = 1, basis for eigenspace: {(1,2,2)}. 
-331, 

' . Then S~ 1 AS= diag(2, 2,1). 



Set S = 



1 0 
0 1 



14. Ai = 0 (multiplicity 2), basis for cigenspace: {(0, 1, 0, —1), (1,0, —1, 0)}. 

A 2 = 2, basis for eigenspace: {(1, 1, 1, 1)}. A 3 — 10, basis for cigenspace: {(—1, 1, —1, 1)}. 



Set 5 = 



0 


1 


1 


-1 


1 


0 


1 


1 


0 




1 — 1 


1 

I— 1 


1 


0 


1 — 1 


I— 1 



Then S~ 1 AS = diag(0, 0, 2, 10). 



15. The given system can be written as x = Ax, where A - 



1 4 

2 3 



A has eigenvalues Ai = — 1, A 2 = 5 with corresponding linearly independent eigenvectors vi = (—2, 1) and 
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v 2 = (1,1). If we set S = 



-2 1 
1 1 



, then S AS — diag(— 1,5), therefore, under the transformation 



x = Sy, the given system of differential equations simplifies to 



Vi 



-1 0 
0 5 



2/i 

2/2 



Hence, y l = —y\ and y 2 = 5j/2- Integrating these equations, we obtain 

3/1 (t) = cie"*, y 2 (t) = c 2 e 5t . 
Returning to the original variables, we have 

x = Sy = 



" -2 


1 " 




c\e * 




' -2cie"* + c 2 e 5 * 


1 


1 




c 2 e 5t 




cie _t + c 2 e 5t 



v 2 = (-1,1). If we set S 



2cie * + c 2 e 5t and x 2 (t) — C\e * + c 2 e 5 *. 

6 -2 
-2 6 

4, A 2 = 8 with corresponding linearly independent eigenvectors vi = (1,1) and 
" 1 -1 " 



Consequently, x\(t) 

16. The given system can be written as x = Ax, where A — 
A has eigenvalues Ai 



then S 1 AS = diag(4, 8), therefore, under the transformation 



x = Sy, the given system of differential equations simplifies to 



2/i 

2/2 



4 0 
0 8 



2/i 

2/2 



Hence, y 1 = 4yi and y 2 = 8j/ 2 . Integrating these equations, we obtain 

Vl {t) = cie 4t , ife(i) = c 2 e 8t . 
Returning to the original variables, we have 

x=5y 

Consequently, x\(t) — cie 4 * — c 2 e 8t and x 2 {t) — cie 4 * + c 2 e 8t . 
17. The given system can be written as x = Ax, where A = 



' 1 


-1 " 




' Cl e 4 * " 




' Cl e 4t 


- c 2 e 8t 


1 


1 




. c 2 e8 * . 




_ Cl e 4t 


+ c 2 e 8t 



9 
-10 



A has eigenvalues Ai = —1, A 2 = 3 with corresponding linearly independent eigenvectors Vi = (3,-5) and 

3 —1 1 

then S~ 1 AS = diag(— 1,3), therefore, under the transformation 



v 2 = (-1,1). If we set S 



-5 



1 



x = Sy, the given system of differential equations simplifies to 



2/i 

2/2 



-1 0 
0 3 



2/i 

2/2 



Hence, y 1 = —y\ and y 2 = 3y 2 . Integrating these equations, we obtain 

3/1 (t) = cie"*, y 2 (t) = c 2 e 3t . 
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c\e 
c 2 e 



3/ 



Returning to the original variables, we have 
x = Sy = 

Consequently, x\(t) = 3cie~* — c 2 e 3t and x%{t) = — 5cie~* + c 2 e 3t . 
18. The given system can be written as x = Ax, where A 



3t 



3cie — c 2 e' 
bcie~ l + c 2 e 3t 



12 -7 
16 10 



A has eigenvalues Ai = 2, A 2 = —4 with corresponding linearly independent eigenvectors Vi = (1, —2) and 

r i 7 1 

v 2 = (7,-8). If we set S = ^ g , then S~ 1 AS = diag(2, — 4), therefore, under the transformation 
x = Sy, the given system of differential equations simplifies to 



Vi 

2/2 



2 0 

0 -4 



2/1 

2/2 



Hence, 2/1 = 2j/i and y 2 = — 4?/ 2 . Integrating these equations, we obtain 

2/1 (t) = cie 2 *, 2/ 2 (t) = c 2 e~ 4t . 
Returning to the original variables, we have 

x = 5y 

Consequently, Xi(t) = cie 2t + 7c 2 e~ 4t and x 2 (t) = -2cie 2 * — 8c 2 e~ 4t . 

19. The given system can be written as x = ^4x, where A 
A has eigenvalues Ai 
v 2 = If we set S = 



1 7 " 




■ Cl e 2t 




Cl e 2t 


+ 7c 2 e- 4 * 


-2 -8 




. c 2^ 4t _ 




_ -2 Cl e 2t 


- 8c 2 e- 4 * 



0 1 

-1 0 

i, A 2 = —i with corresponding linearly independent eigenvectors vi = (l,i) and 
" 1 1 " 

i —i 

x = Sy, the given system of differential equations simplifies to 



then S AS = diag(z, — i), therefore, under the transformation 



2/i 

2/2 



i 0 
0 -i 



2/i 

2/2 



Hence, y 1 = iyi and y 2 = — iyi- Integrating these equations, we obtain 

2/i (t) = ae u , y 2 (t) = c 2 e _i *. 
Returning to the original variables, we have 

x = Sy 



" 1 1 " 




Cl e lt 




Cl e lt 


+ c 2 e~ lt 


i —i 




c 2 e~ u _ 






- c 2 e~ u ) 



Consequently, x\{t) — c\e lt + c 2 e~ lt and x 2 (t) — i{c\e lt — c 2 e~ lt ). Using Euler's formula, these expressions 
can be written as 

x\(t) = (ci + c 2 ) cost + i(c\ — c 2 ) sin t, 
X2(t) — i(ci — c 2 ) cost — (ci + c 2 )sint, 
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or equivalently, 

X\ (t) = a cos t + b sin t, x 2 (t) = b cos t — a sin t, 
where a — c\ + c 2 , and b = i(c\ — c 2 ). 

"3 -4 -1 

20. The given system can be written as x = Ax, where A = 0 —1 —1 

0-4 2 

A has eigenvalue Ai = —2 with corresponding eigenvector vi = (1,1,1), and eigenvalue A 2 — 3 with corre 

"11 0 

sponding linearly independent eigenvectors v 2 = (1, 0, 0) and v 3 = (0, 1, —4). If we set S — 10 1 

1 0 -4 

then S~ 1 AS = diag(— 2, 3, 3), therefore, under the transformation x = Sy, the given system of differential 
equations simplifies to 



2/1 " 




' -2 


0 


0 " 




yi 


V2 




0 


3 


0 




2/2 


y's . 




0 


0 


3 




. 2/3 . 



Hence, y 1 = — 2j/i, y 2 — 3y 2 , and y 3 = 3yz. Integrating these equations, we obtain 

l/i (t) = cie~ 2t , ifcj(t) = c 2 e 3t , y 3 (t) = c 3 e 3t . 
Returning to the original variables, we have 





" 1 


1 


0 " 




' c ie ^ 2t " 




cie" 


-2/, 


+ c 2 e 3 * 


x = 5y = 


1 


0 


1 




c 2 e 3 * 




cie" 


-2t 


+ c 3 e 3 * 




1 


0 


-4 








cie^ 


-2t 


- 4c 3 e 3t 


cie 2t + c 2 e 3t , 


x 2 (t) 


= Cie 


- 2t + c 3 e 3t 


, and Cie 


2t 


-4c 3 e 3 *. 



21. The given system can be written as x = Ax, where A 



1 1 -1 
1 1 1 
-1 1 1 

A has eigenvalue Ai = —1 with corresponding eigenvector Vi = (—1, 1, —1), and eigenvalue A 2 = 2 with corre 

"-10 1 

sponding linearly independent eigenvectors v 2 = (0, 1, 1) and v 3 = (1, 0, — 1). If we set S — 1 1 0 

-1 1 -1 

then S~ 1 AS = diag(— 1, 2, 2), therefore, under the transformation x = Sy, the given system of differential 
equations simplifies to 

-1 0 0 
0 2 0 
0 0 2 

Hence, y 1 = —yi, y 2 = 2y 2 , and y 3 — 2y 3 . Integrating these equations, we obtain 

yi(t) - cie"*, y 2 (t) = c 2 e 2t , y 3 (t) = c 3 e 2t . 
Returning to the original variables, we have 



" y '} ' 




2/2 




- 2/3 - 







2/i 




2/2 




. 2/3 . 





" -1 


0 


1 " 




cie * 




-cie - * + c 3 e 2 * 




1 


1 


0 




c 2 e 2t 




cie~* + c 2 e 2t 




-1 


1 


-1 




c 3 e zt 




—Cie~ l + c 2 e 2t — c 3 e 2 * 
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Consequently, x\(t) = — cie 1 + c 3 e 2t , X2(t) — C\e * + C2e 2 *, and — c\e * + (c 2 — c?,)e 2t . 

22. A 2 = (SDS-^iSDS- 1 ) = SD(S- 1 S)DS- 1 = SDInDS- 1 = SD 2 S- 1 . 

We now use mathematical induction to establish the general result. Suppose that for k = m > 2 that 
A m = SD m S-\ Then 

A m+i = AA m = (^SDS- 1 ){SD m S- 1 = SD(S- 1 S)D rn S- 1 ) = SD^S' 1 . 

It follows by mathematical induction that A k = SD k S~ 1 for k = 1, 2, . . . 

23. Let A — diag(ai, a2, . . . , a n ) and let B — diag(6i, b 2 , ...,&„). Then from the index form of the matrix 
product, 

0, iSi^j, 



(AB)ij — a ikbk 3 — auhj — 



fe=i 



if i = j. 



Consequently, AB = diag(ai6i, 0262, ■ • • , a n b n ). Applying this result to the matrix D = diag(Ai, A2, . . . , Afe), 
it follows directly that D k = diag(Af, A§, . . . , A*). 

24. The matrix A has eigenvalues Ai = 5, A 2 = —1, with corresponding eigenvectors vi = (1,-3) and 
v 2 = (2, -3). Thus, if we set S = ^ _^ , then S^AS = D, where D = diag(5, -1). 
Equivalently, A = SDS -1 . It follows from the results of the previous two examples that 

A 3 = SD 3 S- 1 



1 2 

-3 -3 



125 0 
0 -1 



-127 -84 
378 251 



whereas 



25. 



A 5 = SD 5 S- 



1 


2 " 




' 3125 0 " 




r -1 --' 
1 i 

L 3 _ 




-3 


-3 




0 -1 







-3127 -2084 
9378 6251 



(a) This is self-evident from matrix multiplication. Another perspective on this is that when we multiply a 
matrix B on the left by a diagonal matrix D, the zth row of B gets multiplied by the ith diagonal clement 
of D. Thus, if we multiply the ith row of VI), by the ith diagonal element of VD, y/Xi, the result in 
the ith row of the product is — Aj. Therefore, \J~D\J~D = D, which means that \[D is a square root 
of D. 

(b) We have 

(SVDS^ 1 ) 2 = {Sy/DS-^iSVDS- 1 ) = S(>/DI>/D) S~ 1 = SDS- 1 = A, 

as required. 

(c) We begin by diagonalizing A. We have 



det(A - XI) = det 



6 - A -2 
-3 7- A 



(6 - A)(7 - A) - 6 = A 2 - 13A + 36 = (A - 4)(A - 9), 



so the eigenvalues of A are A — 4 and A = 9. An eigenvector of A corresponding to A = 4 is 

. Thus, we can form 



and an 



eigenvector of A corresponding to A = 9 is 

S = 



and D 



4 0 
0 9 
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We take VD = 



2 0 
0 3 

root of A is given by 



A fast computation shows that S 1 



3/5 
1/5 



2/5 
-1/5 



By part (b), one square 



12/5 -2/5 
-3/5 13/5 



'A = SVDS- 1 = 

Directly squaring this result confirms this matrix as a square root of A. 

A 



26. (a) Show: A ~ A. 

The identity matrix, /, is invcrtiblc, and / = J -1 . Since I A = AI - 



I^AI, it follows that A ~ A. 
> A = SBS- 1 = (S-^BS- 1 . 



there exists an 



(b) Show: A ~ B ^=> B ~ A. 

A ~ P =^> there exists an invertible matrix 5 such that P = S^ 1 AS 
But S* -1 is invertible since S is invertible. Consequently, B ~ A. 

(c) Show A ~ B and P ~ C <=> A~ C. 

A ~ P =>• there exists an invertible matrix S 1 such that P = S^AS; moreover, P ~ C 
invertible matrix P such that C = P~ 1 BP. Thus, 

C = P- X BP = P- 1 (S- 1 AS)P = (P- 1 S- 1 )A(SP) = (SP)~ 1 A(SP) where SP is invertible. Therefore 
A~ C. 

27. Let A ~ B mean that A is similar to B. Show: ,4 ~ B A T ~ B T . 
A ~ P there exists an invertible matrix 5 such that P = S^AS 

=> P T = (S*- 1 ^) 7, = S^A 71 ^- 1 ) 7, - 5 ,T A T (S' T )- 1 . 5 T is invertible because 5 is invertible, [since 
det(S) = det(5 T )]. Thus, A T ~ P T . 

28. We are given that Av = Av and P = S~ 1 AS. 

P^v) = (S- 1 AS)(S- 1 v) = S- 1 A(SS~ 1 )v = S^AIv = S^Av = S~ 1 (\v) = A(5- 1 v). 
Hence, 5 _1 v is an eigenvector of P corresponding to the eigenvalue A. 

29. (a) S^AS = diag(Ai, A 2 , . . . , A„) => dct^- 1 AS*) = A X A 2 • • • A„ 

=> det(A) det(S ,_1 ) det(5) = AiA 2 ---A„ dct(A) = AiA 2 ---A„. Since all eigenvalues arc nonzero, it 
follows that det(A) ^ 0. Consequently, A is invertible. 

(b) S-'AS = diag(Ai, A 2 , . . . , A n ) [S^AS]- 1 = [diag(A 1; A 2 , . . . , A,,)]- 1 

=> S^A-^S- 1 )- 1 = diag( 



S^A^S = diag 



1 1 

Ai ' A 2 



1 1 

Ai A 2 
1 

An 



1 

A n 



30. (a) S^AS = diag(Ai, A 2 , . . . , A n ) (S^ASf = [diag(A 1; A 2 , . . . , A„)] T 

S T A T (S- 1 ) T = diag(Ai,A 2 ,...,A„) => S' T A T (5 ,T )- 1 = diag(Ai, A 2 , . . . , A„). Since we have that 



= (ST)' 1 , this implies that Q- 1 A T Q = diag(A l7 A 



. A„). 



(b) Let M c = [vi, v 2 , v 3 , . . . , v„] where Mq denotes the matrix of cofactors of S. We see from part (a) that 
A T is nondefective, which means it possesses a complete set of eigenvectors. Also from part (a), 
Q~ 1 A T Q = diag(Ai,A 2 ,.. . ,A„) where Q = (S' T )" 1 , so 



A T Q = Qdiag(Ai,A 2 ,...,A„) 



(30.1) 



If we let Mc denote the matrix of cofactors of S, then 
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Substituting this result into Equation (30.1), we obtain 



M c 



M c 



diag(Ai, A 2 , . .., A„) 



det(S) det(S) 
=> A T M C = M c diag(Ai, A 2 , . . . , A n ) 
=> yl T [vi,v 2 ,V3, . . . ,v„] = [vi,V2,v 3 ,...,v n ] diag(Ai,A 2 ,...,A„) 
=> [A T \x, A T \ 2 , A T \ 3 , . . . , A T \ n ] = [AiVi,A 2 V2,A 3 V3,...,A n v n ] 
=> A T v l = Av; for i e {1,2,3, ...,n}. 

Hence, the column vectors of Mq are linearly independent eigenvectors of A T . 



31. det(A -\I) = {) 
If Ai 



0 



(A + 3)(A - 2) = 0 ^=> Ai = -3 or A 2 = 2. 



-2 - A 4 
1 1 - A 

-3 the corresponding eigenvectors are of the form vi = r(— 4, 1) where r € 
If A 2 = 2 the corresponding eigenvectors are of the form v 2 = s(l, 1) where set. 

_4 i 



Thus, a complete set of eigenvectors is {(—4, 1), (1, 1)} so that S 



1 1 



. If M<7 denotes the matrix 



of cofactors of S, then Mc = 



Consequently, from Problem 30, (1,-1) is an eigenvector 



corresponding to A = — 3 and (—1, —4) is an eigenvector corresponding to A = 2 for the matrix A T . 
32. S- X AS =J X ^AS= SJ X A[v u v 2 ] = [vi, v 2 ] 



A 1 
0 A 



[Avi, Av 2 ] = [Avi,Vi + Av 2 ] => Avi = \v ± and Av 2 = Vi + Av 2 
(A - A/)vi = 0 and (A - A7)v 2 = v 1 . 



33. det(^ - XI) = 0 



By the preceding problem, J 3 = 



0 



(A-3) J 



0 



Ai = 3 of multiplicity two. 



2- A 1 
-1 4- A 

If Ai = 3 the corresponding eigenvectors are of the vi = r(l, 1) where r£R. Consequently, A does not have 
a complete set of eigenvectors, so it is a defective matrix. 

3 1 1 

^ is similar to A. Hence, there exists S — [v l7 v 2 ] such that 

S~ 1 AS = J3. From the first part of the problem, we can let vi = (1, 1). Now consider (A — A/)v 2 = vi 
where Vi = (a, 6) for o,tei. Upon substituting, we obtain 



-a + b=l. 



' -1 


1 " 




a 




' 1 " 


-1 


1 




b 




1 



Thus, S takes the form S 
34. 

A 1 0 

S~ 1 AS= 0 A 1 
0 0 A 



1 6-1 
1 b 



where bet, and if b = 0, then S - 



A[vi,v 2 ,v 3 ] = [vi,v 2 ,v 3 ] 



A 1 0 
0 A 1 
0 0 A 



1 -1 
1 0 



[Avi , ^4v 2 , Av 3 ] = [Avi , vi + Av 2 , v 2 + Av 3 ] 

Av\ = Avi, Av 2 = vi + Av 2 , and Av 3 = v 2 + Av 3 

(A - \I)vi = 0, (A - AJ)v 2 = vi, and (A - A7)v 3 = v 2 . 



35. (a) From (5.8.15), Cifj + c 2 f 2 + • • • + c„f„ = 0 



E 



E 



0 
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E 



E s ^ 

,i=l 



ej = 0 -^=^> ^ SjiCi = 0, j = 1, 2, . . . , n, since {e^} is a linearly independent set. The 



latter equation is just the component form of the linear system 5*c = 0. Since {fj} is a linearly independent 
set, the only solution to this system is the trivial solution c = 0, so det(S) ^ 0. Consequently, S is invertible. 

(b) From (5.8.14) and (5.8.15), we have 



n n 



T ( f fe) = E btk E S ^ e 3 = E 
i=l j = l j = l 



i=l 



Replacing i with j and j with i yields 



r(f fc ) = £ 



i=i 



Sijbjk 

3=1 



e 4 , fc= 1,2, ...,n. (*) 



(c) From (5.8.15) and (5.8.13), we have 



n n 



T ( f fe) = E S 0k T i e ]) = E S J' fc E ai -?' e4 ' 
j=l J = l *=1 



that is, 



r(f fc ) = £ 

(d) Subtracting (*) from (**) yields 

n 

E 



a ijSjk 

3 = 1 



ej, fc = 1,2, . . . ,n. (**) 



"y^^Sjjbjk ciijSjk) 

3 = 1 



e, = 0. 



Thus, since {ei} is a linearly independent set, 

n n 
^ ^ Sijbjk — ^ ^ QijSjki % — 1; 2, . . . , TL. 

3=1 3=1 

But this is just the index form of the matrix equation SB = AS. Multiplying both sides of the preceding 
equation on the left by S^ 1 yields B = S~ 1 AS. 

Solutions to Section 5.9 



True- False Review: 

1. TRUE. In the definition of the matrix exponential function e , we see that powers of the matrix A 
must be computed: 

At r / , x ( A t) 2 (At) 3 

e At = I n + (At) + + + .... 



2! 



3! 



In order to do this, A must be a square matrix. 
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2. TRUE. We see this by plugging in t = 1 into the definition of the matrix exponential function. All terms 
containing A 3 , A 4 , A 5 , . . . must be zero, leaving us with the result given in this statement. 

3. FALSE. The inverse of the matrix exponential function e At is the matrix exponential function e~ At , and 
this will exist for all square matrices A, not just invertiblc ones. 

4. TRUE. The matrix exponential function e At converges to a matrix the same size as A, for all ( e M. 
This is asserted, but not proven, directly beneath Definition 5.9.1. 

5. FALSE. The correct statement is 

(SDS- 1 )* = SD k S-\ 

The matrices S and 5* _1 on the right-hand side of this equation do not get raised to the power k. 

6. FALSE. According to Property 1 of the Matrix Exponential Function, we have 

(e At ) 2 = (e At )(e At ) = e 2At . 



Problems: 

1. Note that 

-At 



1 



e M = I + M+-{At) 



1 0 
0 1 

0 0 

0 



d x t 0 
0 d 2 t 



0 0 



0 



0 



0 

„d 2 t 



0 0 

diag(e dlt ,e' i2t , 



e " 
, e d " 4 ). 



0 
0 

d n t 



+ ••• + 



k\ 



{d!t) k 0 
0 (d 2 t) k 



0 
0 

(d n t) h 



2. Using Problem 1, we have 



-3t 



0 

„5t 



and 



-At 



0 3i 



-5t 



3. We have 



,AJ n t 



e At 0 
0 e At 



0 0 



0 
0 



1 0 ... 0 
0 1 ... 0 

0 0... 1 



e xt I 
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4. 

(a) Wc have 



(b) We have C 2 



BC = 



a 


0 " 




' 0 


b ' 




' 0 


ab 




' 0 


b ' 




' a 0 " 


0 


a 




0 


0 




0 


0 




0 


0 




0 a 



= CB. 



' 0 


b ' 




' 0 


b ' 




' 0 


0 " 


0 


0 




0 


0 




0 


0 



0?. Therefore, 



e ct = I + Ct = 



' 1 


0 " 




' 0 


b ' 


t = 


' 1 


bt ' 


0 


1 


+ 


0 


0 


0 


1 



(c) Using the results in the first two parts of this problem, it follows that 



& At = £ (B+C)t = e Bt e Ct = 





0 




' 1 


bt ' 






bte bt 


0 






0 


1 




0 





5. Define B = 



a 0 
0 a 



and C 



II b 

-b 0 



, so that A = B + C. Now BC = 



0 ab 
-ab 0 



Property (1) of the matrix exponential function implies that e At = e ( B + c ) t = e Bt e ct . Now 



e- 0 
0 e at 



= e 



by Problem 1. To determine e , observe first that 



C 2 = 



-b 2 0 
0 -b 2 



, c 3 = 



0 b 3 
-b 3 0 



, c 4 = 



1 0 
0 1 



b A 0 
0 b A 



0 -b 5 
b 5 0 



In general, we have 

£<2n y2n 



(-1)" 0 
0 (-1)' 



and C 2n+1 = b 2n+1 



for each integer n > 0. Therefore, from Definition 5.9.1, we have 

Eoo (-1)" i2 n ^2w+l 
n=0 (2n)\ 



l^n=0 (2n+l)\ u 



Y^oo (-1)" h 2n+l V^oo (-1)" I,: 
Z^n=0 (2n+l)! U Z^n=0 (2n)! 0 



Thus, 



6. We have 



e At = e Bt e Ct = e at 



(2n)\ 



cos bt sin 6i 
- sin bt cos M 



0 (-1)" 
(_!)"+! o 



cos &i sin 6t 
— sin 6f cos bt 



Aet{A — XI) = 0 
Eigenvalue A = 1 : Wc have A — I 



1 - A 2 
0 3- A 



= 0 



A 2 -4A + 3 = 0^A=lorA = 2 



0 2 
0 2 



, so we can choose the eigenvector vi 
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Eigenvalue A — 3: We have A - 31 = 



-2 2 
0 0 



, so we can choose the eigenvector v 2 



We form the matrices S = 



1 1 
0 1 



and D = 



1 0 
0 3 



. From Theorem 5.9.3, we have 



3 At = Se^S- 1 



7. We have 

det(A - AJ) = 0 * 

Eigenvalue A = 4: We have A — 41 
Eigenvalue A = 2: We have A — 21 



1 — 1 


1 — 1 




' e* 


0 




I— 1 


1 

I— 1 




e* e 3t — e* 


0 


1 




0 


e 3t 




0 


1 




0 e 3t 



3 - A 1 
1 3 - A 



0 



A — 6A - 



0 A = 2 or A = 4. 



-1 1 
1 -1 



1 1 
1 1 



, so we can choose the eigenvector vi = 
so we can choose the eigenvector v 2 = 



We form the matrices S = 



' 1 


1 " 


and D = 


' 4 


0 " 


0 


1 


-1 


2 



e At = Se Dt S -l 



1 1 

1 -1 



e 4t 0 
0 e 2t 



1/2 1/2 
1/2 -1/2 



. From Theorem 5.9.3, we have 

" i(e 4t + e 2t i(e 4t -e 2t ) 
\{e u -e 2t ) |(e 4 * + e 2 *) 



8. We have 



det{A -\I) = Q 
Eigenvalue A = 2i: We have A — 2il = 



-A 2 
-2 -A 

-2i 2 
-2 -2i 



= 0-^A 2 +4 = 0^A = ±2i. 



so we can choose the eigenvector vi 



Eigenvalue A = — 2i: By taking the conjugate of the eigenvector obtained above, we can choose v 2 = 

and D 

s 21 * 0 



1 

—i 



We form the matrices S 



1 1 

i —i 



2i 0 
0 -2i 



From Theorem 5.9.3, we have 



3 At = Se Dt S -l 



1 1 

i —i 



0 e 



-lit 



1/2 -i/2 
1/2 i/2 



cos 2t sin 2t 
- sin 2t cos 2t 



The simplification in the last step uses the well-known identities cos a; = \{e lx + e tx ) and sin a; = — |(e*' 
e~ ix ). 

9. We have 



det{A -\I) = 0 



-1 - A 3 
-3 -1-A 



A 2 + 2A + 10 = 0 A = -1 ± 3i. 



Eigenvalue A = -1 + 3z: We have A - (-1 + 3z)7 



-3i 3 
-3 -3i 



so we can choose the eigenvector vi 
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Eigenvalue A = — 1 — 3i: By taking the conjugate of the eigenvector obtained above, we can choose v 2 



1 

1 — 1 




—i 





We form the matrices S - 



" 1 1 






and D = 


i —i 





-l + 3i 0 
0 — 1 — 3i 



e At = Se Dt s -l = 



1 1 

% —i 



,(-l+3»)t 



0 e (-l-3*)* 



1/2 -i/2 
1/2 i/2 



. From Theorem 5.9.3, we have 



cos 3i sin 3t 
— sin 3t cos 3t 



The simplification in the last step uses the well-known identities cosx — ^(e lx + e lx ) and sinx = — |(e l 



Alternative Solution: Apply Problem 5 directly. 

10. Observe that we are repeating the result of Problem 5 here. This problem gives a traditional solution. 
We have 



det(A — XI) = 0 



a — A 6 
—6 a — A 



A 2 - 2aA + a 2 + fc 2 = 0 X = a±bi. 



Eigenvalue A = a + hi: We have A — (a + bi)I 



-hi b 
-b -bi 



so we can choose the eigenvector vi 



Eigenvalue A — a — bi: By taking the conjugate of the eigenvector obtained above, we can choose v 2 = 



1 

—i 



We form the matrices S = 



" 1 1 




and D = 


i —i 





a + bi 0 
0 a — bi 



From Theorem 5.9.3, we have 



3 At = Se Dt S^ 



1 1 

i —i 



e (a+bi)t Q 

Q e (a-bi)t 



1/2 -i/2 
1/2 i/2 



cos bt sin bt 
- sin bt cos 6t 



The simplification in the last step uses the well-known identities cosx = \{e %x + e lx ) and sinx = — \{eJ~ 
e~ lx ). 



11. We have 
det(A - XI) = 0 



3- A -2 -2 
1 -A -2 
0 0 3 - A 



= 0 <^=> (3 - A)(A 2 - 3A + 2) = 0 A = 1 or A = 2 or A = 3. 



Eigenvalue A = 1: We have A — I 



2 -2 
1 -1 
0 0 



and we may choose the vector vi 



nullspacc( J 4 — I) as an eigenvector corresponding to A = 1. 

1 -2 -2 
1 -2 -2 
0 0 1 

nullspacc(A — 21) as an eigenvector corresponding to A = 2. 



Eigenvalue A — 2: We have A — 21 



and we may choose the vector v 2 = 



1 
1 

0 

2 
1 
0 
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Eigenvalue A = 3: We have A — 31 = 



0 -2 

1 -3 
0 0 



and we may choose the vector V3 = 



nullspace(^4 — 3/) as an eigenvector corresponding to A = 3. 



1 
1 

-1 





' 1 


2 


1 " 




' 1 


0 


0 " 


We form the matrices S = 


1 


1 


1 


and D = 


0 


2 


0 




0 


0 


-1 




0 


0 


3 



From Theorem 5.9.3, we have 



e At = Se Dt S- 1 

12 1 " 
1 1 1 

0 0-1 

e t (2e t - 1) 
e*(e* - 1) 
0 



1 0 0 
0 2 0 
0 0 3 

-2e*(e* - 1) 
~e t (e t -2) 
0 



-1 2 1 
1 -1 0 
0 0-1 

~e*(e 2t - 1) 
-e*(e 2t - 1) 

c 3t 



12. We have 

det(A - XI) = 0 



6- A -2 -1 
8 -2 -A -2 =0 
4 -2 1 - A 



(A - 2) 2 (A -l)=0<^=>A = 2orA=l. 



Eigenvalue A — 2: We have A - 21 = 



4 -2 -1 
8 -4 -2 
4 -2 -1 



and we may choose two vectors, Vi = 



and 



v 2 = 



in nullspace(^4 — 21) as an eigenvector corresponding to A = 2. 



Eigenvalue A — 1: We have A — I = 



1 0 -1 

0 1 -2 

0 0 0 
A = 1. 



so we make choose v 3 = 



5 -2 -1 
8 -3 -2 
4-2 0 
1 
2 
1 



The reduced row-echelon form of this matrix is 



in nullspace(A — /) as an eigenvector corresponding to 





' 1 


1 


1 " 




' 2 


0 


0 " 


We form the matrices S = 


2 


0 


2 


and D = 


0 


2 


0 




0 


4 


1 




0 


0 


1 



. From Theorem 5.9.3, we have 



1 


1 


1 " 




" e 2t 


0 


0 




4 - 


3/2 


-1 


2 


0 


2 




0 


e 2t 


0 




1 - 


1/2 


0 


0 


4 


1 




0 


0 


e* 




-4 


2 


1 


e* 


'he 1 


-4) 


2e*(l 


-e* 


) e*(: 


L-e*) 







8e*(e*-l) e*(4-3e*) 2e*(l - e*) 
4e t (e*-l) 2e*(l-e t ) e* 
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13. Direct computation shows that A 2 = 0 2 . Therefore, 



I + At 



' 1 


0 " 




' -3 


9 " 


t = 


0 


I— 1 


+ 


-1 


3 



-3t + 1 9t 
-t 3t + 1 



14. Direct computation shows that A 2 = 0 2 . Therefore, 



= I + At = 



' 1 


0 " 




1 


1 " 


t = 


0 


1 


+ 


-1 


-1 



1 + t t 
-t l-t 



15. Direct computation shows that A 2 



0 0 0 

0 0 0 

1 0 0 



and A 3 = 0 3 . Therefore, 





' 1 


0 


0 " 




" 0 


0 


0 " 




' 0 


0 


0 " 


t 2 


1 


0 


0 


e At = 


0 


1 


0 


+ 


1 


0 


0 


t + 


0 


0 


0 


t 


1 


0 




0 


0 


1 




0 


1 


0 




1 


0 


0 


2 ~ 


_ t 2 /2 


t 


1 



16. Direct computation shows that A 2 



1 0 0 
0 1 0 

0 0 1 

1 - t - 2t 2 

-t 2 /2 
t + t 2 



-4 8 -4 
-1 2 -1 
2-4 2 



and A 3 = 03. Therefore, 



-1 -6 -5 

0 -2 -1 / 

1 2 3 

-6f + At 2 -5t - 2t 2 

l-2t + t 2 -t-t 2 /2 

2t -2t 2 1 + 3t + t 2 



-4 8 -4 
-1 2 -1 
2-4 2 



17. Direct computation shows that A 2 



e At = I 4 + At + 



(At) 2 | (At) 3 



G 



0 0 10 

0 0 0 1 

0 0 0 0 

0 0 0 0 



A 3 = 



0 0 0 1 

0 0 0 0 

0 0 0 0 

0 0 0 0 



an 



d A 4 = 0 4 . Therefore, 



+ 



10 0 0 

0 10 0 

0 0 10 

0 0 0 0 

1 t t 2 /2 t 3 /6 
0 1 t t 2 /2 
0 0 1 t 

0 0 0 1 



0 t 0 0 

0 0 t 0 

0 0 0 t 

0 0 0 0 



0 0 t 2 /2 0 

0 0 0 t 2 /2 

0 0 0 0 

0 0 0 0 



+ 



0 0 0 t 3 /6 

0 0 0 0 

0 0 0 0 

0 0 0 0 



18. It is easy to see (and can be formally verified by induction on k) that the matrix A k contains all zero 
entries except for the (k + i,i) entry for 1 < i < n — k. In particular, A n = A n+1 = A n+2 = ■ ■ ■ = 0„. 



425 



Therefore, by Definition 5.9.1, we have 



At r * ( At ) 2 i A tf 

S =In + At+ ^f- + ^f- + 



t 3 



2! 

0 
1 

t 

2! 

t n-: 



3! 

0 
0 
1 

t 

t n-i 



+ 



(At) 



n-1 



0 
0 
0 

1 

t n ~' 



(n-l)! 



(n-l)l (n-2)! (n-3)! (n-4)! 



19. Assume that is m x m and Bo is n x n. Note that these two matrices must be square in order for 

/ JSk g 

e A a t an( j e B 0 t ^ Q ma ]j e sense . The key point is that A k = 



Ak 

0 



B k 0 



Therefore, 



At r A, ( At ) 2 ( At ) 3 

3 = I + At + ^— L - + ^—^ + ... 




in + Bot 



2! 



A 3 



0 

(Bot) 2 
2! 



R 3 



(Bpt) 3 



3! 



+ . 



+ ... 



Solutions to Section 5.10 



True-False Review: 

1. TRUE. This is immediate from Definition 5.10.1. 

2. TRUE. The roots of p(X) = A 3 + A arc A = 0 and A = ±i. Therefore, the matrix has complex eigenvalues. 
But Theorem 5.10.4 indicates that a real matrix that is symmetric must have only real eigenvalues. 

3. FALSE. The zero matrix is a real, symmetric matrix for which both vi and V2 arc eigenvectors. 

4. TRUE. This is the statement of the Principal Axes Theorem (Theorem 5.10.6). 

5. TRUE. This is a direct application of Lemma 5.10.9. 

6. TRUE. Assuming that A and B are orthogonal matrices, then A and B are invertible, and hence AB is 
invertiblc. Moreover, 

(AB) -1 = B-'A- 1 = B T A T = (AB) T , 
so that AB meets the requirements of orthogonality spelled out in Definition 5.10.1. 

7. TRUE. This is essentially the content of Theorem 5.10.3, since a set of orthogonal unit vectors are 
precisely a set of orthonormal vectors. 

8. TRUE. Let 5* be the matrix consisting of a complete set of orthonormal eigenvectors of A. Then 
S T AS — diag(Ai, A2, . . . , A n ) = D, where the are the corresponding eigenvalues. Then S is an orthogonal 
matrix: S T = S" 1 . Hence, A = SDS T and A T = (SDS T ) T = SD T S T = SDS T = A, so A is symmetric. 
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Problems: 



2 — A 2 
2 -1 - A 



1. det(A - A7) = 0 
A = 3. 

If A = — 2 then (A — A7)v = 0 assumes the form 

an eigenvector corresponding to A = — 2 and wi 
to A = -2. 

If A = 3 then (A — A7)v = 0 assumes the form 



= 0^A 2 -A-6 = 0^(A + 2)(A - 3) = 0 A = -2 or 



" 4 


2 " 




Vl 




' 0 " 


2 


1 




. V2 




0 



Vl 

l v ll 



V5' V5 



is an eigenvector corresponding to A = 3 and w 2 
1 2 



" -1 2 " 




Vl 




" 0 " 


2 -4 




V 2 




0 


v 2 / 


' 2 


i \ 




" llvall " \ 




is a 



2 Vl + v 2 = 0. vi = (1,-2), is 
is a unit eigenvector corresponding 

> Vl + 2v 2 = 0. v 2 = (2,1), 



to A = 3. 
Thus, S ■■ 



V5 y/5 
2 1 



and S T AS= diag(-2,3). 



4- A 6 
6 9- A 



" 4 


6 " 




Vl 




' 0 


6 


9 




V2 




0 



V5 s/l 
2. det(A - XI) = 0 <^=> 

If A = 0 then (^4 — A7)v = 0 assumes the form 

an eigenvector corresponding to A = 0 and Wi = 
to A = 0. 

If A = 13 then (A — A/)v — 0 assumes the form 

v 2 = (2, 3), is an eigenvector corresponding to A = 13 and w 2 = 

corresponding to A = 13. 

3 2 



= 0 A 2 - 13A = 0 A(A - 13) = 0 <=^> A = 0 or A = 13. 

=> 2vi + 3v 2 = 0. vi = (-3, 2), is 
is a unit eigenvector corresponding 

-3v! + 2v 2 = 0. 

is a unit eigenvector 



vi 
l v i| 



Vl3' v/13 



" -9 


6 " 




«i 




' 0 " 


6 


-4 








0 



V2 
l v 2| 



13' \/T3 



Thus, = 



13 



13 



13 



13 



and S 1 AS= diag(0,13). 



1 - A 2 
2 1 - A 



0 



3. det(^ -\I)=Q<= 
A = 3. 

If A = — 1 then (A — A7)v = 0 assumes the form 

an eigenvector corresponding to A = — 1 and wi = 
to A = -1. 

If A = 3 then (A — A7)v = 0 assumes the form 

an eigenvector corresponding to A = 3 and w 2 = 
A = 3. 



(A - l) 2 - 4 = 0 (A + 1)(A - 3) = 0 A = -1 or 



vi + v 2 = 0. vi = (-1, 1), is 



"22" 




Vl 




' 0 " 


2 2 




v 2 




0 


Vl 


'( 1 


1 





Vl 



" -2 


2 " 




Vl 




' 0 " 


2 


-2 




V2 




0 


v 2 




1 1 







v 1 -v 2 = 0. v 2 = (1,1), is 



v 2 



.V2' V2; 
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Thus, S 



V2 y/2 
y/2 y/2 



and S T AS= diag(-l,3). 





-AO 3 
















4. det(A - XI) = 0 <^=> 


0 -2-A 0 




0 (A + 2)(A- 


3)(A 


+ 3) 


= 0 ^ A = 




3 0 -A 
















A = 3. 






"3 0 3 " 




Vl 




" 0 " 




If A = -3 then (A - A7)v 


= 0 assumes the form 


0 1 0 








0 










3 0 3 




V3 




0 





vi = (—1,0,1), is an eigenvector corresponding to A = —3 and wi = 
eigenvector corresponding to A = —3. 

If A = — 2 then (A — A7)v = 0 assumes the form 
v 2 = (0, 1,0), is an eigenvector corresponding to A = — 2 and w 2 



0 3 " 




Vl 








0 0 




V2 








0 2 




. W 3 








= —2 and 


W 2 














IM 


3 0 




3 " 




Vl 




0 -5 




0 




V2 




3 0 




-3 








ig to A 




3 and 


w 3 





Vl 

|vi| 

0 " 

0 
0 



= — ^,0 



y/2' ' V2 



is a unit 



==> v i = v 3 = 0 and v 2 € R. 
(0, 1, 0) is a unit eigenvector 



corresponding to A = —2. 

If A = 3 then (A — A7)v = 0 assumes the form 

v 2 = 0. v 3 = (1,0, 1), is an eigenvector corresponding to A = 3 and w 3 
eigenvector corresponding to A = 3. 

Thus, S = 0 10 

a/2 V2 



V3 
l v 3| 



«i — w 3 = 0 and 
is a unit 



1 1 



and S J AS = diag(-3, -2, 3). 



1 - A 2 1 
2 4- A 2 
1 2 1 - A 



= 0 A 3 




6A 2 = 


= 0 <^=> A 2 (A -6) = 0^A = 6 


"12 1" 




«i 




" 0 " 




2 4 2 




«2 




0 


==>• wi + 2w 2 + w 3 = 


1 2 1 




«3 




0 





5. det(A - A7) = 0 
A = 0 of multiplicity two. 

If A = 0 then (A — A7)v = 0 assumes the form 

vi = (—1,0, 1) and v 2 = (—2, 1,0) are linearly independent eigenvectors corresponding to A = 0. vi and v 2 
are not orthogonal since (vi,v 2 ) = 2 ^ 0, so we will use the Gram-Schmidt procedure. 
Let Ui = Vi = (—1,0, 1), so 

u 2 = v 2 - ^p^ui = (-2, 1,0) - |(-1,0, 1) = (-1, 1, -1). 



Now wi 



m 

l u i| 



corresponding to A = 0. 



1 1 

72 72 



and w 2 



U2 
l U 2| 



1 1 1 



are orthonormal eigenvectors 
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If A = 6 then (A — A/)v = 0 assumes the form 



a unit eigenvector corresponding to A = 6. 



-5 
2 
1 



2 1 
-2 2 

2 -5 





Vl 




' 0 " 








0 








0 


= 6 and w 3 = 


v 3 


ll v 3 



v\ — W3 = 0 and 



1 2 1 



is 



Thus, S : 



1 


1 










0 


f 


f 


i 










- 






2- A 


A/) = 0 




0 






0 



and S T AS= diag(0,0,6). 



0 0 

3 - A 1 

1 3 - A 



multiplicity two. 
If A = 2 then (A — XI)v = 0 assumes the form 



= 0 




> (A 


-2) 2 (A-4) 


= 0 


" 0 


0 


0 " 


Vl 




" 0 " 


0 


1 


1 


V2 




0 


0 


1 


1 


. W 3 . 




0 



A = 4 or A = 2 of 



V2 + V3 = 0 and 



t>i e R. vi = (1, 0, 0) and V2 = (0, —1, 1) arc linearly independent eigenvectors corresponding to A = 2, and 



Wl 



Vl 

|vi| 



(1,0,0) and w 2 



V2 

|v 2 | 



0. 



1 1 



and w 2 are also orthogonal because (wi,w 2 ) = 0. 



V2' V2 



are unit eigenvectors corresponding to A = 2. wi 





" -2 0 0 " 




^i 




" 0 " 


A/)v = 0 assumes the form 


0 -1 1 








0 




0 1 -1 




. V 3 _ 




_ 0 _ 


(0, 1, 1), is an eigenvector corresponding to A 




4 and w 3 


i 

h 



unit eigenvector corresponding to A = 4. 



V3_ 

v 3 | 



vi = 0 and 
1 1 



0, 



V2' V2 



is a 



Thus, S 



0 


0 










1 


1 












f 




and S T AS -- 


= diag(2,2,4) 
















V2 - 














-X 1 0 






0 






1 -A 0 




= 0 <^> 








0 0 1- 


A 





7. det{A - XI) 
multiplicity two. 

If A = 1 then (^4 — AJ)v = 0 assumes the form 



(A-1) 2 (A + 1) 



-1 or A = 1 of 



-1 1 0 wi 0 

1—10 v 2 = 0 ==> vi — v 2 = 0 and 
0 0 0 J [ v 3 J [ 0 
vs el. vi = (1,1,0) and v 2 = (0,0,1) are linearly independent eigenvectors corresponding to A = 1, and 



Wl 



Vl 
l V l| 



1 1 



0 I and w 2 



V2 

|v 2 | 



(0,0,1) are unit eigenvectors corresponding to A = 1. wi 



and w 2 are also orthogonal because (wi,w 2 ) = 0. 





"110" 




Vl 




' 0 " 


If A = — 1 then (A — XI)v = 0 assumes the form 


1 1 0 








0 




0 0 2 




. V 3 . 




0 



vi+v 2 = 0 and V3 = 0. 
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v 3 = (—1,1,0), is an eigenvector corresponding to A = — 1 and w 3 = 



eigenvector corresponding to A = — 1 

1 1 

P 0 -P 

y/2 \/2 

Thus, S = _L o — 

V2 \/2 

0 1 0 



V3 
l v 3l 



1 1 



, 0 I is a unit 



and S T AS= diag(-l, 1, 1). 



1-A 1 -1 
1 1-A 1 
-1 1 1-A 



8. det(A - XI) = 0 
A = -1. 

If A = 2 then (A — A7)v = 0 assumes the form 



(A - 2) 2 (A + 1) = 0 A = 2 of multiplicity two 



vi - v 2 + v 3 = 0. 



-1 1 -1 
1 -1 1 
-1 1 -1 

vi = (1, 1,0) and V2 = (—1,0, 1) are linearly independent eigenvectors corresponding to A = 2. vi and v 2 
are not orthogonal since (vi,v 2 ) = —1^0, so we will use the Gram-Schmidt procedure. 
Let Ui = Vi = (1,1,0), so 





Vl 




' 0 " 




V2 




0 




. V 3 . 




0 



u 2 = v 2 - ^^ Ul = (-1,0, 1) + 1(1, 1,0) 



1 1 

2'2' 



Now Wi 



Ul 

|ui| 



corresponding to A = 2. 



— t=,0 and w 2 = T . — r 
V2 V2 ) l|u 2 | 



112, 

_ , are orthonormal eigenvectors 





2 


1 


-1 " 




Vl 




' 0 " 


If A = —1 then (A — AJ)v — 0 assumes the form 


1 


2 


1 




V2 




0 




-1 


1 


2 




V3 




0 



V2 + V3 = 0. v 3 = (1,-1,1), is an eigenvector corresponding to A = — 1 and w 3 = 

is a unit eigenvector corresponding to A = — 1 . 
1 1 1 



V3 

Kl 



vi — v 3 = 0 and 



1 1 1 



Thus, S = 



\/2 v/6 V3 

V2 Ve 

2 1 

0 -p -p 



and S r AS= diag(2, 2, -1). 



9. det(A - A/) = 0 
A = 2. 



1-A 0 -1 
0 1-A 1 
-1 1 -A 





2 0 


-1 " 




Vl 




' 0 " 


1 then (A — A/)v = 0 assumes the form 


0 2 


1 




V2 




0 




-1 1 


1 




. V 3 _ 




0 



= 0^(1- A)(A + 1)(A - 2) = 0 A = -1, A = 1, or 



2vi — w 3 = 0 and 



2^2+^3 = 0. vi = (1,-1,2), is an eigenvector corresponding to A = — 1 and wi 
is a unit eigenvector corresponding to A = —1. 



vi 
Ivil 



1 1 2 N 
\/6' v/6' \/6, 
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0 


0 


-1 " 




"l 




" 0 " 


If A = 1 then (A — XI)v = 0 assumes the form 


0 


0 


1 




v 2 




0 




-1 


1 


-1 




. V 3 . 




0 



v 3 = 0. v 2 = (1, 1,0), is an eigenvector corresponding to A 
eigenvector corresponding to A = 1. 



1 and w 2 



V2 
l v 2| 





" -1 


0 


-1 " 




Vl 


If A = 2 then (A — \I)v = 0 assumes the form 


0 


-1 


1 




V 2 




-1 


1 


-2 




v 3 



v 2 — «3 = 0. v 3 = (—1, 1, 1), is an eigenvector corresponding to A = 2 and w 3 = 

is a unit eigenvector corresponding to A = 2. 
1 1 1 



0 
0 
0 

ll v 3l 



Thus, S 



\/6 \/2 
2 

-p 0 



f 

V3 



and S T AS= diag(-l, 1,2). 



vi - v 2 



0 and 



1 1 



0 is a unit 



vi + «3 = 0 and 



1 1 1 



10. det(A - XI) = 0 
or A = 8. 



3 - A 3 4 

3 3- A 0 

4 0 3 - A 



(A-3)(A + 2)(A-8) = 0^A 



-2, A 





"5 3 4 " 




Vl 




" 0 " 


2 then (A — A/)v — 0 assumes the form 


3 5 0 




v 2 




0 




4 0 5 




. W 3 . 




0 



4vi + 5v 3 = 0 and 4v 2 — 



3«3 = 0. vi = (—5, 3, 4), is an eigenvector corresponding to A = — 2 and Wi 
is a unit eigenvector corresponding to A = — 2. 

If A = 3 then (A — A/)v = 0 assumes the form 



Vl 

|vi| 



y/2' 5^' 5^2 



" 0 


3 


4 " 




Vl 




" 0 " 


3 


0 


0 




V2 




0 


4 


0 


0 




. W 3 . 




0 



v 2 = (0, —4, 3), is an eigenvector corresponding to A = 3 and w 2 
corresponding to A = 3. 

If A = 8 then (A — A/)v = 0 assumes the form 



V2 

|v 2 | 



^«i=0 and 3v 2 +4w 3 = 0. 
4 3 s 



5'5 



-5 3 4 
3-5 0 
4 0-5 





Vl 




0 






v 2 




0 






. V 3 _ 




0 






8 and w 3 


v 3 




llvsll 



4v 2 — 3v 3 = 0. v 3 = (5, 3, 4), is an eigenvector corresponding to A = 8 and w 3 
is a unit eigenvector corresponding to A = 8. 

Tims. ,S'= — - — and S T AS= diag(-2,3,8). 



is a unit eigenvector 



4^i — 5w 3 = 0 and 



1 3 4 

\/2' 5^' 5\/2 



1 


0 

4 




~f 


f 


4 


~5 
3 


4 


. 5V2 


5 


5V2 . 
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11. det(A - XI) = 0 <*== 
multiplicity two, or A = 1. 



-3 - A 2 2 

2 -3 - A 2 
2 2 -3 - A 



(A + 5) 2 (A- 1) = 0 



-5 of 





" -4 


2 


2 " 




Ul 




" 0 " 


A7)v = 0 assumes the form 


2 


-4 


2 




«2 




0 




2 


2 


-4 




. W 3 _ 




0 



v\ — v 3 = 0 and 



«2 — ^3 = 0. vi = (1,1,1) is an eigenvector corresponding to A = 1 and wi = 
unit eigenvector corresponding to A = 1. 



Vl 

|vi| 



1 1 1 



is a 





" 2 


2 


2 " 




«i 




" 0 " 


0 assumes the form 


2 


2 


2 








0 




2 


2 


2 




. ^3 . 




0 



> + v 2 + v 3 = Q. 

v 2 = (—1, 1,0) and v 3 = (—1,0, 1) are linearly independent eigenvectors corresponding to A = —5. v 2 and 
V3 are not orthogonal since (v 2 ,v 3 ) = —1^0, so we will use the Gram-Schmidt procedure. 
Let u 2 = v 2 = (— 1, 1,0), so 



Now w 2 = 



_U2_ 
l U 2| 



corresponding to A = — 5 
1 1 



Thus, S = 



u 3 = v 3 

1 1 

1 

V6 
1 

V3 V2 
1 2 

\/3 V6 



(v 3 ,u 2 ) 



1 



l U 2| 



u 2 = (-1,0,1) --(-1,1,0)= --,--,1 . 



1 1 



0 I and w 3 



U3 

l u 3l 



1 1 2 



are orthonormal eigenvectors 



1 



and S T AS = diag(l, -5, -5). 





-A 1 1 












12. det(A-XI) = 0 


1 -A 1 


= 0 <^=> (A+1) 2 (A- 


2) = 0 


A = 




1 1 -A 












A = 2. 






" 1 1 1 " 


Vl 




" 0 " 


If A = -1 then (A - A7)\ 


= 0 assumes the form 


1 1 1 


V2 




0 








1 1 1 


V3 




0 



A = — 1 of multiplicity two, or 



vi + v 2 + v 3 = 0. 



vi = (—1,0, 1) and v 2 = ( — 1, 1,0) arc linearly independent eigenvectors corresponding to A = —1. Vi and 
v 2 are not orthogonal since (vi,v 2 ) = 1 ^ 0, so we will use the Gram-Schmidt procedure. 
Let ui = vi = (—1,0, 1), so 



u 2 = v 2 - = (-1,1,0) - £(-1,0,1) 

u i 2 



2' 1 ' 2 



Now wi = 



Ul 

|ui| 



corresponding to A = —1. 



1 1 



and w 2 = 



U2 
l U 2| 



1 2 1 





" -2 


1 


1 " 




Vl 




" 0 " 


If A = 2 then (A — A7)v = 0 assumes the form 


1 


-2 


1 




V2 




0 




1 


1 


-2 




. W 3 . 




0 



are orthonormal eigenvectors 



vi — V3 = 0 and 



432 



V2 — «3 = 0. V3 — (1, 1, 1), is an eigenvector corresponding to A = 2 and w 3 = 

unit eigenvector corresponding to A = 2. 
1 1 1 



V3 
|v 3 | 



\/3' \/3' \/3, 



is a 



Thus, S 



\/2 v/6 \/3 

0 2 1 

V6 73 

1 1 1 



V2 



'6 



and S T AS= diag(-l, -1,2). 



13. A has eigenvalues Ai = 4 and A2 = —2 with corresponding eigenvectors vi = (1, 1) and V2 = (—1, 1). 

—^=(1, 1), -==(— 1, 1) |. Relative to these principal axes, the quadratic 



Therefore, a set of principal axes is 



form reduces to Ay{ — 2y 2 . 

14. A has eigenvalues Ai — 7 and A 2 = 3 with corresponding eigenvectors Vi = (1, 1) and v 2 = (1, — 1). 

-^=(1, 1), -^=(1, — Relative to these principal axes, the quadratic 



Therefore, a set of principal axes is 



form reduces to ly{ + 3y 2 . 

15. A has eigenvalue A = 2 of multiplicity two with corresponding linearly independent eigenvectors 

vi = (1,0, —1) and v 2 = (0, 1, 1). Using the Gram-Schmidt procedure, an orthogonal basis in this eigenspace 

is {ui, u 2 } where 

m = (1,0,-1), u 2 = (0,1,1) + £(1,0,-1) = £(1,2,1). 



^=(1,0,-1), -£=(1,2,1) \. The remaining eigenvalue of A is 



An orthonormal basis for the eigenspace is , 

1 V2 Vq 

A = — 1, with eigenvector v 3 = (—1, 1, —1). Consequently, a set of principal axes for the given quadratic 
-£=(1,0,-1), -£=(1,2,1), -£=(—1,1,-1)1. Relative to these principal axes, the quadratic form 



form is 



reduces to 2yf + 2y| — y£ . 

16. A has eigenvalue A = 0 of multiplicity two with corresponding linearly independent eigenvectors 
vi = (0,1,0,-1) and v 2 = (1,0,-1,0). Notice that these are orthogonal, hence we do not need to apply 
the Gram-Schmidt procedure. The remaining eigenvalues of A are A = 4 and A = 8, with corresponding 
eigenvectors v 3 = (—1,1,-1,1) and v 4 = (1,1,1,1), respectively. Consequently, a set of principal axes for 
the given quadratic form is 

I -1(0,1,0,-1), -1(1,0,-1,0), i(-l,l,-l,l), i(l,l,l,l)J. 
Relative to these principal axes, the quadratic form reduces to 4t/§ + 8y|. 



17. A 



a b 
b c 



Consider det(A - XI) = 0 
A = 



0 



where a, b, c e E. 

a — A c 
c 6 — A 

(a + c) ± J(a-c) 2 +4b 2 AT 
= . Now A has repeated eigenvalues 

(a - c) 2 + 4b 2 = 0 a = c and 6 = 0 (since a, b, c e R) A 
A = ali <==^> A is a scalar matrix. 



A 2 -(a + c)A+(ac-6 2 )=0 



a 0 
0 a 
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18. (a) A is a real n x n symmetric matrix => A possesses a complete set of eigenvectors 
==>■ A is similar to a diagonal matrix 

=> there exists an invertible matrix S such that S~ 1 AS = diag(A, A, A, . . . , A) where A occurs n times. 
But diag(A, A, A, . . . , A) = A/„, so S^AS = XI n => AS = S(XI n ) =^AS = XS^A = ASS" 1 
=> ^4 = A/„ ==> A is a scalar matrix 

(b) Theorem : Let A be a nondefectivc n x n matrix. If A is an eigenvalue of multiplicity n, then A is a 
scalar matrix. 

Proof : The proof is the same as that in part (a) since A has a complete set of eigenvectors. 

19. Since real eigenvectors of A that correspond to distinct eigenvalues are orthogonal, it must be the case 
that if y = (2/1,2/2) corresponds to A2 where Ay = A 2 y, then 

(x,y) = 0 => ((1, 2), (2,1,2/2)) = 0 => y x + 2y 2 = 0 => Vl = -2y 2 => y = (-2y 2 ,y 2 ) = y 2 {-2, 1). 

Consequently, (—2, 1) is an eigenvector corresponding to A 2 . 

20. (a) Let A be a real symmetric 2x2 matrix with two distinct eigenvalues, Ai and A 2 , where Vi = (a, b) 
is an eigenvector corresponding to Ai. Since real eigenvectors of A that correspond to distinct eigenvalues 
are orthogonal, it follows that if V2 = (c, d) corresponds to A2 where av2 = A2V2, then 

(vi,v 2 ) = 0 =^> ((a,b),(c,d)) = 0, that is, ac + bd = 0. By inspection, we see that v 2 = (—6, a). An 
orthonormal set of eigenvectors for A is 



I Va 2 + b 2 



(a,b), 



Va 2 + b 2 



-b, a) I 



Thus, if S : 



Va 2 + b 2 

L Va 2 + b 2 
(b) S T AS = diag(Ai,A 2 ) 
A = Sdisig(X 1 ,X 2 )S T = 



a — 



Va 2 + b 2 



then S T AS = diag(Ai, A 2 ). 

Va 2 + b 2 " 

AS = S diag(Ai, A 2 ), since S T = 



Thus, 



(a 2 + b 2 ) 
1 

(a 2 + b 2 ) 
1 



Ai 
0 





a 


b ' 




-b 


a 



0 

A 2 

Aid A16 
-A 2 6 A 2 a 

X x a 2 + X 2 b 2 afe(Ai - A 2 ) 
(a 2 + b 2 ) [ a6(Ai - A 2 ) X x b 2 + X 2 a 2 

21. A is a real symmetric 3x3 matrix with eigenvalues Ai and A2 of multiplicity two. 

(a) Let v x = (1,-1,1) be an eigenvector of A that corresponds to X\. Since real eigenvectors of A that 
correspond to distinct eigenvalues are orthogonal, it must be the case that if v = (a, b, c) corresponds to A 2 
where = A 2 v, then (vi,v) = 0 => ((1, -1, 1), (a,6,c)) = 0 => a-b+c= 0 => v = r(l, l,0)+s(-l,0, 1) 
where r and s are free variables. Consequently, v 2 = (1,1,0) and v 3 = ( — 1,0,1) are linearly independent 
eigenvectors corresponding to A 2 . Thus, {(1,1,0),(— 1,0,1)} is a basis for E 2 . v 2 and v 3 are not orthogonal 
since (v 2 , v 3 ) = —1^0, so we will apply the Gram-Schmidt procedure to v 2 and v 3 . Let u 2 = v 2 = (1, 1, 0) 
and 



(v 3 ,u 2 ) 



1 



Now, wi 



Vl 

|vi| 



"3 = v 3 

ll U 2 



-u 2 



(-1,0,1) + -(1,1,0) 



1 1 

2' 2' 



is a unit eigenvector corresponding to Ai, and 
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w 2 = 
to A 2 . 



_U 2 _ 

|u 2 | 



1 1 



, 0 , w 3 



Consequently, S 



1 



\/3 \/2 

V 

-p 0 



U3 

llusll 

1 

V6 



1 1 2 



are orthonormal eigenvectors corresponding 



and S T AS = diag(Ai, A 2 , A 2 ). 



(b) Since S is an orthogonal matrix, S T AS = diag(Ai, A 2 , A 2 ) 
A = S diag(Ai, A 2 , A 3 )S T =► 



AS = Sdiag(Ai,A2,A 3 ) 



1 



1 



V3 \/2 
1 1 



f 

1 



V2 
0 

1 



V3 V2 
1 1 



f 

V5 



V2 
0 



1 

f 
f 

1 

J 
t 



Ai 0 
0 A 2 



0 0 A 2 



1 



1 



1 



1 



t 
t 

V6 



0 

2A 2 



\/6 ^6 



\/3 \/3 

V 

1 2 
Ai +2A 2 



— Ai + A 2 Ai — A 2 
-Ai + A 2 Ai + 2A 2 — Ai + A 2 
Ai — A 2 — Ai + A 2 Ai + 2A 2 



22. (a) Let Vi,v 2 <G C™ and recall that vfv 2 = [(vi,v 2 )]. 

[(Avi,v 2 )] = (A Vl ) T vT^ ( v fA T )^ = vf(-A)v^= -vf(Ajv^= -vf(A^ ) = -vf = [-(v u Av 2 }]. 
Thus, 

(Avi,v 2 ) = -(vi,Av 2 ). (22.1) 

(b) Let V! be an eigenvector corresponding to the eigenvalue Ai, so 

Av 1 = A1V1. (22.2) 

Taking the inner product of (22.2) with vi yields (Avi,vi) = Ai(vi, vi), that is 

(Avi,vi) = Ai||vi|| 2 . (22.3) 

Taking the complex conjugate of (22.3) gives (Avi,v\) = Ai||vi|| 2 , that is 

(v 1 ,Av 1 ) = AT||vi|| 2 . (22.4) 

Adding (22.3) and (22.4), and using_(22.1) with v 2 = vi yields (Ai + A7)||vi|| 2 = 0. But ||vi|| 2 ^ 0, so 
Ai + Ai = 0, or equivalently, Ai = — Ai, which means that all nonzero eigenvalues of A are pure imaginary. 

23. Let A be an n x n real skew-symmetric matrix where n is odd. Since A is real, the characteristic 
equation, det(A — XI) = 0, has real coefficients, so its roots come in conjugate pairs. By problem 20, all 
nonzero solutions of det(^4 — XI) = 0 are pure imaginary, hence when n is odd, zero will be one of the 
eigenvalues of A. 

-A 4 -4 

' = 0 <=> A 3 + 36A = 0 A = 0 or A = ±6i. 



24. det(A - XI) = 0 



-4 -A -2 
4 2 -A 
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If A = 0 then (A — A/)v = 0 assumes the form 



If A = — 6i then (^4— A/)v = 0 assumes the form 









" 0 " 








0 




. W 3 . 




0 





Vl 




' 0 " 








0 




. V 3 




0 



2vi + v 3 = 0 and 



5ui + (-2+6i)u 3 = 0 



0 4-4 
-4 0 -2 
4 2 0 

v 2 — v 3 — 0. If we let v 3 — 2r e C, then the solution set of this system is {(— r, 2r, 2r) : r € C} so the 
eigenvectors corresponding to A = 0 are vi = r(— 1, 2, 2) where r G C. 

6i 4 -4 
-4 6i -2 
4 2 6i 

and 5«2 + (4 + 3z)t> 3 = 0. If we let v 3 = 5s € C, then the solution set of this system is 
{(2 — Qi)s, (—4 — 3i)s, 5s : s <E C}, so the eigenvectors corresponding to A = — 6i are v 2 = s(2 — 6i, —4 — 3i, 5) 
where s e C. By Theorem 5.6.8, since A is a matrix with real entries, the eigenvectors corresponding to 
A = 6i arc of the form v 3 = t(2 + 6i, —4 + 3i, 5) where t e C. 

-A -1 -6 
1 -A 5 
6 -5 -A 



25. det(A - XI) = 0 



= 0 



-A 3 - 62A = 0 A = 0 or A = ±V62i 





" 0 -1 -6 " 




Vl 




' 0 " 


If A = 0 then (A — A/)v = 0 assumes the form 


1 0 5 








0 




6-5 0 




V3 




0 


— 5i, where t £ C. Thus, the solution set of the system is {( 


-5t,- 


-6t,t) : t 



=> v 3 = t,v 2 = -6t, vi = 

G C}, so the eigenvectors 
corresponding to A = 0 arc v = t(— 5, —6, 1), where t £ C. 

For the other eigenvalues, it is best to use technology to generate the corresponding eigenvectors. 

26. A is a real nxn orthogonal matrix A^ 1 = A T A T A = I n . Suppose that A — [vi, v 2 , v 3 , . . . , v„]. 
Since the i th row of A T is equal to vf, the matrix multiplication assures us that the ij th entry of A T A is 



equal to (vf,Vi). Thus from the equality A T A = I n = [5ij], an n x n matrix A = [vi,v 2 ,v 3 ,. 
orthogonal if an only if (vf,Vi) = Sij, that is, if and only if the columns (rows) of A, {vi,v 2 ,v 3 , 
form an orthonormal set of vectors. 

Solutions to Section 5.11 



■ ,v n J IS 
• • ,v n }, 



True-False Review: 

1. TRUE. See Remark 1 following Definition 5.11.1. 

2. TRUE. Each Jordan block corresponds to a cycle of generalized eigenvectors, and each such cycle contains 
exactly one eigenvector. By construction, the eigenvectors (and generalized eigenvectors) are chosen to form 
a linearly independent set of vectors. 

3. FALSE. For example, in a diagonalizable nxn matrix, the n linearly independent eigenvectors can be 
arbitrarily placed in the columns of the matrix S. Thus, an ample supply of invertible matrices S can be 
constructed. 

" 0 1 



4. FALSE. For instance, if Ji 
Ji + J 2 = 



0 0 

is not in Jordan canonical form. 



, then Ji and J 2 are in Jordan canonical form, but 



5. TRUE. This is simply a restatement of the definition of a generalized eigenvector. 

6. FALSE. The number of Jordan blocks corresponding to A in the Jordan canonical form of A is the 
number of linearly independent eigenvectors of A corresponding to A, which is dim[_E>,], the dimension of the 
eigenspace corresponding to A, not dimfK^]. 
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7. TRUE. This is the content of Theorem 5.11.8. 

1 1 



8. FALSE. For instance, if Ji 
J1J2 - 



0 1 

is not in Jordan canonical form. 



then Ji and J 2 are in Jordan canonical form, but 



9. TRUE. If we place the vectors in a cycle of generalized eigenvectors of A (see Equation (5.11.3)) in 
the columns of the matrix S formulated in this section in the order they appear in the cycle, then the 
corresponding columns of the matrix S~ 1 AS will form a Jordan block. 

10. TRUE. The assumption here is that all Jordan blocks have size lxl, which precisely says that the 
Jordan canonical form of A is a diagonal matrix. This means that A is diagonalizablc. 

11. TRUE. Suppose that S~ 1 AS = B and that J is a Jordan canonical form of A. So there exists an 
invcrtiblc matrix T such that T~ X AT = J. Then B = S^AS = S^iTJT'^S = (T~ 1 S)~ 1 J(T~ 1 S), and 
hence, 

(T- 1 S)B(T- 1 S)- 1 = J, 



which shows that J is also a Jordan canonical form of B 

0 1 



0 0 



12. FALSE. For instance, if J -- 
is not in Jordan canonical form 
Problems: 

1. There are 3 possible Jordan canonical forms 



and r = 2, then J is in Jordan canonical form, but rj - 
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0 0 " 
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0 " 




" 1 1 


0 " 
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1 0 
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0 1 
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possible Jordan canonical forms 
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" 1 1 
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0 0 


3 


0 
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3. There are 7 possible Jordan canonical forms: 
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4. There are 10 possible Jordan canonical forms: 
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5. Since A = 2 occurs with multiplicity 4, it can give rise to the following possible Jordan block sizes: 

(a) 4 

(b) 3,1 

(c) 2,2 

(d) 2,1,1 

(e) 1,1,1,1 

Likewise, A = 6 occurs with multiplicity 4, so it can give rise to the same five possible Jordan block sizes. 
Finally, A — 8 occurs with multiplicity 3, so it can give rise to three possible Jordan block sizes: 

(a) 3 

(b) 2,1 

(c) 1,1,1 

Since the block sizes for each eigenvalue can be independently determined, we have 5 • 5 • 3 — 75 possible 
Jordan canonical forms. 

6. Since A = 2 occurs with multiplicity 4, it can give rise to the following possible Jordan block sizes: 

(a) 4 

(b) 3,1 

(c) 2,2 

(d) 2,1,1 

(e) 1,1,1,1 

Next, A = 5 occurs with multiplicity 6, so it can give rise to the following possible Jordan block sizes: 

(a) 6 

(b) 5,1 

(c) 4,2 

(d) 4,1,1 

(e) 3,3 
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(f) 3,2,1 

(g) 3,1,1,1 

(h) 2,2,2 

(i) 2,2,1,1 
(j) 2,1,1,1,1 
(k) 1,1,1,1,1,1 

There are 5 possible Jordan block sizes corresponding to A = 2 and 11 possible Jordan block sizes 
corresponding to A = 5. Multiplying these results, we have 5 • 11 = 55 possible Jordan canonical forms. 

7. Since (^4 — 51) 2 = 0, no cycles of generalized eigenvectors corresponding to A = 5 can have length greater 
than 2, and hence, only Jordan block sizes 2 or less are possible. Thus, the possible block sizes under this 
restriction (corresponding to A = 5) are: 

2,2,2 

2,2,1,1 

2,1,1,1,1 

1,1,1,1,1,1 

There are four such. There are still five possible block size lists corresponding to A = 2. Multiplying 
these results, we have 5 • 4 — 20 possible Jordan canonical forms under this restriction. 

8. 

(a): 
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(b): The assumption that (A — Xil) 2 ^ 0 implies that there can be no Jordan blocks corresponding to Ai 
of size 3 x 3 (or greater). Thus, the only possible Jordan canonical forms for this matrix now are 
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9. The assumption that (A — XI) 3 = 0 implies no Jordan blocks of size greater than 3x3 are possible. The 
fact that (^4 — XI) 2 ^ 0 implies that there is at least one Jordan block of size 3x3. Thus, the possible block 
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size combinations for a 6 x 6 matrix with eigenvalue A of multiplicity 6 and no blocks of size greater than 
3x3 with at least one 3x3 block are: 

3,3 

3,2,1 

3,1,1,1 

Thus, there are 3 possible Jordan canonical forms. (We omit the list itself; it can be produced simply 
from the list of block sizes above.) 

10. The eigenvalues of the matrix with this characteristic polynomial are A = 4, 4, —6. The possible Jordan 
canonical forms in this case are therefore: 
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4 1 0 
0 4 0 
0 0-6 



11. The eigenvalues of the matrix with this characteristic polynomial are A = 4,4,4, —1, —1. The possible 
Jordan canonical forms in this case are therefore: 
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12. The eigenvalues of the matrix with this characteristic polynomial arc A = —2,-2,-2,0,0,3,3. The 
possible Jordan canonical forms in this case are therefore: 
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13. The eigenvalues of the matrix with this characteristic polynomial are A = —2,-2,6,6,6,6,6. The 
possible Jordan canonical forms in this case are therefore: 
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14. Of the Jordan canonical forms in Problem 13, we are asked here to find the ones that contain exactly 
five Jordan blocks, since there is a correspondence between the Jordan blocks and the linearly independent 
eigenvectors. There are three: 
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15. Many examples are possible here. Let A 
is not an eigenvector since Av = 



eigenvector of A corresponding to A = 0. 
16. Many examples are possible here. Let A = 



is not an eigenvector since Av 

eigenvector of A corresponding to A = 0. 
17. The characteristic polynomial is 

1 - A 



q q . The only eigenvalue of A is 0. The vector 
7^ Av. However A 2 = 02, so every vector is a generalized 

0 10" 

0 0 0. The only eigenvalue of A is 0. The vector 
0 0 0 

^ Av. However, A 2 = 0 3 , so every vector is a generalized 



det(A - XI) = dct 
with roots A = 2, 2. We have 



1 

3- A 



= (1 - A)(3 - A) + 1 = A 2 - 4A + 4 = (A - 2) 2 



A -21 



" -1 1 " 




1 — 1 


1 


-1 1 




0 


0 
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Because there is only one unpivoted column in this latter matrix, we only have one eigenvector for A. Hence, 
A is not diagonalizablc, and therefore 

"2 1 " 



JCF(A) 



0 2 



To determine the matrix S, we must find a cycle of generalized eigenvectors of length 2. Therefore, it suffices 



to find a vector v in R 2 such that (A — 2/)v ^ 0. Many choices are possible here. We take v 



. Then 



(A - 2J)v 



. Thus, we have 



1 0 
1 1 



18. The characteristic polynomial is 
det(A - XI) = det 



1 - A 1 1 
0 1 - A 1 
0 1 1 - A 



(1 - A) [(1 - A) 2 - 1] = (1 - A)(A 2 - 2A) = A(l - A)(A - 2), 



with roots A = 0, 1, 2. Since A is a 3 x 3 matrix with three distinct eigenvalues, it is diagonalizablc. Therefore, 
it's Jordan canonical form is simply a diagonal matrix with the eigenvalues as its diagonal entries: 



JCF(A) 



0 0 0 
0 1 0 
0 0 2 



To determine the invertible matrix S, we must find eigenvectors associated with each eigenvalue. 
Eigenvalue A = 0: Consider 



nullspacc(A) = nullspace 



1 1 1 
0 1 1 
0 1 1 



and this latter matrix can be row reduced to 



. The equations corresponding to the rows of this 



1 1 1 
0 1 1 
0 0 0 

matrix are x + y + z = 0 and y + z = 0. Setting z = t, then y = —t and x = 0. With t = 1 this gives us the 
eigenvector (0, —1, 1). 

Eigenvalue A = 1: Consider 



nullspacc(A — I) = nullspace 



0 1 1 
0 0 1 
0 1 0 



By inspection, we see that z = 0 and y — 0 are required, but x — t is free. Thus, an eigenvector associated 
with A = 1 may be chosen as (1, 0, 0). 

Eigenvalue A = 2: Consider 



nullspacc(A — 21) = nullspace 



-1 1 1 
0 -1 1 
0 1 -1 
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which can be row-reduced to 



Setting z = t, we have y = t and x — It. Thus, with t = 1 



1 -1 -1 
0 1 -1 
0 0 0 

we obtain the eigenvector (2, 1, 1) associated with A = 2. 

Placing the eigenvectors obtained as the columns of S (with columns corresponding to the eigenvalues of 
JCF(A) above), we have 

'012 
-1 0 1 
1 0 1 

19. We can get the characteristic polynomial by using cofactor expansion along the second column as follows: 



nullspacc(^4— XI) = det 
with roots A = 4, 4, 4. 



5-A 0 -1 
1 4-A -1 
1 0 3 - A 



= (4-A) [(5 - A) (3 - A) + 1] = (4-A)(A 2 -8A+16) = (4-A)(A-4) 5 



We have A - 41 



1 0 -1 
1 0 -1 
1 0 -1 

x — z — 0. Setting z = t and y = s, we have x = t. Hence, we obtain two linearly independent eigenvectors 



, and so vectors (x, y, z) in the nullspace of this matrix must satisfy 





" 1 " 




" 0 " 


of A corresponding to A = 4: 


0 


and 


1 




1 




0 



. Therefore, JCF(yl) contains exactly two Jordan blocks. 



This uniquely determines JCF(A), up to a rearrangement of the Jordan blocks: 

JCF(A) 



4 1 0 
0 4 0 
0 0 4 



To determine the matrix S, we must seek a generalized eigenvector. It is easy to verify that (A — AI) 2 = O3, 
so every nonzero vector v is a generalized eigenvector. We must choose one such that (^4 — 47)v 7^ 0 in 

1 

order to form a cycle of length 2. There are many choices here, but let us choose v 



Then 



(,4-4J)v 



. Notice that this is an eigenvector of A corresponding to A = 4. To complete the matrix 



S, we will need a second linearly independent eigenvector. Again, there are a multitude of choices. Let us 

" 0 " 
1 



choose the eigenvector 



0 



found above. Thus, 



S = 



1 1 0 
1 0 1 
1 0 0 



20. We will do cofactor expansion along the first column of the matrix to obtain the characteristic polynomial: 
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" 4- 


A -4 5 




det (A - 


XI) = det 


-1 


4- A 2 








-1 


2 4- A 






= (4- 


A)(A 2 


- 8A + 12) + (-4)(4 - A) - 10 - 




= (4- 


A)(A 2 


-8A + 12) + (2- 


A) 




= (4- 


A)(A 


-2)(A-6) + (2- 


A) 




= (A- 


2) [(4 


-A)(A-6)-l] 






= (A- 


2)(-A 2 + 10A-25) 






= -(A 


-2)(A-5) 2 , 




with eigenvalues A = 2, 5 


,5. 








Since A = 5 is a repeated eigenvalue, 


we consider this eigenvalue first. 




-1 -4 


5 






of the matrix A — 51 = 


-1 -1 


2 


, which can be row-reduced to 




-1 2 


-1 







1 1 

0 3 
0 0 



a matrix that has 



only one unpivoted column, and hence A = 5 only yields one linearly independent eigenvector. Thus, 

JCF(A) 



2 0 0 
0 5 1 
0 0 5 



To determine an invertible matrix S, we first proceed to find a cycle of eigenvectors of length 2 corresponding 
to A = 5. Therefore, we must find a vector v in ]R 3 such that (^4 — 5/)v ^ 0, but (^4 — 5/) 2 v = 0 (in order 

1 



that v is a generalized eigenvector). Note that (^4 — 5/) s 



0 18 -18 
0 9-9 



so if we set v 



then 



(A - 5J)v 



-1 
-1 
-1 



and (A — 5/) 2 v = 0. Thus, we obtain the cycle 



f 


" -1 " 




" 1 " 






-1 




0 


j 




-1 




0 





Next, corresponding to A = 2, we must find an eigenvector. We need to find a nonzero vector (x,y, z) 



in nullspacc 



2 

-1 
-1 



-4 5 
2 2 
2 2 



, and this latter matrix can be row-reduced to 



1 -2 
0 0 
0 0 



. The middle 



row requires that z = 0, and if we set y — t, then x — 2t. Thus, by using t = 1, we obtain the eigenvector 
(2,1,0). 

Thus, we can form the matrix 

"2-11 
S= 1-10 
0-10 



21. We are given that A = 



—5 occurs with multiplicity 2 as a root of the characteristic polynomial of A. To 



445 



search for corresponding eigenvectors, we consider 

nullspace(A + 5/) = nullspace 



-1 1 
_ l l 

2 2 
1 1 



and this matrix row-reduces to 



. Since there is only one unpivoted column in this row-echelon 



1 -1 0 
0 0 1 
0 0 0 

form of A, the eigenspace corresponding to A = —5 is only one-dimensional. Thus, based on the eigenvalues 
A = —5, —5, —6, we already know that 



JCF(A) = 



Next, we seek a cycle of generalized eigenvectors of length 2 corresponding to A = —5. The cycle 
takes the form {(A + 57)v,v}, where v is a vector such that (^4 + 5/) 2 v = 0. We readily compute that 



(A + 5/) 2 = 



also possible) is v = 
corresponding to A 



1 l 

2 2 

0 0 

1 1 

2 2 

0 

1 
1 

-5: 



. An obvious vector that is killed by (A + 51) 2 (although other choices are 



Then (A + 57)v = 



Hence, we have a cycle of generalized eigenvectors 



f 


" 1 " 




" 0 " 






1 




1 


j 




0 




I— 1 





Now consider the eigenspace corresponding to A = —6. We need only find one eigenvector (x, y, z) in this 
eigenspace. To do so, we must compute 



nullspacc(A + 61) = nullspace 



0 1 0 

13 1 

1 1 ? 

2 2 2 



and this matrix row-reduces to 



. We see that y = 0 and x — 3y — z = 0, which is equivalent 



1 -3 -1 
0 1 0 
0 0 0 

to x — z = 0. Setting z = t, we have x = t. With t = 1, we obtain the eigenvector (1,0, 1). Hence, we can 
form the matrix 

"10 1 
1 1 0 
0 1 1 

22. Because the matrix is upper triangular, the eigenvalues of A appear along the main diagonal: A = 2, 2, 3. 
Let us first consider the eigenspace corresponding to A = 2: We consider 



nullspace (A — 21) = nullspace 



-2 14 
1 -7 
0 0 
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which row reduces to 



0 1 -7 
0 0 0 
0 0 0 

Therefore, the matrix A is diagonalizable: 



There are two unpivoted columns, so this eigenspace is two-dimensional. 



JCF(A) 



2 0 0 
0 2 0 
0 0 3 



Next, we must determine an invertible matrix S such that S~ 1 AS is the Jordan canonical form just obtained. 
Using the row-echelon form of A — 21 obtained above, vectors (x, y, z) in nullspace(A — 21) must satisfy 
y — 7z = 0. Setting z = t, y — 7t, and x — s, we obtain the eigenvectors (1, 0, 0) and (0, 7, 1). 
Next, consider the eigenspace corresponding to A = 3. We consider 



nullspace(A — 3/) = nullspace 



-1 -2 14 
0 0-7 
0 0-1 



which row reduces to 



1 2 -14 
0 0 1 
0 0 0 

and x + 2y — lAz = 0 or x + 2y = 0. Setting y = t and x 
(-2,1,0). 

Thus, using the eigenvectors obtained above, we obtain the matrix 



. Vectors (x, y, z) in the nullspace of this matrix must satisfy z = 0 
-2t. Hence, setting t — 1 gives the eigenvector 



S = 



1 0 -2 
0 7 1 
0 1 0 



23. We use the characteristic polynomial to determine the eigenvalues of A: 

2 

det(A - XI) = det ' 



7 - A -2 
0 4-A -1 
-1 1 4-A 



= (4 - A) [(7 - A) (4 - A) + 2] + (7 - A - 2) 

= (4 - A)(A 2 - 11A + 30) + (5 - A) 

- (4 - A) (A — 5) (A — 6) + (5 - A) 

= (5 -A) [l-(4-A)(6-A)] 

= (5-A)(A-5) 2 

= -(A-5) 3 . 

Hence, the eigenvalues are A = 5, 5, 5. Let us consider the eigenspace corresponding to A = 5. We consider 



nullspacc(A — 5/) = nullspace 



and this latter matrix row-reduces to 



1 -1 1 
0 1 1 
0 0 0 

eigenspace corresponding to A = 5 is one-dimensional. Therefore, the Jordan canonical form of A consists 



which contains one unpivoted column. Therefore, the 
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of one Jordan block: 



JCF(^) = 



5 1 0 
0 5 1 
0 0 5 



A corresponding invertible matrix S in this case must have columns that consist of one cycle of generalized 
eigenvectors, which will take the form {(^4 — 5/) 2 v, (A — 5J)v, v}, where v is a generalized eigenvector. Now, 
we can verify quickly that 



A -51 



(A -51)' 



2 0 
1 0 
-1 0 



(A-5lf = 0 3 . 



The fact that (A — 5/) 3 = 0 3 means that every nonzero vector v is a generalized eigenvector. Hence, we 



simply choose v such that (A — 5/) 2 v ^ 0. There are many choices. Let us take v 



Then 



(A - 5/)v = 



and {A-5I) 2 v = 



2 




1 


. Thus 


-1 




2 




2 


1 




0 


-1 




-1 



Thus, we have the cycle of generalized eigenvectors 



Hence, we have 



S = 



2 1 
0 0 

-1 0 



24. Because the matrix is upper triangular, the eigenvalues of A appear along the main diagonal: A 
— 1,-1,-1. Let us consider the eigenspace corresponding to A = —1. We consider 



nullspacc(^4 + I) — nullspace 



0 -1 
0 0 
0 0 



and it is straightforward to see that the nullspace here consists precisely of vectors that are multiples of 
(1,0,0). Because only one linearly independent eigenvector was obtained, the Jordan canonical form of this 
matrix consists of only one Jordan block: 



JCF(A) 



A 1 0 
0 -1 1 
0 0-1 



A corresponding invertible matrix S in this case must have columns that consist of one cycle of generalized 
eigenvectors, which will take the form {(^4 + /) 2 v, (A + I)v, v}. Here, we have 



A + I = 



-1 0 
0 -2 
0 0 



and (A + I) 2 = 



0 0 2 
0 0 0 
0 0 0 



and (,4 + /) 3 = 03. 
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Therefore, every nonzero vector is a generalized eigenvector. We wish to choose a vector v such that 



(A + I) 2 v 7^ 0. There are many choices, but we will choose v = 



Then (A + J)v = 



and 



(A + I) 2 v 



. Hence, we form the matrix S as follows: 



0 0 
-2 0 
0 1 



25. We use the characteristic polynomial to determine the eigenvalues of A: 



det(A - XI) = det 



2-A -1 0 1 

0 3-A -1 0 

0 1 1 - A 0 

0 -1 0 3-A 



= (2-A)(3-A) [( 3 -A)(l-A) + l] 

= (2 - A) (3 - A)(A 2 - 4A + 4) = (2 - A) (3 - A)(A - 2) 2 , 

and so the eigenvalues are A — 2, 2, 2, 3. 

First, consider the eigenspace corresponding to A = 2. We consider 



nullspacc(A — 21) = nullspace 



0-1 0 1 

0 1-10 

0 1-10 

0-1 0 1 



and this latter matrix can be row-reduced to 



1 -1 
0 1 
0 0 
0 0 



. There are two unpi voted columns, and 



therefore two linearly independent eigenvectors corresponding to A = 2. Thus, we will obtain two Jordan 
blocks corresponding to A = 2, and they necessarily will have size 2x2 and lxl. Thus, we are already in 
a position to write down the Jordan canonical form of A: 



JCF(A) = 



2 10 0 

0 2 0 0 

0 0 2 0 

0 0 0 3 



We continue in order to obtain an invertiblc matrix S such that S l AS is in Jordan canonical form. To 
this end, we see a generalized eigenvector v such that (A — 27)v ^ 0 and (A — 2/) 2 v = 0. Note that 



A -21 



0 1 

-1 0 
-1 0 
0 1 



and (A - 21 f 



-2 1 1 

0 0 0 

0 0 0 

-2 1 1 
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By inspection, we see that by taking v 



(there are many other valid choices, of course), then 



(A - 27)v 



and (A — 2/) 2 v = 0. We also need a second eigenvector corresponding to A = 2 that is 



linearly independent from (A — 27)v just obtained. From the row-echelon form of A — 21, we see that all 



eigenvectors corresponding to A = 2 take the form 



, so for example, we can take 



Next, we consider the eigenspace corresponding to A = 3. We consider 
nullspace (A — 31) = nullspace 



Now, if (x,y, z,w) is an eigenvector corresponding to A = 3, the last three rows of the matrix imply that 
y = z = 0. Thus, the first row becomes — x + w = 0. Setting w — t, then x — t, so we obtain eigenvectors in 
the form (t, 0, 0, t). Setting t = 1 gives the eigenvector (1, 0, 0, 1). 

Thus, we can now form the matrix S such that S~ 1 AS is the Jordan canonical form we obtained above: 



1 


1 


0 


1 — 1 


0 


0 


-1 


0 


0 


1 


-2 


0 


0 


-1 


0 


0 



s = 



1 0 11 

1 0 0 0 
1-10 0 

1 10 1 



26. From the characteristic polynomial, we have eigenvalues A = 2,2,4,4. Let us consider the associated 
eigenspaces. 

Corresponding to A — 2, we seek eigenvectors (x,y,z,w) by computing 



nullspace (A — 21) — nullspace 



and this matrix can be row-reduced to 



2 2 

0 2 

0 0 

0 0 



0-422 
-2-2 13 
-2-2 13 
-2-6 3 5 



. Setting w = 2t and z — 2s, we obtain y = s + t 



and x = 2t, so we obtain the eigenvectors (2, 1,0,2) and (0, 1,2,0) corresponding to A = 2. 
Next, corresponding to A = 4, we seek eigenvectors (x, y, z, w) by computing 



nullspace (A — AI) = nullspace 



-2-4 2 2 

-2-4 13 

-2 -2 -1 3 

-2-6 3 3 
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This matrix can be reduced to 



2 -1 -1 

2 -1 -1 

0 1 -1 

0 0 0 



Since there is only one unpivoted column, this eigenspace 



is only one-dimensional, despite A — 4 occurring with multiplicity 2 as a root of the characteristic equation. 
Therefore, we must seek a generalized eigenvector v such that (A — 47) v is an eigenvector. This in turn 
requires that (A - 4/) 2 v = 0. We find that 



A -41 = 



2 2 
1 3 

-1 3 

3 3 



and (A-4I) 2 = 



4 8 

4 4 

4 0 

4 8 



-4 -4 

0 -4 

4 -4 

-4 -4 



Note that the vector v 



satisfies (A - 41) 2 v = 0 and (A - 47) v 



of generalized eigenvectors corresponding to A = 4 given by 



Thus, we have the cycle 





" 0 " 




" 1 " 






1 




0 




j 


1 — 1 




0 


> 




1 




I— 1 


> 



Hence, we can form the matrix 



2 


0 


0 


1 — 1 


I— 1 


1 


1 


0 


0 


2 


1 


0 


2 


0 


1 


1 



and JCF(A) 



2 


0 


0 


0 


0 


2 


0 


0 


0 


0 


4 


1 


0 


0 


0 


4 



27. Since A is upper triangular, the eigenvalues appear along the main diagonal: A = 2,2,2,2,2. Looking 
at 



nullspace(A — 21) = nullspace 



0 1111 

0 0 0 0 1 

0 0 0 0 1 

0 0 0 0 1 

0 0 0 0 0 



we see that the row-echelon form of this matrix will contain two pivots, and therefore, three unpivoted 
columns. That means that the eigenspace corresponding to A = 2 is three-dimensional. Therefore, JCF(^4) 
consists of three Jordan blocks. The only list of block sizes for a 5 x 5 matrix with three blocks are (a) 3,1,1 
and (b) 2,2,1. In this case, note that 



(A-2I) 2 = 



0 0 0 0 4 

0 0 0 0 1 

0 0 0 0 1 

0 0 0 0 1 

0 0 0 0 1 



^o 5 , 



451 



so that it is possible to find a vector v that generates a cycle of generalized eigenvectors of length 3: 
{(A - 2/) 2 v, (A — 2J)v, v}. Thus, JCF(A) contains a Jordan block of size 3x3. We conclude that the 
correct list of block sizes for this matrix is 3,1,1: 



JCF(A) 



2 


1 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


2 



28. Since A is upper triangular, the eigenvalues appear along the main diagonal: A = 0, 0, 0, 0, 0. Looking at 
nullspacc(^4 — 01) = nullspace(^4), we sec that eigenvectors (x, y, z, u, v) corresponding to A = 0 must satisfy 
z = u = v = 0 (since the third row gives 6u = 0, the first row gives u + Av = 0, and the second row gives 
z + u + v = 0). Thus, we have only two free variables, and thus JCF(A) will consist of two Jordan blocks. 
The only list of block sizes for a 5 x 5 matrix with two blocks are (a)4,l and (b) 3,2. In this case, it is easy 
to verify that A 3 = 0, so that the longest possible cycle of generalized eigenvectors {A 2 v, Av,v} has length 
3. Therefore, case (b) holds: JCF(A) consists of one Jordan block of size 3x3 and one Jordan block of size 
2x2: 



JCF(A) = 



nullspacc(^4 — I) = nullspace 



29. Since A is upper triangular, the eigenvalues appear along the main diagonal: A = 1,1,1,1,1,1,1,1. 
Looking at 

"01010101 
00000000 
0 0 0 1 0 1 0 1 
00000000 
0 0 0 0 0 1 0 1 
00000000 
0 0 0 0 0 0 0 1 
00000000 

we see that if (a,b,c,d,e,f,g,h) is an eigenvector of A, then b = d = f = h = 0, and a,c, e, and g are 
free variables. Thus, we have four linearly independent eigenvectors of A, and hence we expect four Jordan 
blocks. Now, an easy calculation shows that (A — I) 2 = 0, and thus, no Jordan blocks of size greater than 
2x2 are permissible. Thus, it must be the case that JCF(A) consists of four Jordan blocks, each of which 
is a 2 x 2 matrix: 

" 1 1 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
0 0 1 1 0 0 0 0 
0 0 0 1 0 0 0 0 
0 0 0 0 1 1 0 0 
0 0 0 0 0 1 0 0 
0 0 0 0 0 0 1 1 
0 0 0 0 0 0 0 1 



JCF(A) = 
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30. NOT SIMILAR. We will compute JCF(A) and JCF(_B). If they are the same (up to a rearrangement 
of the Jordan blocks), then A and B are similar; otherwise they are not. Both matrices have eigenvalues 
A = 6, 6, 6. Consider 

1 10 

nullspace (A — 61) = nullspace 



We see that eigenvectors (x,y,z) corresponding to A = 6 must satisfy x + y = 0 and x = 0. Therefore, 
x — y = 0, while z is a free variable. Since we obtain only one free variable, JCF(A) consists of just one 
Jordan block corresponding to A = 6: 



JCF(A) = 



6 1 0 
0 6 1 
0 0 6 



Next, consider 



nullspace (B — 6/) = nullspace 



-1 1 
0 0 
0 0 



In this case, eigenvectors (x, y, z) corresponding to A = 6 must satisfy — y + z = 0. Therefore, both x and z 
are free variables, and hence, JCF(_B) consists of two Jordan blocks corresponding to A = 6: 



JCF(B) 



6 1 0 
0 6 0 
0 0 6 



Since JCF(A) ^ JCF(£>), we conclude that A and B are not similar. 

31. SIMILAR. We will compute JCF(A) and JCF(B). If they are the same (up to a rearrangement of the 
Jordan blocks), then A and B are similar; otherwise they are not. Both matrices have eigenvalues A = 5, 5, 5. 
(For A, this is easiest to compute by expanding det(A — XI) along the middle row, and for B, this is easiest 
to compute by expanding det(B — XI) along the second column.) In Problem 23, we computed 



Next, consider 





" 5 1 


0 " 






JCF(A) = 


0 5 
0 0 


1 

5 










" -2 


-1 


-2 " 


nullspace(_B — 5/) = nullspace 


1 


1 


1 






1 


0 


1 



and this latter matrix can be row-reduced to 



1 1 1 
0 1 0 
0 0 0 

the eigenspace of B corresponding to A = 5 is only one-dimensional, and so 



which has only one unpi voted column. Thus, 



JCF(B) 



5 1 0 
0 5 1 
0 0 5 



Since A and B each had the same Jordan canonical form, they are similar matrices. 
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32. The eigenvalues of A are A = —1,-1, and the eigenspace corresponding to A = —1 is only one- 
dimensional. Thus, we seek a generalized eigenvector v of A corresponding to A = — 1 such that {(A+/)v, v} 

T —2 —2 1 

is a cycle of generalized eigenvectors. Note that A + I = and (A + I) 2 = 0 2 . Thus, every 



nonzero vector v is a generalized eigenvector of A corresponding to A = — 1. Let us choose v 



Then 



(A + J)v 



. Form the matrices 



S = 



-2 1 
2 0 



and J 



-1 1 

0 -1 



Via the substitution x = Sy, the system x' = Ax is transformed into y' = Jy. The corresponding equations 
are 

Vi = -Vi + 2/2 and y 2 = -y 2 . 
The solution to the second equation is 

= cie - *. 

Substituting this solution into y[ = — y\ + y 2 gives 

y'i = cie - *. 

This is a first order linear equation with integrating factor I(t) = e*. When we multiply the differential 
equation for yi(t) by I(t), it becomes (y\ ■ e*)' = c\. Integrating both sides yields y\ ■ e* = c\t + c 2 . Thus, 



Thus, we have 



Finally, we solve for x(£): 



y(t) 



x(t) = Sy(t) 



yi(t) = 


cite 


' Vi(t) ' 









-2 1 
2 0 



cite * + c 2 e * 



Cite * + c 2 e * 



C\e 

-2(ci*e"* + c 2 e"*) + c x e~ 
2(c 1 te-* + c 2 e- t ) 



" -2i + 1 " 




' -2 " 


2/ 


+ c 2 e"* 


2 



= cie 

This is an acceptable answer, or we can write the individual equations comprising the general solution: 
Xi(t) = -2(ciie~* + c 2 e~*) + Cie~* and x 2 (t) = 2{cite~ l + c 2 e~*). 

33. The eigenvalues of A are A = — 1, — 1, 1. The eigenspace corresponding to A = —1 is 

1 1 0 

nullspacc(A + /) = nullspacc Oil 

1 1 0 
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which is only one-dimensional, spanned by the vector (1,-1, 1). Therefore, we seek a generalized eigenvector 
v of A corresponding to A = — 1 such that {(A + J)v, v} is a cycle of generalized eigenvectors. Note that 



A + I 



1 1 0 

0 1 1 

1 1 0 



and (A + I) 2 



1 2 1 
1 2 1 
1 2 1 



In order that v be a generalized eigenvector of A corresponding to A = —1, we should choose v such that 

1 " 

(A + 7) 2 v = 0 and (A + I)v ^ 0. There arc many valid choices; let us choose v 



Then 



{A + I)v 



. Hence, we obtain the cycle of generalized eigenvectors corresponding to A = —1: 



1 




1 


1 — I 




0 






1 — 1 



Next, consider the eigenspace corresponding to A = 1. For this, we compute 













" -1 1 


0 






nullspacc( J 4 — I) = 


= nullspace 


0 -1 


1 














1 1 


-2 






' 1 


-1 0 " 










" 1 




This can be row-reduced to 


0 


1 -1 


. We find the 


eigenvector 


1 






0 


0 0 










1 




Hence, we are ready to form the matrices S and J: 














1 1 


1 " 






" -1 


1 


0 


S 




-1 0 


1 


and J = 


0 - 


-1 


0 






1 -1 


1 






0 


0 


1 



as a basis for this eigenspace. 



Via the substitution x = Sy, the system x' = Ax is transformed into y' = Jy. The corresponding equations 
are 

y'i = -yi + V2, y' 2 = -y2, y'z^y?,- 

The third equation has solution y 3 (t) = c 3 e*, the second equation has solution y 2 (t) = c 2 e~ f : , and so the first 
equation becomes 

y'l +2/1 = c 2 e~*. 

This is a first-order linear equation with integrating factor I(t) — e*. When we multiply the differential 
equation for y\(t) by I(t), it becomes (j/i • e*)' = c 2 . Integrating both sides yields y\ ■ e* = c 2 i + C\. Thus, 



Thus, we have 





yi(t = 


c 2 te 






' Vi(t) ' 




c 2 te~ t + cie"* 


y(*) = 






c 2 e~ l 








c 3 e* 
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Finally, we solve for x(t): 





1 


1 


1 " 




c 2 te ' + cie 


t " 






-1 


0 


1 






c 2 e * 










1 


-1 


1 






c 3 e* 










c 2 te 


"* + cie~ 


* + c 2 e 


"* + c 3 e* 












-c 2 ie 


t _ 


cie * + c 3 e* 










c 2 te 


"* + cie- 


t . 


- c 2 e 


"* + c 3 e* 












1 " 








" t + 1 " 






" 1 " 


= cie ' 


-1 


+ c 2 e"* 


-< 


+ c 3 e 4 


1 






1 








t-1 






1 



34. The eigenvalues of A are A = —2, —2, —2. The eigenspace corresponding to A = — 2 is 

nullspace (A + 21) = nullspace 



0 
1 

-1 



and there are two linearly independent vectors in this nullspace, corresponding to the unpi voted columns of 
the row-echelon form of this matrix. Therefore, the Jordan canonical form of A is 



1 0 

-2 0 
0 -2 



To form an invertible matrix S such that S 1 AS = J, we must find a cycle of generalized eigenvectors 
corresponding to A = — 2 of length 2: {(A + 2/)v, v}. Now 



A + 21 = 



0 0 0 

1 -1 -1 
-1 1 1 



and (A + 2r) 2 = 0 3 . 



Since (A + 2I) 2 = 0 3 , every nonzero vector in M 3 is a generalized eigenvector corresponding to A = —2. We 
need only find a nonzero vector v such that (A + 27)v ^ 0. There are many valid choices; let us choose 



. Then (A + 27)v 



0 
1 

-1 



, an eigenvector of A corresponding to A = —2. We also need a 



second linearly independent eigenvector corresponding to A = —2. There are many choices; let us choose 
1 " 

. Therefore, we can form the matrix 



S = 



0 1 1 

1 0 1 

-10 0 



Via the substitution x = Sy, the system x' = Ax is transformed into y' = Jy. The corresponding equations 



arc 



y'i = -22/i + 2/2, y' 2 = -22/2, y' 3 = -22/3- 
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The third equation has solution y 3 (t) = c 3 e 24 , the second equation has solution y 2 (i) = c 2 e 21 , and so the 
first equation becomes 



Vi + tyi = c 2 e 



-2/ 



This is a first-order linear equation with integrating factor I(t) = e 2t . When we multiply the differential 
equation for y\{t) by I(t), it becomes (yi ■ e 2 *)' = c 2 . Integrating both sides yields j/i • e 2t = c 2 t + c\. Thus, 



Thus, we have 





yi(t) = 


c 2 te 


- 2t + Cl e- 2t . 




' Vi(t) ' 




' c 2 te~ 2t + c x e- 2t 


y(*) = 


2/2 (t) 




c 2 e~ 2t 




Vs{t) 




c 3 e- 2t 



Finally, we solve for x(i): 

x(i) = Sy(t) 



0 1 1 

1 0 1 

-10 0 



c 2 te~ 2t + cie~ 2t 



c 2 e 
c 3 e 



-it 

-2t 



c 2 e + c 3 e 
c 2 te~ 2t + ci_eT 2t + c 3 e~ 2t 
-{c 2 te- 2t + Cl e- 2t ) 





0 " 




1 " 




' 1 " 


Cl e- 2t 


1 


+ c 2 e- 2t 


t 


+ c 3 e- 2t 


1 




-1 




-t 




0 



35. The eigenvalues of A are A — 4, 4, 4. The eigenspace corresponding to A = 4 is 

nullspace(^4 — AI) = nullspace 
and there is only one eigenvector. Therefore, the Jordan canonical form of A is 



0 0 0 

1 0 0 
0 1 0 



J = 



4 1 0 
0 4 1 
0 0 4 



Next, we need to find an invertible matrix S such that S 1 AS = J. To do this, we must find a cycle of 
generalized eigenvectors {(A — 4/) 2 v, (A — 4/)v, v} of length 3 corresponding to A = 4. We have 



A -41 = 



0 0 0 

1 0 0 
0 1 0 



and (A - 4/) 2 



0 0 0 

0 0 0 

1 0 0 



and (A - Alf 



o,. 



From (A — 41) 3 = 0 3 , we know that every nonzero vector is a generalized eigenvector corresponding to 



A = 4. We choose v = 



(any multiple of the chosen vector v would be acceptable as well). Thus, 
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(A - 47)v 



and (A - 4/) 2 v 



Thus, we have the cycle of generalized eigenvectors 



0 




0 




1 


0 




1 




0 


1 

1 — 1 




0 




0 



Thus, we can form the matrix 

"001 

0 1 0 

1 0 0 

Via the substitution x = Sy, the system x' = Ax is transformed into y' = Jy. The corresponding equations 
are 

2/1=42/1 + 2/2, 2/2 = 4 2/2 + 2/3, 2/ 3 = 4 2/3- 
The third equation has solution j/ 3 (t) = c 3 e 4t , and the second equation becomes 

2/2-42/2 = c 3 e 4t . 

This is a first-order linear equation with integrating factor J(i) = e~ 4 *. When we multiply the differential 
equation for y 2 (*) by I(t), it becomes (y 2 • e~ 4t )' = c 3 . Integrating both sides yields y 2 • e ~ 4 * = c 3^ + c 2- 
Thus, 

2/2 (t) = c 3 ie 4 * + c 2 e 4t = e 4t (c 3 t + c 2 ). 
Therefore, the differential equation for y\{t) becomes 

y[ -4j/i = e 4t (c 3 t + c 2 ). 

This equation is first-order linear with integrating factor /(/:) = e _4t . When we multiply the differential 
equation for yi(t) by I(t), it becomes 

(2/i • e~ 4t y = c 3 t + c 2 . 

Integrating both sides, we obtain 

+2 

-it 



Hence, 



Thus, we have 



2/i -e =c 3 y+c 2 i + ci. 



i 2 

2/1 (*) = e 4t ( c 3 — +c 2 t + C! 





2/1 (*) 




y(*) = 


2/2 (t) 






2/3 (t) 





e 4 * (c 3 |- + r 2 / - r 

D 4t 



e 4 *(c 3 i + c 2 ) 
c 3 e 4 * 
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Finally, wc solve for x(i): 

x(i) = Sy(t) 



0 0 1 

0 1 0 

1 0 0 



c 3 y +c 2 t + c^ 
e 4 *(c 3 t + c 2 ) 



c 3 e 



41. 



c 3 e 



4/, 



e 4t (c 3 t + c 2 ) 
e 4 * (c 3 ^ + c 2* + ci) 



,,4/ 



" 0 " 




" 0 " 




1 


0 


+ c 2 e 4t 


1 


+ c 3 e 4t 


t 


1 




t 




_ t 2 /2 



36. The eigenvalues of A arc A — —3, —3. The cigcnspacc corresponding to A = — 3 is only one-dimensional, 
and therefore the Jordan canonical form of A contains one 2x2 Jordan block: 



-3 1 

0 -3 



Next, we look for a cycle of generalized eigenvectors of the form {(A + 3/)v,v}, where v is a generalized 

ri 1 "> 2 

eigenvector of A. Since (A+3I) 2 = 



1 -1 
1 -1 



Let us choose v = 



. Then (A + 37) v 



= O2 , every nonzero vector in M 2 is a generalized eigenvector. 
Thus, we form the matrix 



1 1 
1 0 



Via the substitution x = Sy, the system x' = Ax is transformed into y' = Jy. The corresponding equations 
are 

Vi = -32/i + J/2 and y' 2 = -3y 2 . 
The second equation has solution y 2 (t) = c 2 e~ 3t . Substituting this expression for y 2 (t) into the differential 
equation for yi(t) yields 

1 1 o — 3t 

2/i + 32/i = c 2 e 



An integrating factor for this first-order linear differential equation is 7(7) 



,3t 



equation for 3/1 (t) by 7(7) gives us (2/1 • e 



3ty 



Multiplying the differential 



c 2 . Integrating both sides, we obtain y\ ■ e il = c 2 t + c\. Thus, 



Thus, 



Finally, we solve for x(t): 



y(*) 



x(t) - Sy(i) - 



2/1 (*) = 


c 2 ie 


- 3t + Cl e- 3 *. 


" 2/1 (t) " 




' c 2 ie~ 3t + c x e~ 3t 


. WW „ 




c 2 e- 3 * 



c 2 ie~ 3 * + cie _3t 



c 2 e 



-3« 



cie 



1 1 
1 0 

c 2 te~ 3t + c x e-° l + c 2 e 
c 2 te~ 3t + cie -3 * 

1 
1 



-3t 



+ c 2 e 



-3i 



t+1 
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' 1 " 




' 1 " 


Cl 


1 


+ C 2 


0 



Now, we must apply the initial condition: 

= x(0) = ci 

Therefore, c\ = — 1 and c 2 = 1. Hence, the unique solution to the given initial- value problem is 

x(t) = 



-3t 



" 1 " 




' t+l ' 


1 


+ e- 3t 


t 



37. Let J = JCF(A) = JCF(B). Thus, there exist invertible matrices S and T such that 

S^AS = J and T^BT = J. 

Thus, 



S^AS = T~ X BT, 



and so 



B = TS^AST- 1 = (ST^^A^ST- 1 ), 
which implies by definition that A and B are similar matrices. 

38. Since the characteristic polynomial has degree 3, we know that A is a 3 x 3 matrix. Moreover, the roots 
of the characteristic equation has roots A = 0,0,0. Hence, the Jordan canonical form J of A must be one of 
the three below: 



" 0 


0 


0 " 




" 0 


1 


0 " 




" 0 


1 


0 " 


0 


0 


0 


7 


0 


0 


0 




0 


0 


1 


0 


0 


0 




0 


0 


0 




0 


0 


0 



In all three cases, note that J 3 = O3. Moreover, there exists an invertible matrix S such that S X AS = J. 
Thus, A = SJS- 1 , and so 

A 3 = (SJS- 1 ) 3 = S^S- 1 = SOsS- 1 = 0 3 , 
which implies that A is nilpotent. 
39. 

(a): Let J be an n x n Jordan block with eigenvalue A. Then the eigenvalues of J T are A (with multiplicity 
n). The matrix J T — XI consists of l's on the subdiagonal (the diagonal parallel and directly beneath the 
main diagonal) and zeros elsewhere. Hence, the null space of J T — XI is one-dimensional (with a free variable 
corresponding to the right-most column of J T — XI) . Therefore, the Jordan canonical form of J T consists of a 
single Jordan block, since there is only one linearly independent eigenvector corresponding to the eigenvalue 
A. However, a single Jordan block with eigenvalue A is precisely the matrix J. Therefore, 



JCF(J T ) = J. 



(b): Let JCF(yl) — J. Then there exists an invertible matrix S such that S 1 AS = J. Transposing both 
sides, we obtain (S^AS)? = J T , or S T A T {S- 1 ) T = J T , or S T A T (S T )- 1 = J T . Hence, the matrix A T is 
similar to J T . However, by applying part (a) to each block in J T , we find that JCF(J T ) = J. Hence, J T 
is similar to J. By Problem 26 in Section 5.8, we conclude that A T is similar to J. Hence, A T and J have 
the same Jordan canonical form. However, since JCF(J) = J, we deduce that JCF(A T ) = J = JCF(A), as 
required. 



Solutions to Section 5.12 
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Problems: 

1. NO. Note that T(l,l) = (2,0,0,1) and T(2,2) = (4,0,0,4) ^ 2T(1,1). Thus, T is not a linear 
transformation . 

2. YES. The function T can be represented by the matrix function 

T(x) = Ax, 

where 

[ 2-3 0" 
[-1 0 0 

and x is a vector in R 3 . Every matrix transformation of the form T(x) = As. is linear. Since the domain of 
T has larger dimension than the codomain of T, T cannot be one-to-one. However, since 

T(0, -1/3,0) = (1,0) and T(-l, -2/3,0) = (0, 1), 

we see that T is onto. Thus, Rng(T) = R 2 (2-dimcnsional) , and so a basis for Rng(T) is {(1, 0), (0, 1)}. The 
kernel of T consists of vectors of the form (0, 0, z), and hence, a basis for Ker(T) is {(0, 0, 1)} and Kcr(T) is 

1- dimensional. 

3. YES. The function T can be represented by the matrix function 

T(x) = Ax, 

where 

r o o -3 " 

A ~ [ 2 -1 5 

and x is a vector in R 3 . Every matrix transformation of the form T(x) = Ax. is linear. Since the domain of 
T has larger dimension than the codomain of T, T cannot be one-to-one. However, since 

T(l, 1/3, -1/3) = (1,0) and T(l, 1,0) - (0, 1), 

we see that T is onto. Thus, Rng(T) = R 2 , and so a basis for Rng(T) is {(1, 0), (0, 1)}, and Rng(T) is 

2- dimensional. The kernel of T consists of vectors of the form (t, 2t, 0), where tgR, and hence, a basis for 
Ker(T) is {(1,2,0)}. We have that Ker(T) is 1-dimensional. 

4. YES. The function T is a linear transformation, because if g, h £ C[0, 1], then 

T(g + h) = ((.g + h)(0), (g + h)(l)) = ( 5 (0) + M0), 0(1) + h(l)) = ( 5 (0), <?(1)) + (h(0),h(l)) = T(g) + T(h), 
and if c is a scalar, 

T(cg) = ((cg)(0),(cg)(l)) = (cg(0),cg(l)) = c(<?(0), g(l)) = cT(g). 

Note that any function g £ C[0, 1] for which g(0) = g(l) = 0 (such as g(x) — x 2 — x) belongs to Ker(T), and 
hence, T is not one-to-one. However, given (a, b) £ R 2 , note that g defined by 

g(x) = a + (b — a)x 

satisfies 

T(g) = (g(0),g(l)) = (a,b), 
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so T is onto. Thus, Rng(T) = M 2 , with basis {(1, 0), (0, 1)} (2-dimensional) . Now, Ker(T) is infinite- 
dimensional. We cannot list a basis for this subspace of C[0, 1]. 

5. YES. The function T can be represented by the matrix function 

T(x) = Ax, 

where 

A=[l/5 1/5 ] 

and x is a vector in M 2 . Every such matrix transformation is linear. Since the domain of T has larger 
dimension than the codomain of T, T cannot be one-to-one. However, T(5, 0) = 1, so we see that T is onto. 
Thus, Rng(T) — R, a 1-dimensional space with basis {1}. The kernel of T consists of vectors of the form 
t(l, —1), and hence, a basis for Ker(T) is {(1,-1)}. We have that Ker(T) is 1-dimensional. 

6. NO. For instance, note that 



T 



and so 



However, 



1 0 
1 1 



1 0 
1 1 



= (1,0) and T 



1 1 
0 1 



-(0,1), 



+ T 



1 0 
1 1 



+ 



1 1 

0 1 

1 1 

0 1 



(1,0) + (0,1) = (1,1). 



= T 



2 1 
1 2 



= (2,2). 



Thus, T does not respect addition, and hence, T is not a linear transformation. Similar work could be given 
to show that T also fails to respect scalar multiplication. 

7. YES. We can verify that T respects addition and scalar multiplication as follows: 
T respects addition: Let a\ + b\x + c\x 2 and a 2 + b 2 x + c 2 x 2 belong to P 2 . Then 

T((ai + btx + c x x 2 ) + (a 2 + b 2 x + c 2 x 2 )) = T((ai + a 2 ) + (h + b 2 )x + (ci + c 2 )x 2 ) 

-(oi + 02) -(61+62) 0 



3(ci + c 2 ) - (ai + a 2 ) 

—a\ — bi 0 
3ci — ai —2bi 



-2(61 + 62) 



+ 



— CL2 - 6 2 

3c 2 - a 2 



0 

-26 2 



= T(ai + 61a; + dx 2 ) + T(a 2 + 6 2 .t + c 2 x 2 ). 
T respects scalar multiplication: Let a + bx + cx 2 belong to P 2 and let k be a scalar. Then we have 

T(k(a + bx + cx 2 )) = T((ka) + (kb)x + (kc)x 2 ) = [ ^kc)-{L) -2{kb) 

" fc(-a-6) 0 
fc(3c-o) fc(-26) 

-a - 6 0 
3c — a —26 



= fc 



kT^a + 6a; + cx 2 ). 
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Next, observe that a + bx + cx 2 belongs to Ker(T) if and only if —a — 6=0, 3c — a = 0, and —26 = 0. 
These equations require that 6 = 0, a = 0, and c = 0. Thus, Ker(T) = {0}, which implies that Ker(T) 
is 0-dimensional (with basis 0), and that T is one-to-one. However, since M 2 (R) is 4-dimensional and P 2 
is only 3-dimensional, we see immediately that T cannot be onto. By the Rank-Nullity Theorem, in fact, 
Rng(T) must be 3-dimcnsional, and a basis is given by 



Basis for Rng(T) = {T(l), T(x), T{x 2 )} 



-{ 



-1 0 
-1 0 



-1 0 
0 -2 



0 0 
3 0 



8. YES. We can verify that T respects addition and scalar multiplication as follows: 
T respects addition: Let A, B belong to M 2 (R). Then 

T(A + B) = (A+ B) + (A + B) T = A + B + A T + B T = (A + A T ) + (B + B T ) = T(A) + T(B). 

T respects scalar multiplication: Let A belong to M 2 (R), and let k be a scalar. Then 

T(kA) = (kA) + (kA) T = kA + kA T = k(A + A T ) = kT(A). 

Thus, T is a linear transformation. Note that if A is any skew-symmetric matrix, then T(A) = A + A T = 
A + (—A) = 0, so Kcr(T) consists precisely of the 2x2 skew-symmetric matrices. These matrices take the 



form 



, and Ker(T) is 



^ q , for a constant a, and thus a basis for Ker(T) is given by | ^ J 

1-dimensional. Consequently, T is not one-to-one. 

Therefore, by Proposition 5.4.13, T also fails to be onto. In fact, by the Rank-Nullity Theorem, Rng(T) 
must be 3-dimcnsional. A typical element of the range of T takes the form 





a b 




a b 




a c 




2a 


b+c 


( 


c d 


) = 


c d 


+ 


b d 




c + b 


2d 



The characterizing feature of this matrix is that it is symmetric. So Rng(T) consists of all 2 x 2 symmetric 
matrices, and hence a basis for Rng(T) is 



1 0 
0 0 



0 1 

1 0 



0 0 
0 1 



9. YES. We can verify that T respects addition and scalar multiplication as follows: 
T respects addition: Let (oi,6i,Ci) and (02,62,22) belong to E 3 . Then 

T((oi,6i,Ci) + (a 2 ,6 2 ,c 2 )) = T(ai + a 2 ,h + b 2 ,c 1 + c 2 ) 

= (ai + a 2 )x 2 + (2(6i + 6 2 ) - (ci + c 2 ))x + (on + a 2 - 2(6i + 6 2 ) + (ci + c 2 )) 
= [a lX 2 + (26i - d)x + {a 1 - 26 x + Cl )\ + [a 2 x 2 + (26 2 - c 2 )x + (a 2 - 26 2 + c 2 )] 
= T((ai,6 1 ,ci))+T((a 2 ,6 2 ,c 2 )). 

T respects scalar multiplication: Let (a, 6, c) belong to M 3 and let k be a scalar. Then 

T(k(a, 6, c)) = T(fca, fc6, fee) = (ka)x 2 + (2kb - fcc)x + (ka - 2fc6 + kc) 

= k(ax 2 + (26 - c)x + (a - 26 + c)) 
= fcT((a,6,c)). 
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Thus, T is a linear transformation. Now, (a, 6, c) belongs to Ker(T) if and only if a = 0, 26 — c = 0, and 
a — 26 + c = 0. These equations collectively require that a — 0 and 26 = c. Setting c = 2i, we find that b= t. 
Hence, (a, 6, c) belongs to Kcr(T) if and only if (a, 6, c) has the form (0,t, 2t) — t(0, 1,2). Hence, {(0, 1,2)} 
is a basis for Ker(T), which is therefore 1-dimensional. Hence, T is not one-to-one. 

By Proposition 5.4.13, T is also not onto. In fact, the Rank- Nullity Theorem implies that Rng(T) must 
be 2-dimensional. It is spanned by 

{T(l, 0, 0), T(0, 1, 0), T(0, 0, 1)} = {x 2 + l,2x-2,-x+ 1}, 

but the last two polynomials are proportional to each other. Omitting the polynomial 2x — 2 (this is an 
arbitrary choice; we could have omitted — x + 1 instead), we arrive at a basis for Rng(T): {x 2 + 1, —x + 1}. 

10. YES. We can verify that T respects addition and scalar multiplication as follows: 

T respects addition: Let (x\,x 2 ,x 3 ) and (1/1,2/2,2/3) be vectors in R 3 . Then 



T((xi,x 2 , x 3 ) + (2/1,2/2, 2/3)) = T(xi + yi,x 2 + 2/2, 2:3 + 2/3) 

0 

~{xi + 2/1) + [x 2 + 2/2) - (x 3 - 
0 xi - x 2 + x 3 

-Xi + x 2 - x 3 0 

T{{x u x 2 ,x 3 )) + T{{ yi ,y 2 ,y 3 )). 



V3) 



{xi + 2/1) - {x 2 + 2/2) + (x 3 + 2/3) 
0 



0 

-2/1 +2/2-2/3 



2/i - 2/2 + 2/3 
0 



T respects scalar multiplication: Let (#1, x 2 , x 3 ) belong to K 3 and let k be a scalar. Then 
T(k(xi,x 2 ,x 3 )) = T(kx ll kx 2 ,kx 3 ) = 

= k 



0 (kxi) - {kx 2 ) + (kx 3 ) 

(kxi) + (kx 2 ) - (kx 3 ) 0 

0 xi — x 2 + x 3 

—x\ + x 2 - x 3 0 

kT((x 1 ,x 2 ,x 3 )). 



Thus, T is a linear transformation. Now, (x\,x 2 ,x 3 ) belongs to Ker(T) if and only if x\ — x 2 + x 3 = 0 
and —x\ + x 2 — x 3 = 0. Of course, the latter equation is equivalent to the former, so the kernel of T consists 
simply of ordered triples (xi,x 2 , x 3 ) with x\ — x 2 + x 3 = 0. Setting x 3 = t and x 2 = s, we have x\ = s — t, 
so a typical element of Ker(T) takes the form (s — t,s,t), where s,i€R. Extracting the free variables, we 
find a basis for Kcr(T): {(1, 1,0), (-1,0, 1)}. Hence, Ker(T) is 2-dimensional. 

By the Rank-Nullity Theorem, Rng(T) must be 1-dimensional. In fact, Rng(T) consists precisely of the 

" 0 -1 " 
1 0 



set of 2 x 2 skew-symmetric matrices, with basis 
onto. 

11. We have 

T(x, y, z) = (-x + 8y, 2x-2y- 5z). 



. Since M 2 (U.) is 4-dimensional, T fails to be 



12. We have 



13. We have 



T(x, y) = (-x + 4y, 2y, 3x - 3?/, 3x - 3y, 2x - &y). 



T(x)=-T(2) = -(-1,5,0,-2) 



x hx 
2' ~2 



,0, 
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14. For an arbitrary 2x2 matrix 



a b 
c d 



if wc write 



a b 




' 1 


0 " 




' 0 


1 " 


+ t 


' 1 


0 " 




' 1 


1 " 


c d 


= r 


0 


1 


+ s 


1 


0 


0 


0 


+ u 


0 


0 



we can solve for r, s, t, u to find 



Thus, 



T 



a b 
c d 



t = a — b- 



= T^d 

= dT 



1 0 
0 1 



0 1 

1 0 



" 1 


0 " 


+ cT 


' 0 1 " 


0 


1 


1 0 


-5) 


+ c 


(0,-3) 


+ (a-l 


-76- 


- 7c + d, a + b - 4c 



+ (a-b + c-d) 
+ (a-b + c-d)T 



c. 



1 0 
0 0 

' 1 0 

0 0 



+ (b-c) 
- (b - c)T 



1 1 
0 0 



1 1 

0 0 



15. For an arbitrary element ax 2 + bx + c in P 2 , if we write 

ax 2 + bx + c= r(x 2 - x - 3) + s(2x + 5) + 6t = rx 2 + (-r + 2s)x + (-3r + 5s + 6i), 



we can solve for r, s, t to find r = a, s = ^(a + b), and t 



j^a — y|& + |c. Thus, 



1 



1 



T(ax z + bx + c)=T a(x z - x - 3) + -(a + 6) (2a; + 5) + -a - -b + c 



= aT(x 2 - x - 3) + -{a + b)T(2x + 5) 



= a 



-2 
-4 



+ -{a + b) 



0 1 

2 -2 



2 2 
1 5 , c 
12 a -12 6+ 6 



1 5 , c 
12 a -l2 fe+ 6 



T(6) 



12 6 
6 18 



-a - 56+ 2c 



2a-26+c 

2° 2"' 



16. Since dim[P 5 ] = 6 and dim[M 2 (R)] = 4 = dim[Rng(T)] (since T is onto), the Rank-Nullity Theorem 
gives 

dim[Kcr(T)] =6-4 = 2. 

17. Since T is one-to-one, dim[Kcr(T)] = 0, so the Rank-Nullity Theorem gives 

dim[Rng(T)] = dim[M 2 x 3 (R)] = 6. 



18. Since A is lower triangular, its eigenvalues lie along the main diagonal, Ai = 3 and A 2 = — 1. Since A is 
2x2 with two distinct eigenvalues, A is diagonalizable. To get an invertible matrix S such that S~ 1 AS = D, 
we need to find an eigenvector associated with each eigenvector: 

Eigenvalue Ai = 3: To get an eigenvector, we consider 

nullspace(A — 3/) = nullspace 



0 
16 
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and we see that one possible eigenvector is ^ 
Eigenvalue A 2 — — 1: To get an eigenvector, we consider 

nuUspacc(^4 + I) — nullspace 



4 0 
16 0 



and we see that one possible eigenvector is 
Putting the above results together, we form 

S-- 



1 0 
4 1 



and D 



3 0 
0 -1 



19. To compute the eigenvalues, we find the characteristic equation 



det (A - XI) = det 



13 - A 
25 



-9 
-17 - A 



= (13 - A)(-17 - A) + 225 = A 2 + 4A + 4, 



and the roots of this equation are A = —2, —2. 
Eigenvalue A = 2: We compute 



nullspacc(A — 21) = nullspace 



15 -9 
25 -15 



but since there is only one linearly independent solution to the corresponding system (one free variable), the 
eigenvalue A = 2 does not have two linearly independent solutions. Hence, A is not diagonalizable. 

20. To compute the eigenvalues, we find the characteristic equation 



det (A - XI) = det 



-4- A 3 
-6 5 - A 
3 -3 



0 
0 

-1-A 



= (-l-A) [(- 4 -A)(5-A) + 18] 

= (-l-A)(A 2 -A-2) 
= -(A + l) 2 (A-2), 



so the eigenvalues are Ai = — 1 and A 2 = 2. 
Eigenvalue Ai = —1: To get eigenvectors, we consider 



nullspacc(A + /) = nullspace 



3 0 
6 0 

-3 0 



1 -1 0 
0 0 0 
0 0 0 



There are two free variables, z = t and y = s. From the first equation x = s. Thus, two linearly independent 
eigenvectors can be obtained corresponding to Ai = —1: 



" 1 " 




" 0 " 


1 


and 


0 


0 




1 
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Eigenvalue A 2 = 2: To get an eigenvector, we consider 
nullspace(A — 21) = nullspace 



-6 3 
-6 3 
3 -3 



We let z = t. Then y = — 2t from the middle line, and x 
corresponding to A 2 = 2 may be chosen as 

" -1 

-2 
1 

Putting the above results together, we form 

-1 1 0 
S = -2 1 0 and D 

1 0 1 



-t from the top line. Thus, an eigenvector 



2 0 
0 -1 
0 0 



21. To compute the eigenvalues, we find the characteristic equation 



det(A - XI) = dct 



1 - A 1 0 

-4 5 - A 0 
17 -11 -2 -A 



(-2 -A) [(l-A)(5-A) + 4] 

(-2- A)(A 2 -6A + 9) 
(-2-A)(A-3) 2 , 



so the eigenvalues are Ai = 3 and A 2 = —2. 
Eigenvalue Ai = 3: To get eigenvectors, we consider 



nullspace(A— 3/) = nullspace 



-2 1 0 
-4 2 0 
17 -11 -5 



-2 1 0 
17 -11 -5 
0 0 0 



1 -3 
-2 1 
0 0 



1 -3 -5 
0 1 2 
0 0 0 



The latter matrix contains only one unpivoted column, so that only one linearly independent eigenvector 
can be obtained. However, Ai = 3 occurs with multiplicity 2 as a root of the characteristic equation for the 
matrix. Therefore, the matrix is not diagonalizable. 

22. We are given that the only eigenvalue of A is A = 2. 

Eigenvalue A = 2: To get eigenvectors, we consider 



nullspacc(A — 21) = nullspace 



-3 -1 3 
4 2-4 
-1 0 1 



1 

-3 
4 



0 -1 
-1 3 

2 -4 



1 0 -1 
0 1 0 
0 2 0 



We see that only one unpivoted column will occur in a row-echelon form of A — 21, and thus, only one 
linearly independent eigenvector can be obtained. Since the eigenvalue A — 2 occurs with multiplicity 3 as 
a root of the characteristic equation for the matrix, the matrix is not diagonalizable. 

23. We are given that the eigenvalues of A are Ai = 4 and A 2 = — 1. 
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Eigenvalue Ai = 4: We consider 



nullspace(A — AI) = nullspace 



5 5-5 
0-5 0 
10 5 -10 



The middle row tells us that nullspace vectors (x, y, z) must have y = 0. From this information, the first and 
last rows of the matrix tell us the same thing: x = z. Thus, an eigenvector corresponding to Ai = 4 may be 
chosen as 

" 1 

0 
1 



Eigenvalue A 2 = —1: We consider 



nullspace (A + I) = nullspace 



10 5 
0 0 
10 5 



10 5 -5 
0 0 0 
0 0 0 



From the first row, a vector (x, y, z) in the nullspace must satisfy lOx + by — 5z = 0. Setting z = t and y = s, 
we get x = \t — \s. Hence, the eigenvectors corresponding to A 2 = — 1 take the form (|i — \s, s, t), and so 
a basis for this eigenspace is 



1/2 " 




~ -1/2 


0 




1 


I— 1 




0 



Putting the above results together, we form 



S 



1/2 
0 
1 



-1/2 
1 
0 



and D = 



4 0 
0 -1 
0 0 



28. We will compute the dimension of each of the two eigenspaces associated with the matrix A. 
For Ai = 1, we compute as follows: 





"4 8 16 " 




" 1 


2 


4 " 


nullspacc(^4 — I) = nullspace 


4 0 8 




0 


1 


1 




-4 -4 -12 




0 


0 


0 



which has only one unpivoted column. Thus, this eigenspace is 1-dimensional. 
For A 2 = —3, we compute as follows: 





8 


8 16 " 




" 1 


1 


2 " 


nullspacc(^4 + 3/) = nullspace 


4 


4 8 




0 


0 


0 




-4 


-4 -8 




0 


0 


0 



which has two unpivoted columns. Thus, this eigenspace is 2-dimensional. Between the two eigenspaces, we 
have a complete set of linearly independent eigenvectors. Hence, the matrix A in this case is diagonalizable. 
Therefore, A is diagonalizable, and we may take 



J = 



1 0 

0 -3 
0 0 
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(Of course, the eigenvalues of A may be listed in any order along the main diagonal of the Jordan canonical 
form, thus yielding other valid Jordan canonical forms for A.) 

29. We will compute the dimension of each of the two eigenspaces associated with the matrix A. 
For Ai = —1, we compute as follows: 





3 


1 


1 " 




" 1 


0 


1 " 


nullspacc(^4 + I) — nullspace 


2 


2 


-2 




0 


1 


-2 




-1 


0 


-1 




0 


0 


0 



which has one unpivoted column. Thus, this eigcnspace is 1-dimensional. 
For A2 = 3, we compute as follows: 



nullspacc(A — 3/) = nullspace 





1 — 1 


1 " 




1 — 1 


1 


1 

1 — 1 


2 


-2 


-2 




0 


1 


6 


-1 


0 


-5 




0 


0 


0 



which has one unpivoted column. Thus, this eigenspace is also one-dimensional. 

Since we have only generated two linearly independent eigenvectors from the eigenvalues of A, we know 
that A is not diagonalizable, and hence, the Jordan canonical form of A is not a diagonal matrix. We must 
have one lxl Jordan block and one 2x2 Jordan block. To determine which eigenvalue corresponds to the 
lxl block and which corresponds to the 2x2 block, we must determine the multiplicity of the eigenvalues 
as roots of the characteristic equation of A. 

A short calculation shows that Xi = —1 occurs with multiplicity 2, while A 2 — 3 occurs with multiplicity 
1. Thus, the Jordan canonical form of A is 



J = 



-1 1 0 
0-10 
0 0 3 



30. There are 3 different possible Jordan canonical forms, up to a rearrangement of the Jordan blocks: 
Case 1: 

" -1 0 0 0" 
0-1 0 0 
0 0-10' 
0 0 0 2 

In this case, the matrix has four linearly independent eigenvectors, and because all Jordan blocks have size 
lxl, the maximum length of a cycle of generalized eigenvectors for this matrix is 1. 

Case 2: 

" -1 1 0 0" 
0-1 0 0 
0 0-10' 
0 0 0 2 

In this case, the matrix has three linearly independent eigenvectors (two corresponding to A = — 1 and one 
corresponding to A = 2). There is a Jordan block of size 2x2, and so a cycle of generalized eigenvectors can 
have a maximum length of 2 in this case. 
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Case 3: 

' -1 1 0 0" 
0-1 10 
0 0-10' 
0 0 0 2 

In this case, the matrix has two linearly independent eigenvectors (one corresponding to A = — 1 and one 
corresponding to A = 2). There is a Jordan block of size 3x3, and so a cycle of generalized eigenvectors can 
have a maximum length of 3 in this case. 

31. There are 7 different possible Jordan canonical forms, up to a rearrangement of the Jordan blocks: 
Case 1: 



J = 



4 


0 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 



In this case, the matrix has five linearly independent eigenvectors, and because all Jordan blocks have size 
lxl, the maximum length of a cycle of generalized eigenvectors for this matrix is 1 . 

Case 2: 



J = 



4 


1 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 



In this case, the matrix has four linearly independent eigenvectors, and because the largest Jordan block is 
of size 2x2, the maximum length of a cycle of generalized eigenvectors for this matrix is 2. 

Case 3: 



J = 



4 


1 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 


1 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 



In this case, the matrix has three linearly independent eigenvectors, and because the largest Jordan block is 
of size 2x2, the maximum length of a cycle of generalized eigenvectors for this matrix is 2. 

Case 4- 



J = 



4 


1 


0 


0 


0 


0 


4 


1 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 


0 


0 


0 


0 


0 


4 



In this case, the matrix has three linearly independent eigenvectors, and because the largest Jordan block is 
of size 3x3, the maximum length of a cycle of generalized eigenvectors for this matrix is 3. 
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Case 5: 



J = 



4 10 0 0 

0 4 10 0 

0 0 4 0 0 

0 0 0 4 1 

0 0 0 0 4 



In this case, the matrix has two linearly independent eigenvectors, and because the largest Jordan block is 
of size 3x3, the maximum length of a cycle of generalized eigenvectors for this matrix is 3. 

Case 6: 



J = 



In this case, the matrix has two linearly independent eigenvectors, and because the largest Jordan block is 
of size 4x4, the maximum length of a cycle of generalized eigenvectors for this matrix is 4. 



Case 7: 



J 



In this case, the matrix has only one linearly independent eigenvector, and because the largest Jordan block 
is of size 5x5, the maximum length of a cycle of generalized eigenvectors for this matrix is 5. 

32. There are 10 different possible Jordan canonical forms, up to a rearrangement of the Jordan blocks: 

Case 1: 



G 


0 


0 


0 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


-3 


0 


0 


0 


0 


0 


0 


-3 



In this case, the matrix has six linearly independent eigenvectors, and because all Jordan blocks have size 
lxl, the maximum length of a cycle of generalized eigenvectors for this matrix is 1. 

Case 2: 



G 


1 


0 


0 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


-3 


0 


0 


0 


0 


0 


0 


-3 



In this case, the matrix has five linearly independent eigenvectors (three corresponding to A = 6 and two 
corresponding to A = —3), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 



471 



Case 3: 

0 0 " 
0 0 
0 0 
0 0 ' 
3 0 
0 -3 

In this case, the matrix has four linearly independent eigenvectors (two corresponding to A = 6 and two 
corresponding to A = —3), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 

Case 4: 

0 0 " 
0 0 
0 0 
0 0 ' 
3 0 
0 -3 

In this case, the matrix has four linearly independent eigenvectors (two corresponding to A = 6 and two 
corresponding to A = —3), and because the largest Jordan block is of size 3x3, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 3. 

Case 5: 

0 0 " 
0 0 
0 0 
0 0 " 
3 0 
0 -3 

In this case, the matrix has three linearly independent eigenvectors (one corresponding to A = 6 and two 
corresponding to A = —3), and because the largest Jordan block is of size 4x4, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 4. 

Case 6: 

0 0 " 
0 0 
0 0 
0 0 " 
3 1 
0 -3 

In this case, the matrix has five linearly independent eigenvectors (four corresponding to A = 6 and one 
corresponding to A = —3), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 



6 10 0 

0 6 0 0 

0 0 6 1 

0 0 0 6 

0 0 0 0 - 

0 0 0 0 



6 10 0 

0 6 10 

0 0 6 0 

0 0 0 6 

0 0 0 0 - 

0 0 0 0 



J = 



6 


1 


0 


0 


0 


6 


1 


0 


0 


0 


6 


1 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


0 


0 



6 0 0 0 

0 6 0 0 

0 0 6 0 

0 0 0 6 

0 0 0 0 - 

0 0 0 0 
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Case 7: 

0 0 " 
0 0 
0 0 
0 0 ' 
3 1 
0 -3 _ 

In this case, the matrix has four linearly independent eigenvectors (three corresponding to A = 6 and one 
corresponding to A = —3), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 

Case 8: 

0 0 " 

0 0 
0 0 
0 0 ' 
3 1 

0 -3 

In this case, the matrix has three linearly independent eigenvectors (two corresponding to A — 6 and one 
corresponding to A = —3), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 

Case 9: 

0 0 " 
0 0 
0 0 
0 0 ' 
3 1 
0 -3 

In this case, the matrix has three linearly independent eigenvectors (two corresponding to A = 6 and one 
corresponding to A = —3), and because the largest Jordan block is of size 3x3, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 3. 

Case 10: 

0 0 " 
0 0 
0 0 
0 0 ' 
3 1 
0 -3 

In this case, the matrix has two linearly independent eigenvectors (one corresponding to A = 6 and one 
corresponding to A = —3), and because the largest Jordan block is of size 4x4, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 4. 

33. There are 15 different possible Jordan canonical forms, up to a rearrangement of Jordan blocks: 



6 10 0 

0 6 0 0 

0 0 6 0 

0 0 0 6 

0 0 0 0 - 

0 0 0 0 



6 10 0 

0 6 0 0 

0 0 6 1 

0 0 0 6 

0 0 0 0 - 

0 0 0 0 



J = 



6 


1 


0 


0 


0 


6 


1 


0 


0 


0 


6 


0 


0 


0 


0 


6 


0 


0 


0 


0 - 


0 


0 


0 


0 



J = 



6 


1 


0 


0 


0 


6 


1 


0 


0 


0 


6 


1 


0 


0 


0 


6 


0 


0 


0 


0 


0 


0 


0 


0 
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Case 1: 



2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has seven linearly independent eigenvectors (four corresponding to A = 2 and three 
corresponding to A = —4), and because all Jordan blocks are size lxl, the maximum length of a cycle of 
generalized eigenvectors for this matrix is 1. 

Case 2: 



2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has six linearly independent eigenvectors (three corresponding to A = 2 and three 
corresponding to A = —4), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 

Case 3: 



J = 



2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has five linearly independent eigenvectors (two corresponding to A = 2 and three 
corresponding to A = —4), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 

Case 4: 



J = 



2 


1 


0 


0 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has five linearly independent eigenvectors (two corresponding to A = 2 and three 
corresponding to A = —4), and because the largest Jordan block is of size 3x3, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 3. 
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Case 5: 



2 


1 


0 


0 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has four linearly independent eigenvectors (one corresponding to A = 2 and three 
corresponding to A = —4), and because the largest Jordan block is of size 4x4, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 4. 

Case 6: 



J = 



2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has six linearly independent eigenvectors (four corresponding to A = 2 and two 
corresponding to A = —4), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 

Case 7: 



J = 



2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has five linearly independent eigenvectors (three corresponding to A = 2 and two 
corresponding to A = —4) , and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 

Case 8: 



J = 



2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has four linearly independent eigenvectors (two corresponding to A = 2 and two 
corresponding to A = —4), and because the largest Jordan block is of size 2x2, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 2. 
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Case 9: 



2 


1 


0 


0 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has four linearly independent eigenvectors (two corresponding to A = 2 and two 
corresponding to A = —4), and because the largest Jordan block is of size 3x3, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 3. 

Case 10: 



J = 



2 


1 


0 


0 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


0 


0 


2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 


0 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has three linearly independent eigenvectors (one corresponding to A = 2 and two 
corresponding to A = —4) , and because the largest Jordan block is of size 4x4, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 4. 

Case 11: 



J = 



2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has five linearly independent eigenvectors (four corresponding to A = 2 and one 
corresponding to A = —4), and because the largest Jordan block is of size 3x3, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 3. 

Case 12: 



J = 



2 


1 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 


1 


0 


0 


0 


0 


0 


0 


-4 



In this case, the matrix has four linearly independent eigenvectors (three corresponding to A = 2 and one 
corresponding to A = —4), and because the largest Jordan block is of size 3x3, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 3. 
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Case 13: 



2 10 0 

0 2 0 0 

0 0 2 1 

0 0 0 2 

0 0 0 0 

0 0 0 0 

0 0 0 0 



0 
0 
0 
0 

1 

-4 
0 



In this case, the matrix has three linearly independent eigenvectors (two corresponding to A = 2 and one 
corresponding to A = —4), and because the largest Jordan block is of size 3x3, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 3. 



Case 14: 



2 10 0 

0 2 10 

0 0 2 0 

0 0 0 2 

0 0 0 0 

0 0 0 0 

0 0 0 0 



0 
0 
0 
0 

1 

-4 
0 



0 
0 
0 
0 
0 

1 

-4 



In this case, the matrix has three linearly independent eigenvectors (two corresponding to A = 2 and one 
corresponding to A = —4), and because the largest Jordan block is of size 3x3, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 3. 



Case 15: 



0 0 
0 0 
0 0 



0 
0 
0 
0 
0 

1 

-4 



In this case, the matrix has two linearly independent eigenvectors (one corresponding to A = 2 and one 
corresponding to A = —4), and because the largest Jordan block is of size 4x4, the maximum length of a 
cycle of generalized eigenvectors for this matrix is 4. 



34. FALSE. For instance, if A 



and B 



then we have eigenvalues A^ = A# = 1 , but 



0 1 

-1 0 



the matrix A — B 
be verified directly. 

35. FALSE. For instance, if A = I 2 and B 



is invertiblc, and hence, zero is not an eigenvalue of A — B. This can also 



then A 2 = B 2 = I 2 , but the matrices A and B are 

h 



not similar. (Otherwise, there would exist an invertible matrix S such that S 1 AS — B. But since A 
this reduces to I 2 = B, which is clearly not the case. Thus, no such invertible matrix S exists.) 

36. To see that T\ + T 2 is a linear transformation, we must verify that it respects addition and scalar 
multiplication: 
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T\ + T 2 respects addition: Let vi and v 2 belong to V. Then we have 

(Ti + T 2 )(vi + v 2 ) = Ti(vi + v 2 ) + T 2 (vi + v 2 ) 

= [Ti(vi) + Ti(v 2 )] + [T 2 (vi) + T 2 (v 2 )] 
= [Ti(vi) + T 2 (vi)] + [Ti(v 2 ) + T 2 (v 2 )] 
= (T 1 +T 2 )(vi) + (T 1 + T 2 )(v 2 ), 

where we have used the linearity of Ti and T 2 individually in the second step. 

Ti + T 2 respects scalar multiplication: Let v belong to V and let fc be a scalar. Then we have 

(T 1 + r 2 )(fcv) = r 1 (fcv) + r 2 (fcv) 

= fcTi(v) + /cT 2 (v) 
= k[T 1 {v) + T 2 {v)\ 
= fc(T 1 +T 2 )(v), 

as required. 

There is no particular relationship between Ker(Ti), Ker(T 2 ), and Ker(Xi + T 2 ). 

37. FALSE. For instance, consider Ti : E -> E defined by Ti(x) = x, and consider T 2 : E -> E defined by 
T 2 (x) = —x. Both Ti and T 2 are linear transformations, and both of them are onto. However, (Ti + T 2 )(a;) = 
Ti(ar) + T 2 (x) =x + (-x) = 0, so Rng(Ti + T 2 ) = {0}, which implies that Ti + T 2 is not onto. 

38. FALSE. For instance, consider Ti : E -> E defined by Ti(x) = ar, and consider T 2 : E -> E defined 
by T 2 (x) = —a;. Both Ti and T 2 are linear transformations, and both of them are one-to-one. However, 
(Ti + T 2 )(x) = Ti(ar) + T 2 (a;) = x + (-x) = 0, so Kcr(Ti + T 2 ) = E, which implies that Ti + T 2 is not 
one-to-one. 

39. Assume that 

ciT( Vl + c 2 T(v 2 ) + • • • + c„T(v„) = 0. 

We wish to show that 

ci = c 2 = • • • = c„ = 0. 
To do this, use the linearity of T to rewrite the above equation as 

T(civi + c 2 v 2 H h c„v„) = 0. 

Now, since Ker(T) = {0}, we conclude that 

civi + c 2 v 2 H h c„v„ = 0. 

Since {v l7 v 2 , . . . ,v„} is a linearly independent set, we conclude that c-y = c 2 = ■ ■ ■ = c n = 0, as required. 

40. Assume that V\ = V 2 and V 2 = V3. Then there exist isomorphisms Ti : V\ — » V 2 and T 2 : V 2 — > V3. 
Since the composition of two linear transformations is a linear transformation (Theorem 5.4.2), we have a 
linear transformation T 2 Ti : V\ — * V3. Moreover, since both Ti and T 2 are one-to-one and onto, T 2 Ti is 
also one-to-one and onto (see Problem 39 in Section 5.4). Thus, T 2 Ti : V\ — * V3 is an isomorphism. Hence, 
Vi = V3, as required. 

41. We have 
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for each i — 1, 2, . . . , k. Thus, 

(AxA 2 . . . A k )v = (AxA 2 . . . A fc _i)(A fe v) = (A X A 2 . . . A fe _i)(A fe v) = \ k {A x A 2 . . . A fc _i)v 

= \ k {A x A 2 . . . A fe _ 2 )(A fe _ 1 v) = \ k (A x A 2 . . . A fc _ 2 )(A fe _iv) = \ k _ x \ k (A x A 2 . . . A k _ 2 )v 

= A 2 A 3 . . . A fc (Aiv) = A 2 A 3 . . . A fc (Aiv) 
= (AiA 2 . . . A fc )v, 

which shows that v is an eigenvector of A\A 2 . . . A k with corresponding eigenvalue AiA 2 . . . A^. 

42. We first show that T is a linear transformation: 

T respects addition: Let A and B belong to M„(R). Then 

T(A + B) = S-\A + B)S = S^AS + S^BS = T(A) + T(B), 

and so T respects addition. 

T respects scalar multiplication: Let A belong to M n (M), and let k be a scalar. Then 

T(kA) = S- 1 (kA)S = kiS^AS) = kT(A), 
and so T respects scalar multiplication. 

Next, we verify that T is both one-to-one and onto (of course, in view of Proposition 5.4.13, it is only 
necessary to confirm one of these two properties, but we will nonetheless verify them both): 

T is one-to-one: Assume that T(A) = 0„. That is, S~ 1 AS = 0„. Left multiplying by 5 and right multiplying 
by S^ 1 on both sides of this equation yields A = SOnS^ 1 = 0„. Hence, Ker(T) = {0„}, and so T is one-to- 
one. 

T is onto: Let B be an arbitrary matrix in M„(R). Then 

TiSBS- 1 ) = S-^SBS-^S = (S- 1 S)B(S- 1 S) = I n BI n = B, 

and hence, B belongs to Rng(T). Since B was an arbitrary element of M„(R), we conclude that Rng(T) = 
M n (R). That is, T is onto. 

Solutions to Section 6.1 

True- False Review: 

1. TRUE. This is essentially the statement of Theorem 6.1.3. 

2. FALSE. As stated in Theorem 6.1.5, if there is any point x n in I such that W[yi,y 2 , ■ ■ ■ ,y n ]{xo) = 0, 
then {j/i, ?/2 j ■ ■ ■ 1 2/n} is linearly dependent on I. 

3. FALSE. Many counterexamples are possible. Note that 

(xD - Dx)(x) = xD(x) - D(x 2 ) = x - 2x = (-l)(ar). 
Therefore, xD — Dx = —1. Setting L\ = x and L 2 = D, we therefore see that L\L 2 ^ L 2 L\ in this example. 
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4. TRUE. By assumption, £1(2/1 + 2/2) = £1(2/1) + £1(2/2) and Li(cy) = cL\(y) for all functions 2/, 2/1 > 2/2- 
Likewise, £2(2/1 + 2/2) = £2(2/1) + £2(2/2) and £2(02/) = cL2{y) for all functions y, 2/1,2/2- Therefore, 

(£1 + £ 2 ) (2/1 + 2/2) = £1(2/1 + 2/2) + £2(2/1 + 2/2) 

= (£1(2/1) + £1(2/2)) + (£2(2/1) + £2(2/2)) 
= (£1(2/1) + £2(2/1)) + (£1(2/2) + £2(2/2)) 
= (£1 + £2X2/1) + (£1 + £2X2/2) 

and 

(£i+£ 2 )(cy) = £ 1 (c2/) + £ 2 (c2/) 
= c£i(y) + c£ 2 (2/) 
= c(£i(y) + £ 2 (2/)) 
= c(£i + £ 2 )(2/). 

Therefore, L\ + £ 2 is a linear differential operator. 

5. TRUE. By assumption L(yi + y 2 ) = £(2/1) + £(2/2) and L(ky) = kL(y) for all scalars k. Therefore, for 
all constants c, we have 

(c£)(2/i + 2/2) = c£(2/i + 2/2) = c(£(2/i) + £(2/2)) = c£(j/i) + c£(y 2 ) = (c£)(2/i) + (cL)(y 2 ) 

and 

(c£)(fcy) = c(£(fcy)) = c(k(L(y))) = k{cL){y). 
Therefore, c£ is a linear differential operator. 

6. TRUE. We have 

L(y p + u) = L(y p ) + L{u) = F + 0 = F. 

7. TRUE. We have 

£(2/1+2/2) = £(2/1) 

Problems: 

1. 

(a) 

£(y(x)) = (£>-.T)(2x-3e 2a; ) 



(b) 

L{y{x)) = (£>- s)(3sin 2 3;) 



£(2/2) -£1+ £2. 



£>(2x-3e 2:E ) -x(2x-3e 2a: ) 
(2-6e 2:E )-2x 2 + 3.Te 2a: 
2(l-x 2 )+3e 2:E (x-2). 



£>(3sin 2 x) -x(3sin 2 x) 
6 sin x cos x — 3x sin 2 x 
3 sin x(2x cos x — x sin x) . 



2. 



L(y(x)) = (D 2 - x 2 D + x)(2x - 3e 2x ) = D 2 (2x - 3e 2x ) - x 2 D(2x - 3e 2x ) + x(2x - 3e 2x ) 

= D(2 - 6e 2x ) - x 2 {2 - 6e 2x ) + x(2x - 3e 2x ) 
= -I2e 2x - 2x 2 + 6x 2 e 2x + 2x 2 - 3xe 2x 
= 3e 2x (2x 2 -x-4). 

L(y(x)) = (D 2 -x 2 D + x)(3sin 2 x) = D 2 (3sin 2 x) - x 2 D(3sin 2 x) + a;(3sin 2 x) 

= Z?(6sinx • cos a;) — ai 2 (6sina! • cos a;) + 3a; sin 2 x 
= 12 cos 2 x — 6 — 6x 2 sin x ■ cos x + 3x sin 2 x. 



L(y(x)) = (D 3 - 2a;L> 2 )(2a; - 3e 2x ) = D 3 (2x - 3e 2x ) - 2xD 2 (2x - 3e 2x ) 

= D 3 (-3e 2x ) -2xD 2 (-3e 2x ) 
= -2Ae 2x + 2Axe 2x 
= 24e 2x (x-l). 

L{y(x)) = (D 3 - 2xD 2 )(3sm 2 x) = D 3 (3sm 2 x) - 2xD 2 (3sm 2 x) 

= D 2 (6sina: • cos a;) — 2a;D(6sina; • cos a;) 
= D(12 cos 2 x - 6) - 2x(12 cos 2 x - 6) 
= —24 sin x ■ cos x — 24x cos 2 x + 12x. 



L(y(x)) = {D 3 -D + A){2x - 3e 2x ) = D 3 (2x - 3e 2x ) - D(2x - 3e 2x ) + 4(2x - 3e 2x ) 

= D 2 {2 - 6e 2x ) - (2 - 6e 2x ) + 8x - I2e 2x 
= D{-I2e 2x ) - (2 - 6e 2x ) + 8x - 12e 2x 
= {-2Ae 2x ) - (2 - 6e 2x ) + 8x - I2e 2x 
= 8x- 30e 2x - 2. 

L(y(x)) = (D 3 - D + 4) (3 sin 2 a;) = L> 3 (3sin 2 a:) - L>(3sin 2 x) + 4(3sin 2 x) 

= D 2 {<osvax ■ cos a;) — (6 sin a; • cos a;) + 12 sin 2 x 
= D{12 cos 2 x — 6) — 6 sin x ■ cos x + 12 sin 2 x 
= —24 sin x ■ cos x — 6 sin x ■ cos x + 12 sin 2 x 
— 6 sin x(— 3 cos x + 2 sin x) . 
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5. 

L(y(x)) = (x 2 D 2 + 2xD - 2)( X - 2 ) = x 2 D 2 ( X - 2 ) + 2xD{ X - 2 ) - 2aT 2 

= x 2 D(-2x- 3 ) - Ax- 2 - 2x- 2 
= 6aT 2 - 6aT 2 = 0. 

Thus, / G Ker(L). 
6. 

L(y(x)) = (D 2 - x- x D + 4ai 2 )(sin(x 2 )) = L> 2 (sin (x 2 )) - aT^sin (x 2 )) + 4a; 2 (sin (a; 2 )) 

= L>(2xcos (x 2 )) - a; -1 (2a; cos (x 2 )) + Ax 2 (sm (x 2 )) 
= 2 [cos (x 2 ) - 2x 2 sin (x 2 ) ] - 2 cos (x 2 ) + 4a; 2 (sin (a; 2 ) ) 
= 0. 

Thus, / G Kcr(L). 



7. 



L(y(x)) = (D 3 + D 2 + D+ 1) (sin x + cosx) 

= D 3 (sinx + cos a;) + D 2 (sinx + cosx) + D(smx + cosx) + (sin a; + cos a;) 
= D 2 (cos x — sin a;) + D(cos x — sin x) + cos x — sin x + sin x + cos x 
= D{— sin x — cos x) + (— sin x — cos x) + 2 cos x 
= — cos x + sin x — sin x — cos a; + 2 cos x 



0. 



Thus, / G Ker(L). 
8. 



£(y(x)) = (-D 2 + 2D- l){xe x ) 

= -D 2 (xe x )+2D(xe x )-xe x 
= -D(e x + xe x ) + 2{e x + xe x ) - xe x 
= -(e x + e x + xe x ) + 2e x + 2xe x - xe x 
= 0. 



Thus, / G Ker(L). 



9. L(y(x)) = 0 (D — 2x)y = 0 ^=^> y' — 2xy = 0. This linear equation has integrating factor 



/2 d 2 

2xdx _ e - x gQ ^ e c jjff eren y a ^ e q ua tion can be written as — ie~ x y) = 0, which has a general 

ax 



d 

an be written as 
solution eT x " y = c, that is, y(x) = ce x " . Consequently, 

Kcr(L) = {ye C^K) : y(x) = ce x \cE R}. 

10. L(y(x)) — 0 (D 2 + l)y = Q y" + y = 0. This is a second-order homogeneous linear differential 

equation, so by Theorem 6.1.3, the solution set to this equation forms a 2-dimensional vector space. A little 
thought shows that both y\ = cosx and y 2 = sin a; are solutions to the equation. Since they are linearly 
independent, these two functions form a basis for the solution set. Therefore, 



Ker(L) = {acosx + fesinx : a, b G R}. 
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11. L(y(x)) = 0 •<=>• (D 2 + 2D — 15) j/ = 0 ^=^> y" + 2y' — I5y = 0. This is a second-order homogeneous 
linear differential equation, so by Theorem 6.1.3, the solution set to this equation forms a 2-dimcnsional 
vector space. Following the hint given in the text, we try for solutions of the form y{x) — e rx . Substituting 
this into the differential equation, we get r 2 e rx + 2re rx — I5e rx = 0, or e rx (r 2 + 2r — 15) = 0. It follows that 
r 2 + 2r — 15 = 0. That is (r + 5)(r — 3) = 0, and hence, r — — 5 and r = 3 are the solutions. Therefore, 
we obtain the solutions y\ = e~ 5x and y 2 — e 3x . Since they are linearly independent (by computing the 
Wronskian, for instance), these two functions form a basis for the solution set. Therefore, 

Kcr(L) = {ae- bx + be 3x : a,b G K}. 

12. Ly = 0 -^=^> (x 2 D + x)y = 0 x 2 y' + xy = 0. Dividing by x 2 , we can express this as y' + \y = 0. 
This differential equation is separable: ^dy = — \dx. Integrating both sides, we obtain In \y\ = — In \x\ + c\. 

Therefore \y\ = e - ln l a; l+ c i = c 2 er in \ x \. Hence, y(x) = c 3 e- ln l x l = j^. Thus, 

Ker(L)^{^: ceK }. 

13. We have 

(L 1 L 2 )(f)=L 1 (f -2x 2 f) 

= (D+l)(f-2x 2 f) 

= f" + f - 4xf - 2x 2 f - 2x 2 f 

= f + (l-2x 2 )f-(4x + 2x 2 )f, 

so that 

L t L 2 = D 2 + (1 - 2x 2 )D - 2x{2 + x). 

Furthermore, 

(L 2 L 1 )(/) = i 2 (/' + /) 

= (D-2x 2 )(f + f) 

= .f" + f-2x 2 f-2x 2 f, 

so that 

L 2 Li = D 2 + (1 - 2x 2 )D - 2x 2 . 

Therefore, LiL 2 ^ L 2 L\. 

14. We have 

(L 1 L 2 )(f) = L 1 (f + (2x-l)f) 

= (D + x)(f + (2x-l)f) 

= f" + xf + 2/ + (2x - 1)/' + x(2x - l)f 

= (D 2 + (3x - l)D + (2x 2 -x + 2))(/), 

so that 

L X L 2 = D 2 + (3x - l)D + (2x 2 -x + 2). 

Furthermore, 

{L 2 L 1 ){f)=L 2 {f + xf) 

= (D+(2x-l))(f' + xf) 

= f" + (2x - l)f + f + xf + (2x - l)xf 

= (D 2 + (3x - 1)D + (2x 2 -x+ !))(/), 
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so that 

Therefore, L\L 2 ^ L 2 Li. 
15. We have 



Thus 



Similarly, 



L 2 Li = D + (3x - l)D + (2x z - x + 1) 



(L 1 L 2 )(f) = L 1 (D + b 1 )f 

= (D + a 1 )(f + b 1 f) 

= f" + [h+a 1 ]f + (b' 1 + a 1 h)f. 

LxL 2 = D 2 + (6i + ax)!) + (&i + ai&i). 

L 2 Li = L> 2 + (ax + 6i)L> + (oi + b iai ). 



Thus — L 2 L\ = b[ — a[ , which is the zero operator if and only if b[ = a[ which can be integrated directly 
to obtain b\ = a\ + c 2 , where c 2 is an arbitrary constant. Consequently we must have L 2 = D + [a\(x) + c 2 ]. 

16. (D 3 + x 2 D 2 - (sinx)D + e x )y = x 3 and y'" + x 2 y" - (smx)y' + e x y = 0. 

17. (D 2 + 4xD - 6x 2 )y = x 2 s'mx and y" + 4xy' - 6x 2 y = 0. 

18. x 2 and e x are both continuous functions for all x G R and in particular on any interval I containing 
xq = 0. Thus, y(x) = 0 is clearly a solution to the given differential equation and also satisfies the initial 
conditions. Thus, by the existence-uniqueness theorem, y(x) — 0 is the only solution to the initial-value 
problem. 

19. Let 01, a n be functions that are continuous on the interval I. Then, for any x 0 in I, the initial- value 
problem y(") + ai(x)y (n ~^ + ... + a n -i(x)y' + a n (x)y = 0, y(x 0 ) = 0, y'{x 0 ) = 0, ....y^-^fco) = 0, has 
only the trivial solution y(x) = 0. 

Proof : 

All of the conditions of the existence-uniqueness theorem are satisfied and y(x) = 0 is a solution; consequently, 
it is the only solution. 

20. Given y" - 2y' - 3y = 0 then r 2 -2r-3 = 0^re {-1,3} => y(x) = c x er x + c 2 e 3x . 

21. Given y" + 7y' + lOy = 0 then r 2 + 7r + 10 = 0 => r G {-5, -2} => y(or) = c ie - 5x + c 2 e- 2x . 

22. Given y" - 36y = 0 then r 2 - 36 = 0 => r G {-6, 6} => = cie" 61 + c 2 e 6:E . 

23. Given y" + Ay 1 = 0 then r 2 + 4r = 0 r G {-4, 0} => y{x) = c x e- ix + c 2 . 

24. Substituting y(x) = e rx into the given differential equation yields e rx (r 3 — 3r 2 — r + 3) = 0, so that 
we will have a solution provided that r satisfies r 3 — 3r 2 — r + 3 = 0, that is, (r — l)(r + l)(r — 3) = 0. 
Consequently, three solutions to the given differential equation are y\{x) — e x , y 2 (x) = e~ x , 2/3(2;) = e 3x . 
Further, the Wronskian of these solutions is 



W[y!,y 2l y 3 ] = 



e x e~ x e 
e x —e~ x 3e 3x 
e x e~ x 9e 3x 



= -16e 



3.r 
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Since the Wronskian is never zero, the solutions are linearly independent on any interval. Hence the general 
solution to the differential equation is y{x) — c\e x + c 2 e~ x + c 3 e 3x . 

25. Substituting y(x) = e rx into the given differential equation yields e rx (r 3 + 3r 2 — 4r — 12) = 0, so that 
we will have a solution provided that r satisfies r 3 + 3r 2 — 4r — 12 = 0, that is, (r — 2)(r + 2)(r + 3) = 0. 
Consequently, three solutions to the given differential equation are yi(x) — e 2x , y2{x) — e~ 2x , y$(x) — e~ 3x . 
Further, the Wronskian of these solutions is 



W[y 1 ,y 2 ,y 3 } 



e 

2e 2x 
4e 2x 



p -2x 

-2e~ 2x 
Aer 2x 



e -3x 

-3e- 3x 
9e~ 3x 



-20e 



-3x 



Since the Wronskian is never zero, the solutions arc linearly independent on any interval. Hence the general 
solution to the differential equation is y(x) — c\e 2x + c 2 e~ 2x + c 3 e~ 3x . 

26. Substituting y(x) = e rx into the given differential equation yields e rx (r 3 + 3r 2 — I8r — 40) = 0, so 
that we will have a solution provided r satisfies r 3 + 3r 2 — 18r — 40 = 0, that is, (r + 5)0 + 2)0 — 4) = 0. 



Consequently, three solutions to the differential equation are yi(x) — e , y 2 (x) = e 
Further, the Wronskian of the solution is 



-2x 



„4x 



W[yi,y2,y 3 ] 



-5x 



-2x 



4.T 



e " e e 
-5e- 5x -2e- 2x Ae ix 
25e- 5x Ae- 2x I6e ix 



= 162e- 3x . 



Since the Wronskian is never zero, the solutions are linearly independent on any interval. Hence the general 
solution to the differential equation is y(x) — cie~ 5x + c 2 e~ 2x + c 3 e 4x . 



27. Given y"' - y" - 2y' = 0 then r 3 - r 2 - 2r = 0 => r(r 2 - r- 2) = 0=^r£ {-1,0, 2} 



Cie x + c 2 + c 3 e 



2x 



y(x) = 



28. Given y'" + y" - 10y' + 8y = 0 then r 3 + r 2 - lOr + 8 = 0 
{-4, 1,2} => y(x) = Cl e- 4x + c 2 e x + c 3 e 2x . 

29. Given y {l ^ - 2y'" - y" + 2y' = 0 then r 4 - 2r 3 - r 2 - 2r = 0 => r(r 3 - 2r 2 
r{r-2)(r- l)(r + l) = 0 r e {-1,0,1,2} j/(.t) = cie" 21 + c 2 + cae 21 + c 4 e 2;r . 



(r - 2)(r - l)(r |4) = 0^r£ 



2) = 0 



30. Given y (m *> 
{-3,-2,2,3} = 



13y" + 36y = 0 then r 4 - 13r 2 + 36 = 0 (r 2 - 9)0 2 - 4) = 0 => r 2 e {4, 9} r e 
y(x) = cie 



-3a: 



c 2 e 2a: + c 3 e 2a; 



C4e 



3x 



31. Given x y" + 3xy' — 8y — 0, the trial solution gives x r(r — l)x r + 2>xrx 



r.r-1 



0, or 



c r [r(r - 1) + 3r - 8] = 0. Therefore, 



2r 



0, which factors as (r + 4)(r — 2) = 0. Therefore, r 



or r = 2. Hence, we obtain the solutions yi(x) = x 4 and 2/2(2;) = x 2 . Furthermore, 



= (x- 4 )(2x) - (-4a;- 5 )(x 2 ) = Qx' 3 ^ 0 



so that {a 



! } is a linearly independent set of solutions to the given differential equation on (0,oo). 



Consequently, from Theorem 6.1.3, the general solution is given by y(x) = c x x 4 + c 2 x 2 . 



32. Given 2x y" + bxy' + y — 0, the trial solution gives 2x r{r — l)x 



r-2 



hxrx 



r-l 



0, or 



x r [2r(r - 1) + 5r + 1] = 0. Therefore, 2r 2 + 3r + 1 = 0, which factors as (2r + 1)0 + 1) = 0. Therefore, 
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r = — \ and r = — 1. Hence, we obtain the solutions yi(x) = x 2 and y 2 (x) — x 1 . Furthermore, 



W[a 



(^ l )(-4)-(-^-l)(a ; - 1 ) 



^0, 



so that {a 



L } is a linearly independent set of solutions to the given differential equation on (0,oo). 



Consequently, from Theorem 6.1.3, the general solution is given by y(x) = C\x 2 + c 2 x 1 . 

33. Substituting y(x) = x' r into the given differential equation yields x r [r(r — l)(r — 2) + r(r — 1) — 2r + 2] = 0, 
so that r must satisfy (r — l)(r — 2)(r + 1) = 0. If follows that three solutions to the differential equation 
are yi(x) = x, y 2 (x) = x 2 , 2/3(2;) — x~ x . Further, the Wronskian of these solutions is 



W[y 1 ,y2,y 3 ] 



XX X 

1 2x -x- 2 
0 2 2a;- 3 



6a;" 1 . 



Since the Wronskian is nonzero on (0,oo), the solutions arc linearly independent on this interval. Conse- 
quently, the general solution to the differential equation is y(x) — C\x + c 2 x 2 + c^x -1 . 

34. Given x 3 y"' + 3x 2 y" — 6xy' = 0, the trial solution gives 

x 3 r(r - l)(r - 2)a; r - 3 + 3x 2 r(r - l)x r - 2 - Qxrx^ 1 = 0, 



or 



x r [r(r - l)(r - 2) + 3r(r - 1) - 6r] = 0. 



Therefore, r(r- l)(r- 2) +3r(r- 1) -6r = 0, or r[(r- l)(r- 2) + 3(r- 1) - 6] = 0. Therefore, r[r 2 -7] = 0, 
so that r = 0 or r = ±\/7. Hence, we obtain the solutions yi(x) = 1, y 2 (x) — , and ys(x) = x~^. 
Furthermore, 



W[l,x 



V7 X -V7- 



„V7 



-V7 



1 

0 V7x^-! -V7x-^ 

0 V7(V7~l)x^- 2 -V7(-V7-l)x-^- 2 

= -7{-V7 - l)x~ 3 + 7(V7 - l)x- 3 

= uV7x- 3 ^ 0, 

so that {l,x^ , x~^} is a linearly independent set of solutions to the given differential equation on (0, 00). 
Consequently, from Theorem 6.1.3, the general solution is given by y(x) = c\ + c 2 x^ + c%x~^ . 

35. To determine a particular solution of the form y p (x) — A 0 e 3x , we substitute this solution into the 
differential equation: 

(A 0 e 3x )" + (A 0 e 3x )' - 6(A 0 e 3x ) = I8e 3x . 



Therefore 



9A 0 e 3x + 3A 0 e 3x - 6A 0 e 3x = 18e 



„3x 



which forces A 0 = 3. Therefore, y p (x) — 3e 3x . 

To obtain the general solution, we need to find the complementary function y c {x), the solution to the 
associated homogeneous differential equation: y" + y' — 6y = 0. Seeking solutions of the form y(x) — e rx , 
we obtain r 2 e rx + re rx — 6e rx = 0, or e rx (r 2 + r — 6) = 0. Therefore, r 2 + r — 6 = 0, which factors as 
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(r + 3)(r — 2) = 0. Hence, r = — 3 or r = 2. Therefore, we obtain the solutions yi(x) = e 3x and y 2 {x) = e 2x . 
Since 

W[e~ 3x ,e 2x ] = (e- 3x )(2e 2x ) - (-3e- 3x )(e 2x ) = 2e~ x + 3e~ x = 5e~ x ^ 0, 

{e~ 3x ,e 2x } is linearly independent. Therefore, the complementary function is y c {x) — c\e~ 3x + C2e 2x . By 
Theorem 6.1.7, the general solution to the differential equation is 

y(x) = c ie - 3x + c 2 e 2x + 3e 3x . 

36. Substituting y(x) = A 0 + A\x + A 2 x 2 into the differential equation yields 

(A 0 + Aix + A 2 x 2 )" + (Ao + Axx + A 2 x 2 )' - 2(A 0 + A x x + A 2 x 2 ) = Ax 2 

or 

{2A 2 + A x - 2A 0 ) + (2A 2 - 2A x )x - 2A 2 x 2 = Ax 2 . 
Equating the powers of x on each side of this equation yields 

2A 2 + A 1 - 2A Q = 0, 2A 2 - 2A X = 0, -2A 2 = A. 

Solving for A 0 , A\, and A 2 , we find that A 0 = —3, A\ = —2, and A 2 = —2. Thus, y p (x) = —3 — 2x — 2x 2 . 

To obtain the general solution, we need to find the complementary function y c (x), the solution to the 
associated homogeneous differential equation: y" + y' — 2y — 0. Seeking solutions of the form y(x) — e rx , 
we obtain r 2 e rx + re rx — 2e rx = 0, or e rx (r 2 + r — 2) =0. Therefore, r 2 + r — 2 = 0, which factors as 
(r + 2)(r — 1) = 0. Hence, r = — 2 or r = 1. Therefore, we obtain the solutions yi(x) — e~ 2x and y 2 (x) = e x . 
Since 

W[e- 2x ,e x ] = (e- 2x )(e x ) - (-2 e - 2x )(e x ) = Zer x ^ 0, 

{e~ 2x ,e x } is linearly independent. Therefore, the complementary function is y c (x) — c\e~ 2x + c 2 e x . By 
Theorem 6.1.7, the general solution to the differential equation is 

y(x) = c lS - 2x + c 2 e x - 3 - 2x - 2x 2 . 



To determine 



37. Substituting y(x) = A 0 e 3x into the given differential equation yields A n e 3x (27 + 18 — 3 — 2) = 4e 3 
that A 0 = YQ e3X ' Hence, a particular solution to the differential equation is y p (x) = j^ e3x ■ 
the general solution we need to solve the associated homogeneous differential equation y'" + 2y" — y' — 2y = 0. 
We try for solutions of the form y(x) — e rx . Substituting into the homogeneous differential equation gives 
e rx (r 3 +2r 2 — r — 2) = 0, so that we choose r to satisfy r 3 +2r 2 — r— 2 = 0, or equivalently, (r+2)(r — l)(r+l) = 



0. It follows that three solutions to the differential equation are yi(x) = e 2x , 
Further, the Wronskian of these solutions is 



2/2 O) = e x , y 3 (x) = e 



W[y 1 ,y 2 ,y 3 ] = 



e -2x 

-2e- 2x 
Ae- 2x 



e x e" 
e x —e~ 
e x e" 



= -6e 



-2x 



Since the Wronskian is nonzero, the solutions are linearly independent on any interval. It follows that the 
complementary function for the given nonhomogeneous differential equation is y c (x) = c\e~ 2x 

so the general solution to the differential equation is y(x) — y c (x) + y P (x) = c\e~ 2x + c 2 e x + c 3 e 



+ c 2 e x + c 3 e 
1 



3.T 
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38. Substituting y(x) = A 0 e 2x into the differential equation yields 



-8A 0 e- 2x + AA 0 e-' zx + 20A 0 e-' zx + 8A 0 e~' zx = e 



-2x 



2x 



-2x 



-2x 



Therefore, 24A 0 = 1. Hence, A 0 = Thus, y p (x) = -^e 2 



ll- Thus > v P ( x ) = 

To obtain the general solution, we need to find the complementary function y c (x), the solution to the 
associated homogeneous differential equation: y'" + y" — lOy' + 8y — 0. Seeking solutions of the form 
y{x) = e rx , we obtain r 3 e rx + r 2 e rx - lOre™ + 8e rx = 0, or e rx (r 3 + r 2 - lOr + 8) = 0. Therefore, 
r 3 + r 2 — lOr + 8 = 0, which has roots r = 1, r = 2, and r = —4. Therefore, we obtain the solutions 
i/i (x) = e x , y2{x) = e 2x , and ys(x) = e~ 4x . Since 



W[e x ,e- 



x „2x ^—4xl 



e x e 2x 
e x 2e 2x 
e x 4e 2x 



e -4x 

-4e- 4x 
I6e- ix 



= 30e~ x ^ 0, 



\^& X £ 2x 



-4a; 



} is linearly independent. Thus, the complementary function is y c (x) — c\e x + C2e + c^e 



-4x 



By Theorem 6.1.7, the general solution to the differential equation is 



y(x) = c ie x + c 2 e 2x + c 3 e 4x + ^e" 2x . 



39. Substituting y(x) — A 0 e ix into the differential equation yields 



64A 0 e 4x + 80A 0 e 4x + 2AA a e Ax = -3e 4x . 

Therefore, 168A 0 = -3. Hence, A 0 = — -. Thus, yJx) = — -e 4x . 

'56 ypy ' 56 

To obtain the general solution, we need to find the complementary function y c {x), the solution to the 

associated homogeneous differential equation: y'" + by" + 6y' = 0. Seeking solutions of the form y(x) — e rx , 

we obtain r 3 e rx + 5r 2 e rx + 6re rx = 0, or e rx (r 3 + 5r 2 + 6r) = 0. Therefore, r 3 + 5r 2 + 6r = 0, which has roots 



r = 0, r = 
Since 



-2, and r — —3. Therefore, we obtain the solutions yi(x) 



W[l,e- 2x ,e- 3x ] 



_ 2e -2x 
4e -2x 



e -3x 

-3e- 3x 
9e~ 3x 



1, V2(x) = e 
-6e~ 5x + 0, 



-2x 



and y 3 (x) = e 



-Zx 



{1, e 2x ,e 3x }is linearly independent. Therefore, the complementary function is y c (x) 



-2x -3x 

By Theorem 6.1.7, the general solution to the differential equation is 

1 



ci+c 2 e 2x +c 3 e 3x . 



y{x) 



Ci + c 2 e 2x + c 3 e 3x 



Ax 



56 



40. Prior to the statement of Theorem 6.1.3 it was shown that the set of all solutions forms a vector space. 
We now show that th dimension of this solution space is n, by constructing a basis. Let J/1,2/2, ■■■,y n be the 
unique solutions of the n initial-value problems: 

a a( x )Vz l) + ai{x)y < i n ~ 1) + ■■■ + a n-i{x)y[ + a n (x) yi = 0, 

yf^Oo) = S ik , fc = l,2,...,n, 



488 



respectively. The Wronskian of these functions at xo is W [2/1,2/2, ■ 2/n]( x o) = det[/ n ] = 1 7^ 0 so that the 
solutions arc linearly independent on I. We now show that they span the solution space. 

Let u(x) be any solution of the differential equation on I, and suppose that u(x 0 ) = u\, u'(xo) = 
u 2 , u^™ _1 '(x 0 ) = u n , where m, u 2 , u n are constants. It follows that y = u(x) is the unique solution to 
the initial- value problem: 

Ly = 0, 

y(x 0 ) = m, y'(x 0 ) = u 2 , ...,2/ (ll_1) (a; 0 ) = u n . 

However, if we define w{x) = u\y\{x) + u 2 y 2 (x) + ... + u n y n (x), then w(x) also satisfies this initial value 
problem . Thus, by uniqueness, we must have u(x) = w(x), that is, u(x) = u\yi(x) + u 2 y 2 (x) + ... + u n y n (x) . 
Thus we have shown that {2/1,2/2, 2/n} forms a basis for the solution space and hence the dimension of this 
solution space is n. 

41. Consider the linear system 

C12/1O0) + c 2 y 2 (xo) + ... + c n y n (x 0 ) = 0 

C12/1O0) + C22/2O0) + ••• + c n y' n (x 0 ) = 0 

CiS/i^^Oo) + C2V 2 n ^ 1 \x 0 ) + ... + c„2/i n_1) (a; 0 ) = 0, 

where we are solving for c\, c 2 , c„. The determinant of the matrix of coefficients of this system is 
W[y\,y 2 , ...,y n ](xo) = 0, so that the system has non-trivial solutions. Let (cci, a 2 , a n ) be one such 
non-trivial solution for (ci, c 2 , . . . , c„). Therefore, not all of the are zero. Define the function u{x) by 
u{x) — ai2/i(x) + OL 2 y 2 (x) + ... + a n y n (x). It follows that y = u(x) satisfies the initial- value problem: 

a 0 2/ (n) + aiy {n - 1] + ... + a n -iy' + a n y = 0 

y(x 0 ) = 0, y'(x 0 ) = 0, y^Hxo) = 0. 

However, y(x) = 0 also satisfies the above initial value problem and hence, by uniqueness, we must have 
u(x) — 0, that is, a\y\(x) + a 2 y 2 (x) + ... + a n y n (x) = 0, where not all of the on are zero. Thus, the functions 
2/1, 2/2, 2/n are linearly dependent on I. 

42. Let Vj, be a particular solution to the equation (6.1.14), and let v be any solution to this equation. Then 

T(v p ) = w and T(v) = w. 

Subtracting these two equations gives 

T(v) - T(v p ) = 0, 
or equivalently, since T is a linear transformation, 

T(v-v p ) = 0. 

But this latter equation implies that the vector v — v p is an element of Ker(T) and therefore can be written 
as 

V - V p = CiV! + C 2 V 2 + ... + C„V„, 

for some scalars c\ , c 2 , . . . , c n . Hence, 

V = C1V1 + C 2 V 2 + ... + C„V„ + Vp. 
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43. Let yi and y 2 belong to C n (I), and let c be a scalar. We must show that 

L{Vi + 2/2) = L(yi) + L(y 2 ) and L(cj/i) = cL{y{). 

We have 

HVi + 2/2) = (D n + ai D n - x + ■■■ + a n ^D + a n )( yi + y 2 ) 

= D n ( yi + y 2 ) + a 1 D n ~ 1 {y 1 + y 2 ) + • • • + a n ^D( yi + y 2 ) + a n {yi + y 2 ) 

= (D n Vl + a 1 D n - 1 y 1 + ■■■ + a n - 1 Dy 1 + a n y x ) + (D n y 2 + a 1 D n - 1 y 2 + ■■■ + a n _ 1 Dy 2 + a n y 2 ) 
= (D n + ai D n - x + ■■■ + a n ^D + a n )( yi ) + (D n + a^ 1 + ■■■ + a n ^D + a n ){y 2 ) 
= L{ yi ) + L(y 2 ), 

and 

L(c yi ) = (D n + a^D 11 - 1 + ■■■ + a n ^D + a n )(c yi ) 

= D n (c yi ) + cuD^icyx) + ■■■ + a„_i£>(q/i) + a n (c yi ) 
= cD n { yi ) + caiD"- 1 ^) + • • • + can^Diyi) + ca n ( yi ) 
= c(D n ( yi ) + ai D n - l { yi ) + ■■■ + a n _iD( yi ) + a„(yi)) 
= c(D n + a^"- 1 + • • • + a„_i£> + a n )( yi ) 
= cL(yi)- 

Solutions to Section 6.2 

True-False Review: 

1. FALSE. Even if the auxiliary polynomial fails to have n distinct roots, the differential equation still has 
n linearly independent solutions. For example, if L = D 2 + 2D + 1, then the differential equation Ly = 0 has 
auxiliary polynomial with (repeated) roots r = —1,-1. Yet we do have two linearly independent solutions 
1/1(2;) = e~ x and y 2 (x) — xe~ x to the differential equation. 

2. FALSE. Theorem 6.2.1 only applies to polynomial differential operators. However, in general, many 
counterexamples can be given. For example, note that 

(xD - Dx)(x) = xD(x) - D(x 2 ) = x - 2x = (-l)(a;). 

Therefore, xD — Dx = — 1. Setting L\ = x and L 2 = D, we therefore see that L\L 2 ^ L 2 L\ in this example. 

3. TRUE. This is really just the statement that a polynomial of degree n always has n roots, with 
multiplicities counted. 

4. TRUE. Since 0 is a root of multiplicity four, each term of the polynomial differential operator must 
contain a factor of D 4 , so that any polynomial of degree three or less becomes zero after taking four (or 
more) derivatives. Therefore, for a homogeneous differential equation of this type, a polynomial of degree 
three or less must be a solution. 

5. FALSE. Note that r = 0 is a root of the auxiliary polynomial, but only of multiplicity 1. The expression 
ci + c 2 x in the solution reflects r = 0 as a root of multiplicity 2. 

6. TRUE. The roots of the auxiliary polynomial are r = —3, —3, 5«, — hi. The portion of the solution 
corresponding to the repeated root r = —3 is cie~ 3x + c 2 xe~ 3x , and the portion of the solution corresponding 
to the complex conjugate pair r — ±5i is C3 cos 5x + C4 sin 5x . 
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7. TRUE. The roots of the auxiliary polynomial are r = 2 ± i,2 ± i. The terms corresponding to the 
first pair 2 ± i are c\e 2x cos x and C2e 2x sin x, and the repeated root gives two more terms: c^xe 2x cos x and 
C4xe sin x. 

8. FALSE. Many counterexamples can be given. For instance, if P(D) = D — 1, then the general solution 
is y(x) = ce x . However, the differential equation (P(D)) 2 y = (D — l) 2 y has auxiliary equation with roots 
r = 1, 1 and general solution z{x) — c\e x + C2xe x ^ xy{x). 

Problems: 

1. The auxiliary polynomial is P(r) = r 2 + 2r — 3 = (r + 3)(r — 1). Therefore, the auxiliary equation has 
roots r — — 3 and r = 1. Therefore, two linearly independent solutions to the given differential equation are 

yi (x) = e~ 3x and y 2 (x) = e x . 

By Theorem 6.1.3, the solution space to this differential equation is 2-dimcnsional, and hence {e~ 3x ,e x } 
forms a basis for the solution space. 

2. The auxiliary polynomial is P(r) = r 2 + 6r + 9 = (r + 3) 2 . Therefore, the auxiliary equation has roots 
r = — 3 (with multiplicity 2). Therefore, two linearly independent solutions to the given differential equation 
are 

yi(x) = e~ 3x and y 2 (x) = xe~ 3x . 

By Theorem 6.1.3, the solution space to this differential equation is 2-dimensional, and hence {e~ 3x , xe~~ 3x } 
forms a basis for the solution space. 

3. The auxiliary polynomial is P(r) = r 2 — 6r + 25. According to the quadratic equation, the auxiliary 
equation has roots r — 3±4i. Therefore, two linearly independent solutions to the given differential equation 
are 

yi (x) — e 3x cos 4x and y 2 (x) — e 3x sin 4x . 

By Theorem 6.1.3, the solution space to this differential equation is 2-dimcnsional, and hence {e 3x cos Ax, e 3x sin4x} 
forms a basis for the solution space. 

4. The general vector in S takes the form y(x) — c(sin4x + 5cos4x). The full solution space for this 
differential equation is 2-dimensional by Theorem 6.1.3. Note that sin4cc belongs to the solution space and 
is linearly independent from sin Ax + 5 cos Ax since 

W[sin Ax + 5 cos Ax, sin Ax] = 20 ^ 0. 

Therefore, we can extend the basis for S to a basis for the entire solution space with {sin 4x+ 5 cos 4a;, sin4x}. 
Many other extensions are also possible, of course. 

5. We have r 2 - r - 2 = 0 => r E {-1, 2} => y(x) = c x er x + c 2 e 2x . 

6. We have r 2 - 6r + 9 = 0 => r e {3, 3} => y(x) = c x e 3x + c 2 xe 3x . 

7. We have r 2 + 6r + 25 = 0 => r E {-3 - Ai, -3 + Ai} y(x) = cie~ 3x cos4x + c 2 e~ 3x s'mAx. 

8. We have (r + l)(r -5) = 0^r£ {-1,5} y(x) = c x e-' x + c 2 e 5x . 

9. We have (r + 2) 2 = 0^re {-2, -2} y(x) = Cl e- 2x + c 2 xe- 2x . 
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10. We have r 2 - 6r + 34 = 0 =>■ r £ {3 - hi, 3 + 5i} => y(x) = cie 3:E cos 5x + c 2 e 3a: sin 5x. 

11. We have r 2 + lOr + 25 = 0 => r £ {-5, -5} => y(ar) = Cie" 5 * + c 2 x e - 5;E . 

12. We have r 2 -2 = 0=^r£ {-■ v/2, \/2} => y(ar) = Cie"^ + c 2 e v ^ a: . 

13. We have r 2 + 8r + 20 = 0 r £ {-4 - 2i,-4 + 2i} y(x) = cie" 4x cos 2x + c 2 e" 4a: sin 2a;. 

14. We have r 2 + 2r + 2 = 0 =>■ re{- 1 — i, — 1 + z} =>■ y(x) = cie -2 cosx + c 2 e~ x sin a;. 

15. We have (r-4)(r + 2) = 0^r£ {-2, 4} =^ y(x) = c ie - 2x + c 2 e 4:E . 

16. We have r 2 - 14r + 58 = 0 => r £ {7 - 3i, 7 + 3i} => j/(x) = cie 72 cos 3a; + c 2 e 7x sin 3a;. 

17. We have r 3 — r 2 + r — 1 = 0 =>■ r £ {l,i, — «} =>■ y(x) = c\e x + c 2 cos a; + c 3 sin a;. 

18. We have r 3 - 2r 2 - 4r + 8 = 0 => r £ {-2, 2, 2} => y(x) = c ie - 2x + (c 2 + c 3 x)e 2x . 

19. We have (r - 2)(r 2 - 16) = 0 => r £ {2, 4, -4} y(x) = cie 2a; + c 2 e ix + c 3 e- ix . 

20. We have (r 2 + 2r + 10) 2 = 0 r £ {-1 + 3i, -1 + 3i, -1 - 3i, -1 - 3i} => 
= e _a: [ci cos 3x + c 2 sin 3a; + x(c 4 cos 3a; + C4 sin 3a;)]. 

21. We have (r 2 + 4) 2 (r + 1) = 0 r £ {2i, 2i, -2i, -2i, -1} 
y(x) = cie _:E + c 2 cos 2x + c 3 sin 2x + x(c 4 cos 2x + C5 sin 2a;). 

22. We have (r 2 + 3)(r + 1) = 0 r £ {-1,-1, -i\/3, i\/3} => 
y(x) = cie~ x + c 2 xe~ x + c 3 cos (y/3x) + C4 sin (v^x). 

23. We have r 2 (r - 1) = 0 => r £ {0, 0, 1} => y(x) = c x +c 2 x + c 3 e x . 

24. We have r 4 - 8r 2 + 16 = (r - 2) 2 (r + 2) 2 = 0 r £ {2, 2, -2, -2} 
y(x) = e 2x (ci + c 2 x) + e~ 2a; (c 3 + c 4 x). 

25. We have r 4 - 16 = 0 => r £ {2, -2, 2i, -2i} => j/(x) = c ie 2x + c 2 e" 2x + c 3 cos 2a; + c 4 sin 2x. 

26. We have r 3 + 8r 2 + 22r + 20 = 0 r £ {-2, — 3 + i, — 3 — i} y(x) = c ie - 2:E + e - 3x (c 2 cosx + c 3 sin x). 

27. We have r 4 - 16r 2 + 40r - 25 = 0 r £ {1, -5, 2 + i, 2 - i} => 
j/(x) = cie x + c 2 e _5x + e 2x (c 3 cos x + C4 sin x). 

28. We have (r-l) 3 (r 2 + 9) = 0 r £ {1, 1, 1, -3z,3i} y(x) = e x (ci + c 2 x+c 3 x 2 ) + c 4 cos 3x + c 5 sin 3x. 

29. We have (r 2 - 2r + 2) 2 (r 2 - 1) = 0 => r £ {1 + i, 1 + i, 1 - i, 1 - i, 1, -1} => 
y(x) = e x (ci cosx + c 2 sinx) + xe x (c 3 cosx + C4 sinx) + c 5 e _a: + c 6 e x . 

30. We have (r + 3)(r - l)(r + 5) 3 = 0 r £ {-3, 1, -5, -5, -5} 
y(x) = cie~ 3x + c 2 e x + e~ 5x (c 3 + C4X + c 5 x 2 ). 

31. We have (r 2 + 9) 3 = 0 => r £ {3i, 3i, 3i, -3i, -3i, -3i} => 

j/(x) = ci cos 3x + c 2 sin 3x + x(c 3 cos 3x + C4 sin 3x) + x 2 (cs cos 3x + c§ sin 3x). 
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32. We have r 2 - 8r + 16 = 0 => r E {4,4} =*> y(x) = c x e ix + c 2 xe 4x . Now 2 = y(0) = c x and 
7 = y'(0) = 4ci + c 2 . Therefore, ci = 2 and C2 = — 1 Hence, the solution to this initial- value problem is 
y(x) = 2e Ax — xe ix . 

33. We have r 2 - 4r + 5 = 0 =^> r e {2 + i, 2 — i} =^> y(x) = cie 2x cosx + c 2 e 2x smx. Now 3 = y(0) = Ci 
and 5 = j/'(0) = 2ci + c 2 . Therefore, c\ — 3 and c 2 = — 1. Hence, the solution to this initial- value problem 
is y(x) = 3e 2x cos x — e 2x sin x. 

34. We have r 3 — r 2 + r — 1 = 0 =^> r e {1, i, —i} y(x) = c\e x + c 2 cosx + c 3 sinx. Then since y(0) = 0, 
we have c\ + c 2 = 0. Moreover, since y'(0) = 1, we have c\ + c 3 = 1. Finally, y"(0) = 2 implies that 
ci — c 2 = 2. Solving these equations yields c\ = 1, C2 = — 1, c 3 = 0. Hence, the solution to this initial- value 
problem is y(x) — e x — cos x. 

35. We have r 3 + 2r 2 -4r-8 = (r-2)(r + 2) 2 = 0 r e {2,-2,-2} y(x) = Cl e 2x + c 2 e~ 2x + c 3 xe~ 2x . 
Then since y(0) = 0, we have Ci + c 2 = 0. Moreover, since y'(0) = 6, we have 2ci — 2c 2 + c 3 = 6. Further, 
y"(0) = 8 implies that 4ci + 4c 2 — 4c 3 = 8. Solving these equations yields c\ = 2, c 2 = c 3 = —2. Hence, the 
solution to this initial- value problem is y(x) = 2(e 2:E — e~ 2x — xe~ 2x ). 

36. Given to > 0 and fc > 0, we have auxiliary polynomial P(r) = r 2 — 2mr + (m 2 + fc 2 ) = 0 =^> r = m±ki. 
Therefore, y(x) = e mx (ci cos kx + c 2 sin kx). Differentiating, we obtain y'(x) = me mx {c\ cos kx + c 2 sin kx) + 
e ma: (— cifcsin fcx + c 2 fccos kx). Now 0 = y(0) = c\ and k = y'(0) = c 2 k. Therefore, c\ — 0 and c 2 = 1. Hence, 
the solution to this initial- value problem is y(x) — e mx sin kx. 

37. Given m > 0 and fc > 0, we have auxiliary polynomial P(r) = r 2 — 2mr + (to 2 — fc 2 ) = 0 ==> r = to ± fc. 
Therefore, the general solution to this differential equation is y(x) = ae( m+k ) x +be( m ~ k ) x = e mx (ae kx +be~ kx ). 
Letting a = Cl ^ C2 and b = Cl ~ C2 in the last equality gives 

y(x) = e mx (SL±Sl e kx + £ij^2 e -fex^ 

C1 ^L^ + C2 ^^) 

= e" 12 (ci cosh fcx + c 2 sinh kx) . 

38. The auxiliary polynomial is P(r) = r 2 + 2cr + fc 2 . The quadratic formula supplies the roots of P(r) = 0: 
r = — c ± Vc 2 — fc 2 . 

(a) If c 2 < fc 2 , then c 2 — fc 2 < 0 and the roots above are complex. We can write r = — c ± ui, where 
u = Vk 2 -c 2 . Thus, 

y(t) — e~ ct (ci cos wi + c 2 sin uit) 

and 

y'(i) = e~ ct [(u!C2 — cci) cos ut — (cc 2 + coci) smut] . 

Using the initial conditions y(0) = yo and y'(0) = 0, we find that c\ = yo and loc 2 — y$c = 0, or c 2 = 
Therefore, 

y(t) — — e~ ct (u; cos ojt + c smut). 
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(b) Since lo = \/k 2 — c 2 , wc find k — \]u 2 + c 2 (note k is assumed positive, so we take the positive square 
root). Therefore, continuing from part (a), we have 

y(t) = — e~ ct (co cos Lot + c sin Lot) 

LO 



t 2/0 -rf C ■ \ 

k — e I — cos cut + — sin tot) 
uo \k k ) 

i UO -rf ( ^ C ■ 

k — e — cos tot H — sin Lot 

Vvw 2 + c 2 V w 2 + c 2 



Now since 



there exists 6 such that 



2 / x 2 



+ ^ . =1 



Vw 2 + c 2 y Vv 7 ^ 1 



cos <A = , and sin < 



\Juo 2 + C 2 y/bJ 2 + C 2 ' 

that is, <p = tan -1 (^). Hence, y(t) can be written as 

y(t) = — ^e~ ct (sin0coscj£ + cos (psinLot) = ( — ^* ] e~ ct sm(ujt + <j>). 
lo y lo j 

The amplitude is not constant, but is given by f e~ ct . Since this tends to zero as t — > oo, the vibrations 

V w y 

tend to die out as time goes on. The damping is exponential and the motion is reasonable. 

39. Let u(x, y) = e x / a /(£), where S, — j3x — ay, and assume that a > 0 and /? > 0. 

(a) Let us compute the partial derivatives of u: 

du =e x/* d l + 1 e x/ af 
dx dx a 

c?£ dx a 

= e x/a ^p+ 1 e x/a f 
at, a 



and 



Moreover, 



dx 2 dt; 2 dx a d£ a <i£ dx a 2 

_ f>2 x/a^Z , J I/of , pX la!_ 

~ Pe de a dC e a 2 ' 

&i = eX / a <W 

dy dy 

d£ dy 
= e^|(-a) 

dt, 
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and 

dy 2 dy \d£ 

d^ 2 dy 



-ae x ' a ^{-a) 



2 x/a^l 

de' 



d 2 u d 2 u 
From the formulas for 7— r and ——, T , we have 
ox 2 ay 2 



dx 2 dy 2 \ d^ 2 a g?£ a 2 d^ 2 



d 2 u Q 2 u 

Now if — — ; r + ——, r = 0, then the last equation becomes 
ox 2 - ay 2 - 



d^ 2 + ade a 2 <^ 2 



or 



Therefore, 



a 2 + /? 2 — ^+ 2-^ + 4 = °- 
de a d£ a 2 

fl+ W df f 
de a(a 2 + 0 2 ) d(, a 2 (a 2 + 0 2 ) 



0. 



r ■ P , 1 , , . d 2 f n df q „ n 

Letting p = . „ — r- and q = — ^ — r, the last equation reduces to — — r + 2n— H -/ = 0. 

a(a 2 + p 2 ) a 2 + p 2 de "? a 

(b) The auxiliary equation associated with Equation (6.2.10) is r 2 + 2pr + — = 0. The quadratic formula 

a 2 

yields the roots 
Therefore, 

Hence, 
Therefore, 



P + 
' ~ a(a 2 + 0 2 ) 



0 2 a 2 + l3 2 1 1/2 



a 2 {a 2 + 0 2 ) 2 a 2 (a 2 + 0 2 ) 2 



—0 ± ia 
a(a 2 + 0 2 ) 



/(£) = e - p « [A sin q^ + B COS q£] . 
Since u(x,y) = e x / a /(£), we conclude that 

u(x,y) = e x ' a [e~ p « (A sin q£ + B cos qg)] = e x / a ~ pi (A sin q£ + B cos q£) . 
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40. The auxiliary equation is r 2 + air + a 2 = 0. 

(a) Depending on whether ri — r 2 , we know that the solution to the differential equation takes one of these 
two forms: 

y{x) = cie TlX + c 2 e r2X or y(x) = e T ' lX (ci + c 2 x). 
In order for lim y(x) = 0, we must have that the roots are negative: r\ < 0 and r 2 < 0. 

(b) Complex roots guarantee a solution of the form y(x) — e ax (ci cos bx+c 2 sin bx). In order for lim y(x) = 
0, we must have a < 0. Therefore, the complex conjugate roots must have negative real part. 

(c) By the quadratic formula, the roots of the auxiliary equation are 

—a\ ± J a 2 — 4a 2 
r= 2 • 

Case 1: If a\ — Aa 2 = 0, then r = — ^ <0isa double root and y(x) — e rx (ci + c 2 x) goes to zero as x — > oo 
(see part (a)). 

Case 2: If a\ — 4a 2 > 0, then both roots ai± V a iz l^ are negative; thus, the solution y(x) = c\e TlX + c 2 e T2X 
goes to zero as x — > oo (see part (a)). 

Case 3: If a\ — 4a 2 < 0, then the roots of the auxiliary polynomial are complex conjugates with negative real 
part. Therefore, the conclusion follows from part (b). 

(d) In this case, the auxiliary equation is r 2 + air = 0, with roots r = 0 and r = —a\. The general solution 
to the differential equation in this case is y(x) — ci + c 2 e~ aiX . Thus, lim y(x) = ci, a constant. 

(e) In this case, the auxiliary equation is r 2 + a 2 = 0, with roots r = ±\/— a 2 = zt^/a^i. The general solution 
to the differential equation in this case is y(x) = Ci cos (y/azx) + c 2 sin (yfa^x) , which is clearly bounded for 
all x e M, since the sine and cosine functions are both bounded between ±1 in value. 

41. All the roots must have a negative real part. 

42. Multiplication of polynomial differential operators is identical to the multiplication of polynomials in 
general, an operation that is widely known to be commutative: P(D)Q(D) = Q{D)P(D). 

43. This is the special case of Problem 44 for m = 1. Therefore, the solution to Problem 44 can be applied 
to solve this exercise as well. 

44. The given equations are linearly independent if and only if 

m— 1 m 

V" c k x k e ax cos bx + V" d k x k e ax sin bx = 0 c k = 0 and d k = 0 

k=0 k=0 

for all fc € {0, 1, 2, m}. If we let 

m m 

P(x) = ^2 c kX k and Q(x) = d fe a; fc 

k=0 k=0 
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then the first equation can be written as 

e ax [P(x) cos bx + Q(x) sin bx] = 0, 

which is equivalent to 

P(x) cos bx + Q(x) sin bx = 0. 

Tl 7T / Tt 7T \ 

Now a; — — where n is an integer implies cosbx = ±1 and sin bx = 0 so P y— J = 0 for all integers 

n. Also if x = — — — , where n is an integer, then cosbx = 0 and sinfex = ±1 which implies that 

b 

Q ^- ^ — — ^ = 0 for all integers n. This in turn implies that P(x) and Q(x) arc identically zero so Ck = 0 

and dfc = 0 for all fee {0,1,2, to}. Thus the given functions are linearly independent. 

45. y(x) = cie~ 5x + c 2 e~ 7x + c 3 e 19x . 

46. y(a;) = cie ix + c 2 e~ ix + e~ 2x (c 3 cos3x + c 4 sin 3a;). 

47. y(x) = e- 5x ^[ Cl cos(^x/2) + c 2 sin (\/lTa;/2)] + e- 3x / 2 [c 3 cos(V7x/2) + c A sm(V7x/2)]. 

48. y(x) = cie~ 4x + c 2 cos bx + c 3 sin 5x + x{c± cos bx + c 5 sin 5a;). 

49. y(x) = Cie -3 ^ + c 2 cos a; + c 3 sin x + x{c^ cos x + c 5 sin a;) + x 2 (c 6 cos x + C7 sin a;). 



Solutions to Section 6.3 



True-False Review: 



1. FALSE. Under the given assumptions, we have Ai(D)F\(x) = 0 and A 2 (_D)F 2 (a;) = 0. However, this 
means that 

(A^D) + A 2 (D))(F 1 (x) + F 2 {x)) = A^F^x) + A 1 (D)F 2 (x) + A 2 (D)F 1 (x) + A 2 (D)F 2 (x) 

= A 1 (D)F 2 (x)+A 2 (D)F 1 (x), 

which is not necessarily zero. As a specific example, if A\(D) = D — 1 and A 2 (D) = D — 2, then A\(D) 
annihilates F\(x) = e x and A 2 (D) annihilates F 2 (x) = e 2x . However, A\(D) + A 2 (D) = 2D - 3 does not 
annihilate e x + e 2x . 

2. FALSE. The annihilator of F(x) in this case is A(D) = D k+1 , since it takes k + 1 derivatives in order 
to annihilate x k . 

3. TRUE. We apply rule 1 in this section with k = 1, or we can compute directly that (D — a) 2 annihilates 
xe ax . 

4. FALSE. Some functions cannot be annihilated by a polynomial differential operator. Only those of the 
forms listed in 1-4 can be annihilated. For example, F(x) = In x does not have an annihilator. 

5. FALSE. For instance, if F(x) = x, A X {D) = A 2 {D) = D, then although A 1 (D)A 2 (D)F{x) = 0, neither 
A\(D) nor A 2 (D) annihilates F(x) = x. 

6. FALSE. The annihilator of F{x) = 3 — bx is D 2 , but since r = 0 already occurs twice as a root of the 
auxiliary equation, the appropriate trial solution here is y p (x) = A n x 2 + A n x 3 . 
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7. FALSE. The annihilator of F(x) = x 4 is D 5 , but since r = 0 already occurs three times as a root of the 
auxiliary equation, the appropriate trial solution here is y p (x) = Aox 3 + A\x A + A2X 5 + A3X 6 + A4X 7 . 

8. TRUE. The annihilator of F(x) = cosx is D 2 + 1, but since r = ±z already occurs once as a complex 
conjugate pair of roots of the auxiliary equation, the appropriate trial solution is not y p (x) — A 0 cosx + 
B 0 sinx; we must multiply by a factor of x to occur for the fact that r = ±i is a pair of roots of the auxiliary 
equation. 

Problems: 

Note: In Problems 1-16, we use the four boxed formulas on pages 473-474 of the text. 

1. A(D) = D 2 (D - 1); (D - l)(2e x ) = 0 and L> 2 (3x) = 0 =^ D 2 {D - l)(2e x - 3s) = 0. 

2. A(D) = D + 3; (D + 3)(5e,- 3x ) = -I5e,- 3x + I5e- 3x = 0. 

3. A(D) = (D- lf(D 2 + 16); (D - 7) 4 (x 3 e 7x ) = 0 and (D 2 + 16)(5sin4x) = 0 => 
(L>-7) 4 (L> 2 + 16)(x 3 e 7:l; + 5sin4x) = 0. 

4. i4(D) = (L> 2 + 1)(D - 2) 2 ; (L> 2 + l)(sinx) = 0 and (D - 2) 2 (3xe 2a; ) = 0 => 
(L> 2 + 1)(L> - 2) 2 (sinx + 3xe 2:r ) = 0. 

5. A(D) = (D 2 -2D + 5)(D 2 + 4); In the expression e x sin2x, a = 1 and b = 2, so that D 2 - 2aL> + 
(a 2 + b 2 ) = D 2 - 2D + 5 => (D 2 - 2D + 5)(e x sin2x) = 0. Moreover, in the expression 3cos2x, a = 0 
and b = 2, so that D 2 - 2aD + (a 2 + b 2 ) = D 2 + 4 => (D 2 + 4)(3cos2x) = 0. Thus we conclude that 
(L> 2 - 2D + 5) (L> 2 + 4) (e* sin 2x + 3 cos 2x) = 0. 

6. A(L») = D 2 + AD + 5; In the expression Ae~ 2x sinx, a = -2 and b = 1 so that D 2 - 2aL> + (a 2 + fe 2 ) = 
L> 2 + AD + 5 => (D 2 + AD + 5)(A e - 2x sinx) = 0. 

7. A(L>) = (D 2 - 10D + 26) 3 ; In the expression e 5x cos x, a = 5 and b = 1 so that L> 2 - 2aL> + (a 2 + 6 2 ) = 
L> 2 - 10D + 26 => (L> 2 - 10L> + 26) 3 (e 5:E (2-x)cosx) = 0. 

8. A(£>) = D 3 {D - A) 2 ; Note that L> 3 (2x 2 ) = 0 and (D - 4) 2 [(1 - 3x)e Ax ] = 0 
£> 3 (£> - 4) 2 ((1 - 3x)e 4 * + 2x 2 ) = 0. 

9. A(£>) = (£> - 4) 2 (L> 2 - 8D + 41)L> 2 (£) 2 + AD + 5) 3 ; Note that 

{D-A) 2 {xe ix ) = 0, (L> 2 -8D+41)(-2e 4:E sin5x) = 0, L> 2 (3x) = 0, and (D 2 +AD+5) 3 (x 2 e - 2x cosx) = 0. 
Therefore, 

(D - A) 2 (D 2 -8D + AX)D 2 {D 2 + AD + 5) 3 (e ix (x - 2sin5x) + 3x - x 2 e - 2x cos x) = 0. 



10. A(D) = D 2 + 6D + 10; In the expression 2e 3x s'mx + 7e 3x cosx, a = -3 and 6 = 1 so that 
D 2 - 2aD+(a 2 + b 2 ) = D 2 + 6D + 10 => (L> 2 + 6L> + 10)( e - 3:E (2sinx + 7cosx)) = 0. 

11. A(D) = (Z) 2 + 9) 2 ; Here we have applied Rule 3 (page 474) with a = 0, b = 3, and k = 1. 

12. A(£>) = (Z) 2 + l) 3 ; Here we have applied Rule 3 (page 474) with a = 0, 6 = 1, and k = 2. 
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13. First wc simplify 



sin 4 x = (sin 2 x) 2 = 



1 — cos 2x \ 2 1 
2 



1 + cos 4a; 
1 - 2 cos 2a; H 



3 — 4 cos 2x + cos Ax 



3 1 
We use Ax{D) = D to annihilate -, j4 2 (-D) = D 2 + 4 to annihilate -cos2ai, and A 3 (D) = D 2 + 16 to 

8 2 

annihilate * cos4a;. Hence, A(D) = A 1 (D)A 2 (D)A 3 (D) = D(D 2 + A)(D 2 + 16) = D 5 + 20D 3 + 6AD. 
8 

X -\- cos 2x i 

14. Following the hint, we write cos 2 a; = . We use A 1 (D) = D to annihilate - and we use 

A 2 (D) = D 2 + 4 to annihilate ^(cos 2x). Hence, A{D) = A 1 (D)A 2 (D) = D 3 + AD. 

15. To find the annihilator of F(x), let us use the identities 

2 1 + cos 2x , .o 1 — cos 2x 

cos x = and sin x = 

2 2 

to rewrite the formula for F(x): 

F(x) = sin 2 x cos 2 x cos 2 2x 

1 — cos 2x 1 + cos 2x 1 + cos 4a; 
= 2 2 2 

= ^ [(l-cos 2 2a;)(l+cos4a;)] 

= \ sin 2 2x(l + cos 4a; ) 
8 

= ^(1 — cos4a;)(l + cos4x) 
= ^(1 - cos 2 4a;) 

1 2 1 / 1 1 

= — sin Ax = — (1 — cos 8a; ) = — — — cos 8x. 
16 32 y ' 32 32 

The annihilator for — is A\(D) = D, and the annihilator for — cos 8a; is A 2 (D) = D 2 + 64. Therefore, the 
annihilator for F(x) is A(D) = A 1 (D)A 2 (D) = D(D 2 + 64) = D 3 + 6AD. 

16. To find the annihilator of F(x), let us use the identities 



cos x 



1 + cos 2a; . 2 1 — cos 2a; 



2 

to rewrite the formula for F(x): 



and sin x = and sin 2a; = 2 sin x cos x 



F(x) = ^ sin x cos x(l + cos 2x) 

= ^ (sin 2a; ) (1 + cos 2x) 

= ^ sin 2x + ^ (sin 2a; ) (cos 2a; ) 

= ^ sin 2a; + ^ sin 4x. 
4 8 
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The annihilator of - sin2x is Ai(D) = D 2 + 4, and the annihilator of - sin Ax is A 2 (D) = D 2 + 16. Therefore, 
the annihilator for F(x) is A(D) = A 1 (D)A 2 (D) = (D 2 + A){D 2 + 16) = D 4 + 20D 2 + 64. 

17. We have P(r) = r 2 +4r+4 => y c (x) = c x e~ 2x +c 2 xe~ 2x . Now, A(D) = (D+2) 2 . Operating on the given 
differential equation with A(D) yields the homogeneous differential equation (D + 2) 4 y = 0, with solution 
y(x) — cie~ 2x +c 2 xe~ 2x +Aox 2 e~ 2x +Aix 3 e~ 2x . Therefore, y p (x) = A 0 x 2 e~ 2x +Aix 3 e~ 2x . Differentiating y p 
yields = A 0 e- 2x (-2x 2 + 2x)+A ie - 2x (-2x 3 + 3x 2 ), y' p ' = A 0 e- 2x (Ax 2 ~8x + 2) + A 1 e- 2x (Ax 3 -l2x 2 + 6x). 
Substituting into the given differential equation and simplifying yields 2A 0 + QAix — 5x, so that A a = 

5 5 5 

0, Ai = -. Hence, y p (x) = -x 3 e~ 2x , and therefore y(x) = c x e~ 2x + c 2 xe~ 2x + -x 3 e~ 2x . 

18. We have P(r) = r 2 + 1 =>■ y c (x) — cicosx + c 2 sinx. Now, A(D) = D — 1. Operating on the given 
differential equation with A(D) yields (D — l)(D 2 + \)y = 0, with solution y(x) = c\ cos x + c 2 sin x + A$e x . 
Hence, y p (x) — A^e x . Substitution into the given differential equation yields Aq = 3, so that y p (x) — 3e x . 
Consequently, y(x) = c\ cos x + c 2 sin x + 3e x . 

19. We have P(r) = (r — 2)(r + 1) y c {x) = cie 2x + c 2 e~ x . Now, A(D) = D — 2. Operating on the given 
differential equation with A(D) yields (D— 2) 2 {D+l) = 0 with general solution y(x) — cie 2x +c 2 e~ x +A 0 xe 2x . 
We therefore choose y p (x) = A 0 xe 2x . Differentiating y p yields y' p (x) — A 0 e 2x (2x+1), y p (x) = A 0 e 2x (Ax+A). 

5 5 

Substituting into the given differential equation and simplifying we find Aq = -. Hence, y p (x) = -xe 2x , and 

o o 

5 

so y(x) = cie 2x + c 2 e~ x + -xe 2x . 

O 

20. We have P{r) = r 2 + 16 =^> y c (x) = ciCos4a; + c 2 sin4a;. Now, A(D) = D 2 + 1. Operating on the 
given differential equation with A(D) yields (D 2 + 1)(D 2 + 16)y = 0, so that y(x) = c\ cos Ax + c 2 sin4x + 
Aq cos x + Bq sin x. We therefore choose y p {x) = Aq cos x + Bq sin x. Substitution into the given differential 

4 

equation and simplification yields 15A 0 cosa;+ 15£>osin.T = 4cosx, so that A 0 — —, B 0 = 0. Hence, 

f 5 

4 4 

y p (x) — — cos x, so that y(x) — c\ cos Ax + c 2 sin Ax + — cos x. 
15 15 

21. We have P{r) = (r - 2)(r — 3) y c (x) = cie 2x + c 2 e 3x . Moreover, the annihilator of F(x) — 7e 2x is 
A(D) = D — 2. Operating on the differential equation with A(D) gives 

(D-2) 2 (D-3)y = 0, 

which has solution 

y(x) = c x e 2x + c 2 e 3x + A 0 xe 2x . 

Therefore, our trial solution is y p (x) — A 0 xe 2x . We must solve for Aq. Substituting the expression for y p (x) 
into the differential equation and simplification yields A 0 = —7, so y p (x) = —7xe 2x . Hence, the general 
solution to the given differential equation is y(x) — cie 2x + c 2 e 3x — 7xe 2x . 

22. We have P(r) = r 2 + 2r + 5 y c {x) = e~ x [ci cos2x + c 2 sin 2x\. Now, A(D) = D 2 + A. Operating on 
the given differential equation with A(D) yields (D 2 + A)(D 2 + 2D + 5)y = 0 with general solution y(x) = 
e~ x (ci cos 2x + c 2 sin 2x) + A 0 cos 2x + B 0 sin 2x. We therefore choose y p (x) — A 0 cos 2x + B a sin 2x. Substi- 
tution into the given differential equation and simplification yields (A 0 + AB 0 ) cos 2x + (— 4^4 0 + -Bo) sin 2x = 

12 3 

3 sin 2x. Consequently A 0 + AB 0 = 0, — AA 0 + B 0 = 3. This system has a solution A 0 = — — , B 0 = —. 

12 3 12 3 

Hence, y p (x) — ——cos 2x+ — sin 2x, and so y(x) = e~ x (a cos 2x + c 2 sin 2x) — — cos 2x + — sin 2x. 
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23. We have P(r) = r 2 + 6 =^> y c (x) = c\ cos \/&x + c 2 sin^/6x. Next we must determine the annihilator 

of F(x) = sin 2 x cos 2 a; = -(1 — cos2x)(l + cos2x) = -(1 — cos 2 2x) = - sin 2 2x = -(1 — cos4x) = 
^ ^ 4 4 4 8 

- — - cos 4a;, which is A(D) = D(D 2 + 16). Operating on the given differential equation with A(D) yields 
8 8 

D{D 2 +16) (D 2 +6)y — 0, which has general solution y(x) = c\ cos \/6x+c 2 sin ^/Qx+Aq+Bq cos4a;+Co sin 4a;. 
We therefore choose y p (x) = Aq + Bq cos Ax + Co sin Ax. Substitution into the given differential equation and 

11 11 

simplification yields — 10£?ocos4x — 10Cosin4ai + 6Ao = - — -cos4a;. Therefore, Aq = — , Bo = — , and 

8 8 48 80 

C 0 = 0. Therefore, y p (x) — — + — cos4x. Thus, the general solution to the given differential equation is 

48 80 

y(x) — c\ cos \/&x + c 2 sin \/Qx + -j- + cos Ax. 

48 80 



24. We have P(r) = (r + 3)(r — 1) y c (x) = c\e + C2e x . Next we must determine the annihilator of 

^ cos 2ix 

F(x) = sin 2 x = , which is A(D) = D(D 2 + A) = D 3 + AD. Operating on the given differential 

equation with the annihilator A(D) yields D(D 2 + A)(D + 3)(D — l)y = 0, which has the general solution 
y(x) — cie~ 3x + c 2 e x + A 0 + B 0 cos 2x + Co sin 2x. We therefore choose y p (x) = A n + B 0 cos 2x + Co sin 2x. 

1 7 

Substitution into the given differential equation and simplification yields Aq = — , B 0 = , and Co = 

6 130 

2 17 2 

— — . Therefore yJx) = — - + — - cos2x — — sin 2x . Thus, the general solution to the given differential 

65 6 130 65 

equation is 

q 17 2 

y(x) = cie 6X + c 2 e x - - + — cos 2x - — sin 2x. 

6 130 65 

25. We have P(r) = r 3 + 2r 2 - 5r - 6 = (r - 2)(r + 3)(r + 1) => y c (x) = c x e 2x + c 2 e- 3x + c 3 e" x . Now, 
A(D) = D 3 . Operating on the given differential equation with A(D) yields D 3 (D - 2){D + 3)(D + l)y = 0, 
with general solution y(x) = cie 2x + c 2 e~ 3x + c 3 e~ x + A 0 + A x x + A 2 x 2 . We therefore choose y p (x) = 
A a + A\x + A 2 x 2 . Substituting into the given differential equation and simplifying yields 

AA 2 - 5(Ai + 2A 2 x) - 6(A 0 + A lX + A 2 x 2 ) = Ax 2 , 

37 

so that AA 2 - bA x - 6A 0 = 0, -10 A 2 - 6A X = 0, -6A 2 = A. This system has a solution A 0 = - — , A\ = 

!0 A 2 . . 37 10 2 2 , . ?T . _, r 37 10 2 „ 

— , A 2 = --. Hence, y p {x) = -— + —x- -x z , and so y(x) = cie- sx + c 2 e 6x + c 3 e ~7^ + -x z . 

26. We have P(r) = (r — l)(r 2 + 1) =^> y c {x) = c\e x + c 2 cos x + c 3 sin x. Now, A(D) = D + 1. Operating 
on the given differential equation with A(D) yields (D + l)(D — l)(D 2 + l)y = 0, with general solution 
y(x) = cie x + c 2 cosx + c 3 sinx + A 0 e~ x . We therefore choose y p (x) = A 0 e~ x . Substitution into the given 

9 9 

differential equation and simplification yields A 0 = —-. Hence, y p (x) = —-e~ x , and so the general solution 

9 

is y(x) = c\e x + c 2 cos x + c 3 sin x — ^ & X - 

27. We have P(r) = (r + l) 3 => y c (x) = c ie - x + c 2 xe- x + c 3 x 2 e - x . Now, A{D) = (D - 2){D + 1). 
Operating on the given differential equation with A(D) yields (D — 2){D + l) 4 y = 0, with general solution 
y(x) = c\e~ x + c 2 xe~ x + c 3 x 2 e~ x + A 0 x 3 e~ x + A\e 2x . We therefore choose y p (x) = A 0 x 3 e~ x + Aie 2x . 
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Differentiating y p yields 

y ' p = A 0 e- x (-x 3 + 3x 2 ) + 2A 1 e 2x 1 y% = A 0 e- X (x 3 - 6x 2 + 6x) + 4A ie 2x , 

y'p = A 0 e- x (-x 3 + 9x 2 - I8x + 6) + 8A ie 2x . 
Substituting into the given differential equation and simplifying we find 6A 0 e~ x + 27Aie 2x = 2e~ x + 3e 2x , so 
that A 0 — -, Ai= -. Hence, y p (x) = -x 3 e~ x + -e 2x , and therefore, the general solution to the differential 

I I 

equation is y(x) = c\e~ x + c 2 xe~ x + csx 2 e~ x + -x 3 e~ x + -e 2x . 

o y 

28. We have P(r) = (r — l)(r — 2)(r — 3) => y c {x) = c\e x + c 2 e 2x + c 3 e 3x . An appropriate trial solution 
is y p (x) = A^e Ax . Expanding the differential operators in the given differential equation gives y'" — 6y" + 
lly' — 6y — 6e 4x . Substituting for y p into this differential equation and simplifying yields A 0 — 1, so that 
y p (x) = e 4x . Hence, y(x) = c\e x + c 2 e 2x + c s e 3x + e 4x . Imposing the given initial conditions leads to the 
following system: 

ci + c 2 + c 3 = 3, ci + 2c 2 + 3c 3 = 6, c\ + 4c 2 + 9c 3 = 14. 

"10 0 1" 

The reduced row-echelon form of the augmented matrix of this system is 0 1 0 1 , so that ci = c 2 

0 0 

c 3 = 1. Consequently, the solution to the initial- value problem is y(x) — e x + e 2x 

29. We have P(r) = r 3 - 2r 2 - r + 2 = (r - l)(r + l)(r - 2) y c (x) = c x e x + c 2 e-' x + c 3 e 2x . We take atrial 
solution of the form y p (x) = Aqc 3x . Substitution into the differential equation yields Aq(27 — 18 — 3 + 2) = 4, 

so that y p (x) — ^e 3a '-. Consequently, y(x) = c\e x + c 2 e~ x + c 3 e 2x + ^e 3a : . 

30. We have P(r) = (r + 4)(r — 4)(r — 3) =^> y c {x) = c\e~ ix + c 2 e 4x + c 3 e 3x . We need the modified trial 
solution: y p (x) = A 0 xe 3x . Differentiating y p yields y' p = A 0 e 3x + 3A 0 xe 3x y p (x) = 6A 0 e 3x + 9A 0 xe 3x , y p = 
27A 0 e 3x + 27A 0 xe 3x . Substituting these expressions into the given differential equation and simplification 

leads to A 0 = —-. Hence, y(x) = c\er Ax + c 2 e Ax + c 3 e 3x — -xe 3x . 

31. We have P(r) = (r — 2)(r + 3)(r + 2) =>■ y c {x) = cie 2x + c 2 e~ 3x + c 3 e~ 2x . An appropriate trial solution 
is y p (x) = A a cosx + B a smx. Substitution into the given differential equation and simplification leads to 
(5A 0 — 15£? 0 )sina; — (15A 0 + 5£? 0 )cosx = 4cosx. Consequently, A 0 and B 0 must satisfy: A 0 — 3B 0 = 

6 2 

0, 15^4o + 5i?o = —4. This system has a solution A 0 = — — , B 0 = — — ■ Hence, the general solution to 

25 25 
6 2 

the differential equation is y(x) = c\e 2x + c 2 e~ 3x + c s e~ 2x — — cosx — — sin a;. 

25 25 

32. We have P(r) = r 2 (r 2 + 1) =^> y c (x) — c\ + c 2 x + c^cosx + c 4 sina;. We must use the modified trial 
solution y p (x) = A a x 2 + Aix 3 . The differential equation is y^ + y" = 6 — 2x. Substituting the trial 

solution into this differential equation yields 2A 0 + 6Aix = 6 — 2x, so that A 0 = 3 and A\ = -. Hence, 
y p (x) = 3x 2 — -x 3 , and therefore y(x) = c\ + c 2 x + c 3 cos x + c 4 sin x + 3x 2 — -x 3 . 

33. We have P(r) = (r+1) 3 =^> y c (x) — c\e~ x + c 2 xer x + c 3 x 2 e~ x . We must use the modified trial solution 
y p (x) = A 0 x 3 e~ x . Differentiating this trial solution gives 

y' p = A 0 e- x (-x 3 + 3x 2 ), y p = A 0 e- X (x 3 - 6x 2 + 6x), y p = A 0 e- x (-x 3 + 9x 2 - I8x + 6). 
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The given differential equation is y'" + 3y" + 3y' + y = 0. Substituting the trial solution into this differential 

5 5 

equation and simplifying yields A 0 = -. Hence, y p (x) = -x 3 e~ x , and therefore the general solution to the 

5 

differential equation is y(x) = e~ x (c\ + c 2 x + c 3 x 2 + ^x 3 )- 

34. We have P(r) = (r + l)(r 2 + 1) y c (x) = c\e~ x + c 2 cos a; + c 3 sinx =^> y p (x) = e x (A n + A\x). 

35. We have P{r) = (r 2 + Ar + 13) 2 => y c (x) = e~ 2x [c\ cos 3x + c 2 sin 3x + x(c 3 cos 3x + a sin 3x)] =4> 
y p (x) = x 2 e~ 2x (A 0 cos 3x + B 0 sin 3x). 

36. We have P(r) = (r 2 + 4)(r-2) 3 =>■ y c (x) = ci cos 2.x + c 2 sin 2x + e 2x (c 3 + c 4 x + c 5 .x 2 ) ==>■ y p (x) = 
A a + A lX + x 3 e 2x (A 2 + A 3 x). 

37. We have P(r) = r 2 (r - l)(r 2 + 4) 2 

y c (x) = ci + c 2 x + cse 21 + C4 cos 2x + C5 sin 2x + x(cq cos 2x + C7 sin 2x) ==>■ 
y p (x) = A 0 xe x + x 2 (Ai cos2x + A 2 sin2x). 

38. We have P(r) = (r 2 -2r + 2) 3 (r - 2) 2 (r + 4) => 

y c (x) = e x \c\ cosx + c 2 sinx + x(c 3 cosx + c 4 sinx) + x 2 (c5 cosx + c 6 sinx)] + c?e 2x + c$xe 2x + c 9 e~ 4x =>■ 
y p (x) = x 3 e a: (ylocosx + Aisinx) + A 2 x 2 e 2x . 

39. We have P(r) = r{r 2 - 9)(r 2 — 4r + 5) =^> y c (x) — c\ + c 2 e 3x + c 3 e~ 3x + e 2a: (c4Cosx + c 5 sinx) =>• 
y p (x) = A 0 xe 3x + xe 2x {A\ cosx + A 2 sinx). 

40. Consider 

P{D)y = cx k e ax cosbx (40.1) 
and let y c denote the complementary function. The appropriate annihilator for (40.1) is 

A(D) = [D 2 - 2aD + (a 2 + b 2 )} k+1 
and so a trial solution for (40.1) can be determined from the general solution to 

A(D)P(D)y = 0. (40.2) 
Two cases arise: 

Case 1 : If r = a + ib is not a root of P(r) = 0, then the general solution of (40.2) will be of the form 

y(x) = y c (x) + e ax [(A a + A x x + ... + A k x k ) cos bx + (B 0 + B x x + ... + B k x k ) sin bx] 

so that an appropriate trial solution is 

y p (x) = e ax [(A 0 + A x x + ... + A k x k )cosbx + (B 0 + B x x + ... + B k x k ) sin bx}. 

Case 2 : If r = a + ib is a root of multiplicity m of P(r) = 0, then the complementary function y c will contain 
the terms 

e ax [(c 0 + C\X + ... + c m _ 1 x m ~ 1 ) cosbx + (d 0 + d\X + ... + d m _ 1 x m ~ 1 ) sin bx]. 

The operator A(D)P(D) will therefore contain the term [D 2 - 2aD + (a 2 + b 2 )] m+k+1 , so that the terms in 
the general solution to (40.2) that do not arise in the complementary function are 

y p (x) = x m e ax [(A 0 + A x x + ... + A k x k ) cosbx + (B 0 + B x x + ...B k x k ) sin bx}. 
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Solutions to Section 6.4 

True-False Review: 

1. TRUE. 

2. TRUE. 

3. FALSE. An appropriate complex- valued trial solution is y p (x) = A 0 xe lx . 

4. TRUE. 

5. FALSE. An appropriate complex-valued trial solution is y p (x) = A 0 x 2 e^ 2+5l ^ x . 

6. TRUE. 
Problems: 

1. Consider z" + 2z' + z = 50e 3ix . Let z p (x) = Ae 3ix , z' p = 3Aie 3ix , and z' p ' = -9Ae 3ix . Substituting, we 
obtain 

-9Ae 3ix + 2{3Aie 3ix ) + Ae 3ix = 50e 3ix => A= -A- 3i. 

Hence, 

z p (x) = (-4 - 3i)e 3lx = (-4 - 3i)(cos3a; + isin3x) = (6sin3a; - 8cos3x) + z(-4sin3a; - 3cos3x). 
Consequently, 

y p (x) — lm(zp) — —3 cos 3a; — 4 sin 3x. 

2. Consider the complex equation z" — z = 10e^ 2+ ^ x . Let z p (x) — A 0 e^ 2+ ^ x . Substituting we get 

A 0 (3 + Ai)e {2+t > - 4 0 e (2+i)x = 10e^ x =^A Q = l-2t. 

Hence, 

z p (x) = (1 - 2i)e {2+i)x = e 2x [(cosx + 2 sin a;) + i(sinx - 2 cos x)} 

so that 

y p (x) — Re(zp) — e 2x (cosx + 2sinx). 

3. Consider z" + Az' + Az = 169e 3M . Let z p (x) = A 0 e 3lx . Substituting we get 

(-9 + I2i + 4)A 0 = 169 A 0 = -5 - I2i. 

Hence, 

z p = (—5 — 12i)(cos3x + i sin 3a:) 

so that 

y p (x) — Im(zp) = —12 cos 3a; — 5 sin 3a;. 

4. Consider z" - z' — 2z = 20 — 20e 2M . Letting z p (x) = A + Be 2lx , substituting back into the differential 
equation, and solving we get A — —10 and B = 3 — i. Hence, 

z p (x) = —10 + (3 — i) (cos 2a; + isina;) 
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so that 

y p (x) — Re(z p ) = —10 + (3 cos 2x + sin2x). 

5. Consider z" + z = 3e( 1+2 ^ x . Let z p (x) = A 0 e( 1+2l *> x . Substituting into the differential equation we get 
[(-3 + Ai) + 1]A 0 = 3 => A 0 = - A(i + 2i). Hence, 



3 

z p (x) = _ Jq(1 + 2i)e a: (cos2x + «sin2x) 



so that 

3 

y p (x) = Re(zp) = — e x (2sin2x — cos2x). 

6. Consider z" + 2z' + 2z = 2e^ 1+ ^ x . Let z p (x) — A 0 xe^-~ 1+ ^ x . Substituting into the differential equation 
we get A a = —i. Hence, 

z p (x) = -ixe^~ 1+ ^ x = xe~ x sinx + i(-xe~ x cosx), 

so that 

y p (x) = lm(z p ) = — xe~ x cosx. 

7. Consider z" - Az = 100xe ( - 1+ ^ x . Let z p (x) = (A 0 + Aix)e ( - 1+l ^ x . Substituting and solving the differential 
equation we get A 0 = 2 — lAi and A\ = —20 — lOi. Hence, 

Zp (x) = e x [(2 - 14i) + (-20 - 10i)x] (cos x + i sinx) 

so that 

y p (x) — Im(zp) = e x [{— 14 cos a; + 2 sinx) — 10x(2sinx + cosx)]. 

8. Consider z" + 2z' + 5z = 4 e (~ 1+2l ) x . Let z p (x) — A 0 xe^ 1+2 ^ x . Substituting into the differential equation 
and solving yields A a = —i. Hence, 

z p (x) = -ixe^ 1+2 ^ x = xe~ x sin 2x - ixe~ x cos 2x 

so that 

y p (x) — Re(zp) = xe~ a: sin2x. 

9. Consider z" - 2z' + lOz = 2AeS 1+3t '> x . Let z p (x) = Axe {1+ ^ x . Substituting into the differential equation 
and solving we get A = —Ai. Hence, 

z p (x) = -Aixe {1+3l)x 

so that 

y p (x) — Re(zp) = 4xe 2 sin3x. 

(4:XOu I ~~~~ ^xcc \ / ^'icc — 4z*c \ 
J -8 (- ^ J = (8 + 4i)e 4M + (8-4i)e- 4M . 

Now consider z" + 16z = 3Ae x + (8 + Ai)e 4tx + (8 — Ai)e~ ilx . Since ±Ai is a root of the auxiliary equation, a 
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reasonable choice for z p is z p (x) = Ae x + Bxe 4lx + Cxe 4lx . Substituting into the differential equation and 
solving, we get A = 2, B = - — i, and C = - + i. Hence, 

z p (x) = 2e x + Q - ij xe A ' LX + Q + ij xe~ ilx = 2e x + x cos 4x + 2xsin4a;. 

Therefore, 

y p (x) — 2e x + x cos Ax + 2xsin4;r. 

11. Consider z" + u%z = F a e Mt . 

Case 1 : If w ^ Wq let z p (t) — Ae u%t . Substituting into the differential equation and solving we obtain 

Fq Fq F ^ 

A = Hence, z p (t) = A(cosuit + isinwt) = — ^ cosujt + ^sinuit. Now y p (t) = Re(z p ) 



SO Unit) = — - — -COSLUt. 



Case 2 : If u = uj 0 let z p (t) = Ate^ 0%t . Substituting into the differential equation and solving we get A = — - — 

2uj 0 

so z p (t) = —^^te UJ ° lt = sinuj 0 t — i ( cos uj a t ) . Hence, y p {t) = Rc(z p ) so y p {t) — sinw 0 t. 
2ljq 2ujq \2ujq J ' 2u)q 

Solutions to Section 6.5 



True-False Review: 

1. TRUE. This is reflected in the negative sign appearing in Hooke's Law. The spring force F s is given by 
F s = —kL 0 , where k > 0 and L 0 is the displacement of the spring from its equilibrium position. The spring 
force acts in a direction opposite to that of the displacement of the mass. 

2. FALSE. The circular frequency is the square root of k/m: 



3. TRUE. The frequency of oscillation, denoted / in the text, and the period of oscillation, denoted T in 
the text, are inverses of one another: fT = 1. For instance, if a system undergoes / — 3 oscillations in one 
second, then each oscillation takes one-third of a second, so T = |. 

4. TRUE. This is mathematically seen from Equation (6.5.14) in which the exponential factor e ~ ct / 2m 
decays to zero for large t. Therefore, y(t) becomes smaller and smaller as t increases. This is depicted in 
Figure 6.5.5. 

5. FALSE. In the cases of critical damping and overdamping, the system cannot oscillate. In fact, the 
system passes through the equilibrium position at most once in these cases. 

6. TRUE. The frequency of the driving term is denoted by uj, while the circular frequency of the spring-mass 
system is denoted by iv 0 . Case 1(b) in this section describes resonance, the situation in which w = ui a . 

7. TRUE. Air resistance tends to dampen the motion of the spring-mass system, since it acts in a direction 
opposite to that of the motion of the spring. This is reflected in Equation (6.5.4) by the negative sign 
appearing in the formula for the damping force F4. 
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8. FALSE. From the formula 

for the period of oscillation, we see that for a larger mass, the period is larger (i.e. longer). 

9. TRUE. We see in the section on free oscillations of a mechanical system, we sec that the resulting motion 
of the mass is given by (6.5.11), (6.5.12), or (6.5.13), and in all of these cases, the amplitude of this system is 
bounded. Only in the case of forced oscillations with resonance can the amplitude increase without bound. 

Problems: 

d 2 v 

1. We have — 4+4y = 0^r 2 + 4 = 0=^r = ±2i=^ y(t) = Acos2t + Bsin2t and y'(t) = 

dt 

-2 A sin 2t + 2B cos 2t. Now y(0) = 2 => A = 2 and y'(0) = 4 => B = 2. Thus, y(t) = 2cos2i + 2sin2i. 
Amplitude: A 0 = V2 2 + 2 2 = 2y/2, 
Natural frequency: ujq = 2, 

7T 

Phase of the motion: <f> = tan (1) = — , 

2tt 

Period of oscillation: T = — = ir. 

2. ^| + ujly = 0 r 2 + w§ = 0 r = ±w 0 i 

y(i) = ^4cosw 0 t + i? sin wot and y'(t) = — w o Asinw 0 t + lj 0 B cosu>ot. 
Now y(0) = yo =>■ ^4 = yo an d j/(0) = «o => B =—. Thus, = y 0 cos tut + — sinw 0 i. 

LO 0 LOq 



Amplitude: ^40 = 1/^0 



> 2 

2 



^0 

Natural frequency: ujq — loq, 

Phase of the motion: sin 6 = — ^° , cos 6 = V ° 



2tt 

Period of oscillation: T — — . 

w 0 



3. 

(a) 3 N = k (lm) fc = 3 N/m. 

<i 2 w 3 

(b) w 0 = \Jk/m = yfifl = y/3/2. + -y = 0 y = Acos(\/3t/2) + Bsin (\/3t/2). Since y(0) = -1, 
we conclude that ^ = -1. Now y'(i) = -A^- sin (\/3i/2) + B^- cos (V3t/2) and y'(0) = --, so that 
S = Thus, y(t) = -cos(\/3i/ 2 ) - ^- sin (V3t/2). 



Amplitude: A 0 = V (-1) 2 + (-\/3/3) 2 = 2\/3/3, 

. , . , \/3 , 1 , 5tt 

Phase oi the motion: cos 6 = , sm a> = - =^> 6= — , 

2 2 6 

Pcriod ol oscillation: 7 = — = — - — sec. 

w 0 3 
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4. Wc have P(r) = r 2 + 2r + 5 = 0^r=-l±2i=^ 

y(t) = e-\Acos2t + Bsin2t) and y'(t) = e~'[(— 2A — B) sm2t + (—A + 2B) cos2i]. 

Thus, j/(0) = 1 => A=l and ?/(0) = 3 => B = 2. Therefore, = e~*(cos2i + 2sin2t). The motion is 
under-damped. 



Figure 78: Figure for Problem 4 

5. We have P(r) = r 2 + 3r + 2 = 0 r = -1 or r = -2 => 

= Ae~* + Be" 24 and ?/(i) = -yle"* - 2B e - 2 *. 

Thus y(0) = 1 and j/'(0) = 0 => A + B = 1 and -A - 2B = 0 => A = 2 and B = -1. Therefore, 
y(t) = 2e~* — e~ 2t . The motion is over-damped. 



Figure 79: Figure for Problem 5 

6. We have P{r) = 4r 2 + 12r + 5 = 0 => r = -1/2 or r = -5/2 => 

y(t) = Ae-^ 2 + Be- 5 */ 2 and = -^ e - f / 2 - ^e" 54 / 2 . 

15 15 
Since y(0) = 1 and y'(0) = -3, wc have A + B = 1 and - -B = -3 => A = -- and B = -. 

15 

Therefore, y{t) = — T e ~*^ 2 + -e~ 5t//2 . The motion is over-damped. 
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y 



Figure 80: Figure for Problem 6 



7. We have P(r) = r 2 + 2r+l = 0=^r=-l (with multiplicity 2) 

y(t) = Ae~ l + Bte'* and y'(t) = -Ae~ l + (1 - tyBte'*. 

Since y(0) = -1 and y'(0) = 2, we find that A + 0 = -1 and —A + B = 2 A = -1 and B = 1. Therefore, 
y(£) = — e~* + te _t . The motion is critically-damped. 




Figure 81: Figure for Problem 7 



8. We have P(r) = 4r 2 + 4r + 1 = 0 



-1/2 (with multiplicity 2) 



y(t) = Ae- 1 ' 2 + Bte- 1 ' 2 and j/(i) = -fe~ t/2 + 5(1 - t^er 1 ' 2 . 



Since y(0) = 4 and y'(0) = -1, we find that ^ = 4 and --A + B 
Ate' 1 ! 2 + te~'/ 2 . The motion is critically-damped. 



B = 1. Therefore, y(f) 




Figure 82: Figure for Problem 8 



9. We have P{r) = r 2 + 4r + 7 = 0 => -2 ± => 

y(t) = e~ 2t {AcosVzt + BsinVzt) and y'(t) = e~ 2t [(-V3A - 2B) sin V3t + (-2 A + V3B) cos 3*]. 
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Since y(0) = 2 and y'(0) = -6, we find that A + 0 = 2 and -2 A + \/3B = 6=^A = 2and£ = so 
y(t) = e _2 *(2cosv / 3i H 5 — sinv 7 ^)- The motion is under-damped. 



Figure 83: Figure for Problem 9 

10. We have P{r) = r 2 + 5r + 6 = 0 => r = -2 or r = -3 => 

y(t) = Aer 2t + Be" 3 * and y'(t) = -2A £ - 2t - We- 3t . 

Since y(0) = -1 and y'(0) = 4, we find that A + B = -1 and -2A - 3B = 4 => A = 1 and B = -2. 
Therefore, y(t) = e~ 2 * — 2e~ 3t . The motion is over-damped. 



Figure 84: Figure for Problem 10 

11. At equilibrium, e -2 * — 2e -3 * = 0 => t — In 2. For maximum displacement, y'(t) — 0 =^> — 2e~ 2 * + 
6e~ 3t = 0 t = In 3 so the maximum displacement is given by y(ln3) = — . 

12. We have r 2 + 2ar +1 = 0 => r = —a ± \J a 2 — 1 =^> r = —a ± [i where fi = \J a 2 — 1 so that 
y(t) = e- at ( Cl e^ + c 2 e-^). 

i. ) System is under-damped =^> a 2 — 1 < 0 =^> |a| < 1, but a>0so0<ct<l. 

ii. ) System is critically-damped |a| = 1, but a > 0 so a = 1. 

iii. ) System is over-damped ==>■ |a| > 1, but a > 0 so a > 1. Since y'(t) — e~ at {(fi — a)cie A ' t — (^ + a)c 2 e _Ait ] 

and y'(0) = 0, we find that (fj, — a)c\ — (fj, + a)c 2 = 0 =>■ — = < q, which means that the system 

c 2 [i — a 

will pass through equilibrium. 
13. 

(a) We have P(r) = r 2 + 3r + 2 = 0 => r = -1 or r = -2 

= Ae _t + Be" 2 * and ?/(*) = -Ae~ l - 2Ber 2t . 
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Since y(0) = 1, we have A + B = 1, and since y'(0) = —3, we have — A — 2B = —3. Therefore, A = — 1 and 
B = 2, so that = -e"* + 2e~ 2t . 

(b) = 0 -e"* + 2e~ 2t = 0 => f = In 2. 
(c) 



A 




Figure 85: Figure for Problem 13 



14. 

(a) In the under-damped case, it has been shown in the text that the general solution is given by y(t) = 

c gAq c c 

A§e~^ cos (fit — 4>). Hence, y'(t) = — — — e~5^* cos (fit — (f>) — pA^e^^ 1 sin (fit — <j)). Setting y'(t) = 0 

C C 

we obtain - — cos (fit — 6) = — asm (fit — <p) ,or equivalently, tan (fit — <p) = — . Since the tangent 

2m cfim 

function is periodic of period ir, it follows that successive maxima (or minima) of y(t) will occur when 
m 2tt A-Km 
T = — = . 

ft \/Amk - c 2 

,, . c 2 , m Anm fm 

(b) If — - < 1 then T = . « 2tt J — . 
V ' Akm V^mk-c 2 V k 

9 

C C C 

15. We have P(r) = r 2 + —r H — = 0 r = — (with multiplicity 2). Thus, 

m Am 2 2m 

y(t) = Ae rt + Bte rt and y'(t) = Are rt + Brte rt + Be rt . 

Since y(0) = A and y'(0) = Ar + B, we find that A = y Q and Ar + B = v 0 . Therefore, B = v 0 + Thus 

y(t) = y 0 e rt + (v 0 + |^ te rt , or y(t) = e rt [y 0 + t(v 0 + ^-y 0 )]. Since e rt is never zero and y 0 + t(v Q + ^2/0 ) 
is linear in t, it follows that the product can have at most one zero. 

16. Let r be the radius of the cylinder, p be the density of the cylinder, and p 0 be the density of the fluid. 

In equilibrium: pixr 2 Lg = p 0 nr 2 —g => p = 

9 r- d 2 y 9r 9 ( L \ T d 2 y d 2 y An n 

In motion: p%r z L-^ = pirr^Lg - irr^g I - + y I p Q Lp ~^I = Pogy ^ ~^£2 + ~Y V = °- Hence > 

y(t) = C! cos ^2,J~^rt^j + c 2 sm (^2^j~^t^j. Thus the motion is simple harmonic with circular frequency 

lu 0 = 2a — and period of motion T = it* I—. 
V L V 9 
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d?0 g 

17. Let 9 represent the angular displacement of the pendulum. From Equation (6.5.28), we have -jy + y9 

at Li 

d 2 9 

0. Since L — 0.5, this becomes + 2g9 = 0. Therefore, 

9{t) = ci cos (y/2gt) + c 2 sin {yfigt)- 
Since 9(0) = -j-, we have c\ = and since -j-(O) = 0, we have c 2 = 0. Thus 9(t) = ^— cos (^/2gt). 

_L U J- U Civ _LU 

d?9 g 

18. Let 9 represent the angular displacement of the pendulum. From Equation (6.5.28), we have + —9 

at Li 

0, which implies 



9{t) = Acqs | tj + Bsin [sjj^J- 

d9 rn 

Since 0(0) = a, we have A — a, and since -r-(0) = /?, we have B = \ —8. Hence, 

at V 9 

^) = acos(^)+j|/?sin(^), 



or 0(i) = A 0 cos {\ yt — (f>), where the amplitude is A 0 = J — ^— — — , the phase, 0, is determined by 



cos0 = 4~ an d sin0 = -7—4/—, and the period is T = 27r< 



A) ' A) V 5 

19. In Problem 18, it was shown that the period of the simple pendulum is T = 2tv, —. The time required 

V 9 

for the pendulum to swing from its extreme position on one side to its extreme position on the other side is 

half the period, 772. If 772 = 1, then ttW - = 1 and L = so that L w 0.993 meters. 

V 9 7T 

20. We have T = 2tt< — w 27rW — . The number of ticks per second is w —4/—. Thus the number of 

V .9 V 9.8 P T TrVO.9 

. . , 60 /9T8 „„ 

ticks per minute is approximately — 4/ — w 63. 

7T V 0.9 

21. Since each side is stretched 2a, it follows that the vertical component of each side is given by 2a cos (9q) = 

2a- = — where 9q is the angle the side of length 5a makes with the vertical. Consequently, in equilibrium, 
5 5 

2k— = mg => k = ^ W ^ . Now when the mass is pulled down a small vertical distance, y(t), from 
5 16a 

equilibrium the length 4a changes to 4a + y(t). Using the diagram below we see that the length of the 
hypotenuse is yjy 2 + 8ay + 25a 2 = ba\jl + ^y + ^-5 « 5a(l + ^-y + ...). 
Also, from the figure, 

y + Aa V + ^a,-, 4 ,4 .1 16 , 4 9 

COSd = — — K ^a- {l -Wa V + -) " 5 + y( 5a 125^ + - " 5 + 125^ 
5fl(1 + ^ + - } 
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Thus, 



d 2 y 49g 



F=-2k 
= -2k{2a 
= -2k 
= -2k 



5a(l+—y +...)- 3a 



125a 



cos 0 + mg 
+ ...) + mg 



8 ,16 18, 
5 a+( 25 + 125 )?/+ - 



+ 



16afc 



y - 



125 
5mg\ 98 



16a J 125 
49 mg 

y + - 



y+... 
A9mg 



100a " 100a 
y = 0, and hence, the period is T = 2-zr 



100a 20tt fa 



49. 9 



7 




Figure 86: Figure for Problem 21 



22. Since each side is stretched b — a, it follows that the vertical component of each side is given by 
(L — L 0 )cos9 0 where theta 0 is the angle the side of length L makes with the vertical. Consequently, in 
equilibrium, 

2k(L — L 0 ) cos 9 0 = mg, 

so that 

mg mgL 
2{L-L 0 )cos9 Q ~ 2(L- L 0 )^/l 2 - L 2 ' 



Now when the mass is pulled down a small vertical distance, y(t), from equilibrium the length y/ L 2 — L 2 , 
changes to y/L 2 — L\ + y(t). Using the diagram below we see that the length of the hypotenuse is 



if + 2y^L 2 L 2 + L)^ = L (l+ ^ L 2 L 2 + j£) ^ « L (l + 
for small y. Also from the figure, 

co 3 ^i(„ + v^g) ^-»vf^ + ...y 
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and so cos 9 w cos 0 O + t^U- Consequently, 
L 6 



-2k 



-2k 



L{1 + 



L 2 y) - L o 



L 2 



cos 9 + mg 



(cos 0 O + j^y) + mg 



= -2k I (L - Lo) cos 9 0 + y 



L 2 



UL-Lq) + ^ u - cos 6 0 



-2ky 



2y 



mgL 



mg(L 2 + L 0 L + L§) 



{L — Lo) cos 6>o 



Hence, to— | + — . °' y = 0. Thus the period is T — — where uj 2 = — . °' . 



dt 2 



L 2 ^L 2 -L 2 



L 2 ^/I 2 ~^L t 




Figure 87: Figure for Problem 22 



23. 

(a) The motion is under-damped. 

(b) We have P(r) = r 2 + 2r + 5 = 0 => r = -1 ± 2i so y h (t) = e~*(ciCos2t + c 2 sin2i). Letting y p (t) = 
Ccos2t + Dsm2t, we obtain y' p (t) = -2Csin2i + 2Dcos2i and = -4Ccos2i-4Dsin2t. Substituting 
these results into the original equation results in the system: —AC + AD + 5C = 0 and — AD — AC + 5D =17. 
The solution is C = —4 and D = 1; consequently, y p (t) = — 4cos2t + sin2i. The general solution is 
y{t) = e~*(ci cos2i + c 2 sin2t) — 4cos2i + sin2i. Since y(0) = —2, we have c\ — 2, and since y'(0) = 0 wc 
have 2c 2 - Ci + 2 = 0 ==> c 2 = 0. Thus y(t) = 2e"* cos 2t - 4 cos 2t + sin 2i. 

Transient part: 2e~*cos2f. 

Steady state part: —4 cos 2t + sin 2t. 

24. Since the system is resonating, w = wo- Thusr 2 +cj 0 2 = 0 ==> r = ±w 0 « ==> y c (i) = Acosuj 0 t+B sintoot. 
Let y p (t) = t(C cosujot + Dsinuiot) so that y p '(t) = (ivoDt + C) coswni + (D — ivoCt) sinwni and y p "(t) = 
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wo-Dcos Lo 0 t — (ojo 2 D + Cuoq) sinuj^t — lo 0 C sinu^t + (Dujo — LOo 2 Ct) cosuJot. Substituting these results into 

y" + uoy = F 0 smLu 0 t and equating like terms we obtain D = 0 and C = — so y„(t) = — icoswo*- 

2uj 0 2w 0 

F 0 

From this last equation we have y(t) — Acosuj 0 t + Bsinu) 0 t — - — t cos uj 0 t. Since y(0) = 0, we have A = 0, 

2bJQ 

F F F F 

and since y'(0) = 0, we have lo 0 B — - — = 0 =^> B = - — = . Thus, y(t) — - — sinw 0 — ~ — tcosuJot. 

2uj 0 2o) 0 2w 0 2o) 0 



25. Let y p (t) = As'mt + B cost y p '(t) = Acost — Bs'mt y p "(t) = — As'mt — B cost. Substituting 
these results into y"(t) + 3y'(t) + 2y(t) = 10 sin t, we obtain the system A — 3B = 10 and 3A + B = 0 so 
A = 1 and B = -3. Hence, y p (t) = smt- 3cosi = V 'A 2 + B 2 sin [t + tan" 1 (B/A)} = y/l0 sin (t - tan" 1 3). 



26. Case 1 : w 7^ loq. 

d 2 y Fq 

Let j/ p = Acosujt + Bsinoji so y p " = — Alu 2 cos u>t — Blo 2 sinLot. From + Lo 0 2 y = — cos Lot, we ob- 



tain (— lj 2 + lu 0 2 )(A cos tot + B sin tot) = — cosut 

m 

and B = 0. Hence, y p (t) 



m(u;o 2 — w 2 ) 



A cos tot + B sin wi 



cos tot. 



m(w 0 2 - w 0 ) 



m 
coswi 



m(w 0 2 — w 2 ) 
Case 2 : dj 0 = w. 

Let y p (t) = t(A cos co 0 t + B sin u 0 t) so that y p '(t) = A cos Lo 0 t + B sin Lo 0 t + t(— Alo 0 sin uj a t + Buj 0 cos Lo 0 t), and 



y p "{t) = 2(—Alu 0 sin Lu a t + Bloq cos u>ot) — t(Auj 0 2 cos uat + Blo 0 2 sin Lu 0 t) 
= sin Lu 0 t(— 2 Alu 0 — BtLU 0 2 ) + cos Lo 0 t{2 Blo 0 — tAu) 0 2 ). 



Hence, 



y'p + Lu 0 y = sin uj 0 t(— 2 Auj a — BtLo 0 2 + Btuj a 2 ) + cos Lo 0 t(2BLo 0 — AtLo 0 2 + Atu>o 2 ) 

F 0 

— sin Lu 0 t(— 2Auj n ) + cosLo 0 t(2Bco 0 ) = — coswoi- 

m 



Hence, A = 0 and B 



n F ° ■ Thus, y p (t) = F ° t sin uj Q t. 
2muiQ 2mtUQ 



27. If 



lu 0 n 



where m and n are integers, then from the given equation 







{ 27rn\ 






= A 0 cos 


woUh 4> 


+ 




. V J 





F n 



A 0 cos (u>ot + 2nn - 
A 0 cos {toot — (f>) + 
A 0 cos (coot — 4>) + 

y(t). 



+ 



m(wo 2 — w 2 ) 



cos 



2nn\ 



wo / 



m{ujQ 2 — lj 2 ) 
F 0 



cos cot + 



2-Kixm\ 



w 0 



m(wo 2 — w 2 ) 
F 0 

m(u>o 2 — w 2 ) 



cos (cot + 2-Km) 
cos tot 



Thus the motion is periodic with period T = 



2-KU 

w 0 
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3 

28. From Problem 27, we have y c (t) = A 0 cos ( -t — (j>). Let y p (t) = A cos 2t + B sin 2t. Taking the first and 
second derivatives of y p and substituting the results into the differential equation gives 

9 

-4(A cos 2t + B sin 2t) + — (A cos 2t + B sin 2t) = 55 cos It. 

Equating like terms and solving for the constants we obtain A = — 16 and B = 0. Consequently, y(t) = 

3 to 8 

A 0 cos(-i — <{)) — 16cos2t. Using the result of Problem 27, — = - implies that the motion is periodic with 

. , m 2tt(3) n 
period T = — = 8?r. 
3/4 

29. Let y p = Acosivt + Bsincut so that y' p = — u)Asinu)t + Bujcoscut and y' p ' = —uj 2 Acosu;t — Boj 2 s\iiLut. 
Substituting these results into the original equation yields 

— lu 2 A cos ujt — Boj 2 smtut + — (— u)As\nwt + Blj cos ujt) + — (Acoswt + B sin cut) = — coswt, 

m mm 



which implies that 



Therefore, 



cos Lut(-uj z A H Bl A) +sm u;t(-uj z B A H £?) = — cosui. 

mm m m m 



j 2 S A+— B = 0 and - w 2 ^ + — B + — A = — . 

mm m m m 



Thus, (— — oj 2 )A + T ^-B = — . Solving this system for A and B yields 
m cm 

F 0 cuj (k — muj 2 )F 0 

B = — ^r- ; ^— K and A — 



(k — m,uj 2 ) 2 + c 2 u 2 (k — mu) 2 ) 2 + c 2 uj 2 ' 

Thus, the particular solution is y p (t) — — ^ 2~~2 — mtu 2 ) cosut + cusmujt]. 



30. To minimize H = y/m 2 (ujQ 2 — lu 2 ) 2 + c 2 lu 2 = y/m 2 LUo 4 — 2m 2 ujQ 2 uj 2 + m 2 w 4 + c 2 u 2 , we set 

0 = ^ = \\m 2 uj 4 + cj 2 (c 2 - 2m W) + m 2 ^ 4 ]- 1 / 2 ^ 2 ^ 3 + 2^(c 2 - 2m 2 u; 0 2 )}. 
dco 2 

Therefore, 4m 2 w 3 + 2uj(c 2 - 2m 2 oj a 2 ) = 0, so that w = 0or 2m 2 uj 2 = 2m 2 uj 0 2 - c 2 . Since w^O, the latter 



case holds, and implies that uj = ±y lo 0 2 — - — ^ • When uj = y w 0 2 — - — ^ the amplitude of the steady-state 
solution is a maximum. 

31. 

d 2 y c dy k F(t) 

(a) From — T H — H y = , we substitute the given information: y"(t) + 2y'(t) + 5y(t) = 8coswi. 

dt z m dt m m 

Then r 2 + 2r + 5 = 0 r = — 1 ± 2i so let y c (t) — e~'(ci cos 2t + c 2 sin 2<) and y p (t) = Acosujt + B sin cut. 
Thus we obtain the system —lo 2 B — 2toA + 5B = 0 and — u 2 A + 2loB + 5A = 8. Solving this system yields: 

40 -8lo 2 , „ 16w 

A = — , = and B = —. . 

cu 4 - 6w 2 + 25 uj 4 - 6w 2 + 25 
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Transient solution: y T {t) = e l {c\ cos 2t + c 2 sin 2t). 

CT , . 40 - 8w 2 16w 

Steady state solution: y s {t) = — — cosi^ + — — smui. 

w 4 — 6w 2 + 25 w 4 — 6u^ + 25 

I 

(b) Since m = 1, k = 5, and c = 2, we have w = \/wo 2 9 = \/5 — 2 = v^3 maximizes the amplitude of 

V 2m z 

the steady-state solution (see Problem 30). Therefore, using (a), we have A = 1 and B = \/3, so that 

j/ p (i) = cos (\/3i) + V3 sin (\/3i) 

^ cos (\/3t) + ^ sin (v^i) 
= I cos (\/3i-7r/3). 

32. 

(a) Since F{t) = 4e~*cos2i, as t — > 00, F{t) exhibits oscillatory behavior with diminishing amplitude. In 
fact, F{t) — > 0. 

( b) The differential equation is y"(t) + 2y'(t) + 5y{t) = 4e~* cos 21 Then P{r) = r 2 + 2r + 5 = 0=^r = 
— 1 ± 2i, so we have 

y c (t) = er t (Acos2t + Bsin2t) and y p (t) = te^{C cos2t + Dsin2t). 

Now from y p "(t) + 2y p '(t) + 5y p {t) = 4 e -*cos2t, we obtain e -*(4Dcos2i - 4Csin2i) + te"*(0) = 4 e -*cos2i 
which implies that C — 0 and D = 1. Thus, y p (t) = te~'sin2i and y(t) = e~* (Acos2i+ B sm2t) + te~ t sin2i. 
As i — ► 00, y(t) — ► 0. 

d 2 « 

33. If —5- + 16y = 0 then r 2 + 16 = 0 =^> r = ±Ai =^> y c (i) = A 0 cos (4t — 0). Now let a particular solution, 

y p (t), take the form y p (t) = e~ t {Asint + B cost). Substituting this expression into the differential equation, 
we obtain 

2e"*(Bsint - Acost) + 16e"*(Asinf + Bcost) = 130e"*cosi, 

which implies that 

(2B + 16A) sin t + (165 - 2 A) cos t = 130 cos t. 
Thus, B + 8A = 0 and 8B - A = 65. Hence, A = -1 and B = 8. Consequently, y p (t) = e~*(8cosi - sint). 
Transient part: e _t (8 cos t — sin t). 
Steady-state part: A 0 cos {At — 4>). 

Solutions to Section 6.6 

True-False Review: 

1. TRUE. The differential equation governing the situation in which no driving electromotive force is 
present is (6.6.3), and its solutions are given in (6.6.4). In all cases, q{t) — > 0 as t — > 00. Since the charge 
decays to zero, the rate of change of charge, which is the current in the circuit, eventually decreases to zero 
as well. 

2. TRUE. For the given constants, it is true that R 2 < AL/C, since R 2 = 16 and AL/C = 272. 
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3. TRUE. The amplitude of the steady-state current is given by Equation (6.6.6), which is maximum when 
lq 1 = oj. Substituting oj 2 = j^, it follows that the amplitude of the steady-state current will be a maximum 
when 

1 

(jj UJ max 



'LC 

4. TRUE. From the form of the amplitude of the steady-state current given in Equation (6.6.6), we see 
that the amplitude A is directly proportional to the amplitude E 0 of the external driving force. 

5. FALSE. The current i(t) in the circuit is the derivative of the charge q(t) on the capacitor, given in the 
solution to Example 6.6.1: 

E 

q(t) = A 0 e~ Rt/2L cos(iti - <j>) + cos(ojt - rj). 

H 

The derivative of this is not inversely proportional to R. 

6. FALSE. The charge on the capacitor decays over time if there is no driving force. 
Problems: 

3 12 / 1 / I 

1. We are given that R = -, L = -, C = -, E a = 13, and oj = 3. So oj 0 = y = J ^ 1/ / 2 )(2/3) = 



H = ^L 2 (oj q 2 -oj 2 ) + R 2 oj 2 = ^i(3-9)»+?(9) = 3 ^ 13 , A = = = 2^13, cos, = 

L(ll>o 2 — u 2 ) 2 . Ruj 3 

and sin rj = —— = —= . 1 hus 



H 713' ' H 713 

is (t) = —A sin (uit — rj) 

= -2%/l3sin(3i - rj) 

= — 2\/l3(sin 3t cos r] — cos 3i sin rj) 

sin 3t ( %= | — cos 3t 



-2V13 

^137 W13 

= 2(2 sin 3t + 3cos3t) 



1 V C R2 

2. Given the RLC circuit with L = 4, C = — , E = E a and i? = 4, we obtain /x = - — — == 2. Thus 

q c (t) = e _t / 2 (c! cos [it+c 2 sin/jf). Since the differential equation takes the form ^-|+ '-^ + — <? = — , we can 

dt z at A 4 

let q p (t) = K so that <7 p " = q p ' = 0. Substituting these results into the differential equation and solving for K 

E E E 

yields K = — ; hence, q p (t) = E 0 /17 and q(t) = er l l 2 {c\ cos [it + c 2 sin /it) + — . As t — ► oo, q(t) — > — . 

Since g c tends to zero as t tends to infinity, for large t that particular solution, q p (t), will be the dominant 
part of q(t). The steady-state current is given by is{t) — —j^ = 0. 

3. When R = 0, the differential equation is + = E 0 cos wi, and so <? c (i) = Ci cos w 0 t + c 2 sin^o^, 

/ 1 

where w 0 = 
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Case 1: If u) = \ y-^, then let q p (t) = t(Acoscut + Bsinwt). Hence, 

q p " + L0 2 q p = E 0 cos tot, 

and so 

2loB cos o>i — 2ioA sin = i?o cos tot. 

E tE 
Therefore, A = 0 and B = —, and therefore g p (£) = — — sin tot so that 

2t0 2t0 

q(t) = c\ cos LUot + C2 sin tu^t + — - sin tot. 

2to 



Thus, as i — > oo, — ► oo when 



Case 2: If w 7^ 1/— , then we take = Acoswi so that 
V i/O 



<?p" + = ^0 cos wi, 



which implies that 



A (A 
— to 2 A cos + -j-q cos w * — ^0 cos =^> ( -j-q ~ w2j 4 ) cos tot = E 0 cos wi. 

Therefore, A = - „ , and so g D (f) = - n cosujt. Hence, 

1 - LCto z 1 - LCto z 

, . . EqLC 
qyt) = Ci cos w 0 t + c 2 sin w 0 £ + --. „ 2 cos wi, 

/ 1 ^--^o -^0 
which is a bounded expression. If to = \ y^, then = — = (o>c 2 H — — ) cos tot + (- wci) sinwi which 

implies that i(t) — > 00 as t — > 00. If w 7^ y 77^ ^ ncn 

, . CLloEq 

lit) = — = — — — 7. smut + to 0 c 2 cos cot — ojoCi smiot, 

at CLto z - L 

which is bounded. 

4. Given the RLC circuit with R = 16, L = 8, C = ^, = 17cos2t, E 0 = 17, and to = 2, 



we have fi = V ^ = 2, w 0 = y = \j = V^, and i? = ^i 2 ^ 2 - w 2 ) + i? 2 o> 2 = 

^8(5 - 2 2 ) 2 + 16 2 • 2 2 = 8\/T7. Then cost? = L (^o 2 - = 1 and si = ^ = jL ^ ^ 



q(t) = e ( Cl cos [it+c 2 sin ^t) + ^- (cos tot cos rj+ sin tot sin rj) = e *(ci cos2t+c 2 sin 2t) + ^(cos 2t+4sin 2t). 

_n 8 
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Now q(Q) = 0 => ci = Thus, 



= ^ = e"*[(2c 2 - ci)cos2i + (-2ci - c 2 ) sin2il + cos2/j - -sin2t. 
di "" 4 

9 

Since i(0) = 0, we have c 2 = — — . Thus, 

13 1 

= e~*(-cos2/j + — sin 2t) + cos It - -sin2t. 

5. Given the RLC circuit with R = 3, L = ^ C = \, E(t) = 2 cos ivt, and E 0 = 2. So /x 
2 5 

— ^ = 1, w 0 = J = VlO, and ff = v/L 2 (cV - ^ 2 ) + R 2 lj 2 = ^(1/2)2(10 - uo 2 ) 2 + 3 2 cc 2 

v /(10-w 2 ) 2 + 36w 2 mi L(W-w 2 ) 10 -w 2 , . J2w 3w 

— . 1 hen cos r\ = — = — — — — and sin 77 = —— = — so that 

2 H 2H H H 

q(t) = Aoe~^ cos (fit — <j>) + — ^ cos (tut — 77), 

H 

where c\ = A n cos <p and c 2 = A 0 sin 0. Therefore, 

2 

q(t) = A 0 e~ 3t cos (i - (f>) + — : cos (uit - 77) 



and 



i(t) = d §- = -A 0 e~ 3 *[3cos (t- 4>)+ sin (t -(f))]- ^ sin (wi - 77). 



Thus wmax = = VW. 

. . . rf 2 9 Rdq 1 1 , . , . d 3 q Rd 2 q 1 dq 

6. Differentiating the equation —7 + — — + -^—q = —E(t) with respect to t yields —3- + — — T + —— — = 

dt z L dt LC L dt 6 L dt z LC dt 

IdE , . . dq . „ „ , d 2 i Rdi 1 1 dE 
— — ; -, but i(t) — — so it follows that — — + — — + — — 1 = — — — . 
L dt y ' dt dt 2 L dt LC L dt 

dE 

7. Since E(t) = E 0 e~ ai , — = —aE 0 e~ at . The equation for current is identical to the equation governing 

dt 

charge, except it has a different nonhomogcneous term. 

i c (t) = A 0 e~2T C os (^t — 4>), 



d 2 i Rdi 1 1 dE 

and substituting i v (t) = Ae into — - — H H — 1 = — , we have 

dt z L dt LC L dt 

R / . —n+\ 1 / . — n+\ 1 



Therefore, 



a 2 Ae -at + _± { _ aAe -a t) + —(Ae- at ) = -(-aE 0 e~ at ). 



Ae- at (a 2 - — + —)- -^l e ~ at 
AC [a L LC ~ L 6 ' 
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and zo A aCE « Hence 

and so ,4- atLC-aCR+1- ' 

/ \ aCEn „ t , . . m aCEn nt 



where /z 



2L 



/4L -i? 2 

8. Given R = 2, L = -, C = - and i?(t) = <^ , we have /U = — = 1. Thus 

A O I OU7T, I 7T, Zi; 

9c(i) = e 2i ( Cl cos (/it) + c 2 sm (/it)) = e ZI (ci cos t + c 2 sin t) . From (6.6.2), — + — — + — — -q = ——, and 

dt^ -L at LC L 

on the interval 0 < t < 7r this becomes —r-i+^-r + ^q = lOOt. Using the method of undetermined coefficients, 

at 1 at 

if q p (t) — At + B then from the differential equation we obtain A = 20 and B = — 16 so q p {t) = 20t — 16 which 

d 2 q dq 

in turn yields i p (t) = 20. On the interval t > tt the differential equation becomes — + 4— + 5q = I00n. 

CtC (JjJj 

Again using the method of undetermined coefficients the time with q p (t) — K we obtain after substitution 
and equating like terms that K = 20tt so q p (t) = 207T and i p (t) = 0. 

On [0,tt), q{t) = e- 2t (ci cost + c 2 sin t) + 20t - 16. Given g(0) = 0 => a = 16 and ^(0) = i(0) = 0 => 
c 2 = 12 and so q(t) = e" 2 * (16 cost + 12 sint) + 20t - 16. Therefore, 

lim q{t) = 20tt- 16(e~ 27r + l). 

Further, i(t) = q'{t) = -e" 24 (20 cost + 40 sint) + 20, so that 

lim i(t) = 20(e~ 27r + 1). 

On [it, oo), q{t) = e _2 *(c 3 cost + C4sint) + 20-7T. Continuity of the solution at t = n requires that 

q(n) = lim q(t), 

t— >7r _ 

so that 



20tt - c 3 e~ 27r = 20tt - 16(e~ 27r + 1). 

= 16(e 27r + l). No 

at t — tt requires 



Consequently, c 3 = 16(e 27r + 1). Now i{t) = ^ = i(t) = e 2t [(c 4 — 2c 3 ) cost — (c 3 + 2c 4 ) sint], and continuity 



= lim i(t). 

t— >7T _ 

Therefore 

20(e~ 27r + 1) = -e- 27r (c 4 - 2c 3 ) 

so that c 4 = 12(e 2?r + 1). 

Consequently, i(t) = e~ 2t [-20(e 27r + 1) cost - 40(e 27r + l)sint] = -20e~ 2 *( e - 27r + l)(cost + 2 sint) for 
t > tt. Thus 

. _ J 20[1 - e~ 2t (cost + 2 sint)], 0 < t < tt, 
-20e- 2 *(e- 27r + l)(cost + 2sint), t > tt. 
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Solutions to Section 6.7 



True-False Review: 

1. TRUE. This is essentially the statement of the variation-of-parameters method (Theorem 6.7.1). 

2. FALSE. The solutions y\, y 2 , ■ • • , Vn must form a linearly independent set of solutions to the associated 
homogeneous differential equation (6.7.18). 

3. FALSE. The requirement on the functions U\, u 2 , . . . , u n , according to Theorem 6.7.6, is that they 
satisfy Equations (6.7.22). Because these equations involve the derivatives of Ui, u 2 , . ■ . , u n only, constants 
of integration can be arbitrarily chosen in solving (6.7.22), and therefore, addition of constants to the 
functions u\, u 2 , ■ ■ ■ , u n again yields valid solutions to (6.7.22). 

Problems: 

1. Setting y"+6y'+9y = 0 => r 2 +6r+9 = 0^re {-3, -3} y c (x) = (a+c 2 x). Let Vl (x) = e~ 3x 
and 2/2(2;) = xe~ 3x . We have W[yi,y 2 ](x) = e~ 6x . Then a particular solution to the given differential 

2g-3a; 

equation is y p (x) = myi + u 2 y 2 , where e~ 3x u[ + xe~ 3x u' 2 = 0 and — 3e~ 3x u[ + e~ 3x (l — 3x)u' 2 = — ^ -. 

2 

That is, u[ + xu' 2 = 0, — 3u\ + (1 — 3x)u' 2 = 2 — ^ . Solving for u\ and u 2 (and setting integration constants 
to zero), we have 

= - / "' '„.;'■' / ^dt=-ln(x 2 + l) 



2te~ 3t {e- 


-3t^ 


e- 6t (t 2 -F 


1 — 1 


2e- 3 *(e- 


-3t\ 


e -«t( t 2. 


1-1) 



and 

f x 2e~ 3t (e~ 3t ) f x 2 

u 2 = I ■ ± dt= I ^ TI rft = 2tan- 1 (x). 

Thus y p (x) = -er 3x \j\{x 2 + 1) + 2xe~ 3x tan -1 (a;). Therefore, y(x) = e~ 3x [ci + c 2 x + 2xtan~ 1 (x) - 
ln(x 2 + l)]. 

2. Setting y" - Ay = 0 => r 2 - 4 = 0 => r e {2, -2} => y c (x) = c x e 2x + c 2 e- 2x . Let y x (x) = e 2x and 

y 2 {x) = e~ 2x . We have W[yi,y 2 ](x) = —4. Then a particular solution to the given differential equation is 

g 

y„(x) — U\y\ + u 2 y 2 , where e 2x v! x + e~ 2x u' 2 = 0, 2e 2x u' 1 — 2e~ 2x u' 2 = — -. Solving for U\ and u 2 (and 

' 1 " /i>£x _|_ y 



setting integration constants to zero), we have 

/x 8e~ 2 * [ x 2e~ 2t 



and 

f x 8p 2 * 

where we have used a calculator to evaluate the integral required for u\. Thus, 

y p (x) = [ln(e 2x + 1) - 2x - e~ 2x ] e 2x - ln(e 2x + l) e - 2x 
and the general solution is 

y (x) = Cl e 2x + c 2 e- 2x + [ln(e 2x + 1) - 2x - e~ 2x ] e 2x - \n{e 2x + l)e 



2x 
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3. Setting y" - Ay' + by = 0 => r 2 - 4r + 5 = 0 =^> re {2 + i, 2 - z} =4> y c (x) = e 2a: (ci cos a; + c 2 sinx). 
Let y\{x) = e 2x cosx and 2(2;) = e 2x sinx. Then W[yi,y 2 ](x) — e 4x . A particular solution to the given 
differential equation is therefore y p = u\y\ + u 2 y 2 , where 

e 2x cos xu\ + e 2x sin xu' 2 = 0 

and 

e 2x (2cosx — sinx)^ + e 2a: (2sin.x + cosx)u' 2 = e 2x tanx. 
Solving for u\ and u 2 (and setting integration constants to zero), we have 

f x e 2t sini(e 2t tant) f x . , . 

u\ = — I -j t at = / sin t tan fat = sin x — In | sec x + tan x| 

and 



«2 



r e 2 *cosi(e 2t tant) , f . , 
= / at = / smtdt = — cosx. 



Consequently, y p (x) — e 2x cos x(sin x— In | secx + tan x\)— e 2x sin x cos x — — e 2x cos xln | sec x + tanx|. Thus, 
y(x) = e 2x [cosx(ci — In | secx + tanx|) + c 2 sin a;]. 

4. Given y" - 6y' + 9y = Ae 3x In x => r 2 - 6r + 9 = (r - 3) 2 = 0 r e {3, 3} y c (x) = Cl e 3:E + c 2 xe 3a; . 
Let yi(x) = e 3a: and y 2 (x) = xe 3x . We have W[yi,y 2 ](x) = e 6x . Then a particular solution to the given 
differential equation is y p (x) — y\U\ + y 2 u 2 , where 

e 3x u[ + xe 3x u' 2 = 0, 3e 3x u[ + e 3x (3x + l)u' 2 = Ae 3x In x. 

Solving for u\ and u 2 (and setting integration constants to zero), we have 



Mi 

and 



= - f = - fmnut = x 2 (i - am.) 

u 2 = j X (e3t)( ^ 3tlnt) df = j X Alntdt = 4x(lnx - 1). 
Consequently, 

|fr(a;) = x 2 e 3a; (l - 2 Ins) + 4x 2 e 3x (lnx - 1) = x 2 e 3x (21nx - 3), 

so that 

y(x) = cie 3:E + c 2 xe 3x + x 2 e 3x (21nx - 3). 

5. Setting y" + Ay' + Ay = 0 r 2 + 4r + 4 = (r + 2) 2 = 0 =*> r e {-2,-2} => y c (x) = cie~ 2x + c 2 x e - 2x . 
Let yi(x) = e~ 2x and y 2 (x) — xe~ 2x . We have W[yi,y 2 ](x) = e~ 4x . Then a particular solution to the given 
differential equation is y p (x) = y\Ui + y 2 u 2 , where 

u' 1 + xu' 2 = Q, -2u\ + (1 - 2x)u' 2 = 

Solving for and u 2 (and setting integration constants to zero), we have 

f x (te- 2t )e~ 2t , f x 1 , 

ui = -/ f2e _ 4f dt = - / -rfi=-lnx 
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and 

[ x (e- 2t )e- 2t , 1 

Consequently, 

y p (x) = -e~ 2x lnx - e~ 2x . 

Hence, 

y(x) = e~ 2x (ci + c 2 x — lnx — 1). 

6. Setting y" + 9y = 0 =^> r 2 + 9 = 0 => r g {3i, — 3i} y c (a;) = c\ cos 3x + c 2 sin 3a;. Let y\{x) — cos 3a; 
and 2/2(2:) = sin3x. Then, 

W[yi,y 2 ](x) = (cos 3x) (3 cos 3x) — (sin3x)(— 3sin3x) = 3^0 

so that y p (x) = y\ui + y 2 u 2 , where 

f x (sin3i)(18sec 3 3t) , n [ x ,. oW <? n , , 2n 
u x = - I - ^ '-dt = -6 / (sin 3t) (sec 3 3t)cft = - tan 2 3a; 

f x (cos3i)(18sec 3 3i) , „ T , , „ 
?i 2 = / ^ J -dt = 6 sec 2 3tdt = 2 tan 3a; . 



and 

Consequently, 
Hence, 



y p (x) — — cos 3x tan 2 3x + 2 sin 3a; tan 3x. 
y(a;) = ci cos 3a; + c 2 sin 3a; — cos 3a; tan 2 3a; + 2 sin 3x tan 3x. 



7. Setting y" - y = {) =>• r 2 - 1 = 0 r e {— 1, 1} =£■ y c (x) = cie x + c 2 e x . Let yi(x) — e x and 
y 2 (x) = e~ x . Then, 

W[ yi ,y 2 ](x) = (e x )(-e- x ) - (e*)( e -*) = -2^0 

so that 

V P (x) = -yx J V ^rdx + y 2 J ^-dx 

1 - er 2x _ f e 2x - 1 

dx — e 21 / da; 



e x _|_ e x J e x + e -2 

e^ptan- 1 (e x ) + e" x ] - e - x [e x - 2tan- x (e x )] 
= 2{e x + e- x )t&n- 1 (e x ). 

Hence, y(x) = cie x + c 2 e~ x + 4cosha;tan _1 (e x ). 

8. Setting y" — 2my' + m 2 y = 0 =^> r 2 - 2mr + m 2 = 0 =^> r e {m, m} y c {x) = e mx (ci + c 2 x). Let 
yi(x) = e mx and y 2 (x) = xe mx . Then, 

W[ yi ,y 2 ]{x) = {e mx ){e mx [mx + 1]) - (me ml )(xe") = e 2mx ^ 0 

so that 



y P {x) = -yi J ^rdx + y 2 j -<1 ■•■ 



w 



ji^ dx+xemx jih dx 

ln(l + a; 2 ) + .xe m2: tan- 1 (x). 
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Thus, y(x) = e mx (ci + c 2 x + xtan -1 (x) - In y/1 + x 2 ). 

9. Setting y" - 2y' + y = 0 => r 2 - 2r + 1 = 0 => r e {1, 1} => 2/c(x) = Cie* + caxe*. Let ?/i(x) = and 
2/2 (x) = xe 1 . Then, 

W[2/i,2/ 2 ](x) = (e I )(e x [a;+ 1]) - (e x )(xe x ) = e 2x ^0 

so that 

" yiF 



V P {x) =-yi J ^dx + y 2 J 

= -Ae x J x~ 2 In xdx + 4xe x J x~ 3 In xdx 



= — (2 In a: + 3). 

x 

Consequently, y(x) — e x [ci + c 2 x + x _1 (21nx + 3)]. 

10. Setting y" + 2y' + y = 0 => r 2 + 2r + 1 = 0 => r e {-1, -1} ?/c(x) = e" x (ci + c 2 x). Let 
2/i (x) = e _a: and 2/2 (x) = xe~ x . Then, 



so that 



W[y u y 2 ](x) = (e- x )(e- x [l - x}) + {xe- x ){-e~ x ) = e~ 2x + 0 
Vp(x) =-yi J ^dx + y 2 J V ~^dx 



-dx + xe x 



-Ax 



= -e x (-\ZA - x 2 ) + xe x s'm 1 (§ ) . 
Consequently, y(x) = e~ x (ci + c 2 x + a; sin -1 (§) + y/4 — x 2 ). 

11. Setting y"+2y' + 17 = 0 => r 2 +2r+l7 = 0^re {l+4i, l-4i} ?/c(x) = e _a: (ci cos 4a; +c 2 sin 4a;). 
Let yi(x) = e~ x cosAx and 2/2(2;) = e _x sin4x. Then 

W[j/i, 2/2] (x) = (e" 2 cos 4a;) (e^ [4 cos 4a; - sin 4a;]) - (e~ x sin4x)[-e~ x (4sin4x + cos4x)] = 4e~ 2x 

so that 



V P {x) =-2/i y V ^rdx + y 2 j V -^rdx 



= — 16e 21 cos 4a; 



= — 16e 2 cos 4a; 



sin 4a; , _ x . / cos 4a; 

dx+loe sin 4a; / ^ n , ax 



3 + sin z 4x 



3 + sin" 4 4a; 



itanh -1 (cos(4x/2)) 



+ 16e x sin 4a; 



4^3 
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12 



tan" 1 (sin (4x/\/3)) 



= 2e a: cos4a;tanh 1 (cos (4x/2)) H — e x sin4a;tan 1 (sin (4x/\/3)) 



Therefore, i/(x) = e 2 



Ci cos 



, , /cos4a; + 2\ 4\/3 . _-, , . „ . ,-, 

Ax + c 2 sin 4a; + cos 4x In H — sin 4a; tan 1 (sm4a;/v3) 

\ cos 4a; -2/3 



12. Setting j/" + 9j/ = 0 => r 2 + 9 = 0 r e {— 3i, 3i} =^> 2/c(x) = c\ cos3x + c 2 sin3x. Let 2/1 (x) = cos3x 
and 2/2(x) = sin3x. Then, 



W[j/i> 2/2] (x) = (cos3x)(3cos3x) — (sin3x)(— 3cos3x) = 3^0 
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so that 



Vp{x) =-yi J ^dx + y 2 J ^~ dx 

f sin 3a; , ,„.„/" 

; / — ax + 12 sin 3a; / 

J 4 - cos 2 3x J 



= —12 cos 3a; 
= —12 cos 3a; 



cos 3a; 



--tanh 1 (cos3a;/2) 



+ 12 sin 3a; 



4 — cos 2 3a; 
V3 



dx 



tan 1 (sin 3x/\/3) 



Thus, y(x) = [c\ + 2 tanh 1 (cos3x/2)] cos 3a; + [c 2 



tan 1 (sin 3x/y/S)] sin 3x. 



13. Setting y" - lOy' + 25y = 0 => r 2 - lOr + 25 = 0 
yi{x) = e 5x and y 2 (x) = xe 5x . Then, 



so that 



- r e {5,5} => y c (x) = e 5x (ci + c 2 x). Let 
W[ yi ,y 2 }(x) = (e 5x )[e 5x (5x + 1)] - (xe 5 *)(5 e 5a: ) = e Wx ? 0 

y P 0) = -2/1 y ^~dx + y 2 j V -^rdx 



4 + x 2 



= -2e 5x / -dx + 2xe 5 

7 4 + x 2 

= -e 5 * In (4 + x 2 ) + xe 5x tan" 1 (x/2) 
Hence, y(x) = e 5x [ci + c 2 x - In (4 + x 2 ) + xtan -1 (x/2)]. 



-dx 



14. Setting y" -6y'+13y = 0 => r 2 -6r+13 = 0=^r£ {3+2i,3-2i} y c (x) = e 3a; (ci cos 2x+c 2 sin 2x). 
Let yi (x) = e 3a: cos2x and 3/2 (#) = e 3a: sin2x. Then, 



VK[yi,y 2 ](x) = (e 3a: cos2x)(e 3a: [2cos2x + 3sm2x]) - {e ix sin2x)(e 3x [3cos2x - 2sin2x]) = 2e 



n 6x 



so that 



y P (x) 



-2/1 



2/2^ 



dx + y 2 



dx 



2e ix cos 2x / sin 2x sec 2xdx + 2e sin 2x / sec 2xdx 



= e 3a: (sin2xln | sec 2x + tan2x| — 1). 



Hence, y(x) = e 3x (ci cos2x + c 2 sin2x + sin2xln | sec2x + tan2x| — 1). 

15. The complementary function for the differential equation is y c (x) = CiCosx + c 2 sinx. To determine a 
particular solution to the given differential equation we first find particular solutions to each of the differential 
equations y" + y — secx, and y" + y = Ae x , and then add the two solutions together. Using variation-of- 
parameters, a particular solution to y" + y = sec x is y Pl (x) = u\ cos x + u 2 sin x, where 

cos xu\ + sin xu 2 = 0, — sin xu[ + cos xu 2 = sec x. 

This pair of equations has a solution u[ — — tanx and u' 2 — 1. Consequently, we can choose 

iii(x) = ln(cosx) and u 2 (x) = x, 

so that 

y Pl (x) = cos x In (cos x) + x sin x. 
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From the method of undetermined coefficients, the differential equation y" ' + y = Ae x has a particular solution 
of the form y P2 {x) — 2e x . A particular solution to the given differential equation is therefore 

y p (x) — y Pl (x) + y P2 (x) — cos x In (cos a;) + xsina; + 2e x , 

and the general solution is 

y(x) = C\ cos a; + c 2 sin a; + cos a; In (cos a;) + xsinx + 2e x . 

16. The complementary function for the differential equation is y c (x) — ciCosa; + c 2 sin.x. To determine 
a particular solution to the given differential equation we first find particular solutions to the differential 
equations y" + y — cscx and y" + y = 2x 2 + 5x + 1, and then add the two solutions together. Using 
variation-of-parameters, a particular solution to y" + y = esc x is y Pl (x) — u\ cos x + c 2 sin x, where 

cos xu[ + sin xu' 2 = 0, — sin xu\ + cos xu' 2 — cscx. 

This pair of equations has a solution 

u\ = — 1 and u 2 = cota;. 

Consequently, we can choose u\(x) = —x and u 2 (x) — In (sin a;), so that 

y Pl (x) = —x cos x + In (sin x) sin x. 

From the method of undetermined coefficients, the differential equation y" + y = 2x 2 + 5x+l has a particular 
solution of the form y P2 (x) = A 0 + A\x + A 2 x 2 . Substituting into the preceding differential equation and 
equating coefficients yields A 0 = —3, A\ = 5 and A 2 = 2. Hence, y P2 (x) = — 3 + 5x + 2x 2 . A particular 
solution to the given differential equation is therefore 

y p (x) = y Pl (x) + y P2 (x) — —x cos x + In (sin x) sin x — 3 + hx + 2x 2 

and the general solution to the differential equation is 

y(x) = ci cos x + c 2 sin x — x cos x + In (sin a:) sin x — 3 + 5a; + 2a; 2 . 

17. The complementary function for the differential equation is y c {x) = c\e~ 2x + c 2 xe~ 2x . To determine 
a particular solution to the given differential equation, we first find particular solutions to each of the 
differential equations y" +Ay' +Ay = lbe~ 2x In a; and y" + Ay' + Ay = 25 cos x separately, and then we add the 
two solutions together. Using variation-of-parameters, a particular solution to y" + Ay' + Ay = 15e~ 2x In a; 
is y Pl (x) = uie~ 2x + u 2 xe~ 2x , where 

e- 2x u[ + xe- 2x u' 2 = 0, -2 e - 2a: u' 1 + er 2x {\ - 2x)u' 2 = I5e- 2x lnx. 

This pair of equations has a solution 

u[ = —15a; In x, u 2 = 15 In a;. 
15 

Consequently, we can choose U\{x) = — — x 2 (21na; — 1) and u 2 (x) = 15a;(lna; — 1) so that 

y Pl {x) = - l ^-x 2 e- 2x {2\nx- 1) + 15a; 2 e- 2a; (lna; - 1) = ^-x 2 e - 2x (2 In x - 3). 
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According to the method of undetermined coefficients, the differential equation y" + Ay' + Ay = 25 cos x has 
a particular solution of the form y P2 (x) = Aq cos x + A\ sin x. Substituting into the preceding differential 
equation and equating the coefficients yields 3A n + AA\ = 25 and — 4A 0 + 3Ai = 0, with a solution A 0 = 
3, A\ = A. Consequently, 

y P2 (x) — 3 cos x + A sin x. 
A particular solution to the given differential equation is therefore 

15 

y p (x) — y Pl (x) + y P2 (x) = — x 2 e~ 2x (21nx — 3) + 3cosx + 4sinx, 
and the general solution is 

15 

y(x) = cie~ 2x + c 2 xe~ 2x + —x 2 e~ 2x (21nx - 3) + 3 cos x + A sin x. 



18. The complementary function for the differential equation is y c {x) = C\e 2x + c 2 xe 2x . To determine 
a particular solution to the given differential equation we first find a particular solution to each of the 

Ae~ 2x 

differential equations y" + Ay' + Ay = ^— j- — - and y" + Ay' + Ay = 2x 2 — 1 separately, and then we add the 

Ae~ 2x 

two solutions together. Using variation-of-paramctcrs, a particular solution to y" + Ay' + Ay = is 

1 + x z 

y Pl (x) — uie~ 2x + u 2 xe~ 2x , where 

e~ 2x u\ + xe- 2x u' 2 = 0, -2e" 2x u / 1 + (1 - 2x) e - 2x u' 2 = 

Ax A 

This pair of equations has a solution u\ = and u' 9 = so that we can choose uAx) = 

1 + x 2 1 + x l 

—2 In (1 + x 2 ) and u 2 (x) — 4tan _1 x. Consequently, 

y pi ( x ) = -2e- 2x In (1 + x 2 ) + Axe- 2x tan" 1 x. 

According to the method of undetermined coefficients, a particular solution to y" + Ay' + Ay = 2x 2 — 1 is 
of the form y P2 (x) = Aq + A\x + A 2 x 2 . Substitution into the preceding differential equation and equating 
coefficients yields AA 2 — 2, 8A 2 + AA\ = 0 and 2A 2 + AA\ + AAq = — 1. These equations have solution 

Aq = -, A\ = — 1 and A 2 = -. Hence, 

y P2 ( x ) = \ ~ x+ \ x2 = \i x - 1 ) 2 - 

A particular solution to the given differential equation is therefore, 

y p (x) = y Pl (x) + y P2 (x) = -2e- 2x In (1 + x 2 ) + AxeT 2x tan" 1 x + l -(x - l) 2 , 

and the general solution is 

y(x) = Cl e- 2x + c 2 xe- 2x - 2er 2x In (1 + x 2 ) + Axe- 2x tan" 1 x + ^{x - l) 2 . 



528 



19. The complementary function for the differential equation is y c (x) = c\e 2x + C2xe 2x + c?,x 2 e 2x . Let 
yi(x) = e 2x , tj2{x) = xe 2x and yz(x) = x 2 e 2x . The system (6.7.22) from the text assumes the form 

u[ + xu' 2 + x 2 u' 3 = 0, 
2u[ + (1 + 2x)u' 2 + (2x + 2x 2 )u' 3 = 0, 
Au[ + (4 + Ax)u' 2 + (2 + 8.t + Ax 2 )^ = 36 In x, 

where we have divided each equation by e 2x . Solving the system we obtain u[ = 18a: 2 In a;, u' 2 — — 36a: In X, 
and u' 3 = 181nx from which it follows that u\ — 2ai 3 (31na; — 1), u 2 = 9a; 2 (l — 21nx) and u 3 = 18a;(lna; — 1). 
Hence, 

y p (x) = myi + u 2 y 2 + u 3 y 3 

= [2x 3 (3 In x - l)]e 2x + [9x 2 (l - 2 In x)]xe 2x + [18ar(In x - l)]x 2 e 2x 
= x 3 e 2x (6lnx — 11). 

Therefore, the general solution is 

y(x) = c Y e 2x + c 2 xe 2x + c 3 x 2 e 2x + a: 3 e 3x (61na; - 11). 

20. The complementary function to the given differential equation is y c (x) = c\e x + C2xe x + c^x 2 e x . Let 
yi(x) = e x , 2/2(2;) = xe x and ys{x) — x 2 e x . The system (6.7.22) from the text assumes the form 

u[ + xu' 2 + x 2 u' 3 = 0, 

u'i + (1 + x)u' 2 + (2x + x 2 )u' 3 =0, 

2 

u[ + (2 + x)u' 2 + (2 + 4x + x 2 )u' 3 =-2, 

where we have divided each equation by e x . Solving the system we obtain u\ = 1, u 2 = —2a; -1 , and u' 3 = x~ 2 , 
from which it follows that ui = x, u 2 = — 2 In a;, and u 3 = —x~ x . Hence, y v {x) = e x (x — 2xlna; — x) = 
—2xe x hix, and therefore the general solution to the differential equation is 

y(x) = c\e x + c 2 xe x + c 3 x 2 e x + e x (x - 2x In x - x) = -2xe x lnx. 

21. The complementary function for the differential equation is y c {x) — c\e~ x + c 2 xe~ x + c 3 x 2 e~ x . The 
system (6.7.22) from the text assumes the form 

u[ + xu' 2 + x 2 u' 3 = 0, 
-«i + (1 - x)u 2 + (2x - x 2 )u' 3 = 0, 

ui + (x - 2)u' 2 + (2 - Ax + x 2 )u' 3 =YTx^> 

x 2 2x 

where we have divided each equation by e~ x . Solving the system we obtain u[ = — - — ^, u 2 = — 2' 

and u'o = - — from which it follows that u\ = x — tan -1 x, u 2 = — In (a; 2 + 1), and u 3 = tan -1 x. Thus, 
1 + x z 

y p {x) = uij/i + u 2 y2 + u 3 y 3 

= (x - tan -1 x)e~ x - xe~ x In (a; 2 + 1) + x 2 e~ x tan -1 x. 

Therefore, the general solution to the differential equation is 

y(x) = C\e~ x + c 2 xe~ x + c 3 x 2 e~ x + (x - tan -1 x)e~ x - xe~ x In (a; 2 + 1) + x 2 e~ x tan -1 x. 
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22. The complementary function for the differential equation is y c (x) = C\ + c 2 e 3x + c^xe 3x . Let z = y'. 
The given differential equation becomes z" — 6z' + 9z = I2e 3x . Then r 2 — 6r + 9 = 0 r e {3, 3} =4> 
z\(x) = e 3x and z 2 (x) = xe 3x are two linearly independent solutions of the homogeneous differential equation 
z" — 6z' + 9z — 0. The system (6.7.22) in the text therefore assumes the form 

u'i + xu' 2 = 0, 
3u[ + (3.x + l)u' 2 = 12. 

Solving the system we obtain = —Ylx and u 2 = 12 so u\ = —6x 2 and u 2 — Y2x. Hence, z p (x) — 
u x z x + u 2 z 2 = (-6x 2 )e 3x + (12x)(xe 3x ) = 6x 2 e 3x . Therefore, 

y p {x) = J z p dx = 6 J x 2 e 3x dx = ^(9x 2 - 6x + 2)e 3x , 

and so the general solution to the differential equation is 

y(x) = ci + c 2 e 3x + c 3 xe 3x + ^(9x 2 - 6x + 2)e 3x . 

The method of undetermined coefficients would be an easier way to solve this problem. 

23. Given y" — y = F{x) => y c (x) = cie x +c 2 e~ x . Choose yi(x) — e x and y 2 (x) = e~ x . Then W[yi,y 2 ](x) = 
(e x )(-e" x ) - (e' x )(e x ) = -2. Hence, K(x,t) = — 6 6 = \{e x - 1 - e*" x ) = sinh (x - t), so that 



2 

y p (x) = / sinh (x — t)F(t)dt. 

J In 



24. Given y" + y' — 2y = F(x) => y c (x) = c\e 2x + c 2 e x . Choose yi(x) — e 2x and y 2 (x) — e x . Then 

-2t x _ t -1x i 

W[y u y 2 ]{x) = (e- 2x )(e x )-(-2e- 2x )(e x ) = 3e~ x . Hence, K(x,t) = — = - [e x ~ 1 - e 2( -*-% so 

that 

V P {x) = \f [e*"« - e 2 ^]F(t)dt. 

25. Given y" + by' + Ay = F{x) =^> y c {x) = cieT Ax + c 2 e~ x . Choose yi(x) = e~ 4x and y 2 (x) = e—x. 

Then W[ yi ,y 2 ]{x) = (e- Ax )(-e~ x ) - ( e - x )(-4e- 4x ) = 3e- 5x . Hence, K(x,t) = 6 X ~* 6 = 

he 1 -" - e^- x \ so that 



VM = \C [e*" x - e^\F{t)dt. 

6 JXQ 



26. Given y" + Ay 1 - I2y = F(x) y c (x) = Cl e 2x + c 2 e- 6x . Choose yi{x) = e 2x and y 2 {x) = e - 6x . Then 

2^ Qx — 6i 1x 

W[y u y 2 ](t) = (e 2 *)(-6e- 6t ) - (2e 2 ')( e - 6t ) = -Se^. Hence, K(x,t) = & 6 6 , so that 



V P (x) - -\ f [e 6 ^ e- 2 ^]F{t)dt. 
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27. Given y" + y = sccx =^> y c (x) = cicosx + C2sinx. Choose yi(x) — cosx and 2/2(2;) = sinx. Then 
W[y\,y 2 ](x) = (cos a;) (cos x) — (sin a;) (—sin a;) = 1. Hence, K(x,t) — cost sin x — sin t cos x, so that 



f-X f-X 

y p (x) = / (cost sinx — sin t cosx) (sect) dt = 

Jo Jo 



(cost sin x — sin t cosx) (sect) dt = / (sinx — tant cos x)dt. 

Jo 

Thus y p (x) = x sin x + In (cos x) cos x. Consequently, y(x) — c\ cos x + c 2 sin x + x sin x + In (cos x) cos x. 
Then y(0) = 0 yields c\ — 0 and y'(0) = 1 yields c 2 = 1. Therefore, 

y(x) = sin x + x sin x + In (cos x) cos x. 
28. Given y" — Ay 1 + Ay = 5xe 2x => y c (x) — cie 2x + c 2 xe 2x . Choose yi(x) = e 2x and y 2 (x) — xe 2x . Then 

2t 2x + It 2x 

W[ yi ,y 2 ](x) = (e 2x )(e 2x [2x+ 1]) - (2e 2x )(xe 2x ) = e ix . Hence, K(x,t) = 6 ^ ~ 6 6 = e 2 <*-*>(a; - i), 
so that 

2M 



3 (x) = / 5e 2 ^-*)(x - t)te 2t dt = 5e 2x / (xt - t 2 )dt = ^x 3 e 2x . 



0 

Consequently, 

y(x) = c x e 2x + c 2 xe 2x + -x 3 e 2x . 

6 

Then since y(0) = 1, we have ci = 1, and since y'(0) = 0, we have c 2 = —2. Therefore, 

y(x) = e 2x (l-2x+ b -x 3 ). 



29. Given y" — lay' + a 2 y = F(x) => y c (x) = c\e ax + c 2 xe ax . Choose yi(x) = e ax and y 2 (x) = xe ax . Then 

p at ax _ j- at p ax 

W[ yi ,y 2 ](x) = e 2ax . Hence, K(x,t) = = e< x -^{x-t). 



(a) 



rx at rx 

y p (x)=aj^ e < x - t \x-t) w ^dt = ae ax J 



t 



t 2 + f3 2 t 2 + (3 2 



dt. 



tan 



Thus y p (x) = ae 
(b) 

y P (x)=a f e< x ~ t \x-t) 
Jo 



, ( x\ 1 ( x 2 + (3 
i In 



„2 , a2 



/? 2 



(02_ t 2y/2 

Thus y p (x) = ae^Ixsin- 1 ^ + (/3 2 - x 2 )V2 _ ^ 



(02_ t 2y/2 (£2 _ £2)1/2 



(c) 



2/p 



If a = -1 then y p (x) = — ^— [(lnx) 2 - 21nx - 2]. 
If a = -2 then y p (x) = -e ax K ' + ln x + 1 

If a ^ — 1 and -2 then y p (x) 



(a+ l)(a + 2) 



lnx — 



2a + 3 



(a + l)(a + 2) 
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30. Given y" + y = F(x) =^> y c {x) = cicosx + C2sinx. Choose y\(x) = cosx and 2/2(2;) = sinx. Then 
W[yi,y2\{x) — 1, and so K(x, t) — cost sin a; — sin t cos x = sin {x — t). Hence, 



y p (x) = / sin (x - t)F(t)dt 

J In 



so that 



r 

y(x) = ci cos x + C2 sin x + sin (x — t)dt. 

J Xq 

Imposing the initial conditions yields the two equations 

ci cos x 0 + C2 sin x 0 = y 0 and — c\ sin x 0 + c 2 cos x 0 — yi- 
Solving these systems for c\ and C2, we obtain 

c i = Va cos xq — yi sin xq and C2 = yi cos xo + yo sin xo, 

so that 

r 

y(x) = (yo cos x 0 — y\ sin xo) cos x + (yi cos xo + yo sin xo) sin x + / F(t) sin (x — t)dt 

J x 0 

= y 0 ( co sxcosx 0 + sinxsinx 0 ) + 2/1 (sin x cos x 0 — cosx sin x 0 ) + / F(t) sin (x — i)dt 

J Xo 

r 

= yo cos (x — x 0 ) + y\ sin (x — x 0 ) + / F(t) sin (x — t)dt. 

J In 



31. The complementary equation for the differential equation is y c (x) = c\e rx + c 2 xe rx + c^,x 2 e rx . Let 
yi (x) = e rx , 2/2(2;) = xe rx , and ys(x) = x 2 e rx . The system (6.7.22) in the text therefore assumes the form 

tt'i + tu' 2 + t 2 u' 3 =0, 
ru[ + (rt + l)u' 2 + (rt 2 + 2i)u' 3 = 0, 
rWi + (r 2 t + 2r)e rt w 2 + (r 2 < 2 + 4ri + 2)e rt u' 3 = F(x). 

Row reducing the augmented matrix, 

It t 2 0 

r rt + 1 ri 2 + 2t 0 

r 2 e rt (r 2 t + 2r)e rt (r 2 t 2 + Art + 2)e r * F(x) 

we obtain 



By back-substitution, we find that u' 3 = 



2e rt 



t 


t 2 


0 


1 


2t 


0 


0 


1 


F(x) 


2e rt 






tF(x) 


u' 2 




e rt 



and u\ = — . Thus 



ui(x) 



1 rt 2 F( x ) 



e r t 



dt, U2(x) 



1 f x 2tF(x) 



dt and u^(x) 



F(x) 
2e rt 



dt. 
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Hence, 



y p (x) = e rx ui + xe rx u 2 + x 2 e rx u 3 



rx rx ,2 



t 2 F{t) 



dt - 



2 e rx, 

xe rx r 



2tF(i), x 2 e rx f x F(t) 



-dt + 



I 

J a 



-dt 



\ [ X F{t)[t 2 ~2tx + x 2 ]e r( - x - t Ut 

1 [ X F{t){x-t) 2 e r ^dt. 

2 J a 



32. 



(a) Note that F(x) 



is precisely the right-hand side vector in the system (6.7.22), and therefore, the 



solutions for the unknowns u[ , u' 2 , ■ • • , u' k are precisely given by 



F{x)W k {x) 



W[yi,y 2 ,...,y„]{x) 
by a direct application of Cramer's Rule, 
(b) Using part (a), we have 

V P ( X ) = yi{x)ux(x) + y 2 (x)u 2 (x) H h y n (x)u n (x) 



, k — 1, 2, . . . , n, 



= yi(x) 



Wiit) 

W(t) 



F{t)dt + y 2 {x) 



x W 2 (t) 



F{t)dt + --- + y n {x) 



W n {t) 
W(t) 



F(t)dt. 



Since the yi{x) depend on x, whereas the integration is performed with respect to t, we can combine the 
integrals in the preceding equation to obtain 



V P {x) = [ 

Jxn 



y^W^t) + y 2 {x)W 2 (t) + ■■■ + y n (x)W n (t) 



W[y 1 ,y 2 , ■ ■ .,y n ](t) 



F(t)dt= f K(x,t)F(t)dt, 



which is the desired expression. 



33. Three linearly independent solutions to the associated homogeneous problem are y\{x) = e 3x , y 2 {x) 
e 3x , and y 3 (x) = e~ 5x . Then 













e -3t 


e 3t 


e -5t 




















W[y l7 y 2 ,y 3 }(t) = 


-3e- 3t 


3e 3t 


-5e- 5t 


= 96e~ 5t , 




















9e~ 3t 


9e 3t 


25e- 5t 












0 


e 3t 


e" 


-5t 




e -3t 


0 


e -5t 




e~ 


-3t 


e 3t 


0 


0 


3e 3t 


-5e" 


-5t 


= -8e- 2t , W 2 = 




-3e- 3t 


0 


-5e- 5t 




= 2e- 8t , W 3 = 


-3e" 


-3t 


3e 3t 


0 


1 


9e 3t 


25e" 


-5t 




9e- 3t 


1 


25e~ 5t 




9e 


-3t 


9e 3t 


1 



So. AT,-. I : = € 86 2t ^ + e3 ^l e 8 *) + e = l[ e 3(x-t) + 3e -B(x-t) _ 4e -3(,-t)]. H 



= 6. 



48' 



y p (x) = / X [e 3 ^-*) + 3e- 5 ^-*) - 4 e - 3 ( a; - t )]F(t)dt. 
48 An 
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34. Three linearly independent solutions to the associated homogeneous problem are yi(x) = e x , 2/2 (x) 
cos 3a;, and y 3 (x) = sin3x. Then 



So, 



W 1 



Hence, 













e"* 




cos 3t 


sin 3i 








W[ yi , 


2/2, J/3] (*) 




-e-« 




3 sin 3i 


3 cos 3i 




30e _t , 












e"* 


—9 cos 3t 


-9 sin 3i 






0 


cos 3t 


sin 3t 










e"* 


0 sin 3t 




0 


—3 sin 3t 


3 cos 3t 




3, W 2 = 






-e"* 


0 3 cos 3i 


= e~* [sin 3t + 3 cos 3t] 


1 


— 9cos3t - 


-9 sin 3t 










e"* 


1 -9 sin 3t 










e~ 


e 


cos 3i 


0 












w 3 




-e~ 


t 


—3 sin 3t 


0 


= e~ 


_t [cos3t- 3 sin 3*1. 








e~ 


t 


—9 cos 3i 




1 











A"(x,t) 



e" x (3) - cos 3xe~* [sin 3t + 3 cos 3i] + sin 3xe~ t [cos 3i - 3 sin 3t] 



30 



30 



30e~* 

[3e l ~ x + (sin 3x cos 3t — cos 3x sin 3t) — 3(cos 3x cos 3t + sin 3a; sin 3t)] 
[3e^ x + sin (3(x - t)) - 3 cos (3(x - i))]. 



1 /"^ 

y p (x) = — / [3e*- x +sin(3(x-t))-3cos(3(x-i))]F(i)cft. 

30 J Xn 



35. Three linearly independent solutions to the associated homogeneous problem are yi(x) = e 4x , y 2 {x) = 
xe~ 4x , and ys{x) = e 2x . Then 



W[y 1 ,y 2 ,y 3 ](t) = 



-At 



-At 



„2t 



e te e 

-4e- 4t (l-4i)e- 4t 2e 2t 
16e~ 4t (-8 + 16t)e- 4t 4e 2t 



Wi = 



21, 



0 te~" e 

0 (1 - 4t)e- 4t 2e 2 ' 

1 (-8+16i)e- 4t 4e 2 * 



e- 2t (6t-l), W 2 



Hence, K(x, t) — 
qucntly, 



_ e~ 4t te~ 4t 0 

W 3 = -4e~ 4t (1 - 4t)e- 4t 0 

16e- 4t (-8 + 16i)e- 4 * 1 

e~ 2t (6t - l)e- ix - 6e- 2t (xe- ix ) + e~ st (e 2x ) 1 



36e- 6t , 

e~ 4t 0 e 2t 
-4e~ 4t 0 2e 2t 
16e" 4t 1 4e 2t 

_ „-8t 



-6e 



36e 



-6t 



= — [e 4 (*- x )(6(i - x) - 1) + e 2( - x -% Conse- 



l/ P (x) = ^ jf [e 4 ( 4 -^(6(t - x) - 1) + e 2 (*-')]F(t)dt. 



36. Three linearly independent solutions to the associated homogeneous problem are yi(x) — e 2a: cos3x, 
yi{x) = e 2:E sin3x, and y 3 (x) — e 3x . Then 



W[y 1 ,y 2 ,y 3 ](t) 



3/ 



e 2 * cos 3t e 2t sin 3i e 

e 2t (2cos3t - 3sin3t) e 2t (2sin3i + 3cos3i) 3e 3t 
e 2t (-5cos3i- 12sin3i) e 2t (-5sin 3t + 12 cos 3t) 9e 3t 



30e 7t . 
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Furthermore, 



Hence, 



Wi(t) 



W 2 (t) = 



e 2t sin 3t 



s 3t 

,3t 



3i 



0 e 2 *(2sin3t + 3cos3t) 3. 

1 e 2t (-5sin3t + 12cos3i) 9e 

e 2t cos 3i 0 e 3t 

e 2t (2cos3t - 3sin3t) 0 3e 3 * 

e 2t (-5cos3i- 12sin3i) 1 9e 3t 



= e 5t (sin3t-3cos3i), 



= -e 5t (cos3t + 3sin3i), 



K(x,t) 



e 2t cos 3t 



e 2t sin 3t 



0 



e 2t (2cos3t - 3sin3t) e 2t (2sin3i + 3cos3i) 0 



= 3e 



it 



e 2t (-5cos3i- 12sin3i) e 2t (-5sin 3i + 12 cos 3t) 1 
e 5t (sin 3t - 3 cos 3t ) e 2x cos 3x - e 5t (cos 3t + 3 sin 3i) e 2 * sin 3a; + 3e 4t e 3 * 

30^ 

K(x, t) = ^e 2( ^ t} Nn (3(t - or)) - 3 cos (3(t -*))] + ^f 3 ^ . 



Consequently, 



^e 2 ^-*) [sin (3(t - x)) - 3 cos (3(t - a:))] + ^e 3 ^ 



F(t)dt. 



37. Three linearly independent solutions to the associated homogeneous problem are yi(x) = e x , yi{x) = e 2x , 
and j/3 (x) = e~ 4a: . Then 



W[yi,j/2, 2/3] (*) = 



e* e 2 * e- 4t 
e* 2e 2t -4e~ 4t 
e* 4e 2t 16e- 4t 



Furthermore, 

m(t) = 

Consequently, 



0 


e 2t 


e~ 4 * 




e* 


0 


e- 4t 




e* 


e 2t 


0 




0 


2e 2t 


-4e- 4t 


= -6e- 2t ,W 2 (t) = 


e* 


0 


-4e~ 4 * 


= 5e- 3t ,^ 3 (t) = 


e* 


2e 2t 


0 


-e 3t 


1 


4e 2t 


16e- 4t 


e* 


1 


16e- 4t 


e* 


4e 2t 


1 





1 



A-(x.t) = [e x (-6e~ 2t ) + e 2x (5e^) + e - 4 *(e 3t )] 



30 



l(x-t) + 5e 2(*-t) _ g e x- 



and a particular solution to the given differential equation is 



1 r 



e -4(*-t) + 5e 2(x-t) _ ggx- 



F{t)dt. 



Solutions to Section 6.8 



True-False Review: 
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1. FALSE. First of all, the given equation only addresses the case of a second-order Cauchy-Euler equation. 
Secondly, the term containing y' must contain a factor of x (see Equation 6.8.1): 

x 2 y" + a\xy' + a 2 y = 0. 

2. TRUE. The indicial equation (6.8.2) in this case is 

r(r - 1) - 2r - 18 = r 2 - 3r - 18 = 0, 

with real and distinct roots r = 6 and r = —3. Hence, yi(x) = x 6 and y 2 {x) = x~ 3 are two linearly 
independent solutions to this Cauchy-Euler equation. 

3. FALSE. The indicial equation (6.8.2) in this case is 

r(r - 1) + 9r + 16 = r 2 + 8r + 16 = (r + 4) 2 = 0, 

and so we have only one real root, r — 4. Therefore, the only solutions to this Cauchy-Euler equation of the 
form y = x r take the form y — cx~ A . Therefore, only one linearly independent solution of the form y = x r 
to the Cauchy-Euler equation has been obtained. 

4. TRUE. The indicial equation (6.8.2) in this case is 

r(r - 1) + 6r + 6 = r 2 + 5r + 6 = (r + 2)(r + 3) = 0, 
with roots r — — 2 and r = —3. Therefore, the general solution to this Cauchy-Euler equation is 

y(x) = c 1 x +c 2 x '=— + —. 

x z X A 

Therefore, as x — > +oo, y(x) for all values of the constants C\ and c 2 . 

5. TRUE. A solution obtained by the method in this section containing the function lnx implies a repeated 
root to the indicial equation. In fact, such a solution takes the form y 2 {x) = x ri lnx. Therefore, if y(x) = 
Inx/x is a solution, we conclude that r\ = r 2 = — 1 is the only root of the indicial equation r(r— l)+air+a 2 = 

0. From Case 2 in this section, we see that —1 = — and so a± = 3. Moreover, the discriminant of 
Equation (6.8.3) must be zero: 

(oi - l) 2 -4a 2 = 0. 

That is, 2 2 — Aa 2 = 0. Therefore, a 2 = 1. Therefore, the Cauchy-Euler equation in question, with a x = 3 
and a 2 = 1, must be as given. 

6. FALSE. The indicial equation (6.8.2) in this case is 

r(r - 1) - 5r - 7 = r 2 - 6r - 7 = (r - 7)(r + 1) = 0, 

with roots r — 7 and r = — 1. Therefore, the general solution to this Cauchy-Euler equation is 

y(x) = cix 7 + c 2 x~ x , 

and this is not an oscillatory function of x for any choice of constants c\ and c 2 . 
Problems: 

1. We are given that x 2 y" — xy' + by = 0. If y{x) = x r then the indicial equation is r 2 — 2r + 5 = 0 ==> r = 
l±2i ?/i (x) = xsin (2 lnx), j/2(x) = xcos (2 lnx) y(x) = x[ci sin (2 lnx) + c 2 cos (2 lnx)]. 
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2. We are given that x 2 y" — 6y = 0. If y(x) = x r then the indicial equation is r 2 — r — 6 = 0 r e 
{-2, 3} => = c lX - 2 + c 2 x 3 . 

3. We are given that x 2 y" — 3xy' + Ay = 0. If y{x) = x r then the indicial equation is r 2 — Ar + 4 = 0 =^> 
r e {2,2} 2/i(x) = x 2 , 2/2 (^) = a; 2 In a; => = x 2 (c x + c 2 lnx). 

4. We are given that x 2 y" — Axy' + Ay = 0. If y(x) = x r then the indicial equation is r 2 — 5r + 4 = 0 =>■ 
r e {1, 4} ==> 2/(x) = cix + c 2 x 4 . 

5. We are given that x 2 j/" + 3x2/' + y = 0. If y(x) = x r then the indicial equation is r 2 + 2r + 1 = 0 =>■ r G 
{-1, -1} j/i (x) = x -1 , 2/2(2;) = x _1 lnx => 2/(x) = x _1 (ci + c 2 lnx). 

6. We are given that x 2 y" + 5xy' + 13y = 0. If y{x) = x r then the indicial equation is r 2 + Ar + 13 = 0 =>■ 
r = — 2 ± 3i =^> 2/(x) = x~ 2 [ci cos (3 In x) + c 2 sin (3 In x)\ . 

7. We are given that x 2 y" — xy' — 35y = 0. If y(x) = x r then the indicial equation is r 2 — 2r — 35 = 0 
r e {-5,7} =>■ 2/1 (x) = x 7 , j/ 2 (x) = x~ 5 =>■ 2/(2;) = cix 7 + c 2 x~ 5 . 

8. We are given that x 2 y" + xy' + 16y = 0. If y(x) = x r then the indicial equation is r 2 + 16 = 0 ==> r e 
{— 4i, 4«} => y(x) = ci cos (4 In x) + c 2 sin (4 In x) . 

9. If 2/(x) = x r then the indicial equation is r 2 — m 2 = 0 r e {— m, m} y(x) = cix m + c 2 x~ m . 

10. If 2/(x) = x r then the indicial equation is r 2 — 2mr + m 2 = 0 r e {to, to} 2/1 (x) = x m , 2/2 (x) = 
x m lnx =^> 2/(x) = x m (ci + c 2 lnx). 

11. If 2/(x) = x r then the indicial equation is r 2 — 2mr + (m 2 + fc 2 ) =0 =^> r e {to + ki,m — ki} => y(x) = 
x m [ci cos (fc In x) + c 2 sin (fc In x)] . 

12. 

/ \ t 1 z rp, , , <£z Idy d 2 y 1 d 2 y 1 dy 

(a) Let x = e . ihcn z = lnx and — = = and — T = — ^-t-^ n~r- Hence, substituting 

ax dz dx x dz dx z x z dz z x z dz 
into the given differential equation we obtain 



x2 [h-y£) +a ^(i d i) ^ 



so that 

d 2 y , 1 dij 
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(b) Let x = e z . Then 



W[ yi ,yi](x) = y l{ x) d ^-*fly 2 (x) 

= *(*)^-^»(*) 



dz dx dz dx 

dz 
dx 



>dy 2 (z) dy x {z) 
yi{z) ^Tz dz-^ Z) 



dz 

= ^W[y u y 2 ](z). 

Thus, if yi(z) and y 2 (z) are linearly independent solutions of (6.8.24), then yi(lnx) and y 2 (lnx) are linearly 
independent solutions of (6.8.23). 

13. If y(x) = (—x) r , y' = r(— x)'" -1 , y" = r(r — 1)(— x) r ~ 2 . Substituting these results into the original 
equation and simplifying yields x 2 r(r — 1)(— x) r ~ 2 + ax{r){— x)*" -1 + b(—x) r = 0 =4> r 2 — r + ar + b = 0 =4> 
r 2 + r(a - 1) + b = 0. 

14. Consider x 2 y" + Axy' + 2y = 0. For y{x) = x r , the indicial equation is given by r 2 + 3r + 2 = 
0 =^> r e { — 1,-2} =^> y c (a;) = cix -1 + c 2 x~ 2 . Let yi(x) = x -1 and y 2 (x) = x~ 2 . Then VF[yi, y 2 ](x) = 
(x- 1 )(-2x- 3 ) - (x~ 2 )(-x- 2 ) = -x~ 4 ^ 0 for x > 0, so that 

, /" y 2 F f y t F 4 f 4 f 

y„(x) — —yi / '-—-—dx + y 2 / — — da; — - / In xdx ^ / x In xdx = 2 In a; — 3. 

i W i W z V x 1 J 

Thus, y(x) = c\x~ x + c 2 x~ 2 + 21nx — 3. 

15. Consider x 2 y" — Axy' + 6y = 0. For y(x) = x r , the indicial equation is given by r 2 — 5r + 6 = 0 r e 
{2,3} =4> y c (x) = cix 2 + c 2 x 3 . Let yi(x) = x 2 and y 2 (x) = x 3 . Then W[yi,y 2 ](x) = (x 2 )(3x 2 ) - (x 3 )(2x) = 
x 4 7^ 0 for x > 0, so that 

y 2 F A f y\F j 2 f x 3 (x 4 sinx)^ 3 f x 2 (x 4 sinx) 



/ \ f yiF , f y\F , 2 f a; 3 (x 4 sinx) , , f 
y p {x) = - yi J —dx + y 2 J —dx = -x J dx + x J 

= —x 2 J x sin xdx + x 3 J sin xdx : 



-x 2 sinx. 



Thus, y(x) = c\x 2 + c 2 x 3 — x 2 sinx. 

16. Consider x 2 y" + 6xy' + 6y = 0. For y(x) = x r , the indicial equation is given by r 2 + 5r + 6 
0 =>■ r e {-3,-2} =^> y c (x) = c\x~ 2 + c 2 x~ 3 . Let yi(x) = x~ 2 and y 2 (x) = x~ 3 . Then W[yi,y 2 ](x) 
(x- 2 )(-3x- 4 ) - (x- 3 )(-2x- 3 ) = -x- 6 ^ 0 so that 

»<*> = -, / + » / - -i / + i / ^* 

4 /* 2. j 4 /* 2 2a; j e 2a; (x- 1) 

= / xe 2x dx - / x 2 e 2x dx = ^ -. 

x 2 J x A J x 6 

Thus, y(x) = cix~ 2 + c 2 x~ 3 + - — ^= — — . 
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17. Consider x 2 y" — 3xy' + 4y = 0. For y(x) — x r , the indicial equation is given by r 2 — 4r + 4 = 
0 =^> r e {2,2} =^> y c (x) = c\x 2 + C2X 2 lnx. Let yi(x) = x 2 and y2{x) = x 2 lnx. Then y?\{x) — 
(x 2 )(2xlnx) - (x 2 lnx)(2x) = x 3 ± 0 for x > 0, so that 

/ x f ViF , f y\F , 2 f x 2 lnx(x 2 /lnx) , 2 f x 2 (x 2 /lnx) 

= -»i y -^r ds + ^ y — dx = -x y ^ dx + x inx y — — — dx 

= —x 2 In x + x 2 In x In | In x| 
for x > 0. Hence, y(x) = x 2 [c\ + c 2 In a; + lnx(ln | lnx| — 1)]. 

18. Consider x 2 y" + 4xy' + 2y = 0. For y(x) — x r , the indicial equation is given by r 2 + 3r + 2 = 
0 =^> r e { — 1, —2} => j/ c (ar) = Cix -1 + c 2 x~ 2 . Let ?/i(x) = x -2 and 2/2 (&) = Then U2]{x) = 
(x- 2 )(-x- 2 ) - (ar _1 )(-2a;- 3 ) = x" 4 ^ 0 for x > 0, so that 

, /" Vi F , 1 /" (l/x)cosx , 1 f (l/x 2 )cosx , 

' " " -dx 



= — ^ / x cos xdx + — / < 
x 2 J x 7 



x 2 (l/x 4 ) 



xcosxdx+— / cosxdx = — cosx. 

x^ 



Therefore, y(x) = C\X 1 + c 2 x 2 cosx. 



x 



19. Consider x 2 y" + xy' + 9y = 0. For y(x) = x r , the indicial equation is given by r 2 + 9 = 0 =^> r G 
{— 3i, 3«} j/ c (x) = ci cos (31nx) + c 2 sin (3 In x). Let yi(x) = cos (3 In x) and 2/2 (x) = sin (lnx). Then 



3 cos (3 In x) 



- [sin (3 In x)] 



3 sin (3 lnx) 



3 *o 

x 



W[ yi ,y 2 ](x) = [cos (3 lnx)] 
for x > 0, so that 

/ \ f IJ2F , f y\F , f sin (3 In x)9 lnx , . /" cos (3 lnx) (9 lnx) , 
2 / p (x) = -yi y ^^+2/2 y — dx = -cos(31nx) y -^-^ dx+sm(31nx) y -^-^ dx. 

Making the change of variables u — 3 In x in the preceding integrals yields 



y p (x) = — ^ cos(31nx) J usinudu + ^ sin(31nx) ^ ucosudu 



= — ^ cos(31nx)(— ucosu + sinw) + ^ sin(31nx)(usinu + cosw) = ^ lnx. 
o o o 

Consequently, y(x) = c\ cos (3 In x) + c 2 sin (3 In x) + ^ In x. 

20. Consider x 2 y" — xy' + by = 0 For y(x) = x r , the indicial equation is given by r 2 — 2r + 5 = 0 =>■ r G 
{1 — 2«, l+2i} =^> y c (x) = x[ci cos (21nx)+c 2 sin (2 lnx)]. Let yi(x) = xcos (21nx) and y 2 (x) = xsin (2 lnx). 
Then 



W[yi,y 2 ]{x) = [x cos (2 lnx)] [2 cos (2 In x) + sin (2 lnx)] - [xsin (2 lnx)] [cos (2 lnx) - 2 sin (2 lnx)] =2x^0 
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for x > 0, so that 



. xsin (21nx)[8x(lna;) 2 l , . , . f a; cos (21na;)[8x(lna;) 2 l , 
= -xcos(21na; / n /, L . v ^cfe + xsin (21nx) / ' L x V —dx 



. , , f xsin(21na; )[8x(lnx 2 1 . N /" 

i (2 In a;) / 0/ ; L N v —dx + xsin (2\n.x) / 

v ; i x 2 (2x) v 'J x 2 (2x) 

•> f sin(21nx) • (lnx) 2 , . . f cos(21na;) • (In a;) 2 , 
= -4xcos(21nx) / ^ j— y - '— dx + 4xsin(21na;) / ^ j-^ '-dx. 

Making the change of variables u = 2 In x in the preceding integrals yields 

, . a; cos (2 In a;) f 2 . , x sin (2 In x) f 2 
y p (x) = / u sin udu-\ / u cosudu 

= x[2(lnx) 2 - 1]. 
Thus, y(x) = a;[ciCOs(21nx) + c 2 sin (2 In x) + 2(lnx) 2 - 1]. 

21. Consider x 2 y" — (2m— l)xy' + m 2 y = 0. For y(x) = x r , the indicial equation is given by r 2 — 2mr + m 2 = 
0 r e {m,m} =>■ y c (x) = c\x m + c 2 x m lnx. Let yi(x) — x m and y 2 (x) = x m lna;. Then 

W[ yi ,y 2 ]{x) = (ar^^-^l + mlna;)] - (x m In x) {mx™- 1 ) = x 2 " 1 " 1 ^ 0 

for x > 0, so that 



= _ a , m y (^!^ da , +x m lna , y (^l! rfa; . (2 i.i) 



Case 1: If k ^ — 1 and A; 7^ —2, then Equation (21.1) becomes 



x m (lna;) fc+2 „ (lnx) fe+1 _ x m (ln x) fe + 2 
yp\ x ) — 7 . 0 h a; In a> 



fc + 2 fc + 1 (fc + l)(fe + 2) " 

Case 2: If fc = —1, then Equation (21.1) becomes 

yJx) = -x m f-dx + x m lnx [ — —dx = (In I lnd - l)x m lna;. 
J x J xmx 

Case 3: If k = — 2 then Equation (21.1) becomes 

yJx) = ~x m [ —!—dx + x m lnx [ ^ dx = -x m (l + In I lnxl). 

J xlnx J x(lnx)^ 



22. 



(a) The indicial equation is r(r — 1) — r + 5 = 0 r e {1 + 2i, 1 — 2i} so the general solution to 
the differential equation is y(x) — x[c\ cos (2 In x) + c 2 sin (2 In a;)]. Given y(l) = \/2 =>■ Ci = \[2. 



Further, y'(x) = \/2cos (21nx) + c 2 sin (2 In x) + 



2 n 2 
- — V2sin (2 In a;) H — c 2 cos (2 In a;) 



so that y'(l) 
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3\/2 c 2 = y/2. Hence, y(x) = \/2x[cos (2 In or) + sin(21nx) = 2a; 

2x[cos (21nx) cos (n/4) + sin (2 In a;) sin (tt/4)} = 2xcos (2 In a; - 7r/4). 
(b) The zeros of y(x) occur when 

21nx-7r/4 = (2n+l)7r/2, n = 0, ±1, ±2, ... 

Solving for x gives: 



\/2 \/2 
— cos (2 In x) + — sin (2 In x) 



x = e 



-< 4 «+3)/8, „ = 0,±1,±2,. 



The zeros corresponding to n = -2,-1,0,1,2 are, respectively, 0.1403669226, 0.6752319066, 3.248187814, 
15.62533401, 75.16531584. 



(c) 



Figure 88: Figure for Problem 22 



23. 



(a) The indicial equation is r(r — 1) + r + 25 = 0 =^> r £ {5«, — 5i}. The general solution to the differential 

3\/3 3\/3 15 

equation is therefore y(t) = C\ cos (51nt) + c 2 sin (51nt). Given y(l) = — ^— then C\ = and y'(l) = — 

3 

then C2 = -. Hence, the solution to the initial- value problem is 



y(t) = 3 



Vs i 

— cos (5 In t) + - sin (5 In t) 



= 3cos (5Int-7r/6). 



(b) The zeros of y(t) occur when 5Int- tt/6 = (2n+ 1)tt/2, n = 0,±1,±2, ... 
Solving for t yields 

t _ e 7r(6n+5)/30 



541 

(c) 

y 



Figure 89: Figure for Problem 23(c) 

(d) The motion is oscillatory but not periodic. Consequently the system is not performing simple harmonic 
motion. 

24. 

(a) We have 

Ax a 



Ax a [ci cos (6 In x) + c 2 sin (6 In x)} 



Cl C 2 

= cos (6 In x) H — sin (b In x) 

vci 2 + c 2 2 vci + c 2 2 



Ax 0 

[cos (& In x) sin 0 + sin (6 In x) cos (ft) , 



Vci 2 + c 2 2 

where cos</> = 1 = and sin</> = 2 Hence, 

Vci 2 + c 2 2 Vci 2 + c 2 2 

= Ar a cos (6 In x — <p) . 

(b) The zeros of the solution arise when 

b\nx-<i> = ^^K , fc = 0,±l,±2,...; 

that is, when 

X k = e I(2fc+l)T/2+0]/6 ) fe = 0,±l,±2,... 

Hence there are an infinite number of zeros. As fc — > — oo, the zeros of the function approach x = 0, whereas 
if k — > +oo, the zeros of the function also tend to +oo. The distance between successive zeros is 

Ax k = e [(2fc+3W2+0]/b _ e [(2fc+l)^/2+0]/fc = e (2kw+^)/b^ e 3n/b _ ^/b^ 

_ p [27T(k+l)+4>]/b^/b _ e -TT/bj 

= 2e [2x(/c + l)+0]/6 sinh ^ /fe) _ 

We see that linifc^-oo Ax k — 0. Therefore, as x — ► 0 + , the distance between successive zeros also approaches 
zero. On the other hand, lim^oo Ax k — oo so as x — ► oo, the distance between successive zeros increases 
without bound. 
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(c) We have y(x) — Ax a cos(blnx — (f>). 

If a > 0 : The general behavior is oscillatory. The amplitude increases as x — ► oo, whereas the amplitude 
approaches zero as x — ► 0 + . 

If a < 0 : The general behavior is oscillatory. The amplitude approaches zero as x — ► oo, whereas the 
amplitude increases without bound as x — ► 0 + . 

If a — 0 : The general behavior is oscillatory with constant amplitude. 



y y 
A A 




y 
A 



Figure 90: Figure for Problem 24 




Solutions to Section 6.9 

Problems: 

1. We are given that 2/1(2) = x 2 . Let 2/2(2) = x 2 u so y' 2 = 2xu + x 2 u' , and 2/2 = x 2 u" + Axu' + 2u. 
Substituting these results into the given differential equation and simplifying we obtain xu" + u' = 0 

u" 1 

— = u(x) = ciln a; + c 2 . Letting c\ = 1 and c 2 = 0, we obtain a second linearly independent 

w x 

solution, 2/2(2) = x 2 lnx. 

2. We are given that yi(x) = xsinx. Let 2/2(2) = (xsinx)u so that 2/ 2 = xu cos a; + (xsina;)u' + usinx, and 
2/2 = -ra sin x + 2((x cos cc)u' + (x sin x)u" + 2u cos a; + 2(sin x)v! . Substituting these results into the original 

2 cos x 

equation and simplifying we obtain sin xu" + 2 cos xu 1 = 0 — = ; ==>■ u' = Ci esc 2 x => u(x) = 

u sin x 

— c\ cot x + C2- Letting c\ = —1 and c 2 = 0, we obtain a second linearly independent solution, 2/2(2) = a; cos x. 

3. We are given 2/1(2) = e 21 . Let 2/2(2) = ue x so that j/ 2 = e x u + e x u' , and 2/2 = e 21 " + 2e x u' + e x u" . 
Substituting these results into the given differential equation and simplifying we obtain xu" + u' = 0 

u" 1 Ci 

— - = ==>• u' = — m(.x) = ci lnx + C2- Letting c\ = 1 and C2 = 0, we obtain a second linearly 

w x x 

independent solution, 2/2(2) = e^lnx. 
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4. We are given yi(x) = sinx 2 . Let yi (x) — usinx 2 so that y' 2 — v! sinx 2 + 2xwcosx 2 , and y' 2 ' = 
u" sin x 2 + 4xu' cos x 2 + 2u cos x 2 — Ax 2 u sin x 2 . Substituting these results into the given differential equation 

u" 1 f 
and simplifying we obtain — = Ax cot x 2 => ?/ = C!xcsc 2 (x 2 ) => u(x) = — c^cotx 2 + c 2 . Letting 

w x 2 
ci = 1 and c 2 = 0, we obtain a second linearly independent solution, y2(x) = cos(x 2 ). 

5. We are given yi(x) = x and — 1 < x < 1. Let 2/2(2;) = tii so that y' 2 = u'x + u and y' 2 ' = u"x + 2v! . 
Substituting these results into the original equation and simplifying we obtain u"(x — a; 3 ) + u'(2 — Ax 2 ) = 

u" Ax 2 -2 u" 2 1 1 , . .. 

0 =^> — - = 7T- ==> — - = h ==>■ In \u I = — In x - In 1+s + In 1 — x| + ci =^> 

u x — x A u x 1 + x 1 — x 



u '( x ) = 7^ ^1) -1 < x < 1 => = c 2 

(1 - x^ja:^ 



1, (X+l\ 1 

In 



2 VI - x x 



C3. Letting c 2 = 1 and C3 = 0 wc 



1 / x + 1 \ 

obtain a second linearly independent solution, 1/2(2:) = ( j ) ^' 

6. We are given 2/1(2) = x~ 1,/2 sinx. Letting 2/2(2) = ua; -1 / 2 sinx, we have 

~ x l 2 cosx + (u'x -1 / 2 — ^-wx~ 3 / 2 ) sinx 



?y 2 = ux 



and 



y'2 = u'x 1 / 2 cosx + u ^— ^x 3/<2 cosx — x 1 / 2 sinxJ+u"x 1 / 2 sinx + u'(x 1//2 cosx— ^x 3 / 2 sir. / 

^-u'x~ 3 / 2 sinx — \u 1 x -3 / 2 cosx — ^x~ 5,/2 sinx 



2 

Substituting these results into the given differential equation and simplifying we obtain 4u"x 3 / 2 sin x + 
u" 

8w'x 3 / 2 cosx — 0 =4> — - = — 2 cot a; =^> lnlu'l = — 21n|sinx| + In lei I =4> u'(x) — c 2 csc 2 (x) u = 
w 

— c 2 cot(x) + c 3 . Letting c 2 = 1 and c 3 = 0 we obtain a second linearly differential solution, 2/2(2) = 
x -1 / 2 cosx. 

7. 

(a) If 2/1 (x) = x A , then the corresponding indicial equation is given by A 2 — 2mA + m 2 = 0 => A e {to, to} 
so one particular solution of the given differential equation is yi(x) = x m . 

(b) Let 2/2(2) = x m u so 2/2 = 2"V + mx m ~ 1 u and 2/2 = x m u" + mux m ~ 2 + m 2 x m ~ 2 u + 2mx m ~ 1 u'. 

u" 

Substituting these results into the original equation and simplifying yields x m+1 u' + x ra+2 u" = 0 =4> — = 

u' 

1 c 

=^> u'(x) = — =^> u(x) = clnx + ci. Letting c = 1 and c\ = 0 we obtain a second linearly independent 

x x 
solution, 2/2(2) = x m lnx. 

8. If y(x) = ciq + a\x + CI2X 2 , then y'(x) = a\ + 2ci2X and y" (x) = 2a 2 Substituting these results into 
the original equation and simplifying yields — 2a\x + (8a 2 — 2a 0 ) = 0 =>■ a\ — 0 and a 0 = 4a 2 . Hence, 
2/(x) = c x (4+x 2 ) is a solution to the differential equation where c\ is an arbitrary constant. Let 2/1(2) = 4+x 2 . 
If y(x) = (4 + x 2 )u, then y'(x) = (4 + x 2 )w' + 2xu and y"(x) = (4 + x 2 )u" + 4xu' + 2u. Substituting these 
results into the original equation and simplifying yields (4 + x 2 )w" + Axu' = 0. Substituting v — u' into 

the last equation gives (4 + x 2 )v' + Axv = 0. Separating the variables gives — = — ^dx => ln\v\ — 
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-21n(4 + x 2 ) + 1 3 =4> v = 



C2 



(A + x 2 f 



Hence, 



C 2 



du 



dx (4 + x 2 ) 2 



u{x) = c 2 



2x 



+ c 3 . 



Thus, y(x) = (4 + x 2 )u becomes 

y(x) = c 2 [(4 + a; 2 ) tan" 1 (or/2) + 2x] + c 3 (4 + x 2 ), 
which is the general solution to the given differential equation. A second linearly independent solution is 

y 2 (x) = (4 + x 2 ) tan" 1 (x/2) + 2x. 



9. 

(a) If yi(x) = e ax then y[(x) = ae ax and y'[ (x) = a 2 e ax so from the original equation we have xy'[ + (ax + 
(3)y[ + a(3yi = x(a 2 e ax ) — (ax + [3)(ae ax ) + ae ax — a 2 x — (ax + (3)a + a(3 = 0. Hence, y\(x) = e ax is a 
solution to the differential equation. 

(b) If y(x) = e ax u, then y' = (u' + au)e ax and y" = \u" + a(2u' + au)]e ax . Substituting these results 

u" 

into the original equation and simplifying yields xu" + (ax — f3)u' = 0 => — = —a + (3x~ x u' = 
second linearly independent solution. 

y 2 ( x ) = e x (~xPe~ x + (3 J x^e^dx) 



dx^e ax 



-(3\ 
-(3\\ 
-(3\ 
-/3! 
-/3! 



U! (/?-!)! 



/?! (/3-1)! 

P X 



x & - x e~ x dx 



-x^e^ + ((3-1) / x fj - 2 e- x dx 



(3\ ((3-1)1 (0-2)! 



^ 2 e -*dx 



n /J-l 



/?! (/3-1)! 
x^ x^ 1 
(31 + ((3-1)1 



+ ■ 



+ ■ 



x 



2l ~ 1! 

2 

+ X+ 1 



xe ^dx 



x 
2! 



10. We are given that yi(x) = e 3 *. If y 2 (x) = ue 3x , then y 2 = (v! + 3u)e 3a; and y' 2 ' = (u" + 6m' + 9)e 3x . 
Substituting these results into the original equation and simplifying we obtain u" — 15-y/x, which implies 
that v! = 10x 3 / 2 + ci and u — 4x 5 / 2 + cix + c 2 . Thus, the general solution is 

y(x) = e 3x (Ax 5/2 + c x x + c 2 ). 

11. We are given that f/i(x) = e 2a: . If yi(x) = ue 2x , then y 2 = (u' + 2u)e 2x and y 2 = (u" + Avl + Au)e 2x . 
Substituting these results into the original equation and simplifying yields u" = 41nx, which implies that 
v! = Ax In x — Ax + c 2 and u = c\ + c 2 x + x 2 (2 In x — 3) . Thus the general solution is 



y ( x ) = e 2:E [ci + c 2 x + x 2 (21nx-3)]. 
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12. We are given that y\(x) = <Jx. If yi{x) = u^/x, then we compute that y' 2 = u'^/x + -ux x l 2 and 

y 2 = u 1 ' ' \[x + u'x^ 1 / 2 — |ui' 3 ' 2 . Substituting these results into the original equation and simplifying, we 

. 9 ;; , 1 11 , lnx d(xu') lux . 1 

obtain Ax u + 4xit = lnx + u = =^> — ; = =^> xu = - lnx + c<l => u(x) = 

4x dx Ax 8 

— (lnx) 3 + Ci lnx + c 2 . Consequently, the general solution is 



y(x) = sfx 



24 



(lnx) 3 + Ci lnx + c 2 



13. We are given that yi(x) = sinx where 0 < x < 7r. If y2{x) = usinx, then y' 2 = w'sinx + ucosx 
and y'2 = u"sinx + 2u'cosx — usinx. Substituting these results into the original equation and simplifying 

yields u" sin x + 2u' cos x = cscx => u" sin 2 x + 2u' sin x cos x = 1 => it' = -— s 1 — — k — => u(x) = 

sin T. sin t 

— x cot x + In (sin x) — c 3 cot x + c 4 . Choosing c 3 = c 4 = 0, we obtain u{x) = 
general solution is 

y(x) = ci sin x + c 2 sin x[ln (sin x) — x cot x] . 



-x cot x + In (sin x) . Hence, the 



14. We are given that yi(x) 



where x > 0. If 2/2 (x) — ue , then we compute 2/2 = ( w ' + 2u)e and 



(it" + Au' + Au)e . Substituting these results into the original equation and simplifying we obtain 



2/2 

u"x + u'(2x — 1) = 8x 2 , or equivalently, 



2x-l 



u' = 8x. An integrating factor for the last equation is 



a 2x 



so that, 



dx 



8e 2x 



Thus, the general solution is 



y{x) 



Ax + c 3 xe . Hence, u(x) = 2x 2 + c 3 



2x 2 e 2a; + Ci(2x + l)+C2e 22: . 



-xe 



-2x 



1 



e- 2x I +c 2 . 



15. We are given that t/i(x) = x 2 , where x > 0. If j/2(x) = ux 2 then y' 2 = u'x 2 + 2xu and y 2 = 
w"x 2 + 4?i'x + 2u. Substituting these results into the original differential equation and simplifying we obtain 
u"x + u' = 8x =>■ xu' = 4x 2 + c 2 =4> u(x) = 2x 2 + c 2 In x + ci. Hence, the general solution is 

y(x) — x 2 (ci + c 2 lnx + 2x 2 ). 



16. Since yi(x) is a solution of the associated homogeneous differential equation we have y'{ + py[ + qyi = 0. 
Let y2(x) = u(x)yi(x) so that y' 2 — u'yi + uy[ and y 2 = u"yi + 2u'y' 1 + uy'[. Substituting these results into 
the original equation and simplifying we obtain the following equalities: 



y'2 + PV2 + 92/2 



= u"yi + 2v!y' x + uy'{ + p(u'y 1 + uy[) + quyi 
= u(y" + py[ + qyi) + u"yi + 2u'yi + pu'y 1 
= ym" + (2y' 1 +py 1 )u' 



yi 



yi 



u" - ( 2^-4 j> ) u' 
2^ + p) r 

yi 



= yi 



Vi 



Therefore, y 2 (x) = u(x)yi(x) is a solution to the given differential equation provided v = u' is a solution of 



the equation v' 



2/1 



-. The last differential equation has integrating factor 



T f \ r( 2 -A+ P )dt 2 p^dt r P dt 2 f P 



it 
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so 



l[I{t)v]=I(t)j-=>I{x)v = J I(t)(r/y 1 )dt + c 2 =^v(x)=r 1 (x) J I(t)(r / yi )dt + c 2 r\x). 

Since ^ = v, we have 
ax 

u(x) = J [i" -1 ^) J I(t)(r/y 1 )dt]dx + c 1 +c 2 J r 1 (t)dt. 

Hence, 

y{x) = yi {x)^J \r\x) J I(t)(r/y 1 )dt]dx + c 1 + c 2 j i" 1 ^}. 

Linearly independent solutions: yi(x) and y\{x) f x I~ 1 (t)dt. 
Particular solution: y\ J[I~ 1 (x) J x I(t)(r/y\)dt]dx. 

Solutions to Section 6.10 

Problems: 

1. Ly = (D 2 + 3)(e x3 ) = D 2 {e x ") + Ze* 3 = D{3x 2 e x3 ) + 3e* 3 = e x " ' (9x 4 + 6x) + ie x " 
= 3e x3 (3z 4 + 2a;+l). 



2. Ly = 5.(^) 



5 

1+x 2 ■ 



3. Ly = {\B 2 + xD - 2) (4 sin a;) = ±D 2 (4smx) + xD(4smx) - 2(4 sin a:) 
= — - sin x + Ax cos x — 8 sin x. 

X 

4. Ly = [x 2 D 3 - (smx)D](e 2x + cosx) = x 2 D 3 (e 2x + cos a:) - (smx)D(e 2x + cosx) 
= x 2 (8e 2x + sin x) - sin x(2e 2x — sin x) . 

5. 

Ly = [(x 2 + l)D 3 - (cos x)D + 5a; 2 ] (In a: + 8a; 5 ) 

= (x 2 + l)D 3 (lnx + 8x 5 ) - (cosa;).D(lna; + 8a; 5 ) + 5a; 2 (In a; + 8a: 5 ) 

= {x 2 + l) ^+480a; 4 ^ - (cosx) Q+40a: 4 ^ + 5a; 2 (In x + 8a; 5 ) 
= - + -4 + 480a; 6 + 480a; 4 - - 40a; 4 cos x + 5x 2 In x + 40a; 7 . 

XX 6 X 

6. Ly = 4a; 2 D [sin 2 (a; 2 + 1)] = 16a; 3 sin(a: 2 + 1) cos(x 2 + 1). 

7. P(r) = r 3 + 3r 2 - 4 = (r - l)(r + 2) 2 = 0 => r = l,r = -2 (multiplicity 2). 
General solution: 

y(ar) = cie^ + c 2 e~ 2:E + c 3 a:e~ 2x . 

8. P(r) = r 3 + llr 2 + 36r + 26 = (r + l)(r 2 + lOr + 26) = 0 => r = -1, r = -5 + i. 
General solution: 

y(x) = c\e~ x + c 2 e~ 5x (c 2 cosx + c 3 sin a;). 
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9. P(r) = r 4 + 13r 2 + 36 = (r 2 + 4)(r 2 + 9) r = ±2i, r = ±3z. 
General solution: 

y(x) = c\ cos 2x + c-i sin 2x + c 3 cos 3x + C4 sin 3x. 

10. P(r) = r 3 + 10r 2 + 25r = r{r + 5) 2 r = 0, r = -5 (multiplicity 2). 
General solution: 

yO) = Ci + c 2 e~ 5a; + c 3 ie" 5T . 

11. P(r) = (r + 3) 2 (r 2 - 4r + 13) => r = -3 (multiplicity 2),r = 2 ± 3i 
General solution: 

y(x) = C!e _3:E + c 2 xe~ 3x + c 3 x 2 e~ 3x + e 2x (ci cos 3x + c 5 sin3x). 

12. P(r) = (r 2 - 2r + 2) 3 r = l±i (multiplicity 3). 
General solution: 

y(x) = e x [ci cosx + c 2 sin a; + x(c 3 cosx + c 4 sinx) + x 2 (cs cosx + c 6 sinx)]. 

13. P(r) = (r 2 + 4r + 4)(r - 3) = (r + 2) 2 (r - 3) => r = -2 (multiplicity 2), r = 3. 
General solution: 

y{x) = c x e~ 2x + c 2 xe~ 2x + c 3 e 3x . 

14. A(D) = D 2 (D + l). 

15. A{D) = D 2 -6D + 10. 

16. A(D) = (D 2 + 16) 6 . 

17. A(D) = (D 2 + l) 2 (D + 2). 

18. In operator form the given differential equation is 

(D 2 + 6D + 9)y = 4e- 3x , 

that is 

{D + 'ify = 4e- 3x . (0.0.22) 

Therefore the complementary function is 

y c {x) = cier 3x + c 2 xe~ 3x . 
The annihilator of F(x) = Aer 3x is A{D) = D + 3. Operating on (0.0.22) with D + 3 yields 

(D + 3) 3 y = 0 

which has general solution 

y(x) = y c (x)+A 0 x 2 e- 3x . 
Consequently, an appropriate trial solution for (0.0.22) is 

y p (x) = A 0 x 2 e~ 3x . 
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19. In operator form the given differential equation is 

(D 2 + 6D + 9)y = 4e- 2x , 

that is 

{D + 'ify = Ae- 2x . (0.0.23) 

Therefore the complementary function is 

y c (x) = c x e~ 3x + c 2 xe~ 3x . 
The annihilator of F(x) = e- 2x is A(D) = D + 2. Operating on (0.0.23) with D + 2 yields 

(D + 2)(D + 3) 2 y = 0 

which has general solution 

y(x) = y c (x) +A 0 e- 2x . 
Consequently, an appropriate trial solution for (0.0.23) is 

y p {x) = A 0 e- 2x . 

20. In operator form the given differential equation is 

(D 3 - 6D 2 + 25D)y = x 2 , 

that is 

D(D 2 -6D + 25)y = x 2 . (0.0.24) 

Therefore the complementary function is 

y c (x) = e 3x (ci cos4x + c 2 sin4x) + c 3 . 
The annihilator of F(x) = x 2 is A(D) = D 3 . Operating on (0.0.24) with D 3 yields 

D 4 (D 2 -6D + 25)y = Q 

which has general solution 

y(x) = y c (x) + A a x + A Y x 2 + A 2 x 3 . 
Consequently, an appropriate trial solution for (0.0.24) is 

y p (x) = A 0 x + A x x 2 + A 2 x 3 . 

21. In operator form the given differential equation is 

(D 3 - 6D 2 + 2bD)y = sin Ax, 

that is 

D(D 2 -6D + 25)y = sin Ax. (0.0.25) 
Therefore the complementary function is 

y c {x) = e 3x (ci cos4x + C2 sin4x) + c 3 . 
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The annihilate* of F(x) = sin Ax is A(D) = D 2 + 16. Operating on (0.0.25) with D 2 + 16 yields 

(D 2 + \Q)D{D 2 -6D + 25)y = 0 

which has general solution 

y(x) = y c {x) + A 0 cos Ax + A\ sin Ax. 
Consequently, an appropriate trial solution for (0.0.25) is 

y p (x) = A 0 cos Ax + A\ sin Ax. 

22. In operator form the given differential equation is 

(D 3 + 9D 2 + 2AD + I6)y = 8e~ x + 1, 

that is 

(L»+l)(L> + 4) 2 y = 8e- ;l; + l. (0.0.26) 
Therefore the complementary function is 

y c (x) = c x e~^ x + c 2 xe~ 4x + c 3 e~ x . 

The annihilator of F(x) = 8e~ x + 1 is A(D) = D(D + 1). Operating on (0.0.26) with D(D + 1) yields 

D{D + lf{D + A) 2 y = {) 

which has general solution 

y(x) = y c (x) + A a + Aixe~ x . 
Consequently, an appropriate trial solution for (0.0.26) is 

y p (x) = A 0 + A x xe~ x . 

23. In operator form the given differential equation is 

(D e + 3D 4 + 3D 2 + l)y = 2 sin x, 

that is 

(L> 2 + l) 3 y = 2sin.x. (0.0.27) 

Therefore the complementary function is 

y c (x) — ci cosx + c 2 sin a; + x(c 3 cosx + C4 sin a;) + x 2 (c 5 cosx + cq sin a:). 
The annihilator of F(x) =2sinx is A(D) = D 2 + 1. Operating on (0.0.27) with D 2 + 1 yields 

(^ 2 + l) 4 y = 0 

which has general solution 

y(x) — y c {x) + x 3 (A a cosx + A\ sin a;). 
Consequently, an appropriate trial solution for (0.0.27) is 

y p (x) = x 3 (A 0 cosx + Ai sin a;). 
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24. 

(a) From Problem 19 the complementary function for the given differential equation is 

y c (x) = c ie - 3x + c 2 xe~ 3x , 

and an appropriate trial solution is 

y p {x) = A 0 e~ 2x . 

Inserting this expression for y p (x) into the given differential equation yields 

e- 2x (4A 0 - 12A 0 + 9A Q ) = Ae~ 2x , 
so that y p (x) = Ae~ 2x . Consequently, the general solution to the given differential equation is 

y(x) = c ie - 3x + c 2 xe- 3x + Aer 2x . 

(b) Choosing y\{x) — e~ 3x ,y 2 (x) — xe~ 3x , we have W[yi 1 y 2 ]{x) — e~ 6x . Hence a particular solution to the 
given differential equation is 

— dx + xe- 3x J — dx = Ae- 2x . 

Therefore the differential equation has general solution 

y(x) = Cl e- 3x + c 2 xe- 3x + Aer 2x . 

25. 

(a) From Problem 20 the complementary function for the given differential equation is 

y c {x) — e 3x (ci cos4x + c 2 sin 4a;) + c 3 , 
and an appropriate trial solution is 

y p (x) = A 0 x + Aix 2 + A 2 x 3 . 
Inserting this expression for y p (x) into the given differential equation yields 

6A 2 - 6(2Ai + 6A 2 x) + 25(A 0 + 2A lX + 3A 2 x 2 ) = x 2 , 
so that A 0 , Ai,A 2 must satisfy 

25A 0 - 12A 1 + 6A 2 = 0, 50A a - 36^2 = 0, 75A 2 = 1. 

Hence, 

An = , A, — — , A 2 — — , 

15625 625 75 

so that 

, ^ 22 6 2 1 2 
vAx) = x H x H x . 

yp{ ' 15625 625 75 
Consequently, the general solution to the given differential equation is 

/ \ St / a \ C 2i2i ^2 ~^ 2 

y(x) = e° (ci cos Ax + c 2 sin Ax) + c 3 + x + —x + — x . 

15625 625 75 
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(b) Choosing 
we have 

W[yi,y 2 ,y3]{x) = 



yi(x) = 1, 2/2(2;) = e cos 4a;, yz{x) = e sin 4a;, 



1 e 32 cos 4a; e 3:E sin 4a; 

0 e 3x (3 cos 4a; - 4 sin Ax) e 3x (3 sin 4a; + 4 cos 4a; 

0 e 3a: (-7cos4x - 24sin4x) e 3a: (-7sin4a; + 24 cos 4a;) 



= 100e 6x . 



Then a particular solution to the given differential equation is 

y p (x) = ui + v,2e 3x cos 4a; + u 3 e 3x sin 4a; 

where 

u'i + e 3x cos 4a; u 2 + e 3x sin 4a; u' z 



e 3x (3cosAx - AsmAx)u' 2 + e 3x (3sinAx + 4 cos 4a;) u 3 =0, 
e 3a; (-7cos4x - 24sin4a;)w 2 + e 3:E (-7sin4.a; + 24cos4a;)u 3 = x 2 . 



Solving this system yields: 



25 



x , u 2 



3a: a; 2 (3sin4a; + 4cos4a;), u 3 = i^Q 6 3:Ca;2 (3cos4a; - 4sin4a;). 



Hence. 



11 f 

Jx) = — a; 3 e 3x cos4x / e~ 3a: a; 2 (3sin4a; + 4cos4x)da; 

v ' 75 100 J x ' 



I- 



H e 3x sin 4a; / e 3x a; 2 (3cos4a; - 4sin4x)da; 

100 



1 3 6 2 22 168 
~ 75 ^ + 625 X + 15625 X ~ 390625' 



and the general solution to the given differential equation is 



y (x) = e ix (ci cos Ax + c 2 sin 4a;) + c 3 + — a; 3 + — x z + 

75 625 



22 
15625" 



26. 

(a) From Problem 21 the complementary function for the given differential equation is 

y c {x) — e 3x (c\ cos 4a; + C2 sin 4a;) + c 3 , 
and an appropriate trial solution is 

y p (x) = A 0 cos 4a; + B 0 sin 4a;. 
Inserting this expression for y p (x) into the given differential equation yields 

64A 0 sin 4a; - 64_B 0 cos4x - 6(-16A 0 cos 4a; - 16B 0 sin4a;) + 25(-4A 0 sin 4a; + 4B 0 cos4a;) = sin Ax, 
that is 

(-36Ao + 96B 0 ) sin 4a; + (96 A a + 36B 0 ) cos 4a; = sin 4a; 
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so that A 0 , and B 0 must satisfy 



Hence, 



so that 



-36A, + 96B 0 

A 0 = - 
Vp{x) 



1 

292' 



96A 0 + 36B 0 = 0. 
B 0 



2 

219' 



cos 4a; 



sin 4a;. 



292 219 

Consequently, the general solution to the given differential equation is 

1 



y(x) = e (ci cos 4a; + c 2 sin 4a;) + c 3 



292 



■ cos 4a; 
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- sin Ax. 



(b) Choosing yi(x) = e 3x cos 4a; , 2/2 (^) = e 32 sin 4a;, 7/3 (x) = 1, a particular solution to the given differential 
equation is 

y p (x) = e 3x cos 4a; • m + e 3x sin 4a; • u 2 + u 3 (0.0.28) 

where 



e 3x cos 4x • u' x + e 3x sin 4a; • u 2 



+ u' 3 



e 3a: (3cos4a; - 4sin4x)u' 1 + e (3sin4.x + 4cos4x)u 2 

e 3a: (-7cos4a; - 24 sin 4a;) + e 3x (-7sin4a; + 24cos4x)u2 

Solving this system using Cramer's rule yields: 

e 3x sin 4a; 
e 3x (3 sin Ax + 4 cos Ax) 

a 3x 



= 0 
= 0 

= sin Ax. 



sin Ax e 3a: (-7sin4a! + 24 cos 4a; ) 0 



e 3x sin Ax 



e 3x cos 4a; 

e 32 (3 cos 4a; - 4 sin 4a; ) e 3x (3 sin 4a; + 4 cos Ax) 0 
e 3a: (-7cos4x - 24 sin 4a; ) e 3a: (-7sin4a; + 24 cos 4a;) 0 



100 6 



-3x 



(3 sin 2 Ax + A cos 4a; sin Ax) 



u 2 



-Sx 

1 
0 

e 3x ( - 7 cos 4a; - 24 sin Ax) sin Ax 0 



n ?>x 



cos4x 



e 3x (3cos4a; - 4 sin Ax) 



1 

Too' 

0 
0 



-(1 — cos 8a;) + 2 sin 8a; 



e 3x cos 4a; 
e 3x (3 cos Ax — A sin Ax) 
e 3x (-7 cos 4a; - 24 sin 4a;) 



e 3x sin 4a; 1 
e 3a: (3sin4x + 4 cos 4a;) 0 
e 3;r (-7sin4.a; + 24cos4a;) 0 



— !— e 3:E (3 sin 4a; cos 4a; - 4 sin 2 Ax) = — !— 
100 v ; 100 



3:r 



H'i = 



„3x 



cos 4a; 



- sin 8a; + 2(cos 8x — 1) 



e 3x (3 cos Ax - A sin Ax) e 3x (3 sin 4a; + 4 cos Ax) 0 
(-7cos4x - 24 sin 4a;) e 3a: (-7sin4a; + 24 cos 4a;) sin 4a; 



e 3x cos 4a; e 3:E sin 4a; 1 

e 3x (3cosAx — 4 sin 4a;) e 3:r (3sin4a; + 4cos4x) 0 
e 3a: (-7cos4x - 24 sin 4a; ) e 3a; (-7sin4a; + 24 cos 4a;) 0 



= — sin4x. 

ZD 
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Integrating these expressions and substituting into (0.0.28) yields 

2 1 
Vv(x) — —— sin4x — — — cos4x, 
ypy ' 219 292 

so that the general solution to the given differential equation is 

o 2 1 

y(x) = e (ci cosix + c 2 sin 4a;) + c 3 + — — sin4x — — - cos 4a;. 

27. 

(a) In operator form the given differential equation is 

(D 2 - 4)y = 5e x 

that is 

(D-2)(D + 2)y = 5e x . (0.0.29) 

Therefore the complementary function is 

y c (x) = c x e 2x + c 2 e~ 2x . 
The annihilator of F(x) = 5e x is A(D) = D - 1. Operating on (0.0.29) with D - 1 yields 

(D-l)(D-2)(D + 2)y = 0 

which has general solution 

y(x) = y c (x) + A 0 e x . 
Consequently, an appropriate trial solution for (0.0.29) is 

y p (x) = A 0 e x . 

Inserting this expression for y p (x) into the given differential equation yields 

A 0 e x (l - 4) = he x 

so that A n = — |. Hence, 

y P {x) = -^ x , 

and the general solution to the given differential equation is 

y(x) = Cl e 2x + c 2 e- 2x - ^e x . 

(b) Choosing yi(x) — e 2x , y 2 (x) = e~ 2x , we have W[yi 7 y 2 ](x) = —4. Hence a particular solution to the 
given differential equation is 

/g-2a: . ggir r g 2a; , g 
--^—dx + e- 2x — — — dx=--e x . 

Therefore the differential equation has general solution 

y(x) = Cl e 2x + c 2 e- 2x - ^e x . 



554 
28. 

(a) In operator form the given differential equation is 

(D 2 + 2D + l)y = 2xe- x 

that is 

{D + lfy = 2xe- x . (0.0.30) 

Therefore the complementary function is 

y c (x) = C\e~ x + c 2 xe~ x . 

The annihilator of F(x) = 2xe- x is A(D) = (D + l) 2 . Operating on (0.0.30) with (D + l) 2 yields 

{D+l) A y = 0 

which has general solution 

y{x) = y c (x) + A a x 2 e~ x + A 1 x 3 e~ x . 
Consequently, an appropriate trial solution for (0.0.30) is 

y p (x) ^e- x (A a x 2 + A lX 3 ). 

Differentiating this trial solution with respect to x yields 

y' p (x) = e- x (-A 0 x 2 - Aix 3 + 2A a x + 3A lX 2 ), 

y' p \x) = e~ x (A 0 x 2 + A 1 x 3 - AAqx - 6Axx 2 - +2A 0 + 6Axx). 

Inserting these results into the given differential equation yields 

e- x (A Q x 2 + A lX 3 - 4A 0 x - 6A lX 2 + 2A Q + 6A lX ) + 2 e - x (-A Q x 2 - A lX 3 + 2A 0 x + 3A x x 2 ) 

+ e~ x (A a x 2 + Aix 3 ) = 2xe~ x , 

that is, 

2A Q + 6A 1 x = 2x. 

Consequently, 



Hence, 



4> = 0, M = \- 



V P {x) = ^x 3 e x , 



and the general solution to the given differential equation is 

y(x) = c x e~ x + c 2 xe~ x + j^ 3 ^- 

(b) Choosing yi(x) = e~ x , y 2 (x) = xe~ x 7 we have W[j/i, y 2 ](x) = e~ 2x . Hence a particular solution to the 
given differential equation is 

. . _ T f xe~ x ■ 2xe~ x , _ T f e~ x ■ 2xe~ x , 1 , _ 
y p (x) = -e x ^ dx + xe x — x dx = -x 3 e x . 
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Therefore the given differential equation has general solution 

y(x) = ae~ x + c 2 xe~ x + \x 3 e~ x . 

29. 

(a) In operator form the given differential equation is 

(D 2 - l)y = 4e x 

that is 

{D - \)(D + l)y = Ae x . (0.0.31) 

Therefore the complementary function is 

y c (x) = c x e x + c 2 e~ x . 

The annihilator of F(x) = 4e x is A(D) = D - 1. Operating on (0.0.31) with D - 1 yields 

(D-lf(D + = 0 

which has general solution 

y(x) = y c (x) + A 0 xe x . 
Consequently, an appropriate trial solution for (0.0.31) is 

y p (x) = A a xe x . 

Differentiating this trial solution with respect to x yields 

y' p (x) = A Q e x (x + 1), y${x) = A Q e x (x + 2). 

Inserting these expressions into the given differential equation yields 

A 0 e x (x + 2) -A 0 xe x = 4e x , 

so that A 0 = 2. Hence, 

y p (x) = 2xe x , 

and the general solution to the given differential equation is 

y(x) = cie x + c 2 e~ x + 2xe x . 

(b) Choosing yi(x) = e x , y 2 (x) = e~ x , we have W[yi,y 2 ](x) = —2. Hence a particular solution to the given 
differential equation is 

f e~ x ■ 4e x _ f e x ■ 4e x 
y p {x) = -e x / dx + e x — dx = 2xe x - e x . 

The last term in this expression for y p {x) can be omitted since it is part of the complementary function. 
Consequently, the given differential equation has general solution 

y(x) = cie x + c 2 e~ x + 2xe x . 
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30. The given differential equation does not have constant coefficients, and therefore the annihilator method 
cannot be applied. 

31. The nonhomogeneous term F(x) = Inx cannot be annihilated, and therefore the annihilator method 
cannot be applied. 

32. In operator form the given differential equation is 

(D 2 + 2D- 3)y = 5e x 

that is 

(D + 3)(D - l)y = 5e x . (0.0.32) 

Therefore the complementary function is 

y c (x) = Cl e x + c 2 e~ 3x . 

The annihilator of F(x) = he x is A(D) = D - 1. Operating on (0.0.32) with D - 1 yields 

(D-l) 2 (D + 3)y = 0 

which has general solution 

y( x ) = Vc(x) + A 0 xe x . 
Consequently, an appropriate trial solution for (0.0.32) is 

y p (x) = A 0 xe x . 

33. The nonhomogeneous term F(x) — tan a; cannot be annihilated, and therefore the annihilator method 
cannot be applied. 

34. In operator form the given differential equation is 

( J D 2 + l)y = 4cos2a; + 3e a: . (0.0.33) 
Therefore the complementary function is 

y c (x) = c\ cos x + C2 sin x. 

The annihilator of F(x) = 4cos2x+3e a; is A(D) = (D 2 +4)(D-l). Operating on (0.0.33) with (D 2 +4)(L»-1) 
yields 

(D 2 + A)(D-l)(D 2 + l)y = {) 

which has general solution 

y(x) — y c (x) + A 0 cos 2x + A\ sin 2x + A 2 e x . 
Consequently, an appropriate trial solution for (0.0.33) is 

y p (x) = A 0 cos 2x + Ai sin 2x + A 2 e x . 

35. In operator form the given differential equation is 

(D 2 -8D+I6)y = 7e 4x , 
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that is 



(D - A) 2 y = 7e 



(0.0.34) 



Therefore the complementary function is 



y c {x) = cie 4x + c 2 xe 



The annihilator of F(x) = 7e 4x is A{D) = D - 4. Operating on (0.0.34) with D-A yields 

(D-A) 3 y = 0 



36. The differential equation does not have constant coefficients and therefore the annihilator method cannot 
be applied. 

37. In operator form the given differential equation is 



Therefore the complementary function is 

y c (x) — a e x (ci cos 2x + c 2 sin 2x) . 

The annihilator of F(x) = 7e x cosa; + sinx is A(D) = (D 2 - 2D + 2)(D 2 + 1). Operating on (0.0.35) with 
(D 2 - 2D + 2){D 2 + 1) yields 



which has general solution 

y(x) = y c (x) + e x (A 0 cosx + A\ sinx) + A 2 cosx + A 3 sinx. 
Consequently, an appropriate trial solution for (0.0.35) is 

y p (x) = e x (A 0 cosx + A\ sinx) + A 2 cosx + A 3 s'mx. 

38. In operator form the given differential equation is 

(D 2 + A)y = 7cos 2 x 
that is, using the trigonometric identity cos 2 x = |(cos2x + 1) 




(D 2 -2D + 5)y = 7e x cos x + sin x. 



(0.0.35) 



(D 2 -2D + 2)(D 2 + l)(D 2 



2D + 5)y = 0 




(0.0.36) 



Therefore the complementary function is 



y c (x) = ci cos 2x + c 2 sin 2x. 
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The annihilator of F(x) = |(cos2x+ 1) is A(D) = D(D 2 + 4). Operating on (0.0.36) with D(D 2 + 4) yields 

D(D 2 +4) 2 y = 0 

which has general solution 

y(x) = y c {x) + A a + x(A\ cos 2x + A 2 sin2cc). 
Consequently, an appropriate trial solution for (0.0.36) is 

y p (x) = A 0 + x(A\ cos 2x + A 2 sin2x). 

39. In operator form the given differential equation is 

(D 2 - 2aD + a 2 + b 2 )y = e at {At + cos bt). (0.0.37) 

Therefore the complementary function is 

y c (t) — e at (ci cos bt + c 2 sin bt) . 

The annihilator of F(t) = e at (4t + cosbt) is A(D) = (D - a) 2 (D 2 - 2aD + a 2 + b 2 ). Operating on (0.0.37) 
with (D - a) 2 (D 2 - 2aD + a 2 + b 2 ) yields 

(D - a) 2 (D 2 - 2aD + a 2 + b 2 ) 2 y = 0 

which has general solution 

y(t) = y c (t) + e at (A 0 + Ait) + te at (A 2 cos bt + A 3 sin bt). 
Consequently, an appropriate trial solution for (0.0.37) is 

y p (t) = e at (A 0 + A^) +te at (A 2 cosbt + A 3 sinbt). 

40. In operator form the given differential equation is 

(D 2 + 4)y = 7e x . (0.0.38) 

Therefore the complementary function is 

y c (x) = ci cos 2x + c 2 sin 2x. 
The annihilator of F(x) = 7e x is A(D) = D - 1. Operating on (0.0.38) with D - 1 yields 

(D-l)(D 2 + l)y = 0 

which has general solution 

y(x) = y c (x)+A 0 e x . 
Consequently, an appropriate trial solution for (0.0.38) is 

y p (x) = A 0 e x . 
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Inserting this expression for y p into the given differential equation yields 

5A 0 e x = 7e x , 

so that Ao = |. Hence, 

7 

y p ( X ) = -e x , 

and the general solution to the given differential equation is 

7 

y(x) = ci cos 2x + c 2 sin 2a; + - e x . 

5 

41. In operator form the given differential equation is 

(D 2 + 2D- 3)y = 2xe- 3x 

that is 

(D + 3)(£> - l)y = 2xe- 3x . (0.0.39) 
Therefore the complementary function is 

y c (x) = Cl e~ 3x + c 2 e x . 

The annihilator of F(x) = 2xe- 3x is A(D) = (D + 3) 2 . Operating on (0.0.39) with (D + 3) 2 yields 

( J D + 3) 3 ( J D-l) ? y = 0 

which has general solution 

y(x) = y c {x) + e- 3x (A a x + A lX 2 ). 
Consequently, an appropriate trial solution for (0.0.39) is 

y p {x) = e~ 3x (A a x + A lX 2 ). 

Differentiating this trial solution with respect to x yields 

y' p {x) = e- 3x (-3A 0 x - 3A lX 2 + A a + 2A lX ), 

y'^x) = e- 3x (9A 0 x + 9A lX 2 - 3A 0 - 6A lX - 3A 0 - 6A lX + 2Ax). 

Inserting these expressions into the given differential equation yields 

e- 3x {9Aox + 9A lX 2 - 6A 0 - \2A x x + 2A X ) + 2e- 3x {-'iA^x - 3A lX 2 + A 0 + 2A x x) 

- 3e- 3x (A Q x + A lX 2 ) = 2xe- 3x , 

which simplifies to 

-4A 0 + 2Ax - 8A lX = 2x. 

Therefore A 0 and A\ must satisfy 

-4A 0 + 2,4i = 0, -8Ai = 2, 
so that A 0 = — | and A\ = — \. Hence, 

y p (x) - e- 3x (-±x- \xA = - 1 -xe- 3x (2x+l), 
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and the general solution to the given differential equation is 

y(x) = c ie - 3x + c 2 e x - lxe- 3x (2x + 1). 

5 

42. In operator form the given differential equation is 

(D 2 + AD)y = Ax 2 

that is 

D(D + A)y = Ax 2 . (0.0.40) 

Therefore the complementary function is 

y c (x) = ci + c 2 e~ ix . 

The annihilator of F(x) = Ax 2 is .4(D) = D 3 . Operating on (0.0.40) with D 3 yields 

D 4 {D + A)y = 0 

which has general solution 

y(x) = y c (x) + A lX + A 2 x 2 + A 3 x 3 . 
Consequently, an appropriate trial solution for (0.0.40) is 

y p (x) = Aix + A 2 x 2 + A 3 x 3 . 

Differentiating this trial solution with respect to x yields 

y' p {x) = At + 2A 2 x + 3A 3 x 2 , y' p \x) = 2A 2 + 6A 3 x. 

Inserting these expressions into the given differential equation yields 

2A 2 + 6A 3 x + 4(Ai + 2A 2 x + 3A 3 x 2 ) = Ax 2 , 

that is, 

A 2 + 2A 1 + x(3A 3 + AA 2 ) + &A 3 x 2 = 2x 2 . 
Therefore Ai,A 2 , and A 3 must satisfy 

A 2 + 2Ai = 0, 3A 3 + AA 2 = 0, 6A 3 = 2, 

so that A\ = |, A 2 = — \, and A 3 = |. Hence, 

y p (x) = - ^x 2 + ^x 3 = ^x(3 -6x + 8x 2 ), 
and the general solution to the given differential equation is 

y(x) = a + c 2 e- ix + ^x(3 - 6x + 8x 2 ). 

43. In operator form the given differential equation is 

(D 2 + A)y = 8cos2x. (0.0.41) 



561 

Therefore the complementary function is 

y c (x) = C\ cos 2x + c 2 sin 2x. 
The annihilator of F(x) = 8 cos 2x is A(D) = D 2 + 4. Operating on (0.0.41) with D 2 + 4 yields 

(£ 2 + 4) 2 y = 0 

which has general solution 

y(x) — y c {x) + x(A 0 cos2x + A\ sin2x). 
Consequently, an appropriate trial solution for (0.0.41) is 

y p (x) = x(A 0 cos 2x + A\ sin2x). 

Differentiating this trial solution with respect to x yields 

y' p (x) = A 0 cos 2x + A\ sin 2x + x(— 2A 0 sin2x + A\ cos2x), 
y'p(x) = -AA 0 s'm2x + 4Ai cos 2x + ^(-4^0 cos 2x - A\ sin2a;). 

Inserting these expressions into the given differential equation yields 

— AA 0 sin 2x + AA\ cos 2x + x(— 4^4 0 cos 2x — A\ sin 2x) + Ax(A 0 cos 2x + A\ sin 2x) = 8 cos 2x, 

that is, 

-4A 0 sin 2x + 4Ai cos 2x = 8 cos 2x. 
Consequently, A 0 = 0, and A\ — 2. Therefore, 

y p (x) — 2xsin2a;, 

and the general solution to the given differential equation is 

y(x) = Ci cos 2x + c 2 sin 2x + 2x sin 2x. 

44. In operator form the given differential equation is 

(D 2 - 8D + 16)1/ = 5e 4a: , 

that is 

(D -4) 2 y = 5e 4x . (0.0.42) 

Therefore the complementary function is 

y c (x) = ae 4x + c 2 xe 4x . 
The annihilator of F(x) = 5e 4x is A(D) = D - 4. Operating on (0.0.42) with D - 4 yields 

{D-4fy = 0 

which has general solution 

y{x) = y c {x) +A 0 x 2 e 4x . 
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Consequently, an appropriate trial solution for (0.0.42) is 

y p (x) = A 0 x 2 e ix . 
Differentiating this trial solution with respect to x yields 

y' p {x) = A 0 e 4x (4x 2 + 2x), y p \x) = A 0 e ix (l6x 2 + 16x + 2). 
Inserting these expressions into the given differential equation yields 

A 0 e 4x (l6x 2 + 16x + 2) - SA 0 e 4x (4x 2 + 2x) - 16A 0 x 2 e 4x = 5e 4x , 
which reduces to 2A 0 = 5, so that Aq = |. Therefore, 

V P {x) = \x 2 e ix , 
and the general solution to the given differential equation is 

y(x) = Cl e ix + c 2 xe 4x + \x 2 e ix . 

45. In operator form the given differential equation is 

(D 2 - l)y = 3e 2x + smx, 

that is 

( J D-l)(L>+l)y = 3e 2;E + sinx. (0.0.43) 
Therefore the complementary function is 

y c (x) = c x e x + c 2 e~ x . 

The annihilator of F(x) = 3e 2x +sin x is A(D) = (D 2 + l)(D-2). Operating on (0.0.43) with (D 2 + l)(D-2) 
yields 

(D 2 + l)(D-2)(D-l)(D+l)y = 0 

which has general solution 

y(x) — y c (x) + A a e 2x + A\ cos x + A 2 sin x. 
Consequently, an appropriate trial solution for (0.0.43) is 

y p (x) = A 0 e 2x + A\ cos x + A 2 sin x. 

Differentiating this trial solution with respect to x yields 

y' p (x) = 2A Q e 2x - Ai sin a; + A 2 cosx, y' p {x) = 4A 0 e 2x - A x cos a; - A 2 sinx. 

Inserting these expressions into the given differential equation yields 

4A 0 e 2x - Ai cos x - A 2 sin x - (A 0 e 2x + A\ cos x + A 2 sin x) = 3e 2x + sin x, 

that is, 

3A 0 e 2x - 2 Ax cos x - 2A 2 sin x = 3e 2x + sin x. 
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Therefore, A 0 = 1, A\ = 0, A 2 = — \, so that 

y p (x) = e 2x - ^sin.x, 
and the general solution to the given differential equation is 

y(x) = c x e x + c 2 e~ x + e 2x - ^ sinx. 

46. In operator form the given differential equation is 

(D 2 -D-2)y= I5e 2x , 

that is 

(D-2)(D+T)y= I5e 2x . (0.0.44) 

Therefore the complementary function is 

y c (x) = c x e 2x + c 2 e~ x . 

The annihilator of F(x) = I5e 2x is A(D) = D - 2. Operating on (0.0.44) with D — 2 yields 

(D-2) 2 (D+l)y = 0 

which has general solution 

y(x) = y c (x) + A 0 xe 2x . 
Consequently, an appropriate trial solution for (0.0.44) is 

y p (x) = A 0 xe 2x . 

Differentiating this trial solution with respect to x yields 

y' p (x) = A 0 e 2x (2x + 1), y'^x) - A a e 2x (4x + 4). 

Inserting these expressions into the given differential equation yields 

A 0 e 2x [Ax + 4 - (2x + 1) - 2x] = I5e 2x , 

that is, 

3A) = 15. 

Therefore, A 0 = 5, so that 

y p (x) = 5xe 2x , 

and the general solution to the given differential equation is 

y (x) = cie 2x + c 2 e~ x + 5xe 2x . 
The initial conditions y(0) = 0, y'(0) = 8 require, respectively, 

ci + c 2 = 0, 2ci - c 2 + 5 = 8 
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so that Ci = 1 , c 2 = — 1. Therefore the solution to the given initial- value problem is 

y (x) = e 2x - e~ x + 5xe 2x 



47. The complementary function is 

Choosing 

we have 



y c (x) = c\ cos x + c 2 sin x. 
2/i (x) = cosx, y 2 (x) = sinx 

W[y u y 2 \{x) 



cos x sin x 
- sin x cos x 



= 1 



so that 



Hence, 



y„(x) = — cos x ( sin x ■ dx + sin x [ cos x ■ dx = —x cos x + sin x In I sin x\ 

J am J sin a; 

y (x) = ci cos x + C2 sin x — x cos x + sin x In | sin x | . 



48. The complementary function is 

Choosing 

we have 



y c (x) = ci cos x + c 2 sin x. 
yi(x)=cosx, 2/2(2;) = sinx 

W[ yi ,y 2 ](x) 



cos x sin x 
— sin x cos x 



so that 



Hence, 



, sinx , f sinx 
,(x) = — cosx / sinx • ^ax + sinx / cosx • -ax = — cos x In 



cosx 



cosx 



1 + sin x 

cosx 



2/(x) = ci cos x + c 2 sin x — cos x In 



1 + sin x 



cosx 



49. The complementary function is 
Choosing 
we have 



y c (x) = Cl e mx + c 2 xe mx . 

yi (x) = e mx , y 2 (x)=xe mx 
e mx xe mx 

W[ yi , y2 ](x)= ^ e m X{mx + 1) 



2mx 



so that 



Vp(x) 



I 



xe mx ■ e mx In x 

p2 mx 



dx + xe 



mx . rax ] 1 
rnx I e e ^ — 1 J„mi/ 



-dx= -x 2 e mx (2lnx-3). 



Hence, 



y(x) = Cl e mx + c 2 xe mx + -x 2 e mx {2\nx - 3). 



50. The given differential equation should read 

y" + 2y' + y = x~ l e~ x 

The complementary function is 



Choosing 
we have 

so that 

Hence, 



y c (x) = cie x + c 2 xe x 
yi(x) = e~ x , y 2 (x) = xe 

W[ yi ,y 2 ](x) 



e xe 
-e~ x e~ x (l — x) 



(x) = -e- x J 



xe x ■ x 1 e x 



-2x 



dx + xe 



I 



e x ■ x 1 e x 



-2x 



-2x 



dx = —xe x + xe 



51. The complementary function is 
Choosing 
we have 



y(x) — cie x + c 2 xe x + xe x ln\x\. 

y c (x) = c x e x + c 2 xe x . 
yi(x) = e x , y 2 (x) = xe x 

W[ yi ,y 2 ](x) 



e xe 
e x e x (x + l) 



„2x 



so that 



Hence, 



, , T f xe x ■ e x In x „ f e x 
y p (x) = ~e x I ^ dx + xe x 



g x In x I 
dx = -x 2 e x (2lnx 

e 2x 4 V 



y(x) = cie x + c 2 xe x + -x 2 e x (2 In x - 3) 



52. Let y(x) = u ■ e mx . Then 

y'( x ) = e mx (u' + mu), y" = e mx (u" + 2mu' + m 2 u). 
Inserting these results into the given differential equation yields 

e mx (u" + 2mu' + m 2 u) - 2me mx (u' + mu) + m 2 e mx u = e mx lnx, 

that is 

u" — lux. 
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Integrating twice gives 



so that 



u(x) = -a; 2 (21na; — 3) + C\X + c 2 , 



y(x) = e r ' 



-x 2 (21na; — 3) + C\X + c 2 



53. The indicial equation is 

r(r - 1) + 9r + 6 = 0 r 2 + 8r + 16 = 0 => (r + 4) 2 = 0, 
with root r = — 4 (multiplicity 2). Consequently, the given differential equation has general solution 

y(x) — cix~ 4 + c 2 a; _4 ln.x. 

54. The indicial equation is 

r(r- 1) + 9r+ 15 = 0 => r 2 + 8r + 15 = 0 (r + 3)(r + 5) = 0, 
with roots r = —3, r = —5. Consequently, the given differential equation has general solution 

y(x) = cix~ 3 + c 2 x~ 5 . 

55. The indicial equation is 

r(r - 1) - llr + 37 = 0 => r 2 - 12r + 37 = 0, 
with roots r = 6 ± i. Consequently, the given differential equation has general solution 

y(x) = cix 6 cos(lnx) + c 2 x 6 sin(ln x). 

56. The indicial equation is 

r(r - 1) + r + 25 = 0 r 2 + 25 = 0, 
with roots r = ±5i. Consequently, the given differential equation has general solution 

y(x) = ci cos(51nx) + c 2 sin(51na;). 

57. The indicial equation is 

r(r - 1) - 2r - 18 = 0 r 2 - 3r - 18 = 0 => (r + 3)(r - 6) = 0, 
with roots r = —3, r — 6. Consequently, the given differential equation has general solution 

y(x) = cix~ 3 + c 2 x e . 



58. The indicial equation is 



r(r - 1) - r = 0 r(r - 2) = 0, 
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with roots r = 0, r = 2. Consequently, the given differential equation has general solution 

y(x) = ci + c 2 x 2 . 

59. The indicial equation is 

r(r-l) + 9r + 6 = 0 => r 2 + 8r + 16 = 0 => (r + 4) 2 = 0, 
with root r = —4 (multiplicity 2). Consequently the complementary function is 

y c (x) = cix~ A + c 2 x^ A \nx. 



Choosing 
we have 

so that 

Hence, 



W[ yi ,y 2 ]{x) 
y p (x) = -x~ 4 J 



yi(x)=x 4 , y 2 (x) = x 4 lnx 

x~ 4 x~ A In x 

-4a; -5 a; _5 (l - 41n.x) 

x~ 4 \nx ■ x~ 5 



x- 4 -x- 5 



dx + x 4 In a; / — dx = x 3 . 



y(x) — c\x 4 + c 2 x 4 In x + x 



60. The indicial equation is 



r(r - 1) - 3r - 12 = 0 r 2 - 4r - 12 = 0 (r - 6)(r + 2) = 0, 
with roots r = 6, r = — 2 . Consequently, the complementary function is 

y c (x) = CiX 6 + c 2 x~ 2 . 

Choosing 



we have 



so that 



Hence, 



yi{x) = x 6 , y 2 (x) = x 2 
W[yi,y 2 ](a;) = 



x 6 x- 2 
6x 5 -2x~ 3 



= -8x 6 



y P {x) 



-7 



x- 2 (x 2 + 5) , 2 fx 6 (x 2 + 5), 1 2 ,~ , r , 



y(x) = c lX b + c 2 x 2 - — £ (4x 2 + 15). 
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61. The indicial equation is 



r(r - 1) - 5r + 10 = 0 =4> r 2 - 6r + 10 = 0, 
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with roots r = 3 ± i . Consequently, the complementary function is 

y c (x) — cix 3 cos(lnx) + C2X 3 sin(ln x). 

Choosing 



we have 



so that 



Hence, 



W[y 1 ,y 2 ](x) 



yi(x) — x cos(ln x) , yi (x) = x sin(ln x) 

x 3 cos(lnx) x 3 sin(lnx) 
x 2 [3 cos(ln x) — sin(ln x)] x 2 [3 sin(ln x) + cos(ln x) 



y p (x) = —x 3 cos 



(In or) J 



x 3 sin (In x) ■ x , , . 

r dx + x sin 



(lnx) J 



x 3 cos(lnx) ■ x 3 

~ CLX — — X 

x° 



y(x) — c\x 3 cos(lnx) + C2X 3 sin(lnx) + x 3 . 



(0.0.45) 



62. In operator form the given differential equation is 

(D 2 - AD - 5)y = e 3x sin2x 

that is 

(D - 5)(D + l)y = e 3x sin2x. 
Therefore the complementary function is 

y c (x) = Cl e bx + c 2 e~ x . 

The annihilator of F(x) = e 3a: sin2x is A(D) = D 2 - 6D + 13. Operating on (0.0.45) with D 2 - 6D + 13 
yields 

which has general solution 



(D 2 -6D + 13)(D - 5)(D + l)y = 0 



y(x) = y c (x) + ,4oe 3;l: cos 2x + ^ie 3:E sin 2x. 
Consequently, an appropriate trial solution for (0.0.45) is 

y p (x) = A a e 3x cos 2x + Aie 3x sin 2x. 

Differentiating this trial solution with respect to x yields 

y' p (x) = A 0 e 3x (3cos2x - 2sin2x) + A ie 3x (3 sin 2x + 2 cos 2x), 
y'p(x) = A 0 e 3x (5cos2x - 12 sin 2x) + Aie 3x {b sin 2x + 12 cos 2x). 

Inserting these expressions into the given differential equation yields 

Aoe 3:E (5cos2x - 12sin2x) + A x e 3x {b sin 2x + 12cos2x) - 4[Aoe 3a: (3 cos 2x - 2sin2x) 



which simplifies to 



+ A^iZ sin 2x + 2 cos 2x)] - 5(A 0 e 3x cos 2x + A x e 3x sin 2x) = e 3x sin 2x, 
4(-3A 0 + At) cos 2x - 4(A 0 + 2,A X ) sin 2x = sin 2x. 
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Therefore A 0 and A\ must satisfy 



-3A 0 + Ai = 0, A 0 + 3A 1 



4' 



so that A 0 = — ^ and A\ = —j^. Hence 
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y p (x) = — — e (cos 2a; + 3sin2x), 
and the general solution to the given differential equation is 

y(x) = cie 5x + c 2 e~ x - ^e 3a: (cos2a; + 3sin2a;). 



63. The complementary function is 
Choosing 
we have 



y c (x) = c x e 2x + c 2 xe 2x . 
yi (x) = e- 2x , y 2 (x) = xe- 2x 

W[y u y 2 ](x) = _ e 2e _ 2x e - 2 T {1 _ 2x) 



-4x 



so that 



Hence, 



Vp(x) 



I 



xe In x 



dx + xe 2x 



&Z i ■ ^ dx = ^-^[(lnx) 2 21n.x + 2]. 
e xe 2 



y(x) = Cl e- 2x + c 2 xe.- 2x + -xe- 2x [{\nxf - 2\nx + 2]. 

64. In operator form the given differential equation is 

(D 2 -2D + 26)y = e x cos5x. (0.0.46) 

Therefore the complementary function is 

y c (x) = c\e x cos bx + c 2 e x sin 5x. 

The annihilator of F(x) = e x cosbx is A(D) = D 2 - 2D + 26. Operating on (0.0.46) with D 2 - 2D + 26 
yields 

(D 2 -2D + 26) 2 y = 0 

which has general solution 

y(x) — y c (x) + xe x (A 0 cos 5x + Ai sin5x). 
Consequently, an appropriate trial solution for (0.0.46) is 

y p (x) = xe x (A 0 cos 5x + A\ sin5x). 
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Differentiating this trial solution with respect to x yields 

y'p(x) = e x [(A n x + A 0 + 5Aix) cos 5a; + (A\x + A\ — hA^x) sin 5a;], 

y ^(x) = e x [(-24A 0 x + 2A 0 + lOA 1 x+lOA 1 )cos5x+ (-24A 1 x + 2A 1 - lQA Q x - 10A 0 ) sin 5a;]. 

Inserting these expressions into the given differential equation yields 

(-24A Q x + 2A Q + lOAiX + 10 cos 5a; + (-24A lX + 2A X - \0A a x - 10A 0 ) sin 5a; 

- 2[(A 0 x + A a + 5Aix) cos 5a; + (A x x + A± - 5A 0 x) sin 5a:] 
+ 26x(A 0 cos 5x + A\ sin 5a;) = cos 5a;, 

which simplifies to 

— IOA 0 sin 5x + WA 2 cos 5a; = cos 5a;. 
Therefore A 0 = 0 and A\ = j^. Hence, 

y P (x) = ^xe x sm5x, 
and the general solution to the given differential equation is 

y(x) — c\e x cos 5x + c 2 e x sin 5a; + ^k 1 sin 5a;. 

65. In operator form the given differential equation is 

(D 2 -9D + 20)y = x 3 e 5x , 

that is, 

(D-4)(D-5)y = x 3 e 5x . (0.0.47) 

Therefore the complementary function is 

y c (x) = c ie ix + c 2 e 5x . 

The annihilator of F(x) = x 3 e 5x is .4(D) = (D - 5) 4 . Operating on (0.0.47) with (D - 5) 4 yields 

(D-5) 5 (D-4)y = 0 

which has general solution 

y(x) = y c {x) + e 5x (A Q x + A Y x 2 + A 2 x 3 + A 3 x 4 ). 

Consequently, an appropriate trial solution for (0.0.47) is 

y p (x) = e 5x (A 0 x + A x x 2 + A 2 x 3 + A 3 x 4 ). 

Differentiating this trial solution with respect to x yields 

y ' p (x) = e 5x (5A 0 x + BAix 2 + 5A 2 x 3 + 5A 3 x 4 + A 0 + 2A x x + 3A 2 x 2 + 4A 3 x 3 ), 
y'^x) = e bx {2bA i} x + 2bA lX 2 + 2bA 2 x 3 + 10A 0 + 20A lX + 30^ 2 a; 2 + A0A 3 x 3 
+ 25 A 3 x 4 + l2A 3 x 2 + 2A X + 6A 2 a;). 
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Inserting these expressions into the given differential equation yields 

(25A 0 x + 25A lX 2 + 2hA 2 x 3 + IOA 0 + 20A lX + 30A 2 x 2 + 40A 3 x 3 + 2hA 3 x 4 + l2A 3 x 2 

+ 2A 1 + 6A 2 x) - 9(5A 0 x + 5^ix 2 + 5A 2 x 3 + 5A 3 x 4 + A 0 + 2A x x + 3A 2 x 2 + 4A 3 x 3 ) 
+ 20(A Q x + A lX 2 + A 2 x 3 + A 3 x 4 ) = x 3 . 

which simplifies to 

4A 3 x 3 + 3(A 2 + 4A 3 )x 2 + 2(A 1 + 3A 2 )x + A 0 + 2A X = x 3 . 
Therefore Aq, A\, A 2 , A 3 must satisfy 

4^3 = 1, A 2 +4A 3 = 0, A 1 +3A 2 = 0, A a + 2A X = 0, 

so that Aq — —6, Ai = 3, A 2 = — 1, ^4 3 = \. Consequently, 

y p (x) = ^xe 5x (x 3 - 4x 2 + 12x - 24), 
and the general solution to the given differential equation is 

y(x) = Cl e 4x + c 2 e 5x + ^xe 5x (x 3 - Ax 2 + I2x - 24). 

66. The complementary function is 

y c (x) = Cie 4x cos x + c 2 e 4x sin x. 



Choosing 
we have 

so that 



2/i (x) = e 4x cos x, y 2 (x) = e 4x sin x 

M/r M \- e 4x cosx e 4x sinx 

Wi,y2\\x) — e ix^ CQSX _ smx ) e 4x (4sinx + cosx) 



e 8x 



, . 4 „ f e 4x sin x ■ e 4x esc x . f e 4x cos x ■ e 4x esc x , 
y p (x) = — e cosx / ^ ax + e smx / ^ ax 

= e 4x (sinxln | sinx| — xcosx). 

y(x) = c\e 4x cosx + c 2 e 4x sinx + e 4x (sinxln | sinx| — xcosx). 
Solutions to Section 7.1 

True-False Review: 

1. TRUE. If we make the substitution x — ► X\ and y — > x 2 , then in terms of Definition 7.1.1, we have two 
equations with au(t) = t 2 ,ai 2 (t) = —t, a 2 i(t) = sinf, a 22 (t) = 5, and b\{t) = b 2 {t) = 0. 

2. TRUE. If we make the substitution x — > X\ and y — ► x 2 , then in terms of Definition 7.1.1, we have two 
equations with a\\(t) = t 4 , a\ 2 (t) = —e*, a 2 i(t) = t 2 + 3, a 22 (t) = 0, and b\(t) = 4 and b 2 (t) = —t 2 . 



Hence, 



572 



3. FALSE. The term txy on the right-hand side of the formula for x' is non-linear because the unknown 
functions x and y are multiplied together, and this is prohibited in the form of a first-order linear system of 
differential equations. 

4. FALSE. The term e v x on the right-hand side of the formula for y' is non-linear because the known 
function y appears as an exponent. This is prohibited in the form of a first-order linear system of differential 
equations. 

5. TRUE. If we consider Equation (7.1.16) with n = 3, then the text describes how the substitution x\ = x, 
x 2 = x' , x 3 = x" enables us to replace (7.1.16) with the equivalent first-order linear system 

x' 1 = X2, x' 2 = x 3 , x' 3 = -a 3 (t)xi - a 2 (t)x 2 - a\{t)x\ + F(t). 

6. FALSE. The technique for converting a first-order linear system of two differential equations to a second- 
order linear differential equation only applies in the case where the coefficients a,ij(t) of the system (7.1.1) 
are constants. 

7. FALSE. As indicated in Definition 7.1.6, an initial-value problem consists of auxiliary conditions all of 
which are applied at the same time t 0 . In this system, the value of x is specified at t = 0 while the value of 
y is specified at t = 1. 

8. TRUE. This has the required form in Definition 7.1.6. Note that both x and y have initial- values 
specified at to = 0. 

9. FALSE. There is no initial- value specified for the function y(t). The value y(2) would be required in 
order for the to be an initial-value problem. 

10. FALSE. As indicated in Definition 7.1.6, an initial-value problem consists of auxiliary conditions all of 
which are applied at the same time t 0 . In this system, the value of x is specified at t = 3 while the value of 
y is specified at t = — 3. 

Problems: 

1. Writing the given system of differential equations in operator form gives us the equations 

(D - 2)x 1 + 3x 2 = 0 and — xi + (D + 2)x 2 = 0. 

Operating on the first equation with D + 2, we obtain (D + 2)(D — 2)x\ + 3(D + 2)x 2 = 0. Combining this 
with the second equation above yields (D + 2)(D — 2)x\ + 'ixi = 0, or (D 2 — l)x 1 = 0. Therefore, since the 
characteristic equation for this differential equation has roots r = ±1, we obtain 

xi(t) = cie* + c 2 e~*. 

Hence, 

x 2 (t) = - l -(D-2) Xl 

= -\ (cie* - c 2 e~* - 2cie* - 2c 2 e-*) 

o 

1 t I -t 
= gCie + c 2 e . 

To summarize, the solution to the system of differential equations is 

xi(t) — Cie* + c 2 e~* and x 2 (t) = \-c\e 1 + c 2 e~*. 
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2. Writing the given system of differential equations in operator form gives us the equations 

(D - 4)xi - 2x 2 = 0 and xi + (D — l)x 2 = 0. 

Operating on the first equation with D — 1, we obtain (D — l)(D — 4)xi — 2(D — l)x 2 = 0. Combining this 
with the second equation above yields (D — 1)(D — 4)xi + 2x\ = 0, or (D 2 — 5D + 6)xi — 0. Therefore, since 
the characteristic equation for this differential equation has roots r — 2 and r — 3, we obtain 

Xl (t) = c ie 2t + c 2 e 3t . 

Hence, 

x 2 (t) = ±(D-4) Xl 

= ^ (2cie 2t + 3c 2 e 3t - 4cie 2t - 4c 2 e 3t ) 

= -cie 2 * - ^c 2 e 3t . 
To summarize, the solution to the given system of differential equations is 

Xl (t) = c x e 2t + c 2 e 3t and x 2 (t) = -c x e 2t - ^c 2 e 3t . 

3. Writing the given system of differential equations in operator form gives us the equations 

(D - 2)xi - 4x 2 = 0 and A Xl + (D + 6)x 2 = 0. 

Operating on the first equation with D + 6, we obtain (D + 6)(D — 2)xi — 4(D + 6)x 2 = 0. Combining this 
with the second equation above yields (D + 6)(D — 2)x\ + 16xi = 0, or (D 2 + AD + 4)xi = 0. Since the 
characteristic equation for this differential equation has root r = — 2 with multiplicity 2, we obtain 



Xl (t) = c x e~ 2t + c 2 te~ 2t 



Hence, 



x 2 (t) = l -{D-2)x x 



= \ (-2c ie - 2t + c 2 e- 2t - 2c 2 te- 2t - 2 Cl e~ 2t - 2c 2 te" 2t ) 
= \ (-4 Cl e- 2t + c 2 (l - At)e- 2t ) 
= -c 1 e- 2t + 1 -C2(l-4t)e- 2t . 
To summarize, the solution to the given system of differential equations is 

xi(t) = cie~ 2t + c 2 te~ 2t and x 2 (t) = -c x e^ 2t + ^c 2 (l - At)e~ 2t . 



4. Writing the given system of differential equations in operator form gives us the equations 

Dx x - 2x 2 = 0 and 2x x + Dx 2 = 0. 
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Operating on the first equation with D, we obtain D 2 x\ — 2Dx2 = 0. Combining this with the second 
equation above yields D 2 x\ + Ax\ = 0, or (D 2 + 4)xi = 0. Since the characteristic equation for this 
differential equation has roots r — ±2i, we obtain 

x\ (t) — a cos 2t + c 2 sin 2t. 

Hence, 

x 2(t) = 2 Dxi 

= i (-2ci sin 2t + 2c 2 cos 2t) 

= —C\ sin 2t + c 2 cos 2t. 
To summarize, the solution to the given system of differential equations is 

xi(t) = ci cos2i + c 2 sin2i and x 2 (i) = — c\ sin 2t + c 2 cos 2t. 

5. Writing the given system of differential equations in operator form gives us the equations 

(D - l)x! + 3x 2 = 0 and - 3zi + (D - l)x 2 = 0. 

Operating on the first equation with D — 1, we obtain {D — l) 2 xi + 3(13 — l)x 2 = 0. Combining this with 
the second equation above yields (D — l) 2 xi + 9xi = 0, or (D 2 — 2D + I0)xi = 0. Since the characteristic 
equation for this differential equation has roots r — 1 ± 3i, we obtain 

xi (t) — cie* cos 3t + c 2 e* sin 3t. 

Hence, 

x 2 {t) = - l -{D-l) Xl 

= — ^ (ci e* cos 3t — 3ci e* sin 3t + 3c 2 e* cos 3i + c 2 e* sin 3t — ci e* cos 3t — c 2 e* sin 3i) 

= — ^ (— 3cie'sin3t + 3c 2 e*cos3t) 
= cie* sin 3t — c 2 e* cos 3t. 
To summarize, the solution to the given system of differential equations is 

xi(t) — cie*cos3i + c 2 e*sin3t and x 2 (t) = cie* sin 3t — c 2 e* cos 3t. 

6. Writing the given system of differential equations in operator form gives us the equations 

(L>- 2):n = 0, (D-l)x 2 +x s = 0, -x 2 + (D - l)x 3 = 0. 
From the first equation, we have 

Xl (t) = cie 2t . 

Substituting for x 2 from the last equation into the middle equation, we obtain (D — l) 2 x 3 + xs = 0, or 
(D 2 — 2D + 2)2:3 = 0. Since the characteristic equation for this differential equation has roots r = l±i, we 
obtain 

x 3 (t) = c 2 e* cost + c 3 e*sinf. 
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Hence, 




To summarize, the solution to the given system of differential equations is 

x\{t) — cie 2 *, X2{t) = — c 2 e* sint + c 3 e* cost, x 3 (t) — c 2 e* cos t + c 3 e* sint. 

7. Writing the given system of differential equations in operator form gives us the equations 

(D + 2)xt - x 2 - x 3 = 0, -xx + (D+ l)x 2 - 3x 3 = 0, x 2 + (D + 3)x 3 = 0. 

Operating on the middle equation with D + 2, we obtain —(D + 2)xx + (D + 2)(D + l)x 2 — 3(D + 2)x 3 = 0. 
Combining this with the first equation to eliminate x\ yields (D 2 + 3D + l)x 2 — (3D + 7).t 3 = 0. Operating 
on the third equation with D 2 + 3D + 1 yields (D 2 + 3D+l)x 2 + (-D 2 + 3Z) + l)( J D + 3)a;3 = 0. Combining this 
with previous result, we obtain [(D 2 + 3L»+l)(L>+3) + (3D+7)]x 3 = 0. That is, (L» 3 + 6L> 2 + 13Z)+10)a;3 = 0, 
or (D + 2)(D 2 + AD + 5)x 3 = 0. Since the characteristic equation for this differential equation has roots 
r = — 2 and r = — 2 ± i, we obtain 

x 3 (t) = cxe~ 2t + c 2 e~ 2t cost + c 3 e~ 2 * sint. 

From the third equation in the original system, we have 

x 2 (t) = —(D + 3)x 3 = —e~ 2t [cx + c 2 (cost — sint) + c 3 (cost + sint)] , 

and from the second equation in the original system, we have 

xx (t) = (D + l)x 2 - 3x 3 = -e~ 2 ' [2ci + c 2 cos t + c 3 sin t] . 

To summarize, the solution to the given system of differential equations is 



8. Writing the given system of differential equations in operator form gives us the equations 

Dxx - 2x 2 = 0 and -Xx + {D- l)x 2 = 0. 

Operating on the first equation with D — 1, we get (D — l)Dxx — 2(D — l)x 2 = 0. Combining this with the 
second equation above, we obtain (D — \)Dxx — 2xx — 0, or (D 2 — D — 2)xx = 0. Since the characteristic 
equation for this differential equation has roots r = 2 and r = —1, we obtain 



xx(t) 



-it 



[2cx + c 2 cos t + c 3 sin t] , 



— e 



x 2 (t) 
a*(t) 



— e 21 [cx + c 2 (cost — sint) + c 3 (cost + sint)] 
cxe~ 2t + c 2 e~ 2t cost + c 3 e~ 2 * sint. 



Xx(t) = cie 2 * + c 2 e 



-t 



Hence, 
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Imposing the initial conditions xi(0) = 3 and x 2 (0) = 0, we find that c\ = 1 and c 2 = 2. Therefore, 

X!(t) = e 2t + 2e~ t and x 2 (t) = e 2t - e~*. 

9. Writing the given system of differential equations in operator form gives us the equations 

(D - 2)xi - 5x 2 = 0 and xi + (D + 2)x 2 = 0. 

Operating on the first equation with D + 2, we obtain (D + 2){D — 2)x\ — 5(D + 2)x 2 = 0. Combining 
this with the second equation above, we obtain (D + 2)(D — 2)xi + 5xi = 0, or (D 2 + l)xi = 0. Since the 
characteristic equation for this differential equation has roots r — ±i, we obtain 

x\(t) — c\ cos t + c 2 sin t. 

Hence, 

x 2 {t) - \{D-2) Xl 
5 

= \ (— ci sin t + c 2 cos t — 2c\ cos t — 2c 2 sin t) 
5 

= \ (— ci(sint + 2 cost) + c 2 (cost — 2sini)) . 
5 

Imposing the initial conditions xi(0) = 0 and x 2 (0) = 1, we find that c\ = 0 and c 2 = 5. Therefore, 

Xi(t) = 5sint and x 2 (t) = cost — 2sint. 

10. Writing the given system of differential equations in operator form gives us the equations 

(D - 2)x 1 - x 2 = 0 and x 1 + (D - 4)x 2 = 0. 

Operating on the first equation with D — 4, we get (D — 4){D — 2)x\ — (D — 4)x 2 = 0. Combining this 
with the second equation above, we obtain (D — A){D — 2)x\ + x\ = 0, or (D 2 — 6D + 9)xi = 0. Since the 
characteristic equation for this differential equation has roots r — 3 (with multiplicity 2), we obtain 

Xl (t) = c x e zt + c 2 te 3t . 

Hence, 

x 2 (t) = (D-2) Xl 

= 3cie 3 * + c 2 e 3 * + 3c 2 te 3t - 2cie 3 * - 2c 2 te 3 * 
= e 3t (ci + c 2 + c 2 t) . 

Imposing the initial conditions xi(0) = 1 and x 2 (0) = 3, we obtain c\ = I and c 2 — 2. Therefore, 

xi(t) = e 3t + 2te 3t and x 2 (t) = e 3t (3 + 2t) . 

11. Writing the given system of differential equations in operator form gives us the equations 

(D - l)xi - 2x 2 = 5e 4t and - 2xi + (D - l)x 2 = 0. 



Operating of the first equation with D — 1 yields 

(D - l) 2 xi - 2(D - l)x 2 = 5(D - l)e 4t , 

or 

(D - lf Xl - 2(D - l)x 2 = 15e 4 *. 

Combining this with the second equation above, we obtain (D — l) 2 xi — Ax\ = 15e 4 *, or (D 2 — 2D 
15e 4t . The complementary function for xi is 

x lc {t) = cie~* + c 2 e 3 *. 

Using the trial solution xi p (t) = Ae 4t , we find that A — 3, so that 

Xl (t) =cie _t + c 2 e 3t + 3e 4t . 



Hence, 



Therefore, 



x 2 (t)= 1 -[(D-l)x 1 -5e it ] 

= l - [- Cl e- 4 + 3c 2 e 3t + 12e 4t - Cl e"* - c 2 e 3t - 3e 4t - 5e 4t ] 

= \ [-2 Cie -* + 2 C2e 3t + 4e 4t ] 
= -c 1 e- t + c 2 e 3t + 2e 4t . 

Xl (t) = cie^* + c 2 e 3 * + 3e 4 * and x 2 (t) = -Cie~* + c 2 e 3t + 2e 4t . 



12. Writing the given system of differential equations in operator form gives us the equations 

(D + 2)x 1 - x 2 = t and 2x 1 + (D - l)x 2 = 1. 
Operating on the first equation with D — 1 yields 

(D - 1)(D + 2)zi - (£> - l)x 2 = (£> - l)i 

or 

(D - 1){D + 2).tx — (D — l)x 2 = 1 - t. 
Combining this with the second equation above yields 

(D - l)(D + 2) Xl + (2 Xl - 1) = 1 - t 

or 

(D 2 + D) Xl = 2-t. 

The complementary function for xi is 

x lc (t) = Ci + c 2 e~ l . 

Using the trial solution xi p (t) = (A 0 + A\t)t, we find that A 0 = 3 and A\ = — |, so that 

= ci + c 2 e-* + (3- ^t)t. 
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Hence, 

x 2 {t) = {D + 2)x 1 -t 

= 2c 1 +c 2 e- t -t 2 + 4t + 3. 

Therefore, 

xi(t) = ci + c 2 e~* + (3 - ^t)t and x 2 (t) = 2c x + c 2 e~* - t 2 + At + 3. 

13. Writing the given system of differential equations in operator form gives us the equations 

(D - l)x 1 - x 2 = e 2t and - 3xi + (D + l)x 2 = 5e 2t . 

Operating on the first equation with D + 1 yields (D + 1)(£) — l)a;i — (D + l)x 2 — (D + l)e 2 *. Combining 
this with the second equation above yields 

[(£> + 1)(D - 1) - 3]si = 5e 2t + (£) + l)e 2t - 8e 2t , 

or 

(D 2 -4)a:i = 8e 2t . 



The complementary function for x\ is 

x lc (t) = c x e 2t + c 2 e~ 2t . 
Using the trial solution x\ p (t) — Ate 2t , we find that A = 2. Therefore, 

= cie 2 * + c 2 e~ 2t + 2ie 2t . 

Hence, 

x 2 (t) = x[{t) - Xl (t) - e 2 ' 

= 2cie 2t - 2c 2 e- 2t + 2e 2t + 4te 2t - c x e 2t - c 2 e- 2t - 2te 2t - e 2t 
= ( Cl +2t+l)e 2t - 3c 2 e- 2t . 

Therefore, 

Xl (t) = cie 2 * + c 2 e~ 2t + 2te 2t and x 2 (i) = (ci + 2i + 1) e 2t - 3c 2 e~ 2t . 

14. Letting xi = x, x 2 = y, and x 3 = yields the first-order system 

dx\ dx 2 dxz f 

——=tx 2 +cost, — — — x 3 , — - = -x\ + tx 2 + e + cost. 
at at at 

15. Letting x\ — x, x 2 = x 3 = y, and x 4 = ^ yields the first-order system 

dxi dx 2 . dx 3 dx4 f 2 

— rr = x 2 , —— = -xi + 3x 4 + sin i, — — = x 4 , — — = fcr 2 + e x 3 + t . 
dt dt dt dt 

16. Letting yi = y and y 2 = -M, we obtain the system 



dt/i , dy 2 

— = y 2 and — = -2ty 2 - yi + cos t. 
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17. Letting y\—y and y 2 — Jr, we obtain the system 

a d y 2 u , 
— = y 2 and — = -63/1 - ay 2 + F(t). 



18. Letting 3/1 = y, y 2 = -Jr, and 3/3 = J, we obtain the system 

dyi dy 2 dy 3 t 2 

-^ = 3/2, -^=3/3, and _ = eyi - ty2 + i. 



19. Letting ui ~ x, u 2 = ^ , U3 = y, and U4 = we obtain the system 

(foil rf«2 1 r 7 7 / m d«4 fc 2 , . 

-tt = "2, —rr = — [-kiu\ + k 2 (u 3 - m) , — = u 4 , —rr = (u 3 - ui), 

at ctt mi at at m 2 

with initial conditions 

u 1 (0) = ai, 1*2(0) = a 2 , u 3 (0) = a 3 , u 4 (0) = a 4 . 



20. Rewriting the differential equations, we have 

x[ + (tant)xi = 3 cos 2 t and — x\ + x' 2 — (tan t)a; 2 — 2sint. 

The first equation has integrating factor I(t) = e J tantdt — sect. Thus, J^(xisect) = 3 cost. Integrating, 
we obtain 

xi(t) = cost(3sint + Ci). 

Consequently, x 2 must satisfy x' 2 — (tant)x 2 = 2sint + x\ = 2sint + 3 sin t cost + c\ cost. This is a first- 
order linear differential equation with integrating factor 1(f) = e ^J tantdt = COS £ Thus, -^{x 2 cost) = 
2 sin t cos t + 3 sin t cos 2 t + c\ cos 2 t, so that 



x 2 (t) = sect 



Imposing the initial conditions xi(0) = 4 and x 2 (0) = 0 yields c\ = 4 and c 2 = 1. Therefore, we have 











^sin 2t + t^ 


+ c 2 



xi(t) = cost(3sint + 4) and a; 2 (t)=sect 



sin 2 t - cos 3 t + 2(- sin 2t + t) + 1 



Solutions to Section 7.2 



True-False Review: 

1. TRUE. If the unknown function x(t) is a column n-vector function, then A(t) must contain n columns 
in order to be able to compute A(t)x(t). And since x'(t) is also a column n-vector function, then A(t)x(t) 
must have n rows, and therefore, A(t) must also have n rows. Therefore, A(t) contains the same number of 
rows and columns. 

2. FALSE. If two columns of a matrix are interchanged, the determinant changes sign: 



det([xi(t),x 2 (t)]) = -det([x 2 (t), Xl (t)]). 
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3. FALSE. Many counterexamples are possible. For instance, if 





' 1 " 




' 1 " 




1 


Xl = 


1 


, x 2 = 


t 


, x 3 = 


t 2 _ 



then if we set 

cixi(t) + c 2 x 2 (t) + c 2 x 3 (t) = 0, 

then we arrive at the equations 

ci + c 2 + c 3 = 0 and c\ + tc 2 + t 2 c 3 = 0. 

Setting t = 0, we conclude that C\ = 0. Next, setting t — —1, we have — c 2 + c 3 = 0 = c 2 + c 3 , and this 
requires c 2 = c 3 = 0. Therefore ci = c 2 = c 3 = 0. Hence, {xi,x 2 ,x 3 } is linearly independent. 

4. FALSE. Theorem 7.2.4 asserts that the Wronskian of these vector functions must be nonzero for some 
t 0 € /, not for all values in /. 

5. FALSE. To the contrary, an nxn linear system x'(i) = Ax(t) always has n linearly independent solutions, 
regardless of any condition on the determinant of the matrix A. This is explained in the paragraph preceding 
Example 7.2.7 and is proved in Theorem 7.3.2 in the next section. 

6. TRUE. This is actually described in the preceding section with Equation (7.1.16) and following. We 
can replace the fourth-order linear differential equation for x(t) by making the change of variables x\ = x, 
x 2 = x' , xs = x" , and x 4 = x'" . In so doing, we obtain the equivalent first-order linear system 



Xi — x 2 , x 2 
7. FALSE. We have 



x 3 , x' 3 — X4, x\ = —ai(t)xi ~ a 3 (t)x 2 ~ a 2 (t)x 3 - a\(i)Xi + F(t). 



(xo(t) + b(t))' - x'o(t) + b'(t) - A(t)xo(t) + b'(t), 
and this in general is not the same as 

i4(t)(xo(t) + b(t))+b(t). 

Problems: 

1. We compute the Wronskian: 



W[xi,x 2 ](t) 



2e 2t + 0, 



so that by Theorem 7.2.4 the vector functions are linearly independent on (-co, oo). 
2. We compute the Wronskian: 



W[xi,x 2 ](i) 



t t 
t t 2 



t 2 (t-l), 



so that since this is not identically zero on (—00,00), the vector functions are linearly independent on 
(-00, 00) by Theorem 7.2.4. 



3. We compute the Wronskian: 

W[xi,X 2 ,X3](t) 



t+1 e l 
t-l ° 2t 



1 

e'" sin t 



0 3t 



(t + l)e 2t cos t + 2te* sin t + (t - l)e 3t - 2te 2t 



(t+ l)e M sint- (t- l)e f cost. 
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Substituting t = 0, we find that VF[xi,x 2 ,X3](0) = 1, so that the Wronskian is not identically zero on 
(—00,00). Therefore, by Theorem 7.2.4, the vector functions arc linearly independent on (—00,00). 



4. We compute the Wronskian: 



W[x lt x 2 ](t) 



t \t\ 
t t 



tt . 



This is not identically zero on (—00,00). For instance, W[xi,X2](— 1) = 2 7^ 0, so by Theorem 7.2.4, the 
given vector functions arc linearly independent on (—00,00). Note that on any interval contained in [0, 00) 
consisting of nonnegative values of t only, xi and x 2 become the same vector function and therefore they 
are linearly dependent on any such interval. 

5. We compute the Wronskian: 

sint 



W[xi,X 2 ,X3](t) = 



t sinh t 
cos t 1 — t cosh t 
1 1 1 



= (1 — t) sin t + t cosh t + cos t sinh t — (1 — t) sinh t — sin t cosh t — t cos t. 

A quick computation with, say t = 1, shows that this Wronskian is not identically zero on (—00,00). 
Therefore, by Theorem 7.2.4, the given vector functions are linearly independent on (—00,00). 

6. By inspection we see that 3xi + x 2 = 0, so that {xi,x 2 } is linearly dependent. 

7. By inspection we see that 4xi — x 2 = 0 so that {xi,x 2 } is linearly dependent. 

8. We see that 2xi + x 2 — x 3 = 0 so that {xi, x 2 , x 3 } is linearly dependent. 

9. We see that 3xi — x 2 + X3 = 0 so that {xi, x 2 , x 3 } is linearly dependent. 

10. We must verify the ten axioms appearing in Definition 4.2.1. All of these steps are routine. For 
example, clearly if we add two elements in V n (I), the result is another vector in V n (I), and similarly, if we 
scalar multiply an clement of V n (I) by a scalar, we obtain another vector in V n (I). Hence, V n (I) is closed 
under addition and scalar multiplication. The axioms A3 and A4 of Definition 4.2.1 follow directly since 
they hold for functions defined on an interval I and the addition and scalar multiplication operations in 
V n (I) are defined componentwise. The zero vector in V n (I) is the column n- vector function whose elements 



are all zero (for all t in I). Next, the additive inverse of the column n-vector function v(t) 



is 



-«i(t) 
-«2(*) 

-Vn(t) 



Wl(t) 
«2(t) 

v„(t) 



The last four axioms A7-A10 of a vector space are all satisfied for functions defined on an 



interval /, so the componentwise nature of the addition and scalar multiplication in V n {I) now implies that 
these same axioms carry over to vectors in V n (I). 



11. Let 



S= {x e V n {T) : x' = Ax}. 
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Note that x = 0 is a solution to x' = Ax, so that 0 belongs to S. Therefore, S is nonempty. Next, we must 
verify that S is closed under addition and scalar multiplication: 

Closure under addition: Suppose that u and v belong to S. This means that u' = Au and v' = Av. 
Therefore (u + v)' = u' + v' = Au + Av = A(u + v), which shows that u + v belongs to S. Hence, S is 
closed under addition. 

Closure under scalar multiplication: Suppose that u belongs to S and c is a scalar. From the fact that 
u' = Au, we deduce that (cu)' = cu' = c(Au) = A(cu), which shows that cu belongs to S. Hence, 5* is 
closed under scalar multiplication. 

12. The system x' = Ax can be written as two separate differential equations: 

x\ = 2xi — 4x 2 and x' 2 — x\ — 3x2 ■ 

These equations in turn can be written in operator form as 

(D - 2)x x + 4x 2 = 0 and - xi + (D + 3)x 2 = 0, 

respectively. Operating on the second equation with D — 2 and adding the result to the first equation gives 
(D 2 + D- 2)x 2 = 0. That is, (D + 2)(D - l)x 2 = 0. Therefore, we obtain the solution 



Hence, 



Therefore, the general solution is 



x 2 (t) = cie* + c 2 e 2 *. 
Xl (t) = (D + 3)x 2 



4cie* + c 2 e 



-21. 



X(t) = 



" X1 (t) ' 




. x 2 {t) 





-21 



4cie* + c 2 e 
cie* + c 2 e -2 * 



which can be written as 



where Xi(i) 



4e* 



and x 2 (t) 



X(t) = ClXl + c 2 x 2 , 

. Since 



W[xi,x 2 ](t) 



4e* e" 



3e"* ^ 0, 



the solutions xi and x 2 arc linearly independent on (—00,00). 



13. 



(a) Letting x\ = y and x 2 = y' , the given differential equation can be replaced by the first-order system 

-bxi — ax2- 







xi = x 2 


and 


A- 


That is x' = Ax, where x = 


X\ 


and A = 


0 


1 " 


x 2 




-b 


—a 
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(b) Supposing that y\ = fi(t) and y 2 = hit) 


are 


solutions to (7.2.4), 


we have that 


or 


dt 2 


, d yi 

dt 


= 0 


, d 2 y 2 dy 2 
and ^ +a dt +by 2 = 0, 


f['(t) + 


af[{t)+bh{t)-- 


= 0 


and fZit) + a&(t) + bf 2 (t) = 0. 


Substituting xi(i) = 


' h{t) ' 


into x' = Ax, 


we obtain 










' hit) - 
. fiW 




hit) 
-b.h(t) - af[(t) 




which corresponds precisely to the differential equation for /i above. Likewise, substituting x 2 (t) 


into x' = Ax, we obtain 




' hit) - 




hit) 

. -bhit) - af' 2 {t) _ 


i 



hit) 
hit) 



which corresponds precisely to the differential equation for f 2 above. 

h h 



(c) Using the Wronskian in V 2 (I) we have W[xi, x 2 ](t) 
W\y 1 ,y 2 ](t) = 



hi $2 



. Similarly, using the Wronskian in C l (I), 



h h 
h h 



Solutions to Section 7.3 



True-False Review: 



1. FALSE. With b(t) ^ 0, note that x(t) = 0 is not a solution to the system x'(t) = A(t)x(t) + b(t), and 
lacking the zero vector, the solution set to the differential equation cannot form a vector space. 

2. TRUE. Since any fundamental matrix X(t) = [x 1; x 2 , . . . , x„] is comprised of linearly independent 
columns, the Invcrtible Matrix Theorem guarantees that the fundamental matrix is invertible under all 
circumstances. 

3. TRUE. More than this, a fundamental solution set for x'(t) — A(t)x(t) is in fact a basis for the space of 
solutions to the linear system. In particular, it spans the space of all solutions to x' = Ax. 

4. TRUE. This is essentially the content of Theorem 7.3.6. The general solution to the homogeneous vector 
differential equation x'(t) = A(t)x(t) is x c (t) = cixi + c 2 x 2 + • • • + c„x„, and therefore the general solution 
to x'(t) = A(t)x(t) + b(t) is of the form x(t) = x c (t) + x p (t). 

Problems: 

1. We first show that X! is a solution to x' = Ax: 

Ax 1 = 



" -2 


3 " 




' e 4t " 




' 4e 4t " 


-2 


5 




2e 4t 




. 8e4t . 



Next we show that x 2 is a solution to x' = ^4x: 
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To check {xi,x 2 } for linear independence, we compute the Wronskian: 



W[xi,x 2 ](t) 



e 4t 3e"* 
2e 4t e-' 



5e dt ^ 0, 



so {xi,x 2 } is linearly independent. Therefore, the general solution to the system is 

D 4t 



x(t) = Ci 

Finally, we use the initial condition x(0) = 



e 
2e 4t 



+ c 2 



3e"* 



-2 
1 



to determine C\ and c 2 : We have 
x(0) = ci 



" 1 " 




' 3 " 


2 


+ c 2 


1 



which implies that 



Ci + 3c 2 = —2 and 2ci + c 2 = 1. 



Solving this system, we obtain ci = 1 and c 2 = —1. Thus, the particular solution to this initial value problem 
is 

x(t) = 



" e 4t " 




' 3e"* " 


2e 4 * 







2. We first show that xi is a solution to x' = Ax: 

Axi = 



3 


1 — 1 




' e 2t " 




~ 2e 2t " 


-1 


I— 1 




_ e 2t ^ 




-2e 2t 



= bfx[. 



Next we show that x 2 is a solution to x' = Ax: 



Axo = 



3 1 
-1 1 



-te" 



3e 2t + 2te 2 
-e 2 



To check {xi,x 2 } for linear independence, we compute the Wronskian: 



W[x u x 2 ]{t) 



e 2t e 2t (l + t) 



-te z 



e 4t * 0, 



so {xi,x 2 } is linearly independent. Therefore, the general solution to the system is 

e 2t (l + t) 



x(t) = a 

3. We first show that xi is a solution to x' = Ax: 



' e 2t ' 


+ c 2 









-te 



21, 





' 2 


-1 


3 " 




" -3 " 




" 0 " 


Axi = 


3 


1 


0 




9 




0 




2 


-1 


3 




5 




0 
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Next we show that x 2 is a solution to x' = Ax: 



Ax 2 



-1 3 
1 0 
-1 3 



Next we show that x 3 is a solution to x' = Ax: 

Ax 3 = 



1 3 
1 0 



" e 2t " 




" 2e 2t ' 




3e 2t 




6e 2t 


= 4 


e 2t 




. 2e2t . 




" e 4t " 




' 4e 4t " 




e 4t 




4e 4t 


= x' 3 - 


e 4t 




4e 4t 





2-13 

To check {xi,x 2 ,x 3 } for linear independence, we use the Wronskian: 



W[x 1 ,x 2 ,x 3 ](t) = 



9 3e 2 ' e 4 * 
5 e 2t e 4 * 



= -16e 6t ^ 0 



so {xi,X2,X3} is linearly independent. Therefore, the general solution to the system is 





" -3 " 




" e 2t " 




" e 4t " 


x(t) = Ci 


9 


+ c 2 


3e 2t 


+ c 3 


e 4t 


5 




e 2t 




e 4t 



" l 

t 


0 " 




' 2t ' 




2 


0 


I— 1 




. e * . 







4. We first show that xi is a solution to x' = Ax: 

Axi = 

Next we show that x 2 is a solution to x' = ^4x: 

^x 2 = 

To check {xi,x 2 } for linear independence, we use the Wronskian: 

W[x 1 ,x 2 ](t)= 2 * 3 ° et 



" 1 

t 


0 " 




0 




0 


0 


1 




3e* _ 




3e* 



6te*, 



which is nonzero provided that t ^ 0. Therefore, {xi,x 2 } is linearly independent. Therefore, the general 
solution to the system is 

x(t) = a 





' 2t ' 




0 


Cl 


. e * . 


+ c 2 


3e* 



5. We first show that Xi is a solution to x' = Ax: 

Axi = 

Next we show that x 2 is a solution to x' = Ax 
A?t 2 = 



l/t t ' 




tsint 




sin t + t cos t 


-l/t 0 




cost 




— sini 



l/t t ' 




— tcost 




-l/t 0 




sint 





cos t + t sin t 
cost 
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To check {xi,x 2 } for linear independence, we use the Wronskian: 

W[ Xl ,x 2 ](i) = 



t sini 
cost 



tcost 
sint 



= t, 



which is nonzero for all choices of t ^ 0. Therefore, {xi,X2} is linearly independent. Therefore, the general 
solution to the system is 



x(t) = Ci 



t sint 
cost 



- c 2 



-tcost 
sini 



6. We have 

A(t)X = A(t)[x 1 ,x 2 , . . . ,x n ] = [Ax u Ax 2 ,...,Ax n ] = [x[,x' 2 , . . . ,x'J = X'. 
Thus, X' = A(t)X as required. 



(a) Write the fundamental matrix as X(t) — [xi, x 2 , . . . , x„], where the set of vector functions {xi, x 2 , . . . , x„} 
is linearly independent. Therefore, by Theorem 7.3.2, the general solution to the system x' = A(t)x is 



x(t) = ClXl + c 2 x 2 H h c„x„ = [xi, x 2 , . . . , x„ 



Cl 

c 2 



X(t)c, 



where c is a vector of constants. 

(b) Note that x = X(i)X _1 (io)xo is a solution to x' = Ax by part (a). Moreover, if we evaluate x(to) we get 
x(i 0 ) = X(to)X~ 1 (t 0 )*L 0 = x 0 , so that x also satisfies the initial condition in this problem. Since solutions 
to such an initial-value problem are unique (Theorem 7.3.1), x is the solution to this initial- value problem. 

Solutions to Section 7.4 



True-False Review: 

1. TRUE. If x(i) = e At v, then 

x'(i) = Ae At v = e At (Av) = e Ai (Av) = A(e At v) = Ax(t). 
This calculation appears prior to Theorem 7.4.1. 

2. TRUE. The two real-valued solutions are derived in the work preceding Example 7.4.6. They are 

xi (t) = e at (cos btr — sin bts) and x 2 (t) = e at (sin btr + cos Ms) , 
where r and s arc the real and imaginary parts of an eigenvector v = r + is corresponding to A = a + bi. 



3. FALSE. Many counterexamples can be given. For instance, if A 



0 0 
0 0 



and B 



0 1 
0 0 



, then 



the matrices A and B have the same characteristic equation: A 2 = 0. However, whereas any constant vector 



function x(i) 



Cl 

c 2 



is a solution to x' = Ax, we have Bx - 



c 2 
0 



and x' = 0. Therefore, unless c 2 = 0, 
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x is not a solution to the system x' = Bx. Hence, the systems x' = Ax and x' = 7?x have differing solution 
sets. 

4. TRUE. Assume that the eigenvalue/eigenvector pairs are (Ai, vi), (A 2 , v 2 ), . . . , (A„, v„). In this case, 
the general solution to both linear systems is the same: 

x(i) = c ie Alt Vl + c 2 e A2 *v 2 + • • • + c„e A "*v„. 

5. TRUE. The two real-valued solutions forming a basis for the set of solutions to x' = Ax in this case are 

x^T) = e at (cos6ir - sinfet s) and x 2 (t) — e at (sin bt r + cos bt s). 

The general solution is a linear combination of these, and since a > 0, e at — > oo as t — > oo. Since xi and 
x 2 cannot cancel out in a linear combination (since they are linearly independent), e at remains as a factor 
in any particular solution to the vector differential equation, and as this factor tends to oo, ||x(t)|| — > oo as 
t — > oo. 

6. FALSE. If x(0) is parallel to v 2 , then since A 2 > 0, the solution x(i) has the form x(£) = ce A2 *v 2 and 
will tend to move away from the origin as t — > oo. 

Problems: 

1. Note that 

det(A - A7) = 0 <^=> ^ A 4 1 ? A ! ! 



A 2 -2A-15 = 0 



A = —3 or A = 5. 



Eigenvectors for A = —3: Here we have 



A + 37 = 



1 -7 
-1 7 



and so we have an eigenvector corresponding to nullspacc( J 4 + 37) as follows: vi 

Hence, we obtain the first solution to the linear system: xi(t) = e~ 3 * 
Eigenvectors for A = 5: Here we have 



A -57 



-7 -7 
-1 -1 



and so we have an eigenvector corresponding to nullspace(yl — 5z) as follows: v 2 = 



Hence, we obtain the second solution to the linear system: x 2 (i) = e 5 



-1 
1 



Putting the two solutions xi(i) and x 2 (i) together, we obtain the general solution to this linear system: 



x(t) = cie 



+ c 2 e 



2. Note that 



det(A - A7) = 0 



-A -4 
4 -A 



A 2 + 16 = 0 



A = 4i or A : 



-Ai. 
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Eigenvectors for A = Ai : Here we have 



A - Ail = 



-Ai -A 
A -Ai 



and so we have an eigenvector corresponding to nullspacc(A — Ail) as follows: v 
the solution 

x(t) - e 4lt 



1 

—i 



Hence, we obtain 



1 

—i 



= (cos At + i sin At) 



= cos At 



sin At 



i cos At 



sin At 



Therefore, we obtain the two real- valued solutions 



Xi (t) = cos At 



sin At 



and x 2 (t) = cos4£ 



sin At 



Putting the two solutions Xi(i) and x 2 (i) together, we obtain the general solution to this linear system: 



- sin At 



x(t) = ci ^cos4i 
Equivalently, this can be expressed as 

x(t) = Ci 



+ c 2 cos At 



+ sin At 



cos At 
sin At 



C2 



sin At 
cos At 



Note that one can also obtain the solution by working with the eigenvalue A = —Ai. The calculations are 
similar. 



3. Note that 



det(A - XI) = 0 



1 - A -2 
5 -5 - A 



A + 4A + 5 = 0 \ = -2±i. 



Eigenvectors for A = — 2 + i: Here we have 

A — (-2 + i)I 



3-i -2 
5 -3-i 



The two rows of this matrix must be proportional, since we must be able to find a nonzero vector in its 
nullspace corresponding to A = — 2 + i, so concentrating on the first row, we can determine an eigenvector 

2 



corresponding to A = — 2 + i as follows: v 



3 - i 



. Note that other choices of v arc possible here, such 



as 



3 + i 
5 



obtained by concentrating on the second row instead of the first row. Proceeding with our 
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choice of v, we obtain the solution 
x(t) - e(- 2 +*)* 

= e~ 2t (cos t + i sin t) 



2 

3-i 





' 2 " 




0 " 


( 


3 


+ i 


-1 



^cost 


' 2 " 


— sint 


0 " 


^ + i ^cos t 


0 " 


+ sint 


' 2 " 












)] 




3 




-1 




-1 




3 





Therefore, we obtain the two real- valued solutions 



e 2t ^cost 


' 2 " 


— sint 


0 " 


) 




3 




-1 





e 24 ^cost 


0 " 


+ sint 


' 2 " 


) 




-1 




3 





Putting the two solutions xi(t) and x 2 (t) together, we obtain the general solution to this linear system: 



x(t) — c\e 21 ^cost g 
Equivalently, this can be expressed as 
x(t) = cie" 2 * 



sint 



0 

-1 



C2e 2 * I cost 



0 

-1 



sint 



2 cost 
3 cos t + sin t 



c 2 e 



-it 



2 sint 
— cos t + 3 sin t 



Note that one can also obtain the solution by working with the eigenvalue A = — 2 — i. The calculations are 
similar. 



4. Note that 

det(A - XI) = 0 



-1-A -2 
2 -1-A 



Eigenvectors for A = — 1 + 2i: Here we have 

A - (-1 + 2i)I 



A 2 + 2A + 5 = 0 



-2i 2 
-2 -2i 



A = -l±2i. 



One choice of eigenvector, found by examining the nullspace of this matrix, is v 
solution 

x(t) = e (- 1 + 2j )* 



We obtain the 



= e * (cos 2t + i sin 2t) 





' 1 " 




' 0 " 


( 


0 


+ i 


1 



= e 



cos 2t 



sin 2t 



i cos2t 



sin 2t 



Therefore, we obtain the two real- valued solutions 



xi(t) = e * ( cos2t 



sin 2t 



and X2 (t) = e 1 ( cos 2t 



sin 2t 
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Putting the two solutions xi(t) and x 2 (i) together, we obtain the general solution to this linear system: 



x(t) = c x e * ^cos2i * 
Equivalcntly, this can be expressed as 



sin2t 



c 2 e cos2i 



sin 2t 





cos 2t 




sin 2i 


cie * 


— sin 2t 


+ c 2 e~* 


cos2i 



Note that one can also obtain the solution by working with the eigenvalue A = — 1 — 2i. The calculations 
are similar. 



5. Note that 
det(A-AJ) = 0 



2 - A 0 0 
0 5- A -7 
0 2 -4 - A 



(2-A)(A 2 -A-6) = 0 ^ (2-A)(A-3)(A + 2) = 0. 



Thus, A = 2,3, or - 2. 

Eigenvectors for A = —2: Here we have 



A + 21 = 



4 0 0 
0 7-7 
0 2-2 



and so we have an eigenvector corresponding to nullspacc( J 4 + 2J) as follows: vi 



. Hence, we obtain 



the first solution to the linear system: xi(t) = e 21 
Eigenvectors for A = 2: Here we have 

A -21 = 



0 0 0 

0 3-7 
0 2-6 



and so we have an eigenvector corresponding to nullspacc( J 4 — 21) as follows: v 2 



. Hence, we obtain 



the second solution to the linear system: x 2 (t) = e 2 * 
Eigenvectors for A = 3: Here we have 

A-3I = 



-10 0 
0 2-7 
0 2-7 
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and so we have an eigenvector corresponding to nullspacc(j4 — 3/) as follows: V3 
the third solution to the linear system: x 3 (i) = e 3t 



. Hence, we obtain 



Putting the three solutions Xi(i), x 2 (i), and x 3 (£) together, we obtain the general solution to this linear 
system: 





" 0 " 




" 1 " 




" 0 " 


x(i) = cie" 2 * 


1 


+ c 2 e 2t 


0 


+ c 3 e 3t 


7 




1 




0 




2 



6. Note that 
det(A-XI) = 0 



-1-A 0 0 
1 5- A -1 
1 6 -2 - A 



(-l-A)(A 2 -3A-4) = 0 (-1-A)(A-4)(A+1) = 0. 



Thus, A = -1, -1, or 4. 

Eigenvectors for A = —1: Here we have 



A + I 



0 0 0 

1 6 -1 
1 6 -1 



and we must find two linearly independent vectors in the nullspacc of this matrix. Setting z — t and y = s, 
the last two rows of the matrix give x + 6y — z = 0, or x = t — 6s. Thus, vectors in nullspace(A + I) have 

" 1 " 

0 
u 1 
1 " 
0 

1 





' t - 6s ' 




' 1 " 




' -6 " 


the form 


s 


= t 


0 


+ s 


1 




t 




1 




0 



and v 2 



-6 
1 
0 

-6 
1 
0 



x 2 (t) = e~* 
Eigenvectors for A = 4: Here we have 



. So we have two linearly independent eigenvectors: vi = 
. Therefore, we obtain two solutions to the linear system: xi(t) = e~* 



and 



A-4I = 



-5 


0 


0 


l—i 


1 — 1 


1 

I— 1 




G 


-6 



and so we have an eigenvector corresponding to nullspacc(A — AI) as follows: v 3 = 

0 

the third solution to the linear system: x 3 (i) = e 4t 1 

1 



Hence, we obtain 
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Putting the three solutions xi(t), x 2 (t), and x 3 (t) together, we obtain the general solution to this linear 
system: 





" 1 " 




" -6 " 




" 0 " 


x(£) = Cie * 


0 


+ c 2 e-* 


1 


+ c 3 e 4t 


1 




1 




0 




1 



7. Note that 

det(A — XI) = 0 



-A 1 0 
-1 —A 0 
0 0 5 - A 



(5 - A)(A 2 + 1) = 0 A5, i, or - i. 



Eigenvectors for A = 5: Here we have 



A -51 = 



-5 


I— 1 


0 


1 — i 


-5 


0 


0 


0 


0 



and so we have an eigenvector corresponding to nullspacc(A — 5/) as follows: vi = 



. Hence, we obtain 



the first solution to the linear system: xi(i) = e 5t 
Eigenvectors for A = i: Here we have 

A-iI = 



-i 1 0 
-1 -i 0 
0 0 5 — 4 



and we obtain an eigenvector corresponding to A = i by computing nullspacc(A — il). We obtain v 



We therefore obtain the corresponding solution 
x(i) = e u 





" 1 " 




' 0 " 


(cos t + i sin t) ^ 


0 


+ i 


1 




0 




0 





" 1 " 




" 0 " 


^cosi 


0 


— sint 


1 




0 




0 



+ i ^cos t 

Therefore, we obtain two real-valued solutions corresponding to A = i: 



' 0 " 




" 1 " 


1 


+ sint 


0 


0 




0 





" 1 " 




" 0 " 




" 0 " 




" 1 " 


x 2 (£) = cost 


0 


— sint 


1 


and x 3 (t) = cost 


1 


+ sint 


0 




0 




0 




0 




0 
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Putting the solutions xi(i), x 2 (£), and x 3 (i) together, we obtain the general solution to the linear system: 





" 0 " 




' 1 " 




' 0 " 




' 0 " 




' 1 " 


x(i) = Cl e 5t 


0 


+ c 2 ^cos t 


0 


— sin t 


1 


+c 3 ^cost 


1 


+ sin t 


0 




1 




0 




0 




0 




0 



Equivalcntly, we can express this solution as 

x(t) = cie 5t 

8. Note that 

dct{A - XI) = 0 



" 0 " 




cost 




sin t 


0 


+ c 2 


— sin t 


+ c 3 


cos t 


1 




0 




0 



2 — A 0 3 
0 —4 - A 0 =0 
-3 0 2 - A 



(-4-A)(A 2 -4A+13) = 0. 



Therefore, A = —4, 2 + 3i, or 2 - 3i. 
Eigenvectors for A = —4: Here we have 



A + 47 = 



6 0 3 
0 0 0 

-3 0 6 



and we obtain an eigenvector corresponding to nullspacc(^4 + AI) as follows: V! 



Hence, we obtain 



the first solution to the linear system: xi(t) = e 4t 
Eigenvectors for A = 2 + 3i: Here we have 

A - (2 + 3i)I ■■ 



-3i 0 3 

0 -6 - 3i 0 
-3 0 -3i 



One choice of eigenvector, found by examining the nullspacc of this matrix, is v 
solution 

1 

x(t) = e (2+34) * 0 
i 



. We obtain the 







" 1 " 




' 0 " 




e 2t 


(cos 3t + i sin 3t) ^ 


0 


+ i 


0 


)] 






0 




1 









" 1 " 




' 0 " 


e 2t 


^cos 3i 


0 


— sin 3t 


0 






0 




1 



i cos 3t 



' 0 " 




' 1 " 




0 


+ sin 3t 


0 


)] 


1 




0 
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Therefore, we obtain the two real- valued solutions 





' 1 " 




" 0 " 


^cos 3t 


0 


— sin 3i 


0 




0 




1 





' 0 " 




" 1 " 


^cos 3i 


0 


+ sin 3i 


0 




1 




0 



Putting the three solutions xi(i), x 2 (i), and x 3 (i) together, we obtain the general solution to this linear 
system: 





" 0 " 




" 1 " 




' 0 " 




" 0 " 




' 1 " 


x(i) = cie" 4 * 


1 


+ c 2 e 2t |cos3i 


0 


— sin 3t 


0 


j +c 3 e 2t ^cos3t 


0 


+ sin 3t 


0 




0 




0 




1 




1 




0 



Equivalently, this can be expressed as 



9. Note that 





" 0 " 




cos 3t 




sin 3i 


x(i) = c ie - 4t 


1 




0 


+ c 3 e 2t 


0 




0 




— sin 3t 




cos 3i 




3- 


- A 2 


6 






- XI) = 0 <^=> 




2 1 - A -2 




A=l,2, 






1 -2 


-4- A 







Eigenvectors for A = 1: Here we have 



A- I: 



2 2 6 

-2 0 -2 
-1 -2 -5 



and so we have an eigenvector corresponding to nullspace(A — /) as follows: vi 



-1 
-2 
1 



. Hence, we obtain 



the first solution to the linear system: Xi(£) = e* 
Eigenvectors for A = 2: Here we have 

A -21 = 



1 2 6 

-2 -1 -2 
-1 -2 -6 



and so we have an eigenvector corresponding to nullspace(A — 21) as follows: v 2 = 

2 

obtain the second solution to the linear system: x 2 (i) = e 2t —10 

3 



2 
-10 
3 



Hence, we 
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Eigenvectors for A = —3: Here we have 



.4 + 3/ = 



6 2 6 

-2 4 -2 
-1 -2 -1 



and so we have an eigenvector corresponding to nullspace(v4 + 31) as follows: v 3 
obtain the third solution to the linear system: x 3 (t) = e~ 3t 



. Hence, we 



Putting the three solutions Xi(i), x 2 (i), and x 3 (i) together, we obtain the general solution to this linear 
system: 



10. Note that 

det(A - XI) = 0 < 

Eigenvectors for A = 2: Here we have 





" -1 " 




2 " 




" -1 " 


x(i) = cie* 


-2 


+ c 2 e 2t 


-10 




0 




1 




3 




1 


-A -3 


1 










-2 -1 - 


A 1 


= 0 <= 


=>(2- 


A)(A 2 + A - 


-6) = 


0 0 


2 - 


A 











A = 2 or A 



-3. 



A -21 = 



-2 -3 1 
-2 -3 1 
0 0 0 



Therefore — 2x — 3y + z = 0. Setting x = t and y — s, we have z = 2t + 3s, and so vectors in nullspace(^4 — 21) 
t 

have the form s . Therefore, we have two linearly independent eigenvectors corresponding to A = 2: 



s 

2t + 3s 



Vl 



and v 2 



Hence, we obtain two linearly independent solutions to the linear system: 



Xi(i) = e 



21 



and x 2 (£) = e 2t 



Eigenvectors for A = —3: Here we have 



A + 31 



3 -3 1 
-2 2 1 
0 0 5 



and so we have an eigenvector corresponding to nullspace(A + 3I) as follows: v 3 = 



Hence, we obtain 
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the third linearly independent solution to the linear system: ^(t) = e 



Putting the three solutions xi(t), x 2 (i), and x 3 (i) together, we obtain the general solution to this linear 
system: 





" 1 " 




' 0 " 




" 1 " 


x(t) = cie 2t 


0 


+ c 2 e 2t 


1 


+ C3 e- 3t 


1 




2 




3 




0 



11. Note that 

3 — A 0 -1 

det(A-AJ) = 0 0 —3 - A -1 = 0 (3-A)(A 2 +4A+5) = 0 A = 3, -2+i, or -2-i 

0 2 -1-A 



Eigenvectors for A = 3: Here we have 



A -37 = 



0 0-1 
0 -6 -1 
0 2-4 



and so we have an eigenvector corresponding to nullspacc(A — 31) as follows: vi = 



. Hence, we obtain 



the first solution to the linear system: xi(t) = e 3t 
Eigenvectors for A = — 2 ± i: Here we have 

A — (-2 + i)I = 



5-i 0 -1 
0 -l-i -1 
0 2 l-i 



and so we have an eigenvector corresponding to nullspacc(^4 — (—2 + i)I) as follows: v 2 

Therefore, an eigenvector corresponding to nullspace(A — (—2 — i)I) can be taken as v 3 = 
Hence, a complex-valued solution corresponding to A = —2 ± i can be expressed as 



0 
1 

-l-i 

0 
1 

-l + i 



= e 



-it 



-it 









0 " 




(cos t + 


i sin t) 


( 


1 


+ i 








-1 






0 " 




0 " 


^cost 


1 




- sin t 


0 




-1 




-1 



+ i cos t 



0 




0 


0 


+ sin£ 


1 


-1 




-1 
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From this, we extract two real-valued solutions: 





0 " 




' 0 " 


^cosi 


1 


+ sin t 


0 




-1 




1 



and x 3 (i) = e cost 





0 " 




0 " 




0 


+ sint 


1 




-1 




-1 



These can be compressed to 

x 2 (t) = e 
Therefore, the general solution is 



-it 



0 

cost 
— cos t + sin t 



and x 3 (t) = e 



-21 



0 
sini 
— cos t — sin t 





" 1 " 




0 




0 


x(i) = c ie 3 * 


0 


+ c 2 e- 2t 


cost 


+ C3 e- 2t 


sint 




0 




— cos t + sin t 




— cos f — sin t 



[NOTE: The answer is the back of the text, although correct, should be changed to conform 
to this one.l 



12. Note that 



det(A -\I) = 0<= 
Eigenvectors for A = —1: Here we have 



1-A 1 -1 
1 1-A 1 =0 
-1 1 1-A 



(A - 2) 2 (A + 1) = 0 A = -1 or A = 2. 



A + I 



2 1 -1 
1 2 1 
-1 1 2 



and we have a corresponding eigenvector vi 



Hence, we obtain the first solution to the linear 



system: xi(i) = e * 
Eigenvectors for A = 2: Here we have 



1 

-1 
1 





' -1 


1 


-1 


A -21 = 


I— 1 


| 


1 — 1 




h- 1 


I— 1 


1 

1 — 1 



The corresponding equation here is a; — y + z = 0. Setting z = t and y = s, we have x = s — t. Therefore, 

~ s-t ~ 

. Hence, we obtain two linearly independent eigenvectors 



vectors in nullspace(^4 — 21) take the form 
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of A corresponding to A = 2: v 2 = 
the linear system: x 2 (t) = e 2t 



1 
1 
0 



" 1 " 




" -1 " 


1 


and V3 = 


0 


0 




1 

-1 1 


and x 3 (t) = e 2t 


0 






1 



Therefore, we obtain two more solutions to 



Putting the three solutions xi(t), x 2 (t), and x 3 (i) together, we obtain the general solution to this linear 
system: 





1 " 




' 1 " 




" -1 " 


x(t) = c\e * 


-1 


+ c 2 e 2t 


1 


+ C36 2 * 


0 




1 




0 




1 



13. Note that 

det(A - XI) = 0 <= 
Eigenvectors for A = 0: Here we have 



2-A -1 3 
2 -1-A 3 
2 -1 3-A 



2-13 
2-13 
2-13 



0 A = 0 or A = 4. 



The corresponding equation here is 2x — y + 3z = 0. Setting x = t and z — s, we obtain y = 2t + 3s. 

t 

Therefore, a typical vector in nullspace(A) takes the form 



It + 3.s 
s 



independent eigenvectors corresponding to A = 0: vi 
linearly independent solutions to the linear system: 



xi (i) 

Eigenvectors for A = 4: Here we have 



and x 2 (£) 



and v 2 = 



, and thus we obtain two linearly 
Hence, we obtain two 



A - 41 



-2 -1 3 
2-5 3 
2 -1 -1 



and so we have an eigenvector corresponding to nullspace( J 4 — AI) as follows: v 3 = 
obtain the third linearly independent solution to the linear system: x 3 (i) = e 4 * 



Therefore, we 
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Putting the three solutions Xi(t), x 2 (i), and x 3 (i) together, we obtain the general solution to this linear 
system: 

x(i) = ci 



" 1 " 




" 0 " 




" 1 " 


2 


+ c 2 


3 


+ c 3 e 4 < 


1 


0 




1 




1 



14. Note that 



det(A-XI) = 0 



1 - A 2 3 4 

4 3-A 2 1 

4 5 6-A 7 

7 6 5 4-A 



A = 0 or A = -2 or A = 16. 



1. It is appropriate to use technology to determine the eigenvalues here. 



Eigenvectors for A = 0: Here we have 



12 3 4 

4 3 2 1 

4 5 6 7 

7 6 5 4 



A row-echelon form for this matrix is 



typical vector in nullspacc( J 4) takes the form 



12 3 4 
0 12 3 
0 0 0 0 
0 0 0 0 

and y + 2z + 3w = 0. Setting w — s and z = t, we have y = —2t — 3s and x = t + 2s. Therefore, a 

t + 2s 
-It - 3s 

t 
s 

1 



, with corresponding equations x + 2y + 3z + Aw = 0 



and thus we obtain two linearly independent 



eigenvectors corresponding to A = 0: Vi = 
independent solutions to the linear system: 



and v 2 = 



xi (i) 



and x 2 (t) = 



Hence, we obtain two linearly 



Eigenvectors for A = —2: Here we have 



A + 21 



3 2 3 4 

4 5 2 1 
4 5 8 7 
7 6 5 6 
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and so we have an eigenvector corresponding to nullspace(vl + 21) as follows: v 3 = 



-1 
1 

-1 
1 



Hence, we 



obtain a third linearly independent solution to the linear system: x^(t) = e 2t 
Eigenvectors for A = 16: Here we have 

A -161 = 



-15 


2 


3 


4 


4 


-12 


2 


1 


4 


5 


-9 


7 


7 


6 


5 


-12 



and so we have an eigenvector corresponding to nullspace(A + 16/) as follows: v 4 = 



17 
13 
35 
31 



Hence, we 



obtain a fourth linearly independent solution to the linear system: X4(t) = e 



16t 



17 
13 
35 
31 



Putting the four solutions xi(t), x 2 (i), x 3 (i), and x 4 (i) together, we obtain the general solution to this 
linear system: 



x(i) = ci 



2 " 




1 " 




r -1 " 




" 17 " 


-3 
0 


+ c 2 


-2 
1 




1 

-1 


+ C4 e 16t 


13 
35 


1 




0 




1 




31 



15. Note that 



det(^ - XI) = 0 



Eigenvectors for A = i: Here we have 



A 


I— 1 


0 


0 


1 — 1 


-A 


0 


0 


0 


0 


-A 


-1 


0 


0 


1 


-A 



= 0 (A 2 + l) 2 = 0 A = ±i. 



—i 


1 


0 


0 


-1 


—i 


0 


0 


0 


0 


—i 


-1 


0 


0 


1 


— 2 



A = il = 



and the system reduces to the equations —x — iy — 0 and z — iw — 0. Setting y = t and w = s, we have 

-it ~ 



x = —it and z = is. Therefore, a typical vector in nullspace(A — il) takes the form 



t 

is 
s 



and gives two 
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complex-valued eigenvectors 



Vl 



and 



v 2 = 



These eigenvectors correspond to two complex- valued solutions 



ui(t) 



and u 2 (t) = e % 



We next seek two real-valued solutions corresponding to each of these complex-valued solutions: 



x(t) = e lt 



—i 
1 
0 
0 



= (cos t + i sin t) 





" 0 " 




' -1 " 




i 




0 




0 


+ i 


0 


V 


0 




0 



/ 


" o " 




" -1 " 


\ 




f 


' -1 " 




" 0 " 


\ 


cos f 


i 


— sint 


0 




cos t 


0 


+ sint 


1 


0 


0 




+ i 


0 


0 




V 


0 




0 


J 




K 


0 




0 


/ 



Thus, we obtain the real-valued solutions 



Xi(i) = cost 



" 0 " 




' -1 " 


1 


— sin t 


0 


0 


0 




0 




0 



and x 2 (t) = cost 



" -1 " 




" 0 " 


0 


+ sint 


1 


0 


0 


0 




0 



or 



xi (t) 



sint 
cos t 

0 

0 



and x 2 (t) 



— cost 
sint 
0 
0 
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Finally, we use u 2 (t) to generate two more real- valued solutions: 
x(t) = e u 



— (cos t + i sin t) 
( 

V 



" 0 " 




" 0 " 


0 




0 


0 


+ i 


1—1 


1 




_ 0 _ 



cost 



" 0 " 




" 0 " 


0 


— sint 


0 


0 


1 




1 




0 



COS t 



' 0 " 




" 0 " 


\ 


0 


+ sint 


0 




1 


0 








0 




1 





Thus, we obtain the real-valued solutions 



x 3 (t) = cost 



" 0 " 




0 


— sin t 


0 


1 





or 



0 
0 

— sint 
cos t 



and X4(t) = cost 



" 0 " 




" 0 " 


0 


+ sint 


0 


1 


0 




0 




1 



and x 4 (t) 



0 
0 

cost 
sint 



Putting together the four real- valued solutions xi(t), x 2 (t), x 3 (t) and x 4 (t) obtained above, we find the 
general solution 



x(t) = Ci 



sint 




— cost 




0 




0 


cost 




sint 




0 




0 


0 


+ c 2 


0 


+ c 3 


— sint 


+ c 4 


cost 


0 




0 




cost 




sint 



16. Note that 

det(A — XI) = 0 



■1 — A 4 

2 -3 - A 



Eigenvectors for A = 1: Here we have 



A-I 



= 0^A 2 +4A-5 = 0-^A=lorA 



-2 4 
2 -4 



and so we obtain the first solution to the linear system: xi(t) = e* 
Eigenvectors for A = —5: Here we have 

4 4 

A + 5I = 2 2 
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and so we obtain the second solution to the linear system: x 2 (i) = e 



— e -5t 



Putting the two solutions xi(t) and x 2 (i) together, we obtain the general solution to this linear system: 



x(i) = cie* 



+ c 2 e" 



-5t 



Since 



= x(0) = Cl 





' 2 " 




' -1 " 


Cl 


1 


+ c 2 


1 



we can quickly solve for the constants c\ and c 2 to obtain c\ = 1 and c 2 = —1. Thus, the particular solution 
to this initial-value problem is 

x(t) = e* 



" 2 " 




' -1 " 


1 


-e" 5 * 


1 



17. Note that 

det(A - XI) = 0 



-1-A -6 
3 5 — A 



A 2 - 4A + 13 = 0 <=3> A = 2 ± 3z. 



Eigenvectors for A = 2 + 3z: Here we have 

A-(2 + 3i)I = 



-3 - 3i -6 
3 3-3i 



The two rows of this matrix must be proportional, since we must be able to find a nonzero vector in its 
nullspace corresponding to A = 2 + 3i, so concentrating on the first row, we can determine an eigenvector 

-2 1 

. Note that other choices of v are possible here. Using 



1 + t 



+ i 



corresponding to A = 2 + 3i as follows: v 
our choice, we obtain 

x(i) - e ( 2+3j )*v 

= e 2t (cos 3t + i sin 3t) 

= e 2t ^cos3i j — sin3i ^ J + i ( cos 3/ 
Thus, we find two real-valued solutions to the linear system: 
xi (t) = 

Therefore, the general solution to the linear system is 



sin 3t 



^cos 3t 


' -2 " 


— sin 3t 


' 0 " 






) 




1 




1 





„2t 



^cos 3t 


' 0 " 


+ sin 3t 


' -2 " 




1 


) 




1 







x(i) = cie 2 * cos3t 



— sin 3t 



c 2 e cos 3t 



sin 3t 



Cie 



2/ 



—2 cos 3£ 
cos 3t — sin 3t 



+ c 2 e 



21. 



—2 sin 3t 
cos 3t + sin 3t 
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Since 



x(0) = ci 



+ c 2 



we can quickly solve for the constants c\ and c 2 to obtain c\ = — 1 and c 2 = 3. Thus, the particular solution 
to this initial-value problem is 



x(t) 



„2t 



—2 cos 3i 
cos 3i — sin 3t 



+ 3e : 



2t 



— 2sin3i 
cos 3t + sin 3i 



18. Note that 



det(A -\I)=0<= 
Eigenvectors for A = 0: Here we have 



2- A -1 3 
3 1 - A 0 
2 -1 3- A 



0-^A = 0orA = 2orA = 4. 









"2-13 






A = 


3 1 0 








2-13 




" 1 2 


-3 " 




and this matrix row-reduces to 


0 -5 


9 


. Setting z 




0 0 


0 








" -3 = 




we have corresponding eigenvector vi = 


9 


. Thus, we 






5 





-3 

xi(i) = 9 
5 

Eigenvectors for A = 2: Here we have 



A -21 = 



0 


-1 


3 


3 


1 


0 


2 


| 

H 


1 — 1 



and this matrix row-reduces to 



have corresponding eigenvector v 2 
" 1 

x 2 (i) = e 2t 3 
1 

Eigenvectors for A = 4: Here we have 



3 


1 


0 


0 


| 


3 


0 


0 


0 



. Setting z = t, we have y = 3t and x = t. Therefore, we 
. Thus, we obtain the second solution to the linear system: 



A - 41 



-2 -1 3 
3-3 0 
2 -1 -1 
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and this matrix row-reduces to 



corresponding eigenvector v 3 



Setting z — t, we have x = y = t. Therefore we have 



1 -1 0 

0 1 -1 

0 0 0 
1 

1 . Thus, we obtain the third solution to the linear system: x 3 (i) = 
1 



Putting together the three solutions Xi(i), x 2 (i), and x 3 (t) above, we obtain the general solution to the 
linear system: 



Since 





' -3 " 




' 1 " 




" 1 " 


x(t) = a 


9 


+ c 2 e 2t 


3 


+ c 3 e 4t 


1 




5 




1 




1 



4 " 




' -3 " 




" 1 " 




" 1 " 


4 


= x(0) = ci 


9 


+ c 2 


3 


+ c 3 


1 


4 




5 




, 1 




1 



we obtain a linear system of equations with augmented matrix 



1 


1 


-4 


3 


1 


4 


1 — 1 


1 — 1 


4 



We can solve this system to obtain c\ = 1, c 2 = —2, and c 3 = 1. Therefore, the particular solution to this 
initial-value problem is 





" -3 " 




" 1 " 




" 1 " 


x(i) = 


9 


-2e 2t 


3 


+ e 4t 


1 




5 




1 




1 



19. Note that 

det(A - XI) = 0 <= 
Eigenvectors for A = Ai: Here we have 



-A 4 
-4 -A 



A - Ail = 



= 0<S=>A 2 + 16 = 0«=^A = ±Ai. 



-Ai A 
-A -Ai 



and focusing on the first row of this matrix (since the second row must be row-equivalent to the first row), 
we obtain — Aix + Ay = 0. We may choose the eigenvector v = 



. Thus, we obtain the solution 



x(i) = e 4i *v 

= (cos At + i sin At) 





' 1 " 




' 0 " 




( 


0 


+ i 


1 


) 



cos At 



sin At 



i cos At 



+ sin At 
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This generates two real-valued solutions: 



xi(£) = cos At 



sin At 



and x 2 (t) = cos4i 



sin At 



or 



Xl (f) = 



cos 4i 
- sin 4i 



and x 2 (i) 



sin 4f 
cos At 



Therefore, putting these solutions together, we obtain the general solution to the linear system: 





cos4t 




sin At 


Cl 


- sin At 


+ c 2 


cos At 



Since 



x(0) = ci 





' 1 " 




' 0 " 


Cl 


0 


+ c 2 


1 



we can quickly solve for the constants ci and c 2 : ci = c 2 = 1. Therefore, the particular solution to this 
initial- value problem is 



x(t) = 



cos At 




sin At 




- sin At 


+ 


cos At 





cos At + sin 4i 
- sin At + cos 4t 



Since xf + = 2 for all fef, the graph of the solution is a circle of radius y/2, centered at (0, 0). 
20. 

(a) If we let x\ — x and x 2 = , then the given differential equation can be replaced y the equivalent 
first-order system 

That is, x' = Ax, where A - 



x 2 and x' 2 = —cxi — bx 2 - 



0 1 

-c -b 



(b) We have p(X) = det(A - XI) = det 
polynomial of x" + bx' + cx = 0. 



-A 1 
-c -6 - A 



= X 1 + bX + c, which coincides with the auxiliary 



21. Let us assume that cixi + c 2 x 2 = 0. We must show that c x = c 2 = 0. Substituting the expressions 
given in the problem for xi and x 2 , we obtain 

e at [ci(r cos bt — s sin bt) + c 2 (r sin bt + s cos bt)] — 0, 
(cir + c 2 s) cos bt + (c 2 r — cis) sin bt = 0, 
cir + c 2 s = 0 and c 2 r — cis = 0. 

But r and s are linearly independent by assumption. Therefore, ci = c 2 = 0. 

22. Suppose that Ai and A 2 are the eigenvalues of A, and suppose that vi and v 2 are the corresponding 
(linearly independent) eigenvectors of A. Then by Theorem 7.4.3, the general solution to the linear system 
is 

x(i) = cie Al *vi +c 2 e A2 *v 2 . 

Thus, 

lim x(t) = lim (cie Al *Vi + c 2 e A2 *v 2 ) = 0, 
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since Re(Ai) < 0 and Re(A 2 ) < 0. 



23. Note that lim^oo e A * = 0 if and only if Re(A) < 0. All solutions to the system are of the form 
x(t) = cie Alt vi + c 2 e A2 *v 2 , where Ai and A 2 are the eigenvalues of A, and vi and v 2 are corresponding 
linearly independent eigenvectors. Thus we are given that for all values of c\ and c 2 lim x(t) = 0. In 
particular, 



lim e Alt vi = 0 and lim e A2t v 2 = 0. 

t^OQ t— >00 



Since vi and v 2 are constant vectors, it must therefore be the case that lim e 1 — 0 and lim e 2 = 0. 

t— >oo £— >oo 

Consequently, Re(Ai) < 0 and Rc(A 2 ) < 0. 



24. We have det(A - XI) = 0 if and only if 



—A b 
-b -A 



0 if and only if A 2 + b 2 = 0. Therefore, A = ±bi. 



When A — bi, then A — bil 



-bi b 
-b -bi 



and so the linear system (A — bil)v = 0 has solutions of the 





' 1 " 




' 0 " 




{ 


0 


+ i 


1 


} 



form v = r(l,i), where r e C. A complex- valued solution of the system is therefore 

e ibt | q + i j | = (cos bt + i sin bt) 
This gives rise to two real- valued solutions, 

xi (i) = 

Therefore, the general solution is given by 

x(i) = ci 



cos bt 
— sin 6f 



and x 2 (t) 



sin foi 
cos 6t 



cos bt 
- sin 6t 



+ c 2 



sin bt 
cos bt 



The solutions of this system are periodic with period 2vr/|fo| . 

a — A b 



25. We have det(A-XI) = 0 if and only if 



— b a — A 

A = a ± bi. When A = a — bi, then A — XI becomes 



bi b 
-b bi 

solutions of the form v = r(i, 1), where r £ C. A complex-valued solution of the system is therefore 



= 0 if and only if X 2 -2aX+a 2 + b 2 = 0. Therefore, 
, and the linear system (^4 — A/)v = 0 has 





' 0 " 




' 1 " 


{ 


1 


+ i 


0 



e (a-bi)t 

This gives rise to two real-valued solutions 

xi (t) = e at 
Therefore, the general solution is given by 



} = 



e at (cos bt - isin bt) 



' 0 " 




' 1 " 




1 


+ i 


0 


} 



sin bt 
cos bt 



and x 2 (t) = e 



at 



COS bt 
— sin bt 



x(i) 





sin &i 




cos bt 




cos 6t 


+ c 2 


— sin 6t 
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Since a < 0, as t — > oo we have x(£) — > 0. More specifically, we have 

Xi (i) = e a * (ci sin 6i + C2 cos 6i) and x 2 (i) = e a *(ci cos bf — c 2 sin bt). 

Hence, x\(t) 2 + x 2 (t) 2 = e 2at (c\ + c 2 .). Therefore, the solution curves lie on circles of ever decreasing radii 
as t increases. Thus, the solution curves in the xia^-plane spiral towards the origin as t increases. 

26. If A has eigenvalue A = 0 with corresponding eigenvector x 0 , then the system x' = Ax has a solution 
x(t) = x 0 for all t. 



27. The given linear system can be expressed in matrix form as x' = Ax, where A - 



det(A - XI) 



-X 1 

—6 —a — A 



0 if and only if X 2 + aX + b = 0 if and only if A = ~ a±v 2 a 4b . Thus, both 



0 1 

-b —a 

a±Va 2 -4b 



We have 



eigenvalues have negative real part. From Problem 22, this implies that lim x(t) = 0. 

t— >oo 



Solutions to Section 7.5 

True- False Review: 

1. FALSE. Every nxn linear system of differential equations has n linearly independent solutions (Theorem 
7.3.2), regardless of whether A is defective or nondefective. 

2. TRUE. This fact is part of the information contained in Theorem 7.5.4. 

3. FALSE. The number of linearly independent solutions to x' = Ax corresponding to A is equal to the 
algebraic multiplicity of the eigenvalue A as a root of the characteristic equation for A, not the dimension of 
the eigenspace E\. 

4. FALSE. We have 



^x = A(e xt v 1 ) = e At (A Vl ) = e At (v 0 + Avi) = e A *v 0 + Ae At Vl = e A *v 0 + x'(t). 



Therefore, Ax ^ x' . 
Problems: 

1. We have det(A - XI) = 0 if and only if 



-A 



= 0 if and only if A 2 - 4A + 4 = 0. Therefore A = 2 



2 4-A 

(with multiplicity two). When A = 2, the corresponding eigenvectors take the form v = r{— 1,1), where 
r£K. We will determine a second linearly independent solution of the form 



where Vi and v 0 are determined from 

(A-2/) 2 Vl 



xi(t) = e 2 *(v 1 + tv 0 ) 



0, (A-2I)v 1 ^0, v 0 = (A-2I)v 1 . 



In this case, we have A — 21 



and (A — 2I) 2 = 0 2 - Therefore, we may choose vi to be any 



vector such that (A — 2/)vi ^ 0. For simplicity, we take vi 



. Thus, v 0 = (A - 27>i 
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From the expressions for v 0 and Vi, we can write down two linearly independent solutions to the vector 
differential equation: 



x 0 (*) = e 



21 



and xi(t) = e 2t 

Consequently, the general solution to the vector differential equation is 

x(f) = cie 2t 





' 1 " 


+ t 


' -2 " 


J =e 2t 


' l-2t~ 


{ 


0 


2 


2t 



c 2 e 



1 - 2t 
2t 



2. We have det(^ - XI) = 0 if and only if 



0 if and only if A 2 + 2A + 1 = 0. Therefore 



-3 — A -2 
2 1 - A 

A = — 1 (with multiplicity two). When A = — 1, the corresponding eigenvectors take the form v = r(— 1, 1), 
where rel. We will determine a second linearly independent solution of the form 



xi(i) = e '(vi + tvo) 

where vi and vo are determined from 

(A + /) 2 Vl = 0, (A + /)vi^0, v 0 = (A + I)v 1 . 

and (A + I) 2 = 02- Therefore, we may choose vi to be any vector 



-2 -2 
2 2 



In this case, we have A + I 
such that (A + I)vi ^ 0. For simplicity, we take vi = 



Thus, v 0 = (A + /) Vl 



From the 



expressions for v 0 and v 1; we can write down two linearly independent solutions to the vector differential 
equation: 



x 0 (*) = e 



-2 
2 



and xi(t) = e 



t 



1 — 2* 

2t 



Consequently, the general solution to the vector differential equation is 



x(*) = cie * 



+ c 2 e" 



1 — 2* 
2t 





-A 


1 


0 




3. We have det(A - XI) = 0 if and only if 


0 


-A 


1 


= 0 if and only if (A + 1)(1 - A 2 ) = 0. 




1 


1 


-1 - A 





Therefore, the eigenvalues of A are A = 1 and A = — 1 (with multiplicity two). 

Eigenvectors for A = 1: The corresponding eigenvectors are v = r(l,l,l), where rel. Hence, one solution 



of the system is x(*) = e* 

Eigenvectors for A = —1: The corresponding eigenvectors are v = r(l, — 1,1), where r e R. Thus, we ob- 

We will determine a second linearly 



tain one solution corresponding to A = — 1 of x 0 (t) = e ' 

independent solution corresponding to A = —1 of the form 

Xl (*) = e-'(vi + *v 0 ) 



1 

-1 
1 
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where vi and v 0 are determined from 

(A + /) 2 v 1 = 0, (A + JK^O, v 0 = {A + I)v 1 . 



In this case, we have A+I 



1 1 0 

0 1 1 

1 1 0 



and {A+I) 2 



1 2 1 
1 2 1 
1 2 1 



meet the requirements above. Let us take, as one possibility, vi 
Hence, we have the solution 



Many choices for Vi are possible that 

1 

Then v 0 = (A+I)v 1 = -1 

1 





1 " 




1 " 


xi (t) = e"* ^ 


0 


+ t 


-1 




I— 1 




1 



We have therefore obtained two linearly independent solutions to the system of differential equations corre- 
sponding to A = — 1: 



x 0 (t) = e" 



and xi(t) = e 







1 


0 


+ t 


-1 


-1 




1 



Putting this together with the solution obtained above corresponding to A = 1, we obtain the general solution 
to this system of differential equations: 





" 1 " 




1 " 




1 " 




1 " 


x(i) = cie* 


1 


+ c 2 e _ * 


-1 


+ c 3 e"* ^ 


0 


+ t 


-1 




1 




1 




-1 




1 



or equivalently, 



x(t) = cie* 



C2 



1 




1 + t 


-1 


+ c 3 


-t 


1 




-l + t 



4. We have det(A-XI) = 0 if and only if 



2- A 2 -1 
2 1-A -1 
2 3 -1-A 
the eigenvalues of A are A — 2 and A = 0 (with multiplicity two) . 

0 2-1 

Eigenvectors for A = 2: The matrix A — 21 



= 0 if and only if A 3 - 2 A 2 = 0. Therefore, 



row-reduces to 



2 -1 -1 
0 2-1 
0 0 0 



which im- 



2 -1 -1 
2 3-3 

plies that there is only one free variable (and hence, only one linearly independent eigenvector). Such eigen- 

3 

vector must take the form v = r(3, 2, 4), where rel. Hence, one solution of the system is x(i) = e 2t 



2 
4 



Eigenvectors for A = 0: The matrix A can be row-reduced to 



2 2-1 
0 1 0 
0 0 0 



. This implies that there is only 



one free variable, and hence only one linearly independent eigenvector. Such eigenvector must take the form 
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v = r(l, 0, 2), where r€M. Thus, we obtain one solution corresponding to A = 0 of xo(t) 

determine a second linearly independent solution corresponding to A = 0 of the form 

xi(t) = vi + iv 0 

where Vi and v 0 are determined from 

A 2 w x = 0, Av! ^ 0, v 0 = Avi. 



. We will 



In this case, we have A = 



2 2-1 
2 1 -1 
2 3-1 



and A 2 = 

meet the requirements above. Let us take, as one possibility, vi 



6 3-3 
4 2-2 
8 4-4 



. Many choices for vi are possible that 
. Then v 0 = Avi = 



Hence, 





" 0 " 




' 1 " 


we have the solution xi(i) = 


1 


+ t 


0 




1 




2 



. Therefore, we have two linearly independent solutions to the 
system of differential equations corresponding to A = 0: 





" 1 " 




" 0 " 




' 1 " 


xo(t) = 


0 


and xi(i) = 


1 


+ t 


0 




2 




1 




2 



Putting this together with the solution obtained above corresponding to A = 2, we obtain the general solution 
to this system of differential equations: 





" 3 " 




' 1 " 




' o " 




' i " 




x(i) = c ie 2 * 


2 


+ c 2 


0 




i 


+ t 


0 


) 




4 




2 


+ c 3 y 


i 




2 





5. We have det(A-XI) = 0 if and only if 



-2- A 
1 

-1 



0 

-3- A 
1 



0 

-1 = Oif and only if (-2-A)(A 2 +4A+4) 
-1 - A 



0 if and only if (A + 2) 3 = 0. This means that the only eigenvalue of A is A = —2 (with multiplicity 3). 



Eigenvectors for A = —2: The matrix A + 21 



0 0 0 1 -1 -1 

1 —1 —1 row reduces to 0 0 0 There 
-1 1 1 J I 0 0 0 

are two free variables, and hence we obtain two linearly independent eigenvectors. In fact, the eigenvectors 
must take the form (r + s,r,s) = r(l,l,0) + s(l,0,l), where r,s e R. Therefore, we can construct two 
linearly independent solutions to the system of differential equations as follows: 



4%) 



-21 



and Xq 2 ^(£) = e 



-2t 



Consequently, we seek a third linearly independent solution xi(i) to the vector differential equation of the 
form 

xi(t) = e - 2 *( Vl +ivo) 
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where vi and v 0 are determined from 

(A + 2/) 2 v 1 = 0, (A + 27)vi^0, v 0 = {A+2I)v 1 . 



In this case, we have A + 2I = 



0 0 0 

1 -1 -1 
-1 1 1 



and (yl + 2/) 2 = O3. Therefore, we can choose vi to be any 





1 — 1 




0 " 


( 


0 


+ t 


I— 1 




0 




-1 



vector such that (A+2I)vi ^ 0. For instance, we can choose vi 

Hence, we have the solution xi(t) = e~ 2t 
vector differential equation is 



or equivalcntly, 



0 
1 

-1 



. Then v 0 = (A+2I)v 1 ■■ 
. Therefore, the general solution to this 





" 1 " 




" 1 " 




" 1 " 




0 " 


x(i) = cie" 2 * 


1 


+ c 2 e- 2t 


0 




0 


+ t 


1 




0 




1 




0 




-1 



x(t) - e~ 2t I Cl 



6. We have det(A-XI) = 0 if and only if 





" 1 " 




" 1 " 




1 " 




(• 


1 

_ 0 _ 


+ c 2 


0 
1 


+ c 3 


t 

-t 


j 


15 - 


A 


-32 




12 







0 



-17 - A 
0 



6 

-1 — A 



= 0 if and only if (-1-A)(A 2 +2A+1) 



0 if and only if (A + l) 3 = 0. This means that the only eigenvalue of A is A = — 1 (with multiplicity 3). 



Eigenvectors for A 



-1: The matrix A + I = 



which row reduces to 



16 -32 12 
8 -16 6 
0 0 0 

There are two free variables, and hence we obtain two linearly independent eigenvectors. In fact, the 
eigenvectors take the form (2r — 3s, r, 4s) = r(2, 1,0) + s(— 3,0,4), where r,s e R. Therefore, we can 
construct two linearly independent solutions to the system of differential equations as follows: 



4-8 3 
0 0 0 
0 0 0 



and Xg 2 ^ (t) 



0 

4 



Consequently, we seek a third linearly independent solution xi(t) to the vector differential equation of the 
form 

xi(t) = e-*(vi + *v 0 ) 

where Vi and v 0 are determined from 

(A + /) 2 v 1 = 0, (A + r)v!?0, v 0 = (A + I)v 1 . 
16 -32 12 

and (A + I) 2 = 0 3 . Therefore, we can choose Vi to be any 



In this case, we have A + I 



0 



-16 6 
0 0 



vector such that (A + J)vi ^ 0. For instance, we can choose Vi = 



Then v 0 = (A + J)vi = 



16 
8 
0 
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differential equation is 





" 1 " 




' 16 " 






0 


+ t 


8 


) 




0 




0 





Therefore, the general solution to this vector 





" 2 " 




' -3 " 




" 1 " 




' 16 " 


x(i) = cie * 


1 


+ c 2 e~* 


0 


+ c 3 e-* ^ 


0 


+ t 


8 




0 




4 




0 




0 



or equivalcntly, 



x(t) = e~ f { ci 





" 2 " 




" -3 " 




" 1 + 16* " 




(• 


1 


+ c 2 


0 


+ c 3 


8t 


j 




0 




4 




0 





4- A 0 0 

7. We have det(A - XI) = 0 if and only if 1 4 - A 0 

0 1 4- A 

that the only eigenvalue of A is A = 4 (with multiplicity 3). 



= 0 if and only if (4 - A) 3 = 0. This means 



Eigenvectors for A = 4: The matrix A — 41 



0 0 0 

1 0 0 
0 1 0 



. Therefore, we obtain eigenvectors of the form 



v 0 = r(0, 0, 1), where rel, and we obtain a solution to x' = Ax. of the form 

xo(t) - e 4t 



According to Theorem 7.5.4, there exist two further linearly independent solutions to x' = Ax of the form 

x 1 (t) = e 4t (v 1 +tv 0 ), 
1 



where 
and 

A short calculation shows that 



x 2 (t) = e 4 *(v 2 + tv 1 + -* 2 v 0 ), 



(^-4/) 3 v 2 = 0, (^-4/) 2 v 2 ^0, 
v 1 = (A-4/)v 2 , v 0 = {A-U)\ 2 . 



A -41 = 



0 0 0 

1 0 0 
0 1 0 



, {A-4lf 



0 0 0 

0 0 0 

1 0 0 



{A-4lf = 0z. 



Therefore, we may take 



v 2 = 



vi = (A — 4/)v 2 



v 0 = {A - 4/) 2 v 2 
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Hence, we obtain 



and 





" 0 " 




' 0 


xi (t) = e 4t ^ 


1 


+ t 


0 




0 




I— 1 





" 1 " 




' 0 " 




0 


+ t 


1 




0 




0 



t 2 /2 



Therefore, the general solution to the vector differential equation is 





" 0 " 




" 0 " 




1 


x(t) - c ie 4 * 


0 


+ c 2 e 4t 


1 


+ c 3 e 4t 


i 




1 




t 




. * 2 /2 . 





" 0 " 




" 0 " 




1 






0 


+ c 2 


1 


+ c 3 


t 


j 




1 




t 




. <2 /2 . 





At 



1 - A 0 0 

8. We have det(A- XI) = 0 if and only if 0 3- A 2 = 0 if and only if (1 - A)(A 2 - 2A + 1) = 0 

2 -2 -1-A 

if and only if (A — l) 3 = 0. This means that the only eigenvalue of A is A — 1 (with multiplicity 3). 

0 0 0 
0 2 2 

2 -2 -2 



Eigenvectors for A = 1 : The matrix A — I 



. Therefore, we obtain eigenvectors of the form 



vo = r(0, — 1, 1), where rel, and we obtain a solution to x' = Ax of the form 

xo(t) = e* 



According to Theorem 7.5.4, there exist two further linearly independent solutions to x' = Ax of the form 

xi(i) = e*(vi + iv 0 ), 
1 



where 
and 

A short calculation shows that 
A-I = 



x 2 (i) = e*(v 2 + ivi + ^ 2 vo), 



(A-/) 3 v 2 = 0, (,4-/) 2 v 2 ^0, 
vi = (A-7)v 2 , v 0 = (A-/) 2 v 2 . 



0 0 0 
0 2 2 

2 -2 -2 



(A -I)' 



0 0 0 
4 0 0 
-4 0 0 



, (A-I) 3 = 0 3 . 
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Therefore, we may take 



v 2 



, vi = {A - 7)v 2 



Hence, we obtain 



and 



xi(f) = e* 



+ t 



, v 0 = {A - J) 2 v 2 



0 

At 
2- At 



x 2 (i) = e* 



0 " 




4 


)■ 


-4 




1 2 

— t 
2! 


0 " 

4 

-4 



1 

2* 2 
2* - 2t 2 



Therefore, the general solution to the vector differential equation is 





0 " 




0 




1 


x(t) = ^e* 


-1 


+ c 2 e* 


At 


+ c 3 e* 


2t 2 




1 




2 -At 




2t - 2t 2 





0 " 




0 




1 


[• 


-1 


+ c 2 


4* 


+ C 3 


2t 2 




1 




2-4* 




2t - 2t 2 



0 if and only if (4 - A) (A 2 - 8A + 16) = 0 



3 - A 1 0 

9. We have det(A - XI) = 0 if and only if -1 5 - A 0 

0 0 4- A 

if and only if (A — 4) 3 = 0. This means that the only eigenvalue of A is A = 4 (with multiplicity 3). 

-1 1 0 



Eigenvectors for A = 4: The matrix A — AI 



. There are two free variables, and hence 



-1 1 0 
0 0 0 

we obtain two linearly independent eigenvectors. In fact, the eigenvectors must take the form (r, r, s) = 
r(l, 1,0) + s(0, 0, 1), where r, s £ E. Therefore, we can construct two linearly independent solutions to the 
system of differential equations as follows: 

xW(*) = e 4 ' 



and x^ 2) (*) = e 4t 



Consequently, we seek a third linearly independent solution xi(t) to the vector differential equation of the 
form 

xi(t) = e 4t (vi+tv 0 ) 

where vi and v 0 are determined from 

(A-4/) 2 vi = 0, (A-47)vi^0, v 0 = (A-47)vi. 



In this case, 



A -47 = 



-1 1 0 
-1 1 0 
0 0 0 



and (^- 47) 2 = 0 3 . 
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Therefore, we may choose any vi such that (A — 4J)vi = 0. For instance, we may take vi 



. Then 



v 0 = {A - 47)vi 



. Hence, we have the solution 





" 1 " 




' -1 " 




0 


+ t 


-1 




0 




0 



Therefore, the general solution to this vector differential equation is 





" 1 " 




' 0 " 




" 1 " 




' -1 " 




x(t) = Cl e 4t 


1 


+ c 2 e 4t 


0 


+ C3 e 4t ^ 


0 


+ t 


-1 


) 




0 




1 




0 




0 





„4* 





" 1 " 




" 0 " 




" 1-t ' 


[• 


1 


+ C 2 


0 


+ c 3 


-t 




0 




1 




0 



-1-A 1 0 
-2 —3 - A 1 
1 1 -2 - A 

means that the only eigenvalue of A is A — —2 (with multiplicity 3). 



10. We have det(A - XI) = 0 if and only if 



= 0 if and only if (A + 2) 3 = 0. This 



Eigenvectors for A = —2: The matrix A + 21 



This matrix row reduces to 



1 1 0 
0 1 1 
0 0 0 



1 1 0 

-2 -1 1 
1 1 0 

We obtain eigenvectors of the form v 0 = r(— 1, 1, —1), where rfl, and we obtain a solution to x' = Ax. of 
the form 

" -1 

xo(t) = er 2t 1 
-1 

According to Theorem 7.5.4, there exist two further linearly independent solutions to x' = Ax of the form 

xi (t) = e- 2t ( Vl +tv 0 ), 
1 



where 
and 

In this case 



x 2 (t) = e 2 *(v 2 + iv! + -i 2 v 0 ), 



(A + 2/) 3 v 2 = 0, (A + 2/) 2 v 2 ^ 0, 
Vi = (A + 27)v 2 , v 0 = (A + 2/) 2 v 2 . 



A + 21 = 



1 1 0 

-2 -1 1 
1 1 0 



, (A + 2I) 2 = 



-1 0 1 
1 0 -1 
-1 0 1 



, (A + 2/) 3 = 0 3 . 
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Therefore, we may take v 2 = 



Then vi = (A + 27)v 2 = 



and v 0 = (A + 2I) 2 w 2 



Therefore, we obtain the additional solutions to the vector differential equation: 



-1 
1 

-1 





1 " 




' -1 " 




1-t 


X!(i)= e - 2t ^ 


-2 


+ t 


1 


).,-. 


-2 + t 




1 




-1 




1-t 



and 

x 2 (t) = e 

Therefore, the general solution to the vector differential equation is 
x(t) = Cl e~ 2t 





" 1 " 




1 " 


1 2 


" -1 " 




It ^ 


0 


+ t 


-2 


1 






0 




1 


+ 2!* 


-1 





" -l " 




1 - 


t 




l 


+ c 2 e- 2t 


-2- 


-t 


+ c 3 e- 2t 


-l 




1 - 


t 







" -l " 




1-t 






l 


+ c 2 


-2 + t 


+ c 3 




-l 




l-t 





1 + t - t 2 /2 
-2t + t 2 /2 
t - t 2 /2 



l + t-t 2 /2 
-2t + t 2 /2 
t - t 2 /2 

l + t- t 2 /2 
-2t + t 2 /2 
t - t 2 /2 



11. We have det(A-XI) = 0 if and only if 



-A -1 0 0 
1 -A 0 0 
1 0 2-A 1 
0 1 0 2-A 
This means that the eigenvalues of A arc A — ±z and A — 2 (with multiplicity 2). 

-i —1 0 0 



= 0 if and only if (2-A) 2 (A 2 + l) = 0 



Eigenvectors for A = i: We have A — il 



A short calculation shows that a 



1 -i 0 0 
1 0 2-i 1 
0 1 0 2-i 

corresponding complex eigenvector for A = i is v = (—5(1 + 2i), 5(— 2 + i), — 2 + 4i, 5). Therefore, we obtain 
the complex-valued solution 

-5(1 + 2i) 



u(t) = (cos t + i sin t) 



5(-2 + z) 
-2 + 4i 
5 

We can then derive two real- valued linearly independent solutions: 



xi (t) 



5(2 sin f — cost) 
—5(2 cost + sin t) 
-2(cost + 2sint) 
5 cost 



and x 2 (t) 



—5(2 cost + sin t) 
5 (cost — 2sint) 
2(cost — sint) 
5sint 



. A short calculation shows that we obtain 



-2-10 0 
1-200 
1 0 0 1 
0 10 0 

only one linearly independent eigenvector: v = r(0, 0,1,0), where r e C. Therefore, another real- valued 



Eigenvectors for A = 2: We have A — 21 = 



618 



solution to this system of differential equation is given by 



xa(t) 



To find a fourth real- valued linearly independent solution, we seek a solution of the form X4(£) = e 2 *(vi+iv 0 ), 
where vi and v 0 are determined from 

(A-2/) 2 v 1 = 0, (A-2/)vi^0, v 0 = (A-27)vi. 



In this case, we have A — 21 



Vl = 



Then v 0 = (A- 2I)v 1 



2-100 
1-200 
1 0 0 1 
0 10 0 
0 
0 
1 
0 



and {A -2lf 



Therefore, we have a solution 



3 


4 


0 


0 


-4 


3 


0 


0 


-2 


0 


0 


0 


1 


-2 


0 


0 



We may choose 



X4(t) 



/ 


" o " 




' 0 " 






' 0 " 




0 


+ t 


0 


= e 2t 


0 




0 


1 






t 


V 


i 




0 


J 




1 



Therefore, the general solution to this system of differential equations is 



5(2 sin t — cost) 
—5(2 cos t + sin t) 
-2(cost + 2sint) 
boost 



—5(2 cos t + sin t) 
5(cosi — 2sini) 
2 (cost — sini) 
5sint 







" 0 " 




" 0 " 




+ e 2t < 


3 


0 
1 
0 


+ c 4 


0 

t 
1 


> 

> 



12. We have det(A -\I) = 0 if and only if 



= Oif and only if (1 — A) 2 (A 2 + 



-2 - A 3 0 0 

3 —2 — A 0 0 
1 0 1-A -1 

0 1 0 1 - A 

4A — 5) = 0. This means that the eigenvalues of A are A = —5 and A — 1 (with multiplicity 3). 

3 3 0 0 



Eigenvectors for A = —5: We have A + 51 



. A short calculation yields corresponding 



3 3 0 0 
10 6-1 
0 10 6 

eigenvectors of the form v — r(36, —36, —5, 6), where rel. Hence, a corresponding solution to this system 
of differential equations is 

36 



_ K i 



-36 
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Eigenvectors for A = 1: We have A — I 



The only corresponding eigenvector here 



-3 3 0 0 

3-3 0 0 
1 0 0-1 

0 10 0 

takes the form v = r(0, 0, 1,0), where ret. Hence, a corresponding solution to this system of differential 
equations is 

" 0 



x 2 (t) = e* 



According to Theorem 7.5.4, there exist two further linearly independent solutions to x' = Ax of the form 

x 3 (i) = e*(vi +tv 0 ), 
1 



where 
and 

A short calculation shows that 
A-I = 



x 4 (t) = e*(v 2 + ivi + ^t\ 0 ), 



(A - /) 3 v 2 = 0, (A - 7) 2 v 2 ? 0, 
Vi = (A-7)v 2 , v 0 = (^-/) 2 v 2 . 



-3 


3 


0 


0 


3 


-3 


0 


0 




0 


0 


-1 


0 


1 


0 


0 



{A-If = 



18 -18 0 0 

-18 18 0 0 

-3 2 0 0 

3 -3 0 0 



{A-If = 



-108 108 0 0 

108 -108 0 0 

15 -15 0 0 

-18 18 0 0 



1 

We can take v 2 = J 
0 

the additional solutions 



Then vi = {A - 7)v 2 
/ 

V 



and v 0 = (A — 7) 2 v 2 



. Thus, we obtain 



x 3 (t) = e* 



" 0 " 




0 " 






0 


0 


+ t 


0 






0 


1 


-1 




= e* 


1 -t 


1 




0 


J 




1 



and 





f 


' i " 




' 0 " 




0 " 






1 


x 4 (t) = e* 




i 

0 


+ t 


0 

1 


1 2 

+ 2/ 


0 

-1 






1 

t - t 2 /2 






0 




1 




0 


J 




t 



Hence, the general solution to this system of differential equations is 
x(t) = c ie - 5t 



36 " 




" 0 " 




0 




1 


-36 




0 




0 




1 


-5 


+ c 2 e* 


1 


+ c 3 e* 


1 -t 


+ c 4 e* 


t - t 2 /2 


6 




0 




1 




t 
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-A 


-1 


0 


0 


1 


-A 


0 


0 




0 


-A 


-1 


0 


1 


1 


-A 



0 if and only if (A 2 + l) 2 = 0. This 



means that the eigenvalues of A are A — ±i (with multiplicity 2). 



Eigenvectors for A = i: We have A — il 



which yields corresponding eigenvectors 



-i -1 0 0 
1 -i 0 0 
1 0 -i -1 
0 1 1 -i 

of the form v = r(0, 0, i, 1), where r e C. Therefore, we obtain a solution to the linear system x' = Ax as 
follows: 



u(t) = (cos t + i sin t) 



= (cos t + i sin t) 



/ 


" o " 




' 0 " 


\ 




0 




0 






0 


+ i 


1 




V 


i 




0 


/ 



0 




0 


0 




0 


— sin t 


+ i 


cos t 




cost 




sini 



This gives rise to the two real-valued solutions 



xi(t) = 



0 
0 

— sint 
cost 



and x 2 (t) 



i 

0 

cost 
sint 



We seek to find further real- valued and linearly independent solutions to x' = Ax of the form x(i) 
e lt (vi + tvo), where 

(A-iI) 2 v 1 = 0, (A-iI) Vl ^0, (A-iI)v 1 =v 0 . 



One possible choice for vi is vi = (i, 1, 1, —i). Then v 0 = (A — = (0, 0, i, 1). Therefore, we obtain the 

solution 



u(t) = (cos t + i sin t) 



i 




' 0 " 


1 


+ t 


0 


1 




i 


— i 




1 



/ 


" 0 " 




1 " 






( 


1 " 




" 0 " 


\ 


cost 


1 


— sint 


0 






cost 


0 


+ sint 


1 




1 


t 




+ i 


t 


1 




V 


t 




-1 


J 




K 


-1 




t 


J 
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This gives rise to two more real- valued solutions: 



— sint 
cost 
cos t — t sin t 
sin t + t cos t 



and x 4 (t) = 



cost 

sint 
sin t + t cos f 
t sin t — cos t 



Therefore, the general solution to this linear system of differential equations is 



0 




0 




— sint 


0 


+ c 2 


0 




cost 


— sint 


cos t 


+ c 3 


cos t — t sin t 


cost 




sint 




sin t + t cos t 



cost 

sint 
sin t + t cos t 
t sin t — cos t 



14. We have det(^4 — XI) = 0 if and only if 



-2 - A 
1 



-1 

-4- A 



if (A + 3) 2 = 0. This means that the only eigenvalue of A is A 
Eigenvectors for A = —3: We have A + 31 



the form v = r(l, 1), where r £ 
equations as xi(t) = e~ 3 * | 



= 0 if and only if A 2 + 6A + 9 = 0 if and only 
= —3 (with multiplicity 2). 

, which gives rise to corresponding eigenvectors of 
R. Therefore, we obtain one solution to the linear system of differential 
We next seek a second linearly independent solution to this linear system 



of the form x(t) = e 3 *(vi + tv 0 ), where vi and v 0 are determined from 



(A + 3/) 2 v 1 = 0, (A + 3/)vi^0, v 0 = (A + 37)vi. 



In this case, we have A + 31 



1 -1 

1 -1 



and (A + 3I) 2 = O2. Hence, we may choose vi to be any vector 



such that (A + 3I)v 1 ^ 0. Let us choose, say, vi 



second solution to this system of differential equations is 

x 2 (t) = e- 3i 
Hence, the general solution to this system is 



Then v 0 = {A + 3J)vi 



. Therefore, our 



x(t) = cie 



-3t 



+ c 2 e 



We have been given that x(0) 



so that 



Therefore, C\ + c 2 = 0 and C\ 
x(t) = - 



-3t 



0 

-1 



1. Therefore, c 2 = 1. Hence, the solution to this initial- value problem is 

t 



0 " 




Cl + c 2 


-1 







-3i 



t 



-3t 



t 



622 





-2 - A 


-1 


4 










15. We have det(A - XI) = 0 if and only if 


0 


-1 - 


A 0 


= 0 if and only if A 2 (- 


-1 - 


A) = 0. 




-1 


-3 


2- A 










This means that the eigenvalues of A are A = 


— 1 and A 


= 0 (with multiplicity 2). 










" -1 -1 


4 " 






" 1 1 


-4 " 




Eigenvectors for A = — 1 : We have A + I = 


0 0 


0 


, which row reduces to 


0 2 


1 


. This 




-1 -3 


3 






0 0 


0 




gives rise to corresponding eigenvectors of the form v = 


r(9 


— 1,2), where reR. Taking r — 


1, we obtain 



the following solution to the linear system: xi(t) = e 



Eigenvectors for A = 0: We have A 



-2 -1 4 
0-10 
-1 -3 2 



9 
-1 
2 



which row reduces to 



1 3 
0 1 
0 0 



. This gives rise 



to corresponding eigenvectors of the form v = r(2, 0, 1), where reR. Taking r = 1, we obtain the following 

2 

. To find a second linearly independent solution corresponding 



solution to the linear system: x 2 (i) = 
to A = 0, we seek a solution of the form x 3 (t) = vi + tvo, where 

A 2 vi = 0, Avi ^ 0, v 0 = Avi. 



In this case, we have A 2 = 



0-9 0 
0 1 0 

0-2 0 



We can choose vi = 



. Then v 0 = Av\ = 



Hence, 





" 1 " 




' -2 " 


we have another solution x 3 (t) = 


0 


+ t 


0 




0 




-1 



Therefore, the general solution to this linear system is 





9 " 




" 2 " 




" 1 " 




r -2 " 


x(i) = c\e * 


-1 


+ c 2 


0 


+ c 3 ^ 


0 


+ t 


0 




2 




1 




0 




-1 



We have been given that x(0) 



so that 



" -2 " 




9 " 




" 2 " 




" 1 " 


1 


= C\ 


-1 


+ c 2 


0 


+ c 3 


0 


1 




2 




1 




0 



We quickly solve this system to find c\ = —1, c 2 = 3, and c 3 = 1. Therefore, the solution to this initial-value 
problem is 





9 " 




" 2 " 




" 1 " 




' -2 " 




" 7-2t-9e-* 


x(t) = -e-* 


-1 


+ 3 


0 


•( 


0 


+ t 


0 


)■ 


c-* 




2 




1 




0 




-1 




3 - t - 2e"* 
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16. Since x' = Ax, wc have 



Ae 



V 2 + tVl + ^yV 0 



e M [vi + tv 0 ] = Ae 



V 2 + tVl + ^yV 0 



or 



t 2 t 2 
(Av 2 + vi) + t(Avi + v 0 ) + ^Av 0 = Av 2 + i(Avi) + ^(Av 0 ). 

In order for this equality to hold for all t, the coefficients of t 2 , t, and 1 on both sides must agree. That is, 

Av 2 + vi = Av 2 , 

Avi + v 0 = Avi, 



and 



Rearranging these equations, we have 



and 



as we were asked to show. 



v 0 = Av 0 - 

(A - A7)v 2 = vi, 
(A - A7)vi = v 0 , 

(A - A7)v 0 = 0, 



17. All solutions to the system are linear combinations of solutions of the form x(i) = e At (vi + tv 0 ), 
where A is an eigenvalue of A and v 0 may be the zero vector. Writing A = a + ib, we have x(i) = 
e at (cosbt + ismbt)(v\ + tvo). Now for k = 0 or k = 1, we have lim^oo £ fc e at = 0 if and only if a < 0. 



Therefore, it follows that 



lim e at (cosbt + is'mbt)(vi + tv 0 ) = 0 if and only if a < 0, 



and so all solutions to the system satisfy 



lim x(t) = 0 



if and only if all eigenvalues of A have negative real part. 

18. From Theorem 7.5.4, we deduce that the system has n linearly independent solutions of the form 

x(t) = e xt ^ + iv 4 _i + • • • + Ijfvoj , 

where A — a + ib is an eigenvalue of A. For any positive integer k, we have 

lim t k e at = 0 if and only if a < 0. 

t—>oo 

Therefore, each of the solutions x(i) above tends to zero if and only if a < 0. Therefore, all solutions to the 
linear system x' = Ax satisfy 

lim x(t) = 0 

if and only if a < 0; that is, if and only if all eigenvalues of A have negative real part. 
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19. 

(a) The number of cycles of generalized eigenvectors of A corresponding to A is precisely the number of 
linearly independent eigenvectors of A corresponding to A. Since our assumption in the Theorem is that the 
eigenspace corresponding to A is r-dimensional, we conclude that we have r cycles of generalized eigenvectors 
of A corresponding to A. 

(b) The length Z, of a cycle of generalized eigenvectors is given as fc, + 1 in the formulation of Theorem 
7.5.4. By the fact cited on p. 434 of the text, since the multiplicity of A is m, the total number of linearly 
independent generalized eigenvectors corresponding to A is m. However, the number of such generalized 
eigenvectors found in part (a) is 

h + h + ■ ■ ■ + It = (h + 1) + (k 2 + 1) + • • • + Or + 1) = (fci + k 2 + ■ ■ ■ + k r ) + r. 

Therefore, 

k\ + k 2 + ■ ■ ■ + k r = m — r. 



(c) A cycle of generalized eigenvectors corresponding to A of length ij = ki + 1 must take the form {(A — 
A/) fes v,(A — A/) fe ' _1 v, . . . (A — A/)v,v}, where v is a vector chosen such that (A — A/) fei+1 v = 0 and 
(A — \I) ki v 7^ 0. This vector v is precisely the vector v^,. referred to in the statement of Theorem 7.5.4. 
The statements (7.5.16)-(7.5.19) describe the remaining vectors comprising the cycle. 

(d) Assume that 

CQX^t) + cix^(t) + • • • + c fei x«(i) = 0. 

We must show that Co = c\ = ■ ■ ■ = Cfe 4 = 0. Substituting the expressions for x^(i) from (7.5.11)-(7.5.14), 
we obtain 

Co e A *v^ + c ie At (v« + twf) + ■■■ + c ki e xt (vg + tv%_ x + ■■■ + ^t k W^ = 0. 

Since this must hold for all t, we can choose t = 0 and reduce this equation to 

cov«+ Cl v« + --- + c fei vg=0. 
Since {vq \ . . . , v^} is linearly independent, we conclude that Co = c\ = ■ ■ ■ = = 0, as desired. 
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(e) We have 



xf(t) 



,A( 



Av« + (At + l)v- , + I A- + i I v- 2 + • • • + I A- + 



,(0 



i! 0 



t 



At f „« 



V 



(i-i)! 



(vgx + Avf ) + i(v£ 2 + Av£j + -(v^3 + Av£ 2 ) + • • • + A^vtf 



(i) 



2 r j- 



v 



,(*) 



((A - A7)vf + Avf ) + 1 ((4 - A/)vg x + Avgi 
... + |((A-A/)v« + Av«) 



t 2 / 



v^ 2 + Avg 2 ) + ... 



= e 



A/ 



r f> 



2! 



= Ae At 



(») , (i) , ^ (t) 



= ^(t), 

as desired. 

(f) Apply part (1) to each eigenvalue of A. For each eigenvalue, we obtain linearly independent solutions 
totalling the multiplicity of the eigenvalue. The sum of the multiplicities of all of the eigenvalues is n, thereby 
yielding n solutions to x' = Ax. The solutions x^(t) comprising a given cycle of generalized eigenvectors 
are linearly independent by part (d), and vectors corresponding to different cycles and different eigenvalues 
are linearly independent from one another. Therefore, we have n linearly independent solutions to x' = Ax. 



Solutions to Section 7.6 



True-False Review: 

1. FALSE. The particular solution, given by Equation (7.6.4), depends on a fundamental matrix X(t) for the 
nonhomogcncous linear system, and the columns of any fundamental matrix consist of linearly independent 
solutions to the corresponding homogeneous vector differential equation x' = Ax. 

2. FALSE. The vector function u(t) is not arbitrary; it must satisfy the equation X(t)u'(t) = b(t), 
according to Theorem 7.6.1. 

3. TRUE. By definition, we have X = [xi, x 2 , . . . , x„], so 

X 1 = [xi.x^,...,^] = [Ax u Ax 2 ,...,Ax n ] = AX. 

4. FALSE. If we assume that x p is a solution to x' = Ax + b, then note that 

(c • x P Y = c ■ x^ = c • (Ax p + b), 

whereas 

A(c ■ x p ) + b = c • (Ax p ) + b. 
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The right-hand sides of the above expressions are not equal. Therefore, c-x p is not a solution to x' = Ax + b 
in general. 

5. FALSE. A formula for the particular solution is given in Theorem 7.6.1: 



,(t) = X(t) J X- 1 (s)b(s)ds. 



Since an arbitrary integration constant can be applied to this expression, we have an arbitrary number of 
different choices for the particular solution x p (t). 

6. TRUE. From lu' = b, we use the invertibility of X to obtain u' = X~ 1 b. Therefore, u is obtained by 
integrating X _1 b: 



u(i) = J X- 1 (s)b(s)ds. 



Problems: 



1. We have det(A - XI) = 0 if and only if 



2 — A 



-1 2 - A 



= 0 if and only if A 2 - 4A + 3 = 0 if and only if 



(A — 3) (A — 1) = 0. This means that the eigenvalues of A are A = 1 and A = 3. 



Eigenvectors for A = 1 : We have A — I 



1 -1 
-1 1 



, which gives rise to corresponding eigenvectors of the 



form v = r(l, 1), where r£l. Hence, one solution to the associated homogeneous system is Xi(i) = e* 



Eigenvectors for A = 3: We have A — 31 



-1 -1 
-1 -1 



which gives rise to corresponding eigenvectors of 



the form v = r(— 1,1), where r e R. Hence, a second solution to the associated homogeneous system is 



x 2 (i) = e 3 * 



. Therefore, the general solution to the associated homogeneous system is 
x c (i) = cie* 



c 2 e 



3t 



and the fundamental matrix is 



We have 



X(t) = 



X~\t) 



e* e 3t 



_ e -at e -3t 



Therefore, 



u(t) = J X- 1 (s)b(s)ds 



0 



ds = 



4 

Ae -2s 



ds 



2t 
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" e* -e 3t " 




2t 




' e*(2t+l) " 


e* e 3t 








e*(2t- 1) 



Hence, we obtain the particular solution 
x P 0) = X(t)u(t) = 

Thus, the general solution to the nonhomogeneous system of differential equations is 
x(i) = x c (i) +x p (t) = cie* 



" 1 " 




' -1 " 




' e\2t + 1) " 


1 


+ c 2 e 3t 


1 


+ 


e*(2i- 1) 



2. We have det(A - A/) = 0 if and only if 



4- A -3 
2 -1 - A 



0 if and only if A 2 - 3A + 2 = 0 if and only if 



(A — 2)(A — 1) = 0. This means that the eigenvalues of A are A = 1 and A = 2. 



Eigenvectors for A = 1: We have A — I = 



3 -3 
2 -2 



, which gives rise to corresponding eigenvectors of the 



form v = r(l, 1), where r G K. Hence, one solution to the associated homogeneous system is xi(t) = e* 



Eigenvectors for A = 2: We have A — 21 



2 -3 
2 -3 



, which gives rise to corresponding eigenvectors of 



the form v = r(3,2), where r e R. Hence, a second solution to the associated homogeneous system is 
x 2 (t) - e 2 



Therefore, the general solution to the associated homogeneous system is 



and the fundamental matrix is 



We have 



Therefore, 



x c (i) = cie* 
X(t) = 

x-\t) = 

u(t)= /" AT- 1 (s)b(s)ds 



" 1 " 




' 3 " 


1 


+ c 2 e 2t 


2 



e* 2e 2t 



-2e- ; 

a -2t 



3e- 

— e 



-2t 



2e"* 

2t 



e 

3t - 2e* 

Hence, we obtain the particular solution 



3e"* 

_-2t 



2s 



(is 



3 - 2e s 
1 - e- 5 



" e* 3e 2t " 




' 3i-2e* " 




e* 2e 2t 









3ie* - 2e 2t + 3te 2t + 3e* 
3ie* - 2e 2t + 2te 2t + 2e* 



xp(t) = A-(t)u(t) - 

Thus, the general solution to the nonhomogeneous system of differential equations is 
x(i) = x c (i) +Xp(i) = cie* 



" 1 " 




' 3 " 




1 


+ c 2 e 2t 


2 


+ 



3te* - 2e 2t + 3te 2t + 3e* 
3te* - 2e 2t + 2te 2t + 2e* 
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3. We have det(A - XI) = 0 if and only if 
the eigenvalues of A are A = — 2 and A = 2 

Eigenvectors for A = —2: We have A + 21 = 



-1 - A 1 
3 1 - A 



1 1 

3 3 



0 if and only if A 2 — 4 = 0. This means that 
which gives rise to corresponding eigenvectors of the 



form v = r(— 1,1), where r E R. Hence, one solution to the associated homogeneous system is xi(t) = 
-1 



Eigenvectors for A = 2: We have A — 21 



, which gives rise to corresponding eigenvectors of 



-3 1 

3 -1 

the form v = r(l,3), where r e R. Hence, a second solution to the associated homogeneous system is 



a 2t 



Therefore, the general solution to the associated homogeneous system is 





' -1 " 




' 1 " 


Cl e- 2t 


1 


+ c 2 e 2t 


3 



and the fundamental matrix is 



We have 



X(t) 
X~\t) = 



-e~ 2t e 2t 



-21 



3e 



it 



lie 



2t 

-21, 



—e 



2t 

-21. 



Therefore, 



u(t) = J X- 1 (s)b(s)ds 



0 2s 



3e 2s 
-e- 2s -e- 2s 

60e 5s - 12e 3s 
-20e s - I2e- S 



20e 3s 
12e s 



ds 



ds 



-15e 5s + 3e 3s 
be s + 3e- s 



ds 



-3e 5 * + e 3t 
5e« - 3e-* 

Hence, we obtain the particular solution 
x p (t) = X(t)u(t) = , 



3e : 



21, 



5e* - 3e" 



8e 3t - 4e* 
12e 3t - 8e* 



Thus, the general solution to the nonhomogeneous system of differential equations is 



x(t) = x c (i) + x p (i) = cie 



+ c 2 e 



2t 



+ 



8e 3 * - 4e* 
12e 3 * - 8e* 



4. We have det(A - XI) = 0 if and only if 
the eigenvalues of A arc A — 0 and A = 3. 



-1 - A 2 

-2 4 - A 



= 0 if and only if A 2 — 3A = 0. This means that 
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Eigenvectors for A = 0: We have A = 



-1 2 

-2 4 



, which gives rise to corresponding eigenvectors of the form 



v = r(2, 1), where rel. Hence, one solution to the associated homogeneous system is xi(f) 



Eigenvectors for A = 3: We have A — 31 



which gives rise to corresponding eigenvectors of 



-4 2 
-2 1 

the form v = r(l,2), where r e R. Hence, a second solution to the associated homogeneous system is 
x 2 (i) - e 3t [ ' 



Therefore, the general solution to the associated homogeneous system is 



and the fundamental matrix is 



We have 



x c (i) = ci 

X(t): 

X~\t) = ] 



' 2 " 




' 1 " 


1 


+ c 2 e 3t 


2 



2 e 3t 
1 2e 3 * 



2 -1 
e" 3t 2e~ 3 * 



Therefore, 



u(t) = /" X- 1 (s)b(s)ds 



2 -1 

e -3s 2e - 3s 



54se 3s 
9e 3s 



(is 



36se 3s - 3e 3s 
-18s + 6 



ds 



e 3t (12t-5) 
3t(2 - 3i) 

Hence, we obtain the particular solution 



" 2 


e 3t ■ 




1 — 1 


2e 3t 





Xp(t) - X(t)u(t) 

Thus, the general solution to the nonhomogeneous system of differential equations is 



e 3t (12t-5) 
3i(2 - 3i) 



,3* 



9t 2 - 30t + 10 
I8t 2 - 24t + 5 





' 2 " 




' 1 " 


-e 3t 


Cl 


1 


+ c 2 e 3t 


2 





9i 2 - 30t + 10 
18t 2 - 24t + 5 



2- A 



5. We have det(A - XI) = 0 if and only if 
the eigenvalues of A arc A = ±2i. 

Eigenvectors for A = — 2i: We have A + HI = 



-2- A 



0 if and only if A 2 + 4 = 0. This means that 
, which gives rise to a complex-valued 



2 + 2i 4 
-2 -2 + 2i j 

eigenvector of the form v = r( — 1 + «,1), where r e C. Therefore, we get the following complex- valued 
solution to the system: 



x(i) 



-lit 



+ i 
1 



(cos 2t — i sin 2t) 





' -1 " 




' 1 " 




( 


1 


+ i 


0 


) 
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By computing the real and imaginary parts of this expression, we obtain two real-valued solutions to the 
associated homogeneous system of differential equations: 



and 



xi(t) = cos 2t 



x 2 (i) = cos2t 



+ sin 2t 



sin 2t 



1 
0 

-1 
1 



cos 2t + sin 2t 
cos 2t 



cos 2t + sin 2t 
— sin 2t 



Therefore, the general solution to the associated homogeneous system is 



x c (f) = Ci 
and the fundamental matrix is 

X(t)- 

We have 



— cos 2t + sin 2t 
cos 2t 



+ c 2 



cos 2t + sin 2t 
— sin 2t 



cos 2t + sin 2t cos 2t + sin 2t 
cos 2t — sin 2i 



sin 2t cos 2i + sin 2t 
cos 2i cos 2t — sin 2i 



Therefore 



u(t) 



fx-\s)b 



(s)ds 

sin 2s cos 2s + sin 2s 
cos 2s cos 2s — sin 2s 

8i + 2 sin 2 2i 
4t + sin At 

Hence, we obtain the particular solution 



8 sin 2s 
8 cos 2s 



ds 



8 + 8 sin 2s cos 2s 
8 cos 2 2s 



ds 



x„(t) = X(t)u(t) 



— cos 2t + sin 2t cos 2t + sin 2t 
cos 2t — sin 2i 

12i sin 2t - At cos 2t + 2 sin 2t 
8icos2t-4isin 2t 



8i + 2 sin 2 2t 
At + sin 4t 



Thus, the general solution to the nonhomogeneous system of differential equations is 



x(t) = x c (t) + x p (t) = ci 
Note that we can also express 
x p 0) = 



— cos 2t + sin 2t 
cos2i 



C2 



cos 2t + sin 2i 
— sin 2t 



+ 



I2t sin 2t - At cos 2t + 2 sin 2t 
8tcos2t-4£sin 2t 



12i sin 2t - At cos 2t + 2 sin 2t 
8icos 2t-4tsin 2t 



(12t + 1) sin 2t + (1 - 4t) cos 2t 
(8t- l)cos2t-4tsin2i 



sin 2t — cos 2t 
cos 2t 



and since the latter term is a solution to the associated homogeneous system, we can choose x p (i) 
" (I2t + 1) sin 2t + (1 - 4£) cos 2t " 



(8t- l)cos2i-4isin2i 



as an alternative particular solution instead of the one used above. 
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6. We have det(A - XI) = 0 if and only if 



3- A 
-2 



2 

-1 — A 



0 if and only if A 2 - 2A + 1 = 0 if and only if 



(A — l) 2 = 0. Therefore, A has one eigenvalue, A = 1 (with multiplicity 2). 



Eigenvectors for A = 1: We have A — I 



which gives rise to corresponding eigenvectors of 



2 2 

-2 -2 

the form v = r(— 1,1), where r e R. Therefore, one solution of the associated homogeneous system is 
-1 



xi(i) = e* 



. We will determine a second linearly independent solution of the form 

x 2 (i) = e*(vi + iv 0 ) 



where Vi and v 0 are determined from 

(A-7) 2 Vl = 0, (A-/) Vl ^0, v 0 = (A-i)vi. 



In this case, we have A 



2 2 

-2 -2 



and (A — I) 2 = 0 2 . Therefore, we may choose V! to be any 



vector such that (A — 7)vi ^ 0. For simplicity, we take vi 



Thus, v 0 = {A - J)vi 



2 

-2 



From the expressions for v 0 and vi, we can write down a second linearly independent solution to the vector 
differential equation: 





' 1 " 


+ t 


2 " 




' i + it ' 


{ 


0 


-2 


H 


-it 



x 2 (i) = e 

Consequently, the general solution to the associated homogeneous system is 



and a fundamental matrix is 





' -1 " 




" 1 + 2t ' 


cie* 


1 




-It 



We have 



Therefore, 



2te~ t 



u(t) 



/* 



X(t) = 

X~\t) = 
t 

X- 1 (s)b(s)ds 

2se- s e- s (l + 2s) 
e' s e- s 

12s 2 



-e* e*(l + 2i) 
e* -2ie* 



e-*(l + 2t) 



-3e s 
6se s 



-3 + 6s 

Hence, we obtain the particular solution 



x p (t) = X(t)u(t) 



— e 
0 t 



e*(l + 2i) 
-2te* 





4i 3 






-3i + 3t 2 





4i 3 
-3* + 3t 2 



2t 2 - 3t - 3 
6i - 2t 2 



Therefore, the general solution to the nonhomogeneous system of differential equations is 



x(t) = x c (t)+x p (t) = cie* 



-1 
1 



c 2 e 



1 + 2* 
-2* 



ie 1 



2t 2 -3t-3 
6t - 2t 2 
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1 - A 0 0 
2 -3 - A 2 
1 -2 2- A 
Therefore, the eigenvalues of A are A = — 2 and A = 1 (with multiplicity 2). 



7. We have det(A - XI) = 0 if and only if 



= 0 if and only if (1 - A) (A 2 + A - 2) = 0. 



Eigenvectors for A = —2: We have A + 21 = 



, which gives rise to corresponding eigenvectors 



3 0 0 
2-12 
1 -2 4 

of the form v = r(0,2, 1), where r e R. Therefore, one solution of the associated homogeneous system is 

~ 0 " 
2 



xi(i) = e 



— D -2t 



Eigenvectors for A = 1: We have A—I- 



which gives rise to corresponding eigenvectors of the 



0 0 0 

2-4 2 

1 -2 1 

form v = r(2, l,0) + s(— 1, 0, 1), where r,s£l. Therefore, we obtain two more linearly independent solutions 



to the corresponding homogeneous system: x 2 (t) = e L 
general solution to the associated homogeneous system is 



and x 3 (i) = e* 



Consequently, the 





' 0 " 




" 2 " 




" -1 " 


x c (i) = de 2t 


2 


+ c 2 e* 


1 


+ c 3 e* 


0 




1 




0 




1 



and a fundamental matrix is 



We have 



Therefore, 



X(t) = 



x- 1 (t) = - : 



u(t) = / X-\s)h(s)ds 

e 2s -2e 2s 



0 


2e* -e* " 




2e- 2t 


e* 0 




_ e- 2t 


0 e* 




- e 2t 


-2e 2 * 


e 2t 


-2e"* 


e"« - 


2e"* 


-e"* 


2e _t - 


4e"* 



1 



o2s 



-2e- s 
-e" s 

4e s 
-2e- 2s 
1 - 4e~ 2s 

4e* 



e 

2e- 



-2e" 
-4e" 









6e- s 







f + 2e 



-21 
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Hence, we obtain the particular solution 





0 2e* -e* " 




4e* 




" -ie* 


Xp(i) = X(t)u(t) = 


2e- 2t e* 0 




e -2t 




9e"* 




e- 2t 0 e* 




t + 2e- 2t 




ie* + 6e~* 



Therefore, the general solution to the nonhomogencous system of differential equations is 





' 0 " 




" 2 " 




" -1 " 




" -te* 


x(t) = x c (i) +x p (f) = c ie ~ 2t 


2 


+ c 2 e* 


1 


+ c 3 e* 


0 


+ 


9e"< 




1 




0 




1 




ie* + 6e~* 



-1-A -2 2 
2 4- A -1 
0 0 3 — A 

Therefore, the eigenvalues of A are A = 0 and A = 3 (with multiplicity 2) 



8. We have det(A - XI) = 0 if and only if 



0 if and only if (3 - A) (A 2 - 3A) = 0. 



Eigenvectors for A — 0: Vectors of the form v = r(— 2, 1, 0), where r e R, form a basis for the nullspace of 

| -2 

A, and therefore one solution of the associated homogeneous system is x\(t) 



Eigenvectors for A = 3: We have A — 31 



-A -2 2 
2 1 -1 
0 0 0 



, which gives rise to corresponding eigenvectors 



of the form v = r(l, 0, 2) + s(0, 1,1), where r,s£R. Therefore, we obtain two more linearly independent so- 



lutions to the corresponding homogeneous system: x 2 (t) = e 3t 
the general solution to the associated homogeneous system is 



and x 3 (t) = e 3t 



Consequently, 





" -2 " 




' 1 " 




" 0 " 


x c (i) = ci 


1 


+ c 2 e 3t 


0 


+ c 3 e 3t 


1 




0 




2 




1 



and a fundamental matrix is 



X(t) 



o3t 



0 

„3t 



0 2e 3 * e 3 * 



We have 



y ' 3 



0 3t 



2e 3t e „. _ e 

1 2 -2 
-2 -4 1 



3i 
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Therefore, 



u(t) = J X- 1 (s)b(s)d 

-II 



—e 
1 



1 2 -2 
-2 -4 1 



1 

~ ~3 

Hence, we obtain the particular solution 



1 3t 

i 

-lit 



x p (i) = X(i)u(i) = -- 



-2 e 3t 0 
1 0 e 3t 
0 2e 3t e 3t 



l„3t 
3 e 
t 

-lit 



4e 3s 
3e 3s 



-r 



3< 



i + t 



lit 



-9i 



-(3t + 2)/9 
(33t+ l)/9 
3* 



Thus, the general solution to the non-homogeneous system is given by 





" -2 " 




" 1 " 




" 0 " 




x(t) = x c (t) + Xp(i) = ci 


1 


+ c 2 e 3t 


0 




1 


+ e 3t 




0 




2 




1 





-(3t + 2)/9 
(33t+ l)/9 
3t 



9. The solution to x' = A(t)x + b(t) can be written 

x(i) = X(t)c + X(t)J X- 1 (s)h(s)ds 1 

where c = (ci, c 2 , . . . , c„) are arbitrary constants and is a fundamental matrix for the system. We can 
rewrite the equation above as 



x(t) = X(t)c + X(t) [ X- 1 (s)b{s)ds. 



When t = t 0 , this reduces to x(t 0 ) = X(t 0 )c, which means we can write c = X 1 (t n )x(t n ). Substituting 
x(t 0 ) = x 0 , we have c = X~ 1 (t a )x a . Therefore, 



z{t) = X{t)X- 1 {t 0 )x Q + X{t) f X- 1 (s)b(s)ds. 

J t 0 



10. Let A = 2 . t 

[ -4 -2 

x' = Ax + b, where x = 



x 1 

X2 



and b(t) = 
. Now, 



34 sin t 
17 cost 



. We may then write the nonhomogeneous system as 



det(A — XI) = 0 



2 - A -3 
-4 -2 - A 



A — 16 = 0, 
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from which it follows that the eigenvalues of A are A = ±4. 

-2 -3 



Eigenvectors for A = 4: We have A — 41 



of the form v = r(3, — 2), where r e 

3 " 
-2 



-6 



, which gives rise to corresponding eigenvectors 



Hence, one solution of the associated homogeneous system is 



xi(;)-e 4t 
Eigenvectors for A 



-4: We have A + 41 = 



6 
-4 



which gives rise to corresponding eigenvectors 



of the form v = s(l,2), where s e R. Hence, a second linearly independent solution of the associated 
homogeneous system is x 2 (t) 



-41. 



Putting the above results together, we obtain the general solution to the associated homogeneous system: 

Xc(t) 



3 " 




' 1 " 


-2 


+ C2 e- 4 * 


2 



To find a particular solution, we follow the hint and try a solution of the form x p (t) 
Substituting this expression into both sides of x' = Ax + b, we find 



A\ cos t + B\ sin t 
A 2 cos t + B 2 sin t 



-Ai sint + £>i cost 
-A 2 sint + B 2 cost 





' 34sint " 


+ 


17 cos t 



2 —3 Ai cos t + -Bi sin £ 
-4 -2 A 2 cos t + B 2 sin t 

(2Si - 3B 2 )sint + (2^i - 3A 2 ) cost + 34 sint 
(-4Bi - 2B 2 )sint+ (-4Ai - 2A 2 ) cost + 17 cost 



Equating like terms simplifying the system, we can quickly determine the solution: Ai = 1, A 2 = 2, 

cos t — 4 sin t 

£>! = —4, and B 2 = 9. Consequently, we have x p (t) : 



system is therefore given by 

x(t) = cie 4t 



2 cos t + 9 sin t 



. The general solution to the 



+ c 2 e 



-41 



cos t — 4 sin t 
2 cos t + 9 sin t 



Solutions to Section 7.7 



True-False Review: 

1. FALSE. In order to solve a coupled spring-mass system with two masses and two springs as a first-order 
linear system, a 4 x 4 linear system is required. More precisely, if the masses are m\ and m 2 , and the spring 
constants are k\ and k 2 , then the first-order linear system for the spring-mass system is x' = Ax where 



0 


1 


0 


0 " 




0 


k2_ 

mi 


0 


0 


0 


0 


1 


m,2 


0 


_ka_ 
m 2 


0 



2. TRUE. Hooke's Law states that the force due to a spring on a mass is proportional to the displacement 
of the mass from equilibrium, and oriented in the direction opposite to the displacement: F — —kx. The 
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units of force are Newtons, and the units of displacement arc meters. Therefore, in solving for the spring 
constant k, we have k = — ^, with units of Newtons on top of the fraction and units of meters on the bottom 
of the fraction. 

3. FALSE. The amount of chemical in a tank of solution is measured in grams in the metric system, but 
the concentration is measured in grams/L, since concentration is computed as the amount of substance per 
unit of volume. 

4. FALSE. The correct relation is that r in + r\ 2 — r 2 i = 0, where r\i and r 2 i are the rates of flow from 
tank 1 to tank 2, and from tank 2 to tank 1, respectively. Example 7.7.2 shows quite clearly that r 12 and 
r-2i need not be the same. 

5. FALSE. Although this is a closed system, chemicals still pass between the two tanks. So, for example, 
if tank 1 contained 100 grams of chemical and tank 2 contained no chemical, then as time passes and fluid 
flows between the two tanks, some of the chemical will move to tank 2. The amount of chemical in each 
tank changes over time. 

Problems: 



1. From Example 7.7.1, we have o\et{A - XI) = 0 if and only if A 4 + 5A 2 + 4 
we have A = ±i, ±2i. 

Eigenvectors for A = i: Here we have 



(A 2 +4)(A 2 + 1) = 0. Thus, 



A-il 



—i 




0 


0 


-3 


—i 


1 


0 


0 


0 


—i 


1 


2 


0 


-2 


—i 



and the reduced row-echelon form of the linear system (A— = 0 is 



ui(t) = e w 



— i 
1 

-2i 
2 



(cos t + i sin t) 



' 1 


0 


0 


i/2 


0 


0 


1 


0 


-1/2 


0 


0 


0 


1 


i 


0 


0 


0 


0 


0 


0 


to X 




Ax 


is 




—i 










1 










-2i 










2 











. Consequently,vi = 



Taking the real and imaginary parts of this complex-valued solution yields two real-valued solutions, 



xi (i) 



cost 
— sini 
2sint 
2 cost 



and x 2 (t) 



sint 
cost 
—2 cos t 
2 sini 



Eigenvectors for A = 2i: Here we have 



A-2U 



-2i 


1 


0 


0 


-3 


-2i 


1 


0 


0 


0 


-2i 


1 


2 


0 


-2 


-2i 
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and the reduced row-echelon form of the linear system (A — 2il)v 2 = 0 is 
Consequently, v 2 — s(i, —2, —i, 2), where s e C. It follows that a complex- valued solution to x' = Ax is 



-2i 


1 


0 


0 


0 


-3 


-2i 


1 


0 


0 


0 


0 


-2i 


1 


0 


2 


0 


-2 


-2i 


0 



u 2 (t) = e 



2)1 



= (cos t + i sin t) 



Taking the real and imaginary parts of this complex-valued solution yields two more real-valued solutions, 



— sin 2t 
-2 cos 2t 

sint 
2 cos 2t 



and x 4 (t) 



cos 2t 
sin 2t 
— cos 2t 
2 sin 2t 



2. The motion of the system is governed by 



It" 

2 x 



12 w 



-3x+ - .t), 



Letting xi = x, x 2 — x[, x 3 — y, and X4 = x' 3 , we obtain the equivalent system 



x 1 = x 2 , 

x' 2 = -7xi + x 3 , 

X4 = 6x1 — 6x3. 



Writing this problem as x' = Ax, where 



Xi 

x 2 

%3 
x 4 



and A 



We find that 

det(A - XI) = 0 A 4 + 13A 2 + 36 = 0 

Eigenvectors for A = 2z: Here we have 



A-2U-- 



0 1 0 0 

-7 0 10 

0 0 0 1 

6 0-60 



(A 2 + 9)(A 2 + 4) = 0 



A = ±2i,±3i. 



-2i 


1 


0 


0 


-7 


-2i 


1 


0 


0 


0 


-2i 


1 


6 


0 


-6 


-2i 
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and the reduced row-echelon form of the linear system (A — 2il)v\ = 0 is 
Consequently, vi = r(—i, 2, — 3i, 6), where r € C. It follows that a complex-valued solution to x' = Ax is 





-2i 


1 


0 


0 


0 




-7 


-2i 


1 


0 


0 


is 


0 


0 


-2i 


1 


0 




6 


0 


-6 


-2i 


0 



m(t) 



— I 
2 

-3i 
6 



(cos 2t + i sin 2t) 



—i 
2 

-3i 
6 



Taking real and imaginary parts of this complex- valued solution yields two real- valued solutions, 



xi (i) 



sin 2t 
2cos2i 
3 sin 2t 
6 cos 2i 



and x 2 (i) 



— cos 2t 
2 sin 2t 

-3cos2i 
6 sin 2t 



Eigenvectors for A = 3i: Here we have 



A-3H = 



-3i 


1 


0 


0 


-7 


-3i 


1 


0 


0 


0 


-3i 


1 


6 


0 


-6 


-3i 



and the reduced row-echelon form of the linear system (A — 3il)v 2 = 0 is 
Consequently, v 2 = s(i, —3, — 2i, 6), where s G C. It follows that a complex- valued solution to x' = Ax is 



-3i 


1 


0 


0 


0 


-7 


-3i 


1 


0 


0 


0 


0 


-3i 


1 


0 


6 


0 


-6 


-3« 


0 



u 2 (i) = e 



3?i 



i 

-3 
-2i 
6 



= (cos 3t + i sin 3f) 



-3 
-2i 
6 



Taking real and imaginary parts of this complex- valued solution yields two real- valued solutions, 



xa(t) 



— sin 3t 
-3 cos 3t 
2 sin 3i 
6 cos 3t 



and X4(t) 



cos 3t 
-3 sin 3t 
-2 cos 3t 
6 sin 3t 



Putting together the four solutions xi(t), x 2 (t), x 3 (t), and X4(t) obtained above, we find the general 
solution to the linear system: 



x(i) = ci 





sin 2t 




— cos 2i 




— sin 3t 




cos 3t 




2 cos 2i 




2sin2t 




—3 cos 3t 




—3 sin 3t 


Cl 


3 sin 2t 


+ c 2 


—3 cos 2t 


+ c 3 


2 sin 3t 


+ c 4 


—2 cos 3£ 




6 cos 2t 




6 sin 2t 




6 cos 3t 




6 sin 3t 
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Since x = x\ and y = x 3 , it follows that the motion of the spring-mass system is given by 

x(t) = ci sin 2t — c 2 cos 2t — c 3 sin 3t + c 4 cos 3t 



and 



Given that 



y(t) = 3ci sin 2t — 3c 2 cos 2t + 2c 3 sin 3t — 2c 4 cos 3t. 



' 0 " 




" 0 


-1 


0 


1 " 




Cl 


1 

0 


= x(0) = 


2 
0 


0 

-3 


-3 
0 - 


0 

-2 




C2 
C3 


1 




6 


0 


6 


0 






Cl 


3 

= To' C2 


= 0, 


C3 


2 


c 4 


= 0. 



we find that 



Substituting these results into the expressions for x(t) and y(t) above, we conclude that the motion of the 
spring-mass system is 



3 2 
x(t) = — sin2i 



10 15 
3. The motion of the system is governed by the 



9 4 

sin 3t and y(t) = — sin 2t sin 3t. 

yy ' 10 15 



-3x + 4(y — x), 



\ 3/ =-4(y-x). 
Letting x\ = x, x 2 — x[, x 3 = y, and x 4 = y' yields the equivalent system 



Writing this problem as x' = Ax., where x : 





X2, 


T 2 = 


-7xi + 4.T3 


x 3 = 


x 4 , 


X^ = 


3xi — 3x 3 . 


Xl 




X2 


and A = 


X3 




X4 





0 1 0 0 

-7 0 4 0 

0 0 0 1 

3 0-30 



we find that 



det(A - XI) = 0 if and only if A 4 + 10A 2 + 9 = 0 if and only if (A 2 + 1)(A 2 + 9) = 0. 

Therefore, we obtain the eigenvalues A = ±i, ±3i. 
Eigenvectors for A = i: Here we have 



A-il 



-i 1 

-7 -i 

0 0 

3 0 



0 0 

4 0 

-i 1 

-3 -i 
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and the reduced row-echelon form of the linear system (A — il)x = 0 is 



1 -i 

0 1 

0 0 

0 0 



0 0 
f 0 

1 i 
0 0 



which 



gives rise to corresponding eigenvectors of the form v = r(— 2i,2, — 3i, 3), where r G C. The corresponding 
complex-valued solution to the system x' = Ax is 



u(t) - e lt v 

= (cos t + i sin t) 

— (cos t + i sin t) 



-2i 
2 

-3i 
3 



" 0 " 




' -2 ' 


\ 


2 




0 




0 


+ i 


-3 




3 




0 


/ 



/ 


" 0 " 




" 2 " 






( 


' -2 ' 




" 0 " 




cost 


2 


+ sini 


0 






cost 


0 


+ sint 


2 




0 






+ i 




0 








3 








-3 






V 


3 




0 


J 




\ 


0 




3 


) 



2smt 




—2 cos t 


2 cost 




2 sin t 


3sint 


+ i 


—3 cos t 


3 cost 




3sint 



which gives rise to the two real-valued solutions 



xi (t) 



2sint 

2 cos t 
3sint 

3 cost 



and x 2 (t) = 



—2 cost 
2sint 

—3 cost 
3sint 



Eigenvectors for A = 3i: Here we have 



A-3U 



-3i 


1 


0 


0 


-7 


-3i 


4 


0 


0 


0 


-3i 


1 


3 


0 


-3 


-3i 



and the reduced row-echelon form of the linear system (A — 3il)x = 0 is 



0 
-3i 
1 
0 



which 



gives rise to corresponding eigenvectors of the form v = r(2i, — 6, — i, 3), where reC. The corresponding 
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complex-valued solution to the system x' = Ax is 
u(t) 



e 3lt v 



(cos 3t + i sin 3t) 



(cos 3i + z sin 3t) 



2i 
-6 

— i 
3 



0 " 




2 " 


\ 


-6 




0 




0 


+ i 


-1 




3 




0 





/ 


0 " 




2 " 




/ 


2 




0 " 


\ 


cos 3t 


-6 
0 


— sin 3t 


0 

-1 




f i cos 3t 


0 

-1 


+ sin 3t 


-6 
0 




\ 


3 




0 


/ 


V 


0 




3 


/ 



—2 sin 3t 




2 cos 3t 


—6 cos 3t 


+ i 


—6 sin 3t 


sin 3t 


— cos 3t 


3 cos 3t 




3 sin 3i 



which gives rise to the two real-valued solutions 



-2 sin 3i 
—6 cos 3t 
sin3i 
3 cos 3t 



and x 4 (t) = 



2 cos 3t 
—6 sin 3i 

— cos 3t 

3 sin 3t 



Consequently, the general solution to the linear system is 
x(t) = cixi(i) + c 2 x 2 (i) + c 3 x 3 (t) + c 4 x 4 (i) 





2sint 




—2 cos t 




—2 sin 3i 




2 cos 3i 




2cosi 




2sint 




—6 cos 3t 




—6 sin 3t 


Cl 


3sint 


+ c 2 


—3 cos t 


+ c 3 


sin 3i 


+ c 4 


— cos 3i 




3cosi 




3sint 




3 cos 3t 




3 sin 3t 



Since a; = x\ and y ~ x 3 , it follows that the motion of the spring-mass system is given by 

x(t) — 2(ci sin i — c 2 cos t — c 3 sin 3i + c 4 cos 3t) and y(t) — 3c 4 sin t — 3c 2 cos i + c 3 sin 3t — c 4 cos 3t. 

4. The system corresponding to the given information is 



2m 2 



m 2 



(ft 2 
(it 2 



-2k 2 x + fc 2 (y - a;), 



-k 2 {y-x), 



or < 



m 2 



dt 2 



-k 2 (y - x). 



Letting x\ = x, x 2 — x[, x 3 = y, and a; 4 = x' 3 yields the equivalent system: 
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X l =X 2 , 

x' 2 = -^-(-3a;i + x 3 ), 
2m 2 

x' 3 = Xi, 
%4 



Writing this problem as x' = Ax where x : 



x 3 ). 



= — (Xl 
m 2 

with lo 2 = , we find that det (A - XI) = 0 

2m 2 



Xl 
X2 
X3 
X4 



and A 



0 

3fc 2 

2m 2 
0 
k 2 



1 0 

0 0 
0 



A 4 + 5A 2 ^ 2 + 4cj 4 = 0 



m 2 m 2 
A e {—2iuj, —ico, ito, 2iuo}. 



When A = jw , we find a corresponding eigenvector vi = (— 2i/to,2). A complex- valued solution is 
given by 



Ul 



-i/u 
1 

-2i/uj 
2 



(cos ut + i sin Lot) 



—i/oj 
1 

-2z/w 
2 



r 1 1 




1 1 


— sin Lot 




COS Lot 


LO 




LO 


cos 




sinwi 


2 


+ i 


2 


— sin Lot 




COS Lot 


LO 




LOt 


2 COS Lot 




2 sin cot 



so that two linearly independent solutions are given by 



xi(t) 



1 . 

— sin 

cos 
2 

— sin tot 

LO 

2 COS LOt 



and x 2 (i) 



— cos Lot 

LO 

sin 
2 

cos o>i 

2 sin 



When A — 2ilo , we find a corresponding eigenvector v 2 = (i/2u, —1, —i/2co, 1). A complex-valued solution is 
given by 



u 2 = e 



2iut 



i/2io 
-1 
-i/2to 
1 



= (cos cot + i sin Lot) 



i/2uj 
-1 
-i/2w 
1 



sin Lot 

2lo 
— cos 2u>t 
1 

— — sin 2Lot 
2lo 
cos 2cot 



— cos 2Lot 
2lo _ 

— sin 2iot 
1 

- — — cos 2tot 
2lo 

sin 2ut 



so that two more linearly independent solutions are given by 



xs(*) = 



1 

— — — sin tot 
2lo 

— cos 2ut 

— sin 2uot 
2lo 

cos 2ujt 



and x 4 (t) = 



2lo 



cos 2tot 
- sin 2wt 



cos 2Lot 

2lo 

sin 2Lot 



The general solution is given by x = cixi + c 2 x 2 + c 3 x 3 + C4X4. 
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5. We have 



det (A — XI) = 0 



-A 


1 


0 


0 


k x + k 2 


-A 


k2_ 


0 


mi 


mi 


0 


0 


-A 


1 


h_ 


0 


_h_ 


-A 


TO2 




TO2 





= 0 



-A[-A(A 2 

A 4 + —A 2 + 
m 2 



k 2 r h + k 2 2 



fcl + &2 A 2 _ / 

mi 



&2 . + &2 ^2 | 

m 2 m 2 mi 
(fci + fc 2 )fc 2 + fc 2 ^ =Q 



mim 2 

k 2 fci + fc2 n2 , fc i fc 2 _ n 

1 IA H — U 

'?ri2 mi mim 2 

mim 2 A 4 + [mifci + m 2 (fci + fc 2 )]A 2 + kik 2 = 0. 



A 4 + [- 



(5.1) 



The discriminant of Equation (5.1) is given by 

[m-ifci + m 2 (ki + k 2 )] 2 — Aniim 2 kik 2 = (niiki — m 2 k 2 ) 2 + m\k\ + 2niim 2 k\ + 2m 2 kik 2 , 

which is strictly positive. Thus, Equation (5.1) has two distinct real roots for A 2 . Since all coefficients are 
positive, both roots must be negative, so letting uii = \/—ri and uj 2 = ^—r 2 , we obtain (X 2 +uj 2 )(X 2 +uj 2 ) = 0 
which implies that A = ±iui\, A = ±iuj 2 . 



mi 



6. The motion of the system is governed by: 



fx 
dt 2 

d 2 y 



k x x + k 2 (x - y), 



To transform this system to 



mi ^p- = k 2 (y - x) + k 3 y . 



a first-order system, let xi — x, x 2 — x[, x 3 — y, and x A = x' 3 



x\ = x 2 , 

. ki + k 2 k 2 

x 2 = xi x 3 , 

nil mi 

X 3 = £4, 

k 2 k 2 + k 3 

x\ = xi H x 3 . 

m 2 m 2 



niix 2 — kixi + k 2 (xi — x 3 ), 
m 2 x\ — k 2 (x 3 - xi) + k 3 x 3 . 



7. The assumption that Vi and V 2 are constant implies that the net rate of change is zero. Thus, 



Hn + r i2 - r 2i = 0, 



r 2 i - ri2 - r out = 0, 



or 



r 12+^OUt = r 21- 



8. Starting with the system derived in the example, < 



we can rewrite the 



1 



1 
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system as 



20 



-An 



12, 



- l -A x + {D+ l -)A 2 =0. 



(8.1) 



12 11 
— . From the last two equations we have (D + -) 2 Ai — — -A\ = 
5 5 100 

3 112 
(D + — )(D + — )Ai = —. The complementary function is 



Therefore, {D+ l -) 2 A l - !(£>+ \)A 2 

12 /„9 2 „ 3 , , 12 

— =>• (D H — D H )Aj = — = 

5 v 5 100 ; 5 

A c (t) = cie~*/ 10 + c 2 e~ 3 */ 10 and an appropriate trial solution is A p (t) = Ac where Aq is a constant. 
Substituting A p into the preceding differential equation and simplifying, we find that Aq = 80. Consequently, 



A 1 (t)=c 1 e-*/ 10 + c 2 e- 3 */ 10 + 80, 

and the first equation of the system (8.1) yields A 2 — 20[(D + \)A\ — 121. Substituting the expression for 

5 

Ai(t), we find that 



3c 



_2 -3t/10 , £l -t/10 , £2 -3t/10 , 4 x 

10 5 + 5 + J - 



The general solution to the system is given by 



cie"*/ 10 + c 2 e- 3t / 10 



80, 



Now, ^i(O) = 40 



Ai(t) 

A 2 (t) =2c ie - t / 10 -2c 2 e- 3t / 10 + 80. 
and A 2 (0) = 20 Ci + c 2 + 80 = 40 and 2ci - 2c 2 + 80 = 20 => a = -35 and c 2 = -5. Thus 
A^t) --35e-*/ 10 -5e- 3 */ 10 + 80, 
A 2 (t) = -70e-'/ 10 + lOe- 3 */ 10 + 80. 



9. From the given information in the problem we see that the volume of solution in both tanks re- 
mains constant at 60 liters. Thus V\ = 60 = V 2 . Further, during a short time interval At, AAi w 



12 + 2, 



A, 



At, AA 2 



V 2 V 1 
taking the limit as At — > 0, we have 



A 2 

S— 
V 2 



6 



V 2 



At. Substituting in for V\ and V 2 , dividing by At, and 



dA x 2 „ 1 „ , dA 2 

^-l5 Al+ 30^ + 12 md ~dt~ 



15 



15 



:A 2 . 



That is x' = ^4x + b, where 









2 


1 - 


X = 


' A 1 ' 


, A = 


~15 


30 








2 


2 








- 15 


~i~5 - 



b = 



12 
0 



Now, 
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When A = — : A+\l 

5 5 



where r € K. 



1 1 1 

15 30 

2 1 
15 15 J 



so that the corresponding eigenvectors are of the form vi = r(— 1, 2), 



When A = - — : A + ±1 = 



1 

15 



1 

30 



so that the corresponding eigenvectors are of the form v 2 = 



15 15 

s(l, 2), where s€l. Consequently two linearly independent solutions to the associated homogeneous system 



are xi(i) = e 



= P -*/5 



and x 2 (i) = e 



. According to the variation-of-parameters technique, a 



particular solution to the non-homogeneous equation x' = Ax + b is x p = Xu, where u is determined 



by solving Xu' = b with X 



_ e -t/5 e -t/i5 
2e- 5 /* 2e-*/ 15 



The reduced row echelon form of the augmented 





' 1 


0 


_ 6e t/5 " 




is 


0 


1 


6e t/16 


, SO 



-30e*/ 5 
90e*/ 15 



so that u' 



-6e*/ 5 

6e */16 



-e~ t/5 e"* /15 
2e-*/ 5 2e- t / 15 



. Hence, x p (f) = 
to the non-homogeneous system is x(t) = cie~*/ 5 



" -30e'/ 5 " 




' 120 " 


90e*/i5 _ 




120 



+ c 2 e 



-t/15 



+ 



, which implies that 
. Thus the general solution 
• Imposing the initial 



condition x(0) = 



60 
200 



yields c\ = 50 and c 2 = —10, so that 
x(t) = 50e~ t/5 



t/5 


' -1 " 


- 10e-*/ 15 


' 1 " 


+ 


' 120 " 




2 


2 




120 



Thus, 



= 120 - 50e-* /5 - 10e-* /15 and A 2 (t) = 120 + 100e~ t/5 - 20e- 4/ 



15 



10. Substituting r m = r ou ^ = 0, r 12 = r 21 = 2 liters/minute, Vi = 6 liters, and V 2 = 12 liters into the 
dA 1 r 2i n 2 

"rfT =-^ 1 + ^ 2 + Cinrin ' 



system < 



dA 2 r 2 i . r 2 i 
t, effi Vi V 2 



form x' = Ax, where x 



A 1 
A 2 



and A 



det (A - A/) = 0 



yields < 



( dA 1 1 1 

dT =-3 Al + 6 A2 ' 



rfA 2 

1 1 

6 



1 , 1 „ 

-Ai An. 

3 1 6 2 



We may write this in the 



1 1 

3 ~6 

1 
6 



. Then 



A 2 +-A = 0 



A e {0,-1/2}. 
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When A= —1/2: The corresponding eigenvectors take the form v = r(— 1,1), where r e R. Therefore, 
xrW^e-'/ 2 "J 

When A = 0 : The corresponding eigenvectors take the form v = r(l,2), where r e E. Therefore, x 2 (t) = 
1 



The general solution to the system is 

x(i) - c ie - 4 / 2 



" -1 " 




' 1 " 


1 


+ c 2 


2 



Now x(0) = 



5 

25 



ci - c 2 
ci + 2c 2 



25 



ci = 5 and c 2 = 10. Therefore, 



j(t) = 5e- 4 / 2 



+ 10 



and 



=10-5e-*/ 2 , 
i4 2 (t) -20 + 5e-*/ 2 . 



11. 



(a) In the closed system, r m = r ou ^ = 0 liters/minute and r 12 = r 21 so the system 



cL4i r-2i . ri2 

-TT- = -TT A 1 + TT A 2 + CinTin, 

at V\ V 2 

dA 2 r 21 r 21 

= v l Al= v 2 M ' 



becomes 



r d^i 

dA 2 



r 2 \ 



r-2i 



V21 A T21 A 



(b) Replace V 2 by (3V\ and write the system in part (a) as x' = Ax, where x 



Then 



A 1 
A 2 



and A 



- r 21 


r 2 i - 


v 1 




r 2 i 


r 2 \ 


- v 1 


m - 




det (A - 



det 



r 2 i _ 
>i 

r-21 
V 1 



r 2 i 

m 

r 2 i 



-A 



X 2 | (1+^21 



A = 0 



(c) When Ai = 0, then the corresponding eigenvectors take the form v = r(l,/3), where r e M 
= ~ ^ot/^ r21 ' tncn tne corresponding eigenvectors take the form v = s(— 1,1), where s G 

general solution for the system is x(i) = ci 

x(0) = [ ai 
a 2 



1 



+ c 2 e X2t 



. Now 



= ai + a 2 _ a 2 - pax ^ t 



A 2 {t) =0 



1 + /3 1 + /3 
ai + a 2 a 2 - (3ai x t 



l + (3 



l + (3 



When 
i. The 
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(d) Since A 2 < 0, lim e x ' 2t — 0. Therefore, lim — = Ql + Q2 an( j ^ m jil _ ^ m _ Q i + <*i ^ 

t^oo t^oo Vl (1 + /3)W1 t^oo V 2 t^oo /3Vi (1 + P)VI 

Yes, the result is reasonable, because as the time increases without bound the concentrations in the tanks 
represented by the two fractions, and will become equal. 

Solutions to Section 7.8 

True-False Review: 

1. TRUE. This is precisely the content of Equation (7.8.2). 

2. TRUE. If we denote the fundamental matrix for the linear system x' = ^4x by 

X(t) = [xi,x 2 , . . . ,x„], 
then from Equations (7.8.4) and (7.8.7), we see that 

e At = X(t)X-\0) = X 0 (t). 

3. TRUE. For each generalized eigenvector v, e At v is a solution to x' = Ax. If A is an n x n matrix, 
then A has n linearly independent generalized eigenvectors, and therefore, the general solution to x' = ^4x 
can be formulated as linear combinations of n linearly independent solutions of the form e At v. As usual, 
application of the initial condition yields the unique solution to the given initial-value problem. 

4. TRUE. Since the transition matrix for x' = Ax is a fundamental matrix for the system, its columns 
consist of linearly independent vector functions, and hence, this matrix is invertible. 

5. TRUE. This follows immediately from Equations (7.8.4) and (7.8.6). 

6. TRUE. If 

Cie At Vi + c 2 e At v 2 H h c n e At v n = 0, 

then 

e At [civi + c 2 v 2 H h c„v„] = 0. 

Since e At is invertible for all matrices A, we conclude that 

civi + c 2 v 2 H h c„v„ = 0. 

Since {v l7 v 2 , . . . , v n } is linearly independent, c\ = c 2 = • • • = c„ = 0, and hence, {e At Vi, e At v 2 , ■ ■ ■ , e At v n } 
is linearly independent. 

Problems: 

1. If X(t) is a fundamental matrix for x' = ^4x, then X(t)B, where B is an invertible matrix, is also a 
fundamental matrix. Clearly, X _1 (0) is invertible, and its inverse is X(0). Thus, X 0 = X(t)~ 1 X(0) is a 
fundamental matrix. Since X n (0) = X(0)~ 1 X(0) = I n , X 0 is the transition matrix, based at t = 0, for 



2. det {A — XI) = 0 



1 - A 2 
0 -1 - A 



A €{-1,1}. 
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When A = 1 : In this case, A — I = 
When A = — 1 : In this case, A + I 



0 2 
0 -2 
2 2 
0 0 



A fundamental matrix for x' = Ax. is X(t) 



=> Vi = r(l, 0), where r€l 
=> V2 = s(l,— 1), where s G 

0 -e- =>^" 1 (*) = 



xi(t) = e* 


" 1 

0 






ir 2 (i) = e"« 


i " 

-i 




t e -t " 
-e"* 


x-Ho) 



1 1 

0 -1 



Thus, 



X(t)X-\0) 



" e* e"* " 




I— 1 


1 — 1 




e* e'-e ' 


0 -e~* 




0 


1 




0 e"* 



3. det(A - A/) = 0 



2 - A 1 
0 2 - A 



(A — 2) 2 = 0, which implies that the only eigenvalue of A 



is A = 2 (with multiplicity 2) . 
Eigenvectors for A = 2: We have A — 21 



0 1 
0 0 



which gives rise to corresponding eigenvectors of the 



form v = r(l,0), where r e R. Thus, one solution of the linear system x' = Ax is given by xi(f) = 



0 2t 



0 



We will determine a second linearly independent solution of the form 

x 2 (t) -e 2t ( Vl + tv 0 ) 

where vi and v 0 are determined from 

(A-2/) 2 Vl = 0, (A-2/) Vl ^0, v 0 = (A-27)vi. 



In this case, we have A — 21 



0 1 
0 0 



and (A — 2I) 2 = 0 2 . Therefore, we may choose Vi to be any vector 



such that (A — 2/)vi ^ 0. For simplicity, we take vi 



Thus, v 0 = (A- 2J)vi 



From the 



expressions for vo and vi, we can write down a second linearly independent solution to the vector differential 
equation: 



x 2 (t) 



t 



te 



21 



o2t 



A fundamental matrix for the system x' = Ax is therefore given by X(t) 



,2t fe 2t 

n ^2t 



Therefore, 



X~\t) 



e- 2t -te~ 2t 



and hence, X 1 (0) 
e At = X(t)X-\0) 



1 0 
0 1 



. Thus, 



" e 2t 


te 2t ' 




' 1 


0 " 




' 1 


t 


0 


e 2t 




0 


1 


= e 2t 


0 


1 



3 - A 0 0 
0 3- A -1 =0< 
0 1 1 - A 

Therefore, the eigenvalues of A are A = 3 and A — 2 (with multiplicity 2). 



4. det(A - XI) = 0 



(3 - A)(A 2 - 4A + 4) = 0 (3 - A)(A - 2) 2 = 0. 
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Eigenvectors for A = 3: We have A — 31 = 



of the form 


v = 


r(l,0,0), 




" 1 " 




" e 3t - 


Xl (t) = e 3t 


0 




0 




0 




0 



0 0 0 
0 0-1 
0 1 -2 



which gives rise to corresponding eigenvectors 



Eigenvectors for A = 2: We have A — 21 = 



1 0 0 
0 1 -1 
0 1 -1 



which gives rise to corresponding eigenvectors 





' 0 " 




0 


e 2t 


1 




e 2t 




I— 1 




e 2t 



of the form v = s(0, 1,1), where sel. Thus, a second solution of the linear system x' = Ax is given by 
x 2 (t) = e 2 

We will determine a second linearly independent solution corresponding to A = 2 of the form 

xa(t) = e 2 *( Vl +iv 0 ) 

where vi and v 0 are determined from 

(A-2/) 2 Vl = 0, (A-27) Vl ^0, v 0 = (A-27)vi. 



In this case, we have A — 21 



1 0 0 
0 1 -1 
0 1 -1 



and (A - 21 f 



1 0 0 
0 0 0 
0 0 0 



Let us choose vi 



Then v 0 = (A- 2I)v 1 



. From the expressions for v 0 and vi, we can write down a second linearly 



independent solution to the vector differential equation corresponding to A = 2: 





" 0 " 




' 0 " 




0 




0 


x 3 (;) = e 2t j 


1 


+ t 


1 


| =e 2t 


1 + t 




(l + t)e 2t 




0 




1 




t 




te 2t 



-3t 



-te- 2t (l + t)e 2 

„-2t 



X(t)X-\0) 



5. det(A -\I) = 0 





-it 


—e 




0 


0 


e 2t 


0 


e 2t 


- A 





which implies that X 1 (0) = 



0 

(l + t)e 2 



te 



21, 



1 

1 - A 



= 0 



1 0 0 
0 0 1 
0 1 -1 



A 2 - 2A + 1 = 0 





" e 3t 0 


0 




0 e 2t (1 + 1) 




0 e 2t te 2t 


" 1 


0 0 " 




0 


0 1 


. Thus, 


0 


1 -1 




e 3 * 


0 


0 


0 


te 2t + e 2t _ te 


0 


te 2t 


e 2t_ 



.,21 



Then 



2t 

te 2t 



(A - l) 2 = 0. Therefore, the only 



eigenvalue of A is A — 1 (with multiplicity 2). 
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Eigenvectors for A = 1: We have A — I = 



2 -1 
4 -2 



which gives rise to corresponding eigenvectors of the 



form v = r(l,2), where r e R. Thus, one solution of the linear system x' = Ax is given by xi(t) 



2e* 



. We will determine a second linearly independent solution corresponding to A = 1 of the 



form x 2 (i) = e*(vi + tv 0 ), where vi and v 0 are determined from 



(A-/) 2 v 1 = 0, (A-7) Vl ^0, v 0 = (A-I)v 1 . 



In this case, we have A — I 



2 -1 
4 -2 



and (A — I) 2 = O2. Therefore, we may choose vi to be any vector 



such that (A — 7)vi ^ 0. For simplicity, we choose Vi 
that 



. Then v 0 = {A - 7)vi 



. It follows 



t 



l + 2t 
At 



A fundamental matrix for the system is therefore given by X(t) = 

t 1/1 1 o+\„~t 



(l + 2i)e* 
Ate* 

e* (l + 2i)e* 



2e f 



-2te~ l ±{l + 2t)e- 
-|e-« 



4t 



x^x-^o) 



. Thus, X-^O) 
e* (1 + 2i)e* 



. Thus, 



2e J 



4te t 



(1 + 2t)e l 
Ate* 



Ate 1 



-te l 
-2te t 



Therefore, X' 1 ^) = 



l + 2t -t 
At l-2t 



0 



-3 -A -2 
2 1 - A 

eigenvalue of A is A = — 1 (with multiplicity 2) 



6. det(A - XI) =0 
eigenvalue of A is 

Eigenvectors for A 



A 2 + 2A + 1 = 0 (A + l) 2 = 0. Therefore, the only 



-1: We have A + I 



-2 -2 
2 2 



, which gives rise to corresponding eigenvectors 



of the form v = r(— 1,1), where r € R. Thus, one solution of the linear system x' = Ax is given by 

We will determine a second linearly independent solution corresponding 
~*(vi + tvo), where vi and v 0 are determined from 
(A + /) 2 v 1 = 0, (A + r)v!?0, v 0 = {A + I)v 1 . 

and (A + I) 2 = 0 2 - Therefore, we may choose vi to be any vector 



xi (t) = 


e" 1 


" -1 " 
1 




' -e-* ' 


to A = - 


-1 of 


the form x 2 (i) = e 



In this case, we have A + I = 



-2 -2 
2 2 



such that (A+ I)vi ^ 0. For simplicity, we choose vi = 
that 

x 2 (t) 

A fundamental matrix for the system is therefore given by X(t) 



. Then v 0 = (A + J)vi = 



It follows 





' 1 " 


+ t 


' -2 " 




' 1 - 2t ' 






0 


2 




2t 





(1 - 2t)t 
2te~ t 



X~\t) 



-2te l (1 - 2t)e l 



which implies that X 1 (0) = 



0 1 

1 1 



-e-* (1 - 2t)e- 



e 

Thus, 



2te- 



Thcrcfore, 



X(t)X-\0) 



-e"* (1 - 2t)e- 
e~* 2te- t 



t ' 




' 0 1 " 




' 1 - 2t -2t 






1 1 


= e~ t 


2t 1 + 2* 
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7. det(A - XI) = 0 



2 - A 0 0 
0 I A -8 = 0 
0 2 -7 -A 
Therefore, the eigenvalues of A are A — 2 and A = — 3 (with multiplicity 2). 

,000 

Eigenvectors for A = 2: We have A — 21 



0 -1 -8 
0 2-9 



(2-A)(A 2 + 6A + 9) = 0<^=> (2-A)(A + 3) 2 = 0. 



which gives rise to corresponding eigenvectors 



of the form v = r(l,0,0), where r E M. Thus, one solution of the linear system x' = Ax is given by 





" l " 




" e 2t ' 


Xl (*) = e 2t 


0 




0 




0 




0 



Eigenvectors for A = —3: We have A + 31 = 



5 0 0 

0 4-8 
0 2-4 



which gives rise to corresponding eigenvectors 



of the form v = r(0, 2, 1), where ret. Thus, a second solution of the linear system x' = Ax is given by 
x 2 (i) = e" 





" 0 " 




0 


e -3t 


2 




2e- 3t 




I— 1 




e~ 3t 



We will determine a second linearly independent solution corresponding to A = — 3 of the form x 3 (t) 
e _3t (vi + tvo), where vi and v 0 are determined from 



(A + 3/) 2 v 1 = 0, (A + 3/) Vl ^0, v 0 = (A + 3/) Vl . 



In this case, we have A + 31 



5 0 
0 4 
0 2 



0 

-8 
-4 



and (.4 + 37) 2 



25 0 0 
0 0 0 
0 0 0 



Let us choose vi 



Then v 0 = (A + 37>i 



-4 



From the expressions for v 0 and vi, we can write down a second linearly 



independent solution to the vector differential equation corresponding to A = — 3: 





" 0 " 




0 " 




0 




0 


xs(t) = e" 3i | 


0 


+ i 


-8 


| = e- 3t 


-8i 




-8te^ 3t 




1 




-4 




l-4i 




(1 - 4t)e- 3 * 



A fundamental matrix for the system x' = Ax is therefore given by X(t) = 



Then ^(i) = 



X(t)X-\0) 



0 


0 


3 *(1 -4t) 


4ie 3t 


_1 3t 


e 3t 


2 e 




0 


0 


2e~ 3t 


-8te- 3t 


e~ 3t (1 


-4t)e~ 



which implies that X 1 (0) = 



e 2t 0 0 

0 2e~ 3t -8te~ 3t 

0 e- 3t (1 - 4t)e- 3t 

' 1 0 0 ' 



0 



0 



0 -\ 1 



. Thus, 



3( 



1 0 0 

0 \ 0 

0 -\ 1 



e 2t 0 0 

0 e- 3 *(l + 4t) -8te- 3t 
0 2te- 3t (l-4t)e~ 3 * 



8. We are given the characteristic equation, from which we see that the eigenvalues of A arc A = 4 and 
A = — 2 (with multiplicity 2). 



652 



Eigenvectors for A = 4: We have A — 4I = 



-12 6 -3 
-12 6 -3 
-12 12 -6 



which gives rise to corresponding eigenvectors 



of the form v = r(0,l,2), where r € M. Thus, one solution of the linear system x' = Ax is given by 





" 0 " 




0 


e 4 ' 


1 




e 4 ' 




2 




2e 4t 



Eigenvectors for A = —2: We have A + 2I 



-6 6 -3 
-12 12 -3 
-12 12 0 



, which gives rise to corresponding eigenvec- 



tors of the form v = r(l, 1, 0), where rel. Therefore, a second linearly independent solution of the linear 

system x' = Ax is given by x 2 (t) = e" 

We will determine a second linearly independent solution corresponding to A = —2 of the form x 3 (t) 
e~ 2t (vi + tvo), where vi and v 0 are determined from 

(A + 2/) 2 Vl = 0, (A + 2/)vi^0, v 0 = (A+27)vi. 





' 1 " 




■ e -2t - 


e -2t 


I— 1 




e -2t 




0 




0 



In this case, we have A + 21 = 



Vl 



Then v 0 = {A + 2I)v 1 = 



-6 6 -3 
-12 12 -3 
-12 12 0 
-3 
-3 
0 



and (A +2I) 2 = 



0 0 0 
-36 36 0 
-72 72 0 



Let us choose 



From the expressions for v 0 and v 1; we can write down a 



-2t 



second linearly independent solution to the vector differential equation corresponding to A = —2: 

x 3 0) = f 

Therefore, the general solution to x' = Ax is given by 



" 0 " 




' -3 " 






" -3te' 2t ' 


0 


+ t 


-3 




1- 


-3te- 2t 


1 




0 






e~ 2t 





0 




" e- 2t ' 




" -3te- 2t ' 


x(t) = a 


e 4t 


+ c 2 


e' 2t 


+ c 3 


-3te~ 2t 




. 2e4 ' . 




0 




£ -2t 



9. We are given the characteristic equation, from which we see that the eigenvalues of A are A = — 1 and 
A = 3 (with multiplicity 2). 

"11 3 

2 4-2 
1 1 3 

of the form v = r(— 7, 4, 1), where r E R. Thus, one solution of the linear system x' = Ax is given by 



Eigenvectors for A = —1: We have A + I 



which gives rise to corresponding eigenvectors 





' -7 " 




" -7e"* " 


xi(t) = e~* 


4 




4e"* 




1 







Eigenvectors for A = 3: We have A — 31 



-3 1 3 
2 0-2 
1 1 -1 



, which gives rise to corresponding eigenvectors 
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" 1 " 




" e 3t " 


e 3t 


0 




0 




1 




e 3t 



of the form v = s(l,0, 1), where s£t. Thus, a second linearly independent solution of the linear system 

x' = Ax is given by x 2 (t) = e 3 

We will determine a second linearly independent solution corresponding to A = 3 of the form ^(t) = 
e 3 *(vi + tvo), where vi and v 0 are determined from 

(A-3/) 2 vi = 0, (A-3/)vi^0, v 0 = (A-37)vi. 



In this case, we have A — 31 = 



Vl 



Then v 0 = (A - 3J)vi 



-3 1 3 
2 0-2 
1 1 -1 
1 
0 
1 



14 


0 


-14 " 




-8 


0 


8 


. Let us 


-2 


0 


2 





and (A - 31) 2 



From the expressions for Vq and vi, we can write down a 



second linearly independent solution to the vector differential equation corresponding to A = 3: 





" 0 " 




1 — 1 




" te 3t " 


x 3 (;) = e 3t j 


1 — 1 


+ t 


0 


}- 






0 




h- 1 




te 3t 



Therefore, the general solution to x' = Ax. is given by 





" -7e-* " 




" e 3t " 




" te 3t ' 


x(i) = ci 


4e"* 


+ c 2 


0 


+ c 3 


e 3t 




e"* 




e 3t 




te 3t 



10. We are given the characteristic equation, from which we see that the eigenvalues of A arc A = 1 and 
A = 2 (with multiplicity 3). 



Eigenvectors for A = 1 : We have A — I = 



0 0 0 0 

0 5-73 

0 0 2 -1 

0-4 9-4 



which gives rise to corresponding eigenvec- 



tors of the form v = r(l, 0, 0, 0), where rel. Thus, one solution of the linear system x' = Ax is given by 



xi(i) = e* 



e 
0 
0 
0 



Eigenvectors for A = 2: We have A — 21 = 



-10 0 0 
0 4-73 

0 0 1-1 

0-4 9-5 



, which gives rise to corresponding eigen- 



vectors of the form v = s(0, 1, 1, 1), where set. Thus, a second linearly independent solution of x' = ^4x 
is given by x 2 (i) = e 2 * 



" 0 " 




0 


1 




e 2t 


1 




e 2t 


I— 1 




e 2t 
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To obtain two further solutions to x' = Ax corresponding to A = 2, note that 



(A - 2lf = 



1 0 

0 4- 

0 4- 

0 4- 



0 0 

8 4 
8 4 
4 



and (A - 21) 3 = 



1 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 



Therefore, if we take v 2 



then 



vi = (A - 2J)v 2 



0 
4 
0 
-4 



and v 0 = {A - 2/) 2 v 2 



Therefore, using Theorem 7.5.4, we obtain the solutions 



x 3 (i) = e 2t { 





0 " 




' 0 " 








4 


+ t 


4 






< 


0 


4 








-4 




4 







0 

(4 + 4t)e 2t 

4ie 2t 
(-4 + 4t)e 2t 



and 



x 4 (t) 



0 




0 


4 


t 2 


4 


0 


+ 21 


4 


-4 




4 



Hence, the general solution to x' = Ax is given by 



0 

(l+4i + 2t 2 )e 2t 
2t 2 e 2t 
(-4t + 2t 2 )e 2t 





" e* " 




0 






0 




e 2t 




Cl 


0 


+ c 2 


e 2t 






0 




e 2t 





0 

(4 + 4t)e 2t 

4te 2t 
(-4 + 4t)e 2t 



c 4 



0 

(l+4t + 2t 2 )e 2 * 
2t 2 e 2 * 
(-4t + 2t 2 )e 2t 



11. From the characteristic polynomial, we find that the eigenvalues of A are A — i (with multiplicity 2) 
and A = — i (with multiplicity 2). 



Eigenvectors for A = i: In this case, A—il - 



—i 


1 


0 


0 


1 


— 2 


0 


0 




0 


— 2 


1 

I— 1 


0 


I— 1 


1 — 1 


— i 



and (A-i/) 5 



-2 


2i 


0 


0 


-2i 


-2 


0 


0 


-2i 


-2 


-2 


2i 


2 


-2i 


-2i 


-2 



Now (^4 — z/) 2 v = 0 has two linearly independent solutions. Solving the system we obtain 



v = r(i, 1,0,0) + *(0,0,*,1) ) 
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where r, s € C. Let vi = (i, 1, 0, 0), so that 



m(i) = e At vi = e Jt [vi + t(A - i/)vi] 



z 




I— 1 




+ t 


0 


0 





— i 


-1 


0 


0 " 




i 






—i 


0 


0 




1 






0 


—i 


-1 




0 


> 


0 


1 


1 


—i 




0 


> 



= e 



— (cos t + i sin t) 
Hence, two linearly independent solutions are given by 



i 
1 
it 
t 



i 




— sin t 




cost 


1 




cost 




sint 


it 




—tsint 


+ i 


tcost 


t 




tcost 




tsint 



Xi (i) 



— sint 
cost 
— t sin t 
tcost 



and x 2 (t) 



cost 
sint 
tcost 
tsint 



Next, let v 2 = (0,0, i, 1), so that 

u 2 (t) = e At v 2 = e Jt [v 2 + - i/)v 2 ] 



= e 



= e 



" 0 " 




" -i -1 


0 


0 ' 




" 0 " 






0 


+ t 


1 -i 


0 


0 




0 






i 




1 0 


—i 


-1 




i 


j 


> 


1 






0 1 


1 


—i 




1 






0 " 








" 0 " 




0 " 




0 


0 

% 




= (cos t + i sin t) 


0 

i 






0 

- sint 


+ i 


0 

cos t 


1 








1 




cost 




sint 



Hence, two further linearly independent real-valued solutions are given by 



0 
0 

- sint 
cost 



and X4(t) 



0 
0 

cost 
sint 



Solutions to Section 7.9 



True-False Review: 

1. FALSE. The trajectories need not approach the equilibrium point as t — > oo. For instance, Figures 7.9.4 
and 7.9.8 show equilibrium points for which not all solution trajectories approach the origin as t — > oo. 

2. TRUE. This is well-illustrated in Figure 7.9.7. All trajectories in this case are closed curves, and the 
equilibrium point is a stable center. 

3. TRUE. This is case (b), described below Theorem 7.9.3. 
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4. TRUE. The type of eigenvalues (see Table 7.9.1) for A and 2A will be the same, upon examination of 
the roots of their respective characteristic equations. 

5. TRUE. This is essentially the definition of a stable point. 

6. FALSE. The only trajectories that approach (0, 0) as t — > oo are those pointing along the eigenvector v 
corresponding to the negative eigenvalue A. 

Problems: 

1. Equilibrium solutions arise when x{x — y + 1) = 0 and y(y + 2x) = 0. Hence, either y = 0, in which case 

x = 0 or — 1, or y — —2x, in which case x = — . Therefore, the equilibrium solutions are (0, 0), (—1, 0) and 

3 

(-- ") 

2. Equilibrium solutions arise when x(2x + y) — 0 and y(x — 2y + 4) = 0. Hence, either x — 0. in which case 

4 

y = 0 or 2, or y — —2x, in which case x = — . Therefore the equilibrium solutions are (0,0), (0,2), and 

5 

(-- ") 
1 5'5 j ' 

3. Equilibrium solutions arise when x(x 2 + y 2 — 1) = 0 and y(xy — 1) = 0. Two cases arise: 

(a) y = 0 x(x 2 — 1) = 0 x — 0, ±1. Hence the equilibrium solutions are (0, 0), (1, 0) and (—1,0). 

(b) y^O ==> y = — ==> x(x 2 H ^ — 1) = 0 =4> — (x 4 — x 2 + 1) =0. Since this equation has no real 

x x A x 

solution, there arc no corresponding equilibrium solutions to the system of differential equations. 

4. A has eigenvalues Ai = 2 and A2 = —2 with corresponding linearly independent eigenvectors vi = (3, 1) 
and v 2 = (—1, 1), respectively. Hence (0,0) is a saddle point. 



y 




Figure 91: Figure for Problem 4 



5. A has eigenvalues A = ±2i. Hence (0,0) is a stable center. 
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Figure 92: Figure for Problem 5 



6. A has a single eigenvalue Ai — 1 with a corresponding eigenvector v — (0, 1). Hence (0, 0) is a degenerate 
unstable node. 




Figure 93: Figure for Problem 6 



7. A has eigenvalues Ai = 1 and A2 = —1 with corresponding linearly independent eigenvectors vi = (—3, 1) 
and v 2 = (1, —1). Hence (0, 0) is a saddle point. 




Figure 94: Figure for Problem 7 



8. A has eigenvalues A = 



—2 ± 3i. Hence (0, 0) is a stable spiral. 
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Figure 95: Figure for Problem 



9. A has eigenvalues Ai = —3 and A2 = —1 with corresponding linearly independent eigenvectors vi = (—1, 1) 
and V2 — (1, 1), respectively. Hence (0, 0) is a stable node. 
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Figure 96: Figure for Problem 9 



10. A has eigenvalues Ai — 9 and A2 = 1 with corresponding linearly independent eigenvectors Vi = (1, 1) 
and V2 = (—1, 1), respectively. Hence (0,0) is an unstable node. 
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Figure 97: Figure for Problem 10 



11. A has eigenvalues A = ±i. Hence, (0, 0) is a stable center. 
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Figure 98: Figure for Problem 11 



12. A has a single eigenvalue A 
unstable node. 



1, with a corresponding eigenvector Vi = (1, 1). Hence (0, 0) is a degenerate 




Figure 99: Figure for Problem 12 



13. A has eigenvalues A = 2 ± i. Hence (0, 0) is an unstable spiral. 




Figure 100: Figure for Problem 13 



14. A has eigenvalues Ai = —2 and A2 = —3 with corresponding linearly independent eigenvectors V! = (5, 4) 
and V2 = (1,1), respectively. Hence (0, 0) is a stable node. 
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Figure 101: Figure for Problem 14 



15. A has eigenvalues Ai = 1 and A2 = 5 with corresponding linearly independent eigenvectors vi = (1,-1) 
and v 2 = (1,3), respectively. Hence (0,0) is an unstable node. 



16. A has eigenvalues Ai = 5 and A2 = —5 with corresponding linearly independent eigenvectors vi = (2, 1) 
and V2 = (1, —2), respectively. Hence (0,0) is a saddle point. 

17. A has a single eigenvalue A = —2 with a corresponding eigenvector Vi = (1, —3). Hence (0, 0) is a stable 
degenerate node. 

18. A has eigenvalues A = ^(3 ± n/3)- Hence (0, 0) is an unstable spiral. 

19. A has a single eigenvalue A = 3 with corresponding linearly independent eigenvectors Vi = (1,0) and 
V2 = (0,1), respectively. Hence (0,0) is a unstable proper node. 

20. A has eigenvalues A = — 1 ± 2i. Hence (0,0) is a saddle point. An eigenvector corresponding to the 
eigenvalue A — — 1 + 2i is v — (1, i). Hence a complex-valued solution to the system of differential equations 
is 

w(t) = e~*(cos2£ + isin2i) \ . 
Therefore two real- valued linearly independent solutions to the system of differential equations are 




X 



Figure 102: Figure for Problem 15 



xi (t) 



= e 



cos 2t 
— sin 2t 



and X2(i) 



= e 



-t 



sin 2t 
cos 2t 
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and the general solution to the system is 



x(t) 



c\ cos 2t + C2 sin 2t 
-ci sin 2t + C2 cos 2i 



Setting x(t) = e s (cj cos 2i + c 2 sin 2t) and y(t) — e '(— c\ sin 2< + c 2 cos 2t) we have a;(t) 2 + y(t) :; 
c|). The trajectory in the phase plane is a spiral. 



-2t/„2 



(cf + 



21. Setting u — y and w = — yields the system 

at 



du dv 

lit ~ V ' ~db 



= — 9u — 6v. 



This can be written as x' = Ax., where A = 



The matrix A has eigenvalue A = — 3 with 



corresponding eigenvector v = (1, —3). Hence, the equilibrium point (0, 0) is a stable degenerate node. 




Figure 103: Figure for Problem 21 



dy 

22. Setting u = y and v = — yields the system 

at 



du 
~d~t 



dv 
dt 



T6u. 



This can be written as x' = Ax, where A = 
the equilibrium point (0,0) is a stable center. 



0 1 
-16 0 



The matrix A has eigenvalues A = ±4i. Hence, 
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Figure 104: Figure for Problem 22 
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dy 

23. Setting u = y and v — — yields the system 

at 



du 
~dt 



dv 
~di 



-5u — Av. 



This can be written as x' = Ax, where A = 



the equilibrium point (0,0) is a stable spiral point. 



The matrix A has eigenvalues A = — 2±j. Hence, 



rs~ — v>s- ■ 

/ / / s-~ ~- 
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Figure 105: Figure for Problem 23 



dy 

24. Setting u = y and v — — yields the system 

ox 



du 
~dt 



v, 



du 
~df 



25u. 



This can be written as x' = Ax, where A = 



0 1 
25 0 

with corresponding linearly independent eigenvectors vi 
equilibrium point (0,0) is a saddle point. 



The matrix A has eigenvalues Ai = 5, A2 = —5 
= (1,5) and V2 = (1,-5), respectively. Hence, the 
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Figure 106: Figure for Problem 24 



dy 

25. Setting u = y and u = — yields the system 



dv 

— = v. — — —ku — 2cv. 
dt dt 
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This can be written as x' = Ax, where A = 



0 

-k 



1 

-2c 



The matrix A has eigenvalues 



A = — c ± \fc 



k. 



Consequently there are three cases: 

(a) If c 2 — k > 0 then there are two real distinct and negative eigenvalues. Consequently, (0, 0) is a stable 
node. Since y = u, the system passes through equilibrium whenever the corresponding trajectory crosses the 
u-axis. From the phase portrait we see that this happens at most once. 
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Figure 107: Figure for Problem 25(a) 

(b) If c 2 — k = 0 then A has the real repeated negative eigenvalue A — — c with a single linearly independent 
eigenvector. Therefore, (0,0) is a stable degenerate node. The behavior of the physical system is similar to 
that in (a). 
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Figure 108: Figure for Problem 25(b) 



(c) If c 2 — k < 0 then A has complex conjugate eigenvalues with negative real part. Consequently, (0, 0) is a 
stable spiral. In this case the physical system oscillates about y — 0 with decreasing amplitude and velocity. 
The spring-mass system eventually comes to rest at its equilibrium position. 
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Figure 109: Figure for Problem 25(c) 
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26. Suppose, to the contrary, that xi(t) and x 2 (i) are proportional. Say x 2 (t) = fcxi(t), where k £ R. 
Then from X2(0) = fcxi(O), we obtain s = kr. In particular, this implies that r^O (since v = r + is is an 
eigenvector, and must therefore be nonzero). Substituting s = kr into x 2 = fcxi, we obtain 

e at (sin btr + k cos btr) = ke at (cos btr - k sin btv) , 



or 

(sin bt+k cos bt)v = (k cos bt — k 2 sin bt)v . 

Since r ^ 0, we must have 

sin bt + k cos bt = k cos bt — k 2 sin bt, 

or 

(k 2 + l)sin bt = 0. 

Since k e R, we conclude that sin&t = 0, which is certainly not true for all ieR. Therefore, we conclude 
that xi(t) and x 2 (i) are not proportional. 



27. Write A = 



a b 
c d 



. Then 



det(A - XI) = det 



a — A b 
c d — X 



= (a - X)(d - X) - be = X 2 - (a + d)X + (ad - be). 



According to the quadratic equation, the roots of this characteristic equation are 

(a + d) ± y/(a + d) 2 - A{ad - be) 
X — ~ . 



(a) With the assumption that A has a repeated eigenvalue, we conclude that i/(a + d) 2 — 4(ad — be) = 0. 
Therefore, A = (a + d)/2 is the repeated eigenvalue. 

(b) Since A has two linearly independent eigenvectors corresponding to A, we know that every nonzero vector 
in R 2 is an eigenvector of A. Therefore, with e! and e 2 denoting the standard basis vectors on R 2 , we have 

(A - Ai>i = 0 and (A - XI)e 2 = 0. 

This implies that the A — XI must be the zero matrix. That is, A = XI, which means that A is a scalar 
matrix. 

(c) By part (b), if A is a 2 x 2 matrix of real constants with a repeated eigenvalue A that is not a scalar 
multiple of the identity matrix, then A cannot have two linearly independent eigenvectors corresponding to 
A. That is, A is defective. 

Solutions to Section 7.10 

True-False Review: 

1. TRUE. This is just the definition of the Jacobian matrix given in the text. 

2. FALSE. Although the conclusion is valid in most cases, Table 7.10.1 shows that in the case of pure 
imaginary eigenvalues for the linear system, the behavior of the linear approximation can diverge from that 
of the given nonlinear system. 
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3. TRUE. From Equations (7.10.2) and (7.10.3), we find that the Jacobian of the system is 

J(x,y) 



a — by —bx 
cy cx — d 



so that J(0, 0) = ^ . Since a, d > 0, we have one positive and one negative eigenvalue, and therefore, 

the equilibrium point (0,0) is a saddle point. 

4. TRUE. The linear system corresponding to the Van der Pol Equation is given in (7.10.5), and the only 
equilibrium point of this system occurs at (0, 0). 

5. FALSE. The equilibrium point is only an unstable spiral if /i < 2. In this equation, ji = 3, in which case 
the equilibrium point is an unstable node, as discussed in the text. 

Problems: 

1. The equilibrium points are obtained by solving 

y(3x - 2) = 0, 2x + 9y 2 = 0. 

The only solution to the system is x = y = 0, and hence the only equilibrium point is (0,0). The Jacobian 
for the given system is 



J{x,y) = 



3y 3x — 2 
2 I8y 



J(0,0) = 



0 -2 
2 0 



The eigenvalues of J(0,0) are A = ±2z, so that the equilibrium point is cither a center or a spiral point. 
2. The equilibrium points are obtained by solving 

y(3x - 2) = 0, 2x - 9y 2 = 0. 

2 2 

The solutions to this pair of equations are x = 0, y = 0, and x = -, y = ± — -j=. Hence, the only equilibrium 

3 3v3 

points arc (0,0), (2/3, 2/3\/3), (2/3,-2/3^). The Jacobian for the given system is 

J(x,y) 



3y 3x - 2 
2 -18y 



Consequently, J(0, 0) 
2 

,2 2 N 

J( r^l> = 



0 -2 
2 0 



2 2 
J( 3'^37! ) 



2 



V3 



0 
12 



with eigenvalues A = ±2i =^> (0, 0) is cither a center or a spiral point. 

'2 2 



with eigenvalues A 



2 12 



3'3\/3 



12 
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with eigenvalues A = 



2 12 



3' 3\/3 



is a saddle point. 



is a saddle point. 



3. The equilibrium points arc obtained by solving 

x - y 2 = 0, y(9x-4) = 0. 
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4 2 

The solutions to this system are x = y — 0, and x = -, j/ = ±-. The Jacobian for the given system is 



J{x,y) 



1 -2y 

9y 9x - 4 



Consequently, J(0,0) 
4 1 



1 0 
0 -4 



with eigenvalues A = 1, —4 =^> (0, 0) is a saddle point. 



A 2 N 



4 2 

J <5'-3> = 



1 3 
6 0 

1 5 

-6 0 



1 ,— 4 2 

with eigenvalues A = -(liivol) ==> (-, -) is an unstable spiral point. 



1 4 2 

with eigenvalues A = -(1 ± iy31) =4> (-,--) is an unstable spiral point. 



4. The equilibrium points are obtained by solving 

x + 3?/ = 0, 2y(.x - 2) = 0. 

The only solution to the system is x = y = 0, and hence the only equilibrium point is (0, 0). The Jacobian 
for the given system is 



J(x,y) = 



.7(0,0) 



1 6y 

y x - 2 

The eigenvalues of J(0,0) are A = 1, —2 so that the equilibrium point is a saddle point. 



1 0 

0 -2 



5. The equilibrium points are obtained by solving 

2x + 5y 2 = 0, y{3-4x) = 0. 

The only solution to this system is x = y = 0, and hence the only equilibrium point is (0, 0). The Jacobian 
for the given system is 



J{x,y) 



2 lOy 

-Ay 3 



J(0,0) = 



2 0 
0 3 



The eigenvalues of J(0, 0) arc A = 2, 3 so that the equilibrium point is an unstable node. 

6. The equilibrium points are obtained by solving 

2y + sinx = 0, x(cos y — 2) = 0. 

The only solution to this system is x = y = 0, and hence the only equilibrium point is (0,0). The Jacobian 
for the given system is 



J(x,y) = 



cosx 2 
cosy — 2 —x sin y 



J(0,0) = 



1 2 
■1 0 



The eigenvalues of J(0, 0) arc A = -(1 ± i\/7) so that the equilibrium point is an unstable spiral. 

7. The equilibrium points are obtained by solving 

x — 2y + 5xy = 0, 2x + y = 0. 
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The solutions to this system are x = 0, y — 0, and x = — , y : 



-1. The Jacobian for the given system is 



J(x,y) = 



l + 5y -2 + 5x 
2 1 



Consequently, J(0, 0) 



-4 1 
2 



2 1 



1 -2 

2 1 



with eigenvalues A = 1 ± 2i =>■ (0, 0) is an unstable spiral point. 



with eigenvalues A = — (1 ± a/29) > ~~ 1) i s a saddle point. 



8. The equilibrium points are obtained by solving 

x(l-y) = 0, y(x + l) = 0. 
The solutions to this system are x = 0, y = 0, and a; = — 1, y = 1. The Jacobian for the given system is 



J(x,y) = 



l-y -x 
y x + 1 



Consequently, J(0,0) 



1 0 
0 1 



with eigenvalue A — 1 of multiplicity 2. Since we have a repeated 



eigenvalue, the type and stability of the equilibrium point of the nonlinear system is indeterminate, 
with eigenvalues A = ±1 ( — 1, 1) is a saddle point. 



J(-l,l) = 



1 0 



9. The equilibrium points are obtained by solving Ax — y — ysmx — 0 and x + 2y = 0. The only solution to 
this system is x — y = 0. Hence, there is only one equilibrium point, namely (0,0). The Jacobian for the 
given system is 



J(x,y) = 



4 — y cos x — 1 — sin x 
1 2 



J(0,0) = 



4 -1 
1 2 



The eigenvalues of J(0, 0) are A = 3 of multiplicity 2. Since we have a repeated eigenvalue, the type and 
stability of the equilibrium point of the nonlinear system is indeterminate. 

10. From the phase portrait we would conclude that the equilibrium point (0, 0) is a center. 
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Figure 110: Figure for Problem 10 
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11. The phase portrait verifies the result obtained in Problem 6, namely that (0, 0) is an unstable spiral 
point. 




Figure 111: Figure for Problem 11 



12. By inspection of the phase portrait it appears that there may be a solution with y = —x. From the 
given system we see that the slope of the trajectories at each point is 

dy _ y(x + 1) 
dx x{\ — y) 

which does indeed have the particular solution y = —x. To actually find the solution we must solve the 
system of differential equations when y = —x. In this case the differential equation in the system is reduced 
to 

Separating the variables in this differential equation gives 

-dx = dt 



x(x + 1) 
which can be written as 

) dx = dt. 

x x + 1 / 

Integrating both sides of this differential equation yields 



so that 



x + 1 

Solving for x gives 



cie 4 . 



M cie* 



1 — cie 1 ' 
and thus, 

V(t) = - t - 

1 — cie 1 



Figure 112: Figure for Problem 12 



13. From the phase portrait, we see the center and two saddle points identified in Problem 2. 
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Figure 113: Figure for Problem 13 



14. The two spiral points found in Problem 3 are clearly visible in the phase portrait. 
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Figure 114: Figure for Problem 14 
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15. From the phase portrait, we see the saddle point behavior of the trajectories around (0, 0). 




Figure 115: Figure for Problem 15 



16. The unstable node found in Problem 8 is clearly visible in the phase portrait. 
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Figure 116: Figure for Problem 16 



17. The saddle point and unstable spiral point found in Problem 7 are clearly visible in the phase portrait. 




Figure 117: Figure for Problem 17 
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18. 
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Figure 118: Figure for Problem 18 



19. In the case of the initial condition x(0) — 1, y(0) = 0.1, the initial predator population is only 10% 
of the initial population. Consequently the prey population grows rapidly initially. The increased number 
of prey enable the predator population to grow with a corresponding decrease in the prey population. The 
lack of prey causes the predator population to decrease until we return to the initial situation and the cycle 
then repeats. 




Figure 119: Figure for Problem 19 with initial conditions x(0) = 1, y(0) = 0.1 



In the case of the initial condition x(0) = 1, y(0) = 1, the general behavior is similar to the preceding 
case. However, the initial predator and prey populations are equal, and therefore there is not such a wide 
variation in the predator or prey populations. 
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Figure 120: Figure for Problem 19 with initial conditions x(0) = 1, y(0) = 1 



20. From the accompanying figure we see that 



lim x(t) 

t — >oo 



1, and 



lim y(t) 

t — >oo 



2. 



Consequently, the predator and prey populations approach these limiting values as t — > oo. Unlike the cases 
considered in the preceding problem, the behavior is not cyclic. 




Figure 121: Figure for Problem 20 



21. 

dv 

(a) If we let u = y and v = — , then the given differential equation is replaced by the system 

at 

du dv . , . 

-7 = v, — = -u - 0.1(w - 4)(u + l)v. 

The only equilibrium point of this system is (0, 0), and 

■wo) =[_; 0 \ 

which has eigenvalues A = -(l±2z-\/6)- Consequently the equilibrium point (0, 0) is an unstable spiral point. 
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(b) The sketch of the phase plane on the square —2 < u < 2, —2 < v < 2 suggests that the differential 
equation does not have a limit cycle. 




Figure 122: Figure for Problem 21(b) 



(c) The sketch of the phase plane on the square —8 < u < 8, —8 < v < 8 suggests that our conclusion in 
(b) was incorrect, and that in fact the differential equation does have a limit cycle. 




Figure 123: Figure for Problem 21(c) 



Solutions to Section 7.11 



Problems: 



1. We have 



and 



2t- 1 0 

„t-t 2 1 



Ax 2 = 



2t — 1 0 

e'"* 2 1 



2 _ 


t 




" (2t- l)c 


-1 






0 




0 




0 




2e* 




2e* 



xi(t) 



= A{t). 



Therefore, xi(t) and ^(t) are indeed solutions to x' = Ax. Furthermore, we can use Theorem 7.2.4 to 
show that {xi(£),X2(£)} is linearly independent. To do so, we compute the Wronskian of the given vector 
functions: 



VF[xi,x 2 ](i) = det 



-1 



0 

2e* 



2e* ^0. 
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Therefore, {xi(t), x 2 (i)} is linearly independent by Theorem 7.2.4. Therefore, by Theorem 7.3.2, since the 
dimension of the solution space of x' = Ax is 2 in this case, {xi(i),x 2 (i)} is a basis for the solution space. 
Hence, the general solution to x' = Ax is 



x(i) = ci 



-1 



+ c 2 



0 

2e* 



(a) We have 



Ax + b = 



icot(t 2 ) 0 icos(t 2 )/2 



0 1/i 
csc(t 2 ) 1 

2icos(i 2 ) 
cos t — t sin £ 
0 

x'(i). 



-1 
-1 





" sin(t 2 ) " 






0 




tcost 


+ 


2 


— t sin t 




2 




1 


— t cos t 



(b) Suppose x 0 = 



a 
b 
c 



atcos(t 2 ) + ctcos(t 2 )/2 
b/t-c+2-tsint 
acsc(t 2 ) + b — c + 1 — tcost 



Then Ax a + b = 

shows that it is not possible for a constant vector x 0 to solve the system. 
3. We begin by finding the eigenvalues of A. We have 



7^ 0 = Xq, so this calculation 



det(A - XI) = dct 



-6 - A 1 
6 -5 - A 



(-6 - A)(-5 - A) - 6 = A 2 + 11A + 24 = (A + 3) (A 



Therefore, the eigenvalues of A are A = — 3 and A = — 8 
Eigenvectors for A = —3: We have A + 31 = 



3 1 

6 -2 



which gives rise to corresponding eigenvectors 

to the system 



of the form v = r(l,3), where r e R. Therefore, we obtain the solution xi(t) = e 3 * 
x' = Ax. 

" 2 1 



Eigenvectors for A = —8: We have A + SI - 



6 3 



which gives rise to corresponding eigenvectors of the 

to the system 



form v = r(— 1,2), where r e R. Therefore, we obtain the solution x 2 (t) = e -8 * 
x' = Ax. 

Putting the results above together, we obtain the general solution to the linear system: 



x(i) = C\e 



-3< 



+ c 2 e' 



4. We begin by finding the eigenvalues of A. We have 



det(A - XI) = det 



9 - A -2 
5 -2- A 



(9 - A)(-2 - A) + 10 = A 2 - 7A - 8 = (A - 8)(A + 1). 
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Therefore, the eigenvalues of A are A = 8 and A = — 1. 

1 -2 



Eigenvectors for A = 8: We have A — 81 = 



-10 



form v = r(2, 1), where rel. Therefore, we obtain the solution xi(i) = e 8t 
Eigenvectors for A = —1: We have A + I 



, which gives rise to corresponding eigenvectors of the 

to the system x' = Ax. 



10 -2 
5 -1 



, which gives rise to corresponding eigenvectors of the 

to the system x' = Ax. 



form v = r(l,5), where rel. Therefore, we obtain the solution x 2 (i) = e * 
Putting the results above together, we obtain the general solution to the linear system: 

x(t) = cie 8 * 



" 2 " 




' 1 " 


1 


+ c 2 e * 


5 



5. We begin by finding the eigenvalues of A. We have 



det(A - XI) = det 



10 - A -4 
4 2- A 



= (10 - A)(2 - A) + 16 = A 2 - 12A + 36 = (A - 6) 2 . 



Therefore, the only eigenvalue of A is A — 6 (with multiplicity 2). 



Eigenvectors for A = 6: We have A — 61 = 



4 -4 
4 -4 



which gives rise to corresponding eigenvectors of the 

to the system x' = Ax. 



form v = r(l, 1), where rel. Therefore, we obtain the solution Xi(t) = e 6t 
We will determine a second linearly independent solution of the form 

x 2 (t) = e 6 *( Vl +iv 0 ) 

where Vi and v 0 are determined from 

(A-6/) 2 vi = 0, (A-6/)vi^0, v 0 = (A-67)vi. 
In this case, (A — 6I) 2 = 0 2 . Therefore, we may choose vi to be any vector such that (A — 6J)vi ^ 0. For 



simplicity, we take vi = 



Thus, v 0 = {A - 6/)vi 



. From the expressions for v 0 and vi, we 



can write down a second (linearly independent) solution to the vector differential equation: 



x 2 (t) = e 



61. 



+ t 



= e 



1 + 4* 
At 



Consequently, the general solution to the vector differential equation is 



x(t) = c\e 



6t 



+ c 2 e 



6/ 



1 + 4i 
At 



6. We begin by finding the eigenvalues of A. We have 



det (A - XI) = det 



-8 - A 5 
-5 2 - A 



(-8 - A) (2 - A) + 25 = A 2 + 6A + 9 = (A + 3) 2 . 
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Therefore, the only eigenvalue of A is A = —3 (with multiplicity 2). 



Eigenvectors for A = —3: We have A + 3I 



-5 5 
-5 5 



which gives rise to corresponding eigenvectors of the 

to the system x' = Ax. 



form v = r(l, 1), where rel. Therefore, we obtain the solution Xi(t) = e 34 
We will determine a second linearly independent solution of the form 

x 2 (t) = e- 3t ( Vl + tv 0 ) 

where vi and v 0 are determined from 

(A + 3/) 2 v 1 = 0, (A + 3I)vi 0, v 0 = {A + 3I)v 1 . 
In this case, (A + 3I) 2 = 0 2 . Therefore, we may choose vi to be any vector such that (A + 3J)vi 7^ 0. For 



simplicity, we take vi = 



Thus, v 0 = (A + 37)vi = 



From the expressions for v 0 and Vi, we 



can write down a second (linearly independent) solution to the vector differential equation: 



x 2 (t) 



-3< 



-3< 



1-5* 

-5t 



Consequently, the general solution to the vector differential equation is 



x(£) = ae 



-3t 



+ c 2 e 



-3t 



1-5* 
-5* 



7. We begin by finding the eigenvalues of A. We have 



det(A-XI) = det 



3 - A 0 4 
0 2- A 0 

-4 0 -5 -A 



= (2-A) [(3 - A)(-5 - A) + 16] = (2-A)[A 2 +2A+l] = (2-A)(A+l) 2 



Therefore, the eigenvalues of A are A — 2 and A = — 1 (with multiplicity 2). 



Eigenvectors for A = 2: We have A — 21 — 



1 0 4 
0 0 0 

-4 0 -7 



, which gives rise to corresponding eigenvectors 

to the system 



of the form v = r(0, 1,0), where reR. Therefore, we obtain the solution Xi(i) = e 2t 
x' = Ax. 



Eigenvectors for A = —1: We have A + I 



4 0 4 
0 3 0 

-4 0 -4 



which gives rise to corresponding eigenvectors 



of the form v = r(— 1,0, 1), where r e R. Therefore, we obtain the solution x 2 (i) = e 



-1 
0 
1 

system x' = Ax. 

We will determine a second linearly independent solution corresponding to A = —1 in the form 



to the 



x 3 (i) = e 4 ( Vl +tv 0 ) 
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where vi and v 0 are determined from 

04 + /) 2 Vl = O, (A + /) Vl ^0, v 0 = {A + I)v 1 . 



In this case, (A + I) 2 = 



0 0 0 
0 9 0 
0 0 0 



Let us take vi = 



Thus, v 0 = (A + J)vi 



From 



the expressions for v 0 and vi, we can write down a second (linearly independent) solution to the vector 
differential equation corresponding to A = —1: 





" 1 " 




A " 




" 1 + At ' 


X3(t) = e"* | 


0 


+ t 


0 


I- 


0 




0 




-4 




-At 



Consequently, the general solution to the vector differential equation is 





" 0 " 




" -1 " 




" 1 + At ' 


x(t) = cie 2t 


1 


+ c 2 e ' 


0 


+ c 3 e * 


0 




0 




1 




-At 



8. We begin by finding the eigenvalues of A. We have 



det(A-XI) = det 



-3 — A -1 0 
4 -7 -A 0 
6 6 4- A 



(4-A) [(-3 - A)(-7 - A) + 4] = (4-A)[A 2 +10A+25] = (4-A)(A+5) 5 



Therefore, the eigenvalues of A are A = 4 and A = — 5 (with multiplicity 2). 
Eigenvectors for A = 4 : We have A — AI = 



-7 -1 0 
4 -11 0 
6 6 0 



, which gives rise to corresponding eigenvectors 

to the system 



of the form v = r(0, 0, 1), where reR. Therefore, we obtain the solution xi(t) = e 4t 
x' = Ax. 



Eigenvectors for A = —5: We have A + 51 



2-10 
4-2 0 
6 6 9 



, which gives rise to corresponding eigenvectors 



of the form v = r(l,2, —2), where r e KL Therefore, we obtain the solution x 2 (t) = e 



-5t 



system x' = Ax. 

We will determine a second linearly independent solution corresponding to A = —5 in the form 

xa(t) = e- 5 *(vi + tv 0 ) 

where Vi and v 0 are determined from 

(A + 5/) 2 v 1 = 0, (A+5/)vi^0, v 0 = (A + 57)vi. 



to the 
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In this case, [A + 5/) 



nn2 _ 



0 0 0 
0 0 0 
90 36 81 



Let us take vi = 



-9 
0 

10 



Thus, v 0 = (A + 5/)vi 



-18 
-36 
36 



From the expressions for v 0 and v 1; we can write down a second (linearly independent) solution to the vector 
differential equation corresponding to A 



-5t 



xs(t) - er 5t 

Consequently, the general solution to the vector differential equation is 



— _c 






-9 " 




' -18 


0 


+ t 


-36 


10 




36 



-9 - ISt 

-m 
10 + m 





" 0 " 




1 " 




' -9 - 18t 


x(t) = Cl e 4t 


0 


+ c 2 e- 5t 


2 




-36t 




1 




-2 




io + m 



9. We begin by finding the eigenvalues of A. We have 



det(A-XI) = dct 

Therefore, the eigenvalues of A are A = ±2i. 
Eigenvectors for A = 2i: We have A — 2il = 



3- A 13 

-1 -3 -A 



= (3-A)(-3-A) + 13 = A 2 



4. 



3 — 2i 

-1 



13 
-3-2i 



, which gives rise to corresponding cigen- 



= e 



2it 



3 + 2i 
-1 





3 " 




' 2 " 




( 


-1 


+ i 


0 


) 



vectors of the form v = r(3 + 2i, —1), where r e C. Therefore, we obtain solutions of the form 
x(t) 

= (cos 2t + i sin 2t) 

sin 2t 

+ i 

Taking the real and imaginary parts of x(f), we obtain the two real- valued solutions 



= cos 2t 



+ i cos 2t 



sin 2t 



3 cos 2^ — 2 sin 2t 

— cos 2t 



2 cos 2t + 3sin 2t 
— sin 2i 



xi (t) 



3 cos 2< - 2 sin 2i 
— cos 2t 



and x 2 (t) 



2 cos 2t + 3sin 2t 
— sin 2t 



Therefore, the general solution to the linear system x' = Ax is 



x(i) = ci 



3 cos 2t — 2 sin 2t 
— cos 2t 



+ c 2 



2 cos 2t + 3sin 2t 
— sin 2t 



10. We begin by finding the eigenvalues of A. We have 



det(A - XI) = det 



-3 -A -10 
5 11 - A 



(-3 - A)(ll - A) + 50 = A 2 - 8A + 17. 
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Therefore, the eigenvalues of A are A4 ± i. 
Eigenvectors for A = 4 + i: We have A — (4 + i)I 



-7-i -10 
5 7-i 



which gives rise to corresponding- 



eigenvectors of the form v = r(7 — i, —5), where reC. Therefore, we obtain solutions of the form 



3 (4+i)t 



7-i 
-5 



x(f) = e 

= e 4 * (cos t + i sin t) 



+ i 



e 4t I cost 



7 ' 


— sin£ 


' -1 " 


^ + ie 4t ^cos t 


' -1 " 


+ sinf 


7 " 






0 


0 




) 


-5 








-5 





7 cos t + sin t 

—5 cos t 



+ ie 



41. 



■ cos t + 7 sin t 
—5 sinf 



Taking the real and imaginary parts of x(t), we obtain the two real- valued solutions 



xi(t) = e 



At 



7 cos t + sin t 
—5 cos t 



and x 2 (t) = e 4 



— cos i + 7 sin i 
— 5sini 



Therefore, the general solution to the linear system x' = Ax is 
x(t) - Cl e 4 * 



7 cos t + sin i 
—5 cost 



c 2 e 



- cos i + 7 sin £ 
— 5sint 



11. We begin by finding the eigenvalues of A. We have 



det(A-XI) = det 



-1-A -5 1 
4 -9 -A -1 
0 0 3 - A 



(3- A)(A 2 + 10A + 29). 



Therefore, the eigenvalues of A are A = 3 and A = — 5 ± 2i. 
Eigenvectors for A = 3: We have A— 31 = 



-4 


-5 


I— 1 


4 


-12 


-1 


0 


0 


0 



which gives rise to corresponding eigenvectors 

to the system 



of the form v — r(l, 0,4), where reC. Therefore, we obtain the solution xi(t) = e 3t 
x' = Ax. 



1 
0 

4 



Eigenvectors for A = — 5 + 2i: We have A — (—5 + 2i)I = 



A-2i -5 1 
4 -A-2i -1 
0 0 8 - 2i 



, which gives rise to 



corresponding eigenvectors of the form v = r(4 + 2i,4, 0), where r e C. Therefore, we obtain solutions of 
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the form 



x(t) 



,(-5+2i)t 



4 + 2i 
4 
0 





" 4 " 




' 2 " 




e~ 5 *(cos2i + isin2t) ^ 


4 


+ i 


0 


) 




0 




0 





e~ 5t cos2t 



" 4 " 




' 2 " 




" 2 " 




' 4 " 


4 


— sin 2t 


0 


j +ie~ 5t |cos2i 


0 


+ sin 2t 


4 


0 




0 




0 




0 



-5i 



4cos2t - 2 sin 2t 
4 cos 2t 
0 



-5i 



2 cos 2t + 4 sin 2i 
4 sin 2i 
0 



Taking the real and imaginary parts of x(t), we obtain the two real- valued solutions 



x 2 (t) = e 



-5t 



4 cos 2t-2sin 2i 
4 cos 2t 
0 



and x 3 (t) = e 



2 cos 2i + 4 sin 2t 
4 sin 2t 
0 



Therefore, the general solution to the linear system x' = Ax is 





" 1 " 




" 4cos2t-2sin2t " 




' 2cos2i + 4sin2t 


x(t) = Cl e 3 * 


0 


+ C2 e~ 5t 


4 cos 2t 


+ c 3 e~ 5t 


4 sin 2t 




4 




0 




0 



12. We begin by finding the eigenvalues of A. We have 
det(A - XI) = dct 



4- A 0 0 
2 5- A -9 
0 5 -1-A 



(-4- A) (A 2 -4A + 40). 



Therefore, the eigenvalues of A are A = — 4 and A = 2 ± 6i. 



Eigenvectors for A = —4: We have A + AI 



0 0 0 

2 9-9 
0 5 3 



, which gives rise to eigenvectors of the form 



v = r(36, — 3,5), where r e C. Therefore, we obtain the solution Xi(i) = e 



= Ax. 



Eigenvectors for A = 2 + 6i: We have A — (2 + 6i)I = 



36 

-3 
5 



to the system 



6 6i 0 0 
2 3 - 6i -9 
0 5 -3 - 6i 



, which gives rise to 
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eigenvectors of the form v = r(0, 3,1 — 2i), where r e C. Therefore, we obtain solutions of the form 



x(t) 



,(2+6i)t 



0 

3 

1 - 2i 



e (cos 6t + i sin 6t) 





" 0 " 




0 " 


( 


3 


+ i 


0 




1 




-2 



e 2t I cos6t 



" 0 " 




0 " 




3 


— sin 6t 


0 




1 




-2 





0 " 




' 0 " 


0 


+ sin 6t 


3 


2 




1 



„2i 



0 

3 cos 6£ 
cos 6i + 2 sin 6t 



+ ie 



2/ 



0 

3 sin 6t 
-2 cos 6t + sin 6i 



Taking the real and imaginary parts of x(t), we obtain the two real- valued solutions 



x 2 (t) 



0 

3 cos 6i 
cos 6i + 2 sin 6i 



and x 3 (t) = e 



21 



0 

3 sin 6t 
—2 cos 6i + sin 6t 



Therefore, the general solution to the linear system x' = Ax is 





36 " 




0 




0 


x(t) = Cl e' 4t 


-3 


+ c 2 e 2t 


3 cos 6t 


+ c 3 e 2t 


3 sin 6t 




5 




cos 6^ + 2 sin 6t 




—2 cos 6t + sin 6t 



13. In the hint, we are given the eigenvalues of A: A = 2, A = —2, and A = —5. 

,0-2 1 

Eigenvectors for A — 2: We have A — 21 = 



1 -6 1 

2 2-5 



which gives rise to corresponding eigenvectors 



of the form v = r(4, 1,2), where rel. Therefore, we obtain the solution xi(t) = e 



it 



4 
1 
2 



Eigenvectors for A = —2: We have A + 2I = 



4 -2 1 

1 -2 1 

2 2-1 



, which gives rise to corresponding eigenvectors 



of the form v = r(0, 1, 2), where rel. Therefore, we obtain the solution x 2 (i) = e 



-it 



Eigenvectors for A — —5: We have A + 51 = 



7 -2 1 

1 1 1 

2 2 2 



which gives rise to corresponding eigenvectors 



of the form v = r(l, 2, —3), where r£l. Therefore, we obtain the solution x 3 (t) = e 



— „-5t 
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Putting the results above together, we obtain the general solution to the linear system: 





" 4 " 




' 0 " 




1 " 


x(i) = c ie 2 * 


1 


+ c 2 e' 2t 


1 


+ c 3 e' 5t 


2 




2 




2 




-3 



14. In the hint, we are given the eigenvalues of A: A = 6, A = —3, and A = — 1. 

-4 -4 3 

Eigenvectors for A = 6: We have A~ 61 



-9 -9 -9 
4 4-3 



which gives rise to corresponding eigenvectors 
of the form v = r(— 1, 1,0), where rel. Therefore, we obtain the solution xi(t) = e 6 * 



Eigenvectors for A = —3: We have A+3I 



5-4 3 
-9 0 -9 
4 4 6 



which gives rise to corresponding eigenvectors 



of the form v = r(— 2, —1,2), where rel. Therefore, we obtain the solution x 2 (i) = e 



-3t 



Eigenvectors for A = —1: We have A+I ■■ 



3-4 3 
-9 -2 -9 
4 4 4 



which gives rise to corresponding eigenvectors 



of the form v = r(— 1,0, 1), where rel. Therefore, we obtain the solution x 3 (i) = e 1 
Putting the results above together, we obtain the general solution to the linear system: 

x(t) - Cl e 6t 



-1 
0 
1 



" -1 " 




" -2 " 




" -1 " 


1 


+ C2 e- 3 * 


-1 


+ c 3 e-* 


0 


0 




2 




1 



15. In the hint, we are given the eigenvalues of A: A = 4 and A = —3. Since dct{A) = —48, we use the fact 
that the det(A) is the product of the eigenvalues of A (see Section 5.7, Problem 29(c)) to deduce that A = 4 
occurs with multiplicity 2. 

" -21 0 -42 
-7 0 -14 
7 0 14 



Eigenvectors for A = 4: We have A — AI 



which gives rise to eigenvectors of the form 



v = r(0, 1,0) + s{— 2,0,1), where r,s E R. Therefore, we obtain the solutions xi(i) = e 4t 



and 



x 2 (t) = e 44 



to the system x' = Ax. 



Eigenvectors for A = —3: We have A + 3I 



-14 0 -42 
-7 7 -14 
7 0 21 



, which gives rise to corresponding eigenvec- 
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tors of the form v = r(— 3, — 1, 1), where rel. Therefore, we obtain the solution ^(t) = e 3 
system x' = Ax. 

Putting the results above together, we obtain the general solution to the linear system: 



to the 





" 0 " 




' -2 " 




" -3 " 


x(t) = Cl e 4t 


1 


+ c 2 e 4t 


0 




-1 




0 




1 




1 



16. In the hint, we are given the eigenvalues of A: A = 8, A — 7, and A = 0. 

-24 30 -18 

Eigenvectors for A = 8: We have A — 81 



vectors of the form v — r( 



-8 0 16 
8 -15 1 



, which gives rise to corresponding cigcn- 



17. In the hint, we are given the eigenvalues of A: A = 0 and A = —3. According to Section 5.7, Problem 
29(c), the sum of the eigenvalues of A is tr(A) = —3. Therefore, we conclude that A = 0 occurs with 
multiplicity 2. 

Eigenvectors for A = 0: The matrix A — 01 = A gives rise to corresponding eigenvectors of the form v = 

-1 



to x' = Ax. 



r{— 1,0, 1), where rel. Therefore, we obtain the solution xi(t) = 

We will determine a second linearly independent solution corresponding to A = 0 in the form 

X3(£) = vi + iv 0 

where vi and v 0 are determined from 









A 2 v 


i = 0, Aw 1 ± 0, v 0 


= Avi 








18 


18 


18 " 




0 " 




' -1 


case, A 2 = 


9 


9 


9 


. Let us choose Vi = 


-1 


. Then vq = Av\ = 


0 




-18 


-18 


-18 




1 




1 



. From 



the expressions for v 0 and Vi, we can write down a second (linearly independent) solution to the vector 
differential equation corresponding to A = 0: 





o " 




' -i " 




-t 


Mt) = 


-i 


+ t 


0 




-1 




i 




1 




l + t 



Eigenvectors for A = —3: We have A+3I = 



-4 -6 -7 
-3 0 -3 
7 6 10 



which gives rise to corresponding eigenvectors 



of the form v = r(— 2, —1,2), where rel. Therefore, we obtain the solution bfx 3 (t) — e 3t 
system x' = Ax. 



-2 
-1 
2 



to the 
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Putting the results above together, we obtain the general solution to the linear system: 





" -1 " 




-t 




" -2 " 


x(t) = Ci 


0 


+ c 2 


-1 


+ c 3 e- 3t 


-1 




1 




l + t 




2 



18. In the hint, we are given the eigenvalues of A: A — 5 (with multiplicity 3). 



Eigenvectors for A = 5: The matrix A — 51 = 



-2 -1 -2 
1 1 1 
1 0 1 



which gives rise to corresponding eigen- 



vectors of the form v = r(— 1,0, 1), where reR. Therefore, we obtain the solution x 0 (i) = e 5t 



-1 
0 
1 



to 



the system x' = Ax. 

According to Theorem 7.5.4, there exist two further linearly independent solutions to x' = ^4x of the 
form 

xi(t) = e 5 *( Vl +tv 0 ), 



where 



and 



x 2 (t) - e 5 *(v 2 + ivi + ^V)), 



(A - 5/) 3 v 2 = 0, (A - 5/) 2 v 2 ^ 0, 
vi = (A-57)v 2 , v 0 = (A - 5/) 2 v 2 . 



A short calculation shows that 



A -51 



Therefore, we may take 



-2 -1 -2 
1 1 1 
1 0 1 



, {A-5lf 



1 1 1 
0 0 0 

-1 -1 -1 



v 2 



Hence, we obtain 



, vi = {A - 5I)v 2 = 



(A - 5I) 3 = 0 3 . 



v 0 = (A - 5/) 2 v 2 = 



1 
0 

-1 





" -2 " 




1 




' -2 + t ' 


xi(t) = e 5t ^ 


1 


+ t 


0 


)-' 


1 




1 




-1 




l-t 



and 









' -2 " 


1 2 

+ 2!* 


1 — 1 




x 2 (t) - e 5t ^ 


0 
0 


+ t 


1 
1 


0 

-1 


j = e 5t 



1 - 2* + i 2 /2 
i 

* - t 2 /2 
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Therefore, the general solution to the vector differential equation is 





" -1 " 




-2 + t ' 




x(i) = cie 5 * 


0 


+ c 2 e 5t 


1 


+ c 3 e 5t 




1 




1 — 1 







" -1 " 




' -2 + t' 






0 


+ c 2 


1 


+ c 3 




1 




l-t 





1 - 2t + t 2 /2 
t 

t - t 2 /2 

l-2t + t 2 /2 
t 

t - t 2 /2 



19. In the hint, we are given the eigenvalues of A: A = — 1 and A = 1 ± 2i 

0 -4 -2 

Eigenvectors for A = — 1: The matrix A + I = 



-4 -4 -6 
4 8 8 



which gives rise to corresponding eigen- 



vectors of the form v = r(— 2, —1,2), where r <G C. Therefore, we obtain the solution xi(t) = e 4 
the system x' = Ax. 



-2 
-1 
2 



to 



Eigenvectors for A = 1 + 2i: The matrix A — (1 + 2i)I 



which gives rise to 



-2-2i -4 -2 
-4 —6 — 2« -6 
4 8 6 — 2i 

corresponding eigenvectors of the form v = r(—l,i, 1 — i), where r e C. Therefore, we obtain solutions of 
the form 



x(i) = e 



(l+2»)i 



1 - i 





" -1 " 




0 " 


e*(cos2t + ism2t) ^ 


0 


+ i 


1 




1 




-1 



e 1 cos 2t 



1 " 




0 " 




0 " 




' -1 " 


0 


— sin 2t 


1 


^ +ie* ^cos2i 


1 


+ sin 2t 


0 


1 




-1 




-1 




1 



— cos 2t 

- sin 2t 
cos 2t + sin 2t 



— sin 2t 
cos 2t 
— cos 2t + sin 2t 



Taking the real and imaginary parts of x(t), we obtain the two real- valued solutions 



— cos 2t 

— sin 2t 
cos 2t + sin 2t 



and x 3 (t) = e* 



— sin 2i 
cos 2t 
cos 2t + sin 2t 



Putting together the above results, we obtain the general solution to the system x' = Ax: 





" -2 " 




— cos 2t 




— sin 2t 


x(f) = cie * 


-1 


+ c 2 e' 


— sin 2t 


+ c 3 e* 


cos2i 




2 




cos 2i + sin 2t 




— cos 2t + sin 2t 
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20. In the hint, we are given that the only eigenvalue of A is A = 5. 



Eigenvectors for A = 5: The matrix A — 51 



2-2 2 
0 -1 -1 
-1 1 -1 



, which gives rise to corresponding eigen- 



vectors v = r(— 2, — 1, 1), where rel. Therefore, we obtain the solution xo(t) = e 



5i 



to the system 



x' = Ax. 

According to Theorem 7.5.4, there exist two further linearly independent solutions to x' = Ax of the 
form 

xi(t) = e 5 *( Vl +iv 0 ), 



where 
and 

A short calculation shows that 
A -51 = 



x 2 (t) = e 5t (v2 + t Vl + ^ 2 v 0 ), 



(A - 5/) 3 v 2 = 0, (A - 5/) 2 v 2 7^ 0, 
vi = (A-57)v 2 , v 0 = (A - 5/) 2 v 2 . 



2-2 2 

0 -1 -1 

1 1 -1 



(A - 5lf = 



2 0 4 
1 0 2 

-1 0 -2 



(A - 5/) 3 = 0 3 . 



Therefore, we may take 



v 2 



Hence, we obtain 



, vi = {A - 57)v 2 = 



v 0 = (A- 5/) 2 v 2 = 



2 
1 

-1 





" -2 " 




2 " 




' -2 + 2i " 


xi (t) = e 5 * ^ 


0 


+ i 


1 








1 




-1 




1-t 



and 

x 2 (t) = e 5t 

Therefore, the general solution to the vector differential equation is 





" 1 " 




' -2 " 


1 2 


2 




( 


0 


+ t 


0 


1 






0 




1 


+ 2!* 


-1 







" -2 " 




' -2 + 2i " 




x(t) = c ie 5t 


-1 


+ c 2 e 5t 








1 




1-t 





„5t 





" -2 " 




" -2 + 2t ' 




(- 


-1 


+ c 2 


t 


+ C 3 




1 




l-t 





1 - 2t + t 2 
t 2 /2 
t - t 2 /2 



1 - It + t 2 
i 2 /2 
* - t 2 /2 

l-2t + t 2 
t 2 /2 
t - t 2 /2 
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21. We begin by finding the eigenvalues of A. We have 



det(A - XI) = det 



-3 -A -1 -2 
1 -A 1 
1 0 -A 



-1 - 2A - A(A 2 + 3A + 1) = -A 3 - 3A 2 - 3A - 1 = -(A + l) s 



where we have used cof actor expansion along the third row to compute the determinant. Therefore, we have 
a single eigenvalue, A = — 1, with multiplicity 3. 



Eigenvectors for A = —1: We have A + I = 



-2 -1 -2 
1 1 1 
1 0 1 



which gives rise to corresponding eigenvectors 



of the form v = r(— 1,0, 1), where r e E. Therefore, we obtain the solution x 0 (i) = e 



-1 
0 
1 



to the 



system x' = Ax. 

According to Theorem 7.5.4, there exist two further linearly independent solutions to x' = Ax of the 
form 

xi(i) = e"*(vi +tv 0 ), 



where 



and 



x 2 (t) = e '(v 2 + iv! + -i 2 v 0 ), 



(,4 + /) 3 v 2 = 0, (A + /) 2 v 2 ^0, 
Vi = (A + 7)v 2 , v 0 = (yl + /) 2 v 2 . 



A short calculation shows that 



A + I 

Therefore, we may take 
v 2 = 

Hence, we obtain 



-2 -1 -2 
1 1 1 
1 0 1 



. (A + If 



1 1 1 
0 0 0 

-1 -1 -1 



(A + I) 3 = 0 3 . 



vi = (A + I)v 2 = 



xi(t) 



-2 




1 


1 


+ t 


0 


1 




-1 



v 0 = (A + I) 2 v 2 = 



-2 + t 
1 

1-t 



and 



x 2 (i) = e 



I— 1 




' -2 " 


1 2 

+ 2!* 


1 


0 


+ t 


1 


0 


0 




I— 1 




I— 1 



1 -2t + t 2 /2 
i 

t - 1 2 /2 
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Therefore, the general solution to the vector differential equation is 





" -1 " 




' -2 + t ' 




x(t) = cie * 


0 


+ c 2 e~* 


1 


+ c 3 e~* 




1 




l-t 





= e 





" -l " 




' -2 + t' 






0 


+ c 2 


1 


+ c 3 




l 




l-t 





1 -2t + t 2 /2 
t 

t - t 2 /2 

l-2t + t 2 /2 

t 

t - t 2 /2 



22. We begin by finding the eigenvalues of A. We have 



det(A-AJ) = det 



-2 — A 0 -1 

0 -1-A 0 

1 0 -A 



= -l-A-A(-l-A)(-2-A) = (-1-A)(A 2 +2A+1) = -(A+l) 3 , 



where we have used cofactor expansion along the third row to compute the determinant. Therefore, we have 
a single eigenvalue, A = — 1 with multiplicity 3. 



Eigenvectors for A = —1: We have A + I 



-1 0 -1 

0 0 0 

1 0 1 



which gives rise to corresponding eigenvectors 



of the form v = r(— 1, 0, l) + s(0, 1,0), where r,s£l. Therefore, we obtain the solutions x 0 (t) = e * 
and y 0 (t) = e~* 



We will determine a second linearly independent solution corresponding to A = —1 in the form xi(t) = 
vi + tv 0 where vi and v 0 are determined from 



(A + /) 2 Vl = 0, (A + r)v!^0, v 0 = (A + /) Vl . 



In this case, (A+I) 2 = O3. Let us choose vi = 



Thenvo = (A+I)v 1 = 



. From the expressions 



for v 0 and vi, we can write down a second (linearly independent) solution to the vector differential equation 
corresponding to A = —1: 





I— 1 




' -1 ' 




'l-t' 


xi (t) = e- 1 ^ 


0 


+ t 


0 




0 




0 




I— 1 




t 



Putting together the three linearly independent solutions obtained above, we find the general solution to 
this linear system: 





" -1 " 




' 0 " 




'l-t' 


x(f) = cie * 


0 


+ c 2 e- 1 


1 


+ c 3 e _t 


0 




1 




0 




t 



= e 





" -1 " 




" 0 " 




'l-t' 




(■ 


0 


+ C 2 


1 


+ c 3 


0 


j 




1 




0 




t 
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23. We begin by finding the eigenvalues of A. We have 



det(A - XI) = det 



2- A 13 0 0 

-1 -2 -A 0 0 

0 0 2 - A 4 

0 0 0 2-A 



(2- X) 2 (X 2 + 9) 



so the eigenvalues of A are A = 2 (with multiplicity 2) and A = ±3i. 



Eigenvectors for A = 2: We have A— 21 



0 13 0 0 

-1-4 0 0 

0 0 0 4 

0 0 0 0 



, which gives rise to corresponding eigenvectors 



of the form v = r(0, 0,1,0), where reC. Therefore, we obtain the solution xi(t) = e 



21 



We will determine a second linearly independent solution corresponding to A = 2 in the form X2(i) = 
v i + tv 0 , where Vi and v 0 are determined from 



(A-2/) 2 Vl = 0, (A-2I)v 1 ^0, v 0 = (A-2/)v 1 . 



In this case, (A - 2Ty 



-13 -52 0 0 

4 3 0 0 

0 0 0 0 

0 0 0 0 



, so we can choose Vi 



. Then v 0 = {A - 2I)v 1 



. From the expressions for v 0 and vi, we can write down a second (linearly independent) solution to 



the vector differential equation corresponding to A = 2: 





( 


' 0 " 




' 0 " 






0 


x 2 (t) - e 2t 




0 
0 


+ t 


0 

4 




= e 2t 


0 

At 




{ 


1 




0 


J 




1 



2 — 34 13 0 0 

-1 -2-3i 0 0 
0 0 2 -3i 4 

0 0 0 2 - 3i 

responding eigenvectors of the form v = r(2 + 3i, —1,0,0), where r e C. Hence, we obtain solutions of the 



Eigenvectors for A = 3i: We have A — 3il 



which gives rise to cor- 
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form 



x(i) 



2 + 3i 
-1 
0 
0 



(cos 3t + i sin 3t) 
( 



/ 


2 " 




" 3 " 




-1 




0 




0 


+ i 


0 


V 


0 




0 



cos 3t 



V 



2 " 




' 3 " 


-1 
0 


— sin 3t 


0 
0 


0 




0 



\ 

^ ( 

+ i 



J 



cos 3t 



V 



" 3 " 




2 " 


\ 


0 
0 


+ sin 3t 


-1 
0 




0 




0 





2 cos 3t — 3 sin 3t 
— cos 3t 
0 
0 



+ i 



3 cos 3t + 2 sin 3i 
— sin 3t 
0 
0 



Taking the real and imaginary parts of x(t) yields the two real-valued solutions 



2 cos 3i — 3 sin 3t 
— cos 3t 
0 
0 



and X4(i) 



3 cos 3i + 2 sin 3i 
— sin 3t 
0 
0 



Putting together the four solutions xi(t), x 2 (t), x 3 (t), and X4(t) to the linear system x' = Ax obtained 
above, we obtain the general solution to the system: 





" 0 " 




0 




2 cos 3t — 3 sin 3t 




3 cos 3t + 2 sin 3t 


x(i) = c ie 2t 


0 


+ c 2 e 2t 


0 




— cos 3t 


+ c 4 


— sin 3£ 


1 
0 


At 
1 


+ c 3 


0 
0 


0 
0 



24. We begin by finding the eigenvalues of A. We have 
det(A - XI) = det 



7- A 0 0 -1 

0 6-A 0 0 

0 0 -1-A 0 

2 0 0 5-A 



(6-A)(-l-A)(A 2 -12A + 37), 



so the eigenvalues of A are A = 6, A = — 1, and A = 6 ± i. 



Eigenvectors for A = 6: We have A— 61 = 



10 0-1 

0 0 0 0 

0 0-7 0 

2 0 0 -1 



, which gives rise to corresponding eigenvectors 



of the form v = r(0, 1, 0,0), where r € C. Therefore, we obtain the solution xi(t) = e 6 
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Eigenvectors for A = —1: We have A+I 



8 0 0 -1 

0 7 0 0 

0 0 0 0 

2 0 0 6 



which gives rise to corresponding eigenvectors 



of the form v = r(0, 0, 1, 0), where r € C. Therefore, we obtain the solution x 2 (i) 



Eigenvectors for A = 6 + i: We have A — (6 + i)I 



l-i 


0 


0 


h- 1 


0 


—i 


0 


0 


0 


0 


-l-i 


0 


2 


0 


0 


-l-i 



, which gives rise to 



corresponding eigenvectors of the form v = r(l, 0, 0, 1 — i), where reC. Therefore, we obtain solutions of 
the form 

1 



x(t) - e^ 4 



0 
0 

l-i 



= e 6t (cost + isint) 



I 


" 1 " 




0 " 


\ 




0 




0 






0 


+ i 


0 




V 


i 




-1 







/ 


" 1 " 




0 " 






( 


0 " 




' 1 " 


\ 




cost 


0 
0 


— sin< 


0 
0 






cost 


0 
0 


+ sin t 


0 
0 






V 


1 




-1 


J 




K 


-1 




1 


J 



.fit 



cost 
0 
0 

cos t + sin t 



+ ie 



6t 



sint 
0 
0 

— cos t + sin t 



Taking the real and imaginary parts of x(t), we obtain the two real- valued solutions 



x 3 (i) = e 



61 



cost 
0 
0 

cos t + sin t 



and x 4 (f) = e 



6i 



s'mt 
0 
0 

• cos t + sin t 



Putting together the four solutions xi(f), x 2 (t), x 3 (i), and x 4 (t) to the linear system x' = Ax obtained 
above, we obtain the general solution to the system: 



x(i) = c\e 



61 



" 0 " 




" 0 " 




cos t 




sin t 


1 

0 


+ c 2 e _ * 


0 

1 


+ C3 e 6t 


0 
0 


+ c 4 e 6t 


0 
0 


0 




0 




cos t + sin t 




— cos t + sin t 



25. We have det(^ - XI) = 0 if and only if 



-6- A 1 
6 -5 - A 



0 if and only if A 2 + 11A + 24 = 0 if and 
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only if (A + 3) (A + 8) = 0. This means that the eigenvalues of A are A — — 3 and A = —8. 



Eigenvectors for A = —3: We have A + 31 



which gives rise to corresponding eigenvectors 



-3 1 

6 -2 

of the form v = r(l,3), where r e R. Hence, one solution to the associated homogeneous system is 

" 1 " 
3 



xi(t) = e" 3t 
Eigenvectors for A 



-8: We have A + 81 



2 1 
6 3 



, which gives rise to corresponding eigenvectors of 



the form v = r(— 1,2), where r e R. Hence, a second solution to the associated homogeneous system is 



x 2 (t) = e 



— D -st 



Putting the two solutions obtained above together, we obtain the general solution to the associated homo- 
geneous system: 

" 1 

3 



The fundamental matrix is 



We have 



x c (i) = cie 3t 
X(t) = 

x~\t) 



+ c 2 e 



-8t 



-3t 



8t 



e — e 
3e- 3t 2e- 8t 



-3e 



8t g 8t 



Therefore, 



u(t) = y AT- 1 (s)b(s)ds 



2e 3s 


e 3s " 




1 


_ -3e 8s 


e 8s 






2e 3s 4 


e 2s 




ds 


-3e 8s - 


f e 7s 





ds 



h 3t + \e 2t 



Hence, we obtain the particular solution 



x p (t) = X(i)u(i) = 



-3i 



Hi 



e '"■ — e 
3e- 3t 2e~ 8 * 



h 3t + \e 2t 
-Ie 8t + |e 7t 



24 T 14 
4 t 14 e 



Thus, the general solution to the nonhomogencous system of differential equations is 

5 



x(t) = x c (t) + x p (i) = cie 



-3< 



+ c 2 e" 



+ 



24 1 14 

\ + he 



14 1 



26. We have det(^ - XI) = 0 if and only if 



9 — A 
5 



-2 
-2- A 



= 0 if and only if A 2 - 7A - 8 = 0 if and only 



if (A — 8) (A + 1) = 0. This means that the eigenvalues of A are A = 8 and A = — 1. 
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Eigenvectors for A = 8: We have A — 81 = 



, which gives rise to corresponding eigenvectors 



1 -2 

5 -10 

of the form v = r(2, 1), where r e R. Hence, one solution to the associated homogeneous system is 

" 2 " 



xi (t) 



„8/ 



1 



Eigenvectors for A = — 1 : We have A + I = 



which gives rise to corresponding eigenvectors of 



10 -2 
5 -1 

the form v = r(l,5), where r e R. Hence, a second solution to the associated homogeneous system is 
x 2 (i) = e~* 

Putting the two solutions obtained above together, we obtain the general solution to the associated homo- 
geneous system: 



The fundamental matrix is 



We have 



Xc(t) = Cl e 8t 
X(t) = 

x- 1 ® = I 



' 2 " 




' 1 " 


1 


+ c 2 e * 


5 



„8( 



5e" 



5e 
-e* 



-8* 



-8t 



2e* 



Therefore, 



u(t) = y X- 1 (s)b(s)d 

■i/'" 



-e s 

5se~ 8s 
— se s 



2e s 



9s 
0 



ds 



He 



-8t I _5_ P -8* 
" r 64 e 



-te 1 + e 1 



Hence, we obtain the particular solution 



x p (t) = X(t)u(t) - 



2e 8t e-* 
e 8t 5e-* 



8 e ~ 64 e 

-ie* + e* 



8/, 



-!*+! 
_4 t+ m 

8 ^ 32 



Thus, the general solution to the nonhomogeneous system of differential equations is 



x(f) = x c (i) + Xp(i) = cie ; 



8/. 



" 2 " 




' 1 " 




1 


+ c 2 e * 


5 


+ 



32 



27. We have det(A — XI) = 0 if and only if 



10 - A -4 
4 2 - A 



= 0 if and only if A 2 - 12A + 36 = 0 if and only 



if (A — 6) 2 = 0. This means that the only eigenvalue of A is A = 6, with multiplicity 2. 



Eigenvectors for A = 6: We have A — 61 



4 -4 
4 -4 



which gives rise to corresponding eigenvectors of 



the form v = r(l, 1), where r e R. Hence, one solution to the associated homogeneous system is xi(t) = 
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..fit. 



. We will determine a second linearly independent solution of the form 

x 2 (t) = e 6 *(vi + iv 0 ) 



where vi and v 0 are determined from 

(A-6/) 2 vi = 0, (A-6/)vi^0, v 0 = (A-6i>i. 



In this case, we have ^4 — 6/ 



4 -4 
4 -4 



and (A — 61) 2 = 0 2 . Therefore, we may choose vi to be any 



vector such that (A — 6I)vi 7^ 0. For simplicity, we take Vi 



Thus, v 0 = (A-67)vi = 



. From 



the expressions for v 0 and vi, we can write down a second solution to the associated homogeneous system: 



x 2 (t) 



„6« 



l + At 
At 



Putting the two solutions obtained above together, we obtain the general solution to the associated homo- 
geneous system: 



The fundamental matrix is 



x c (*) = cie 



X(t) = 



1 
1 

e 6t 



c 2 e 



6/ 



(1 + 4*) 



1 + 4i 
At 

fit 



Ate 



(>/. 



We have 



Therefore, 



X- l {t) = -e 



-12t 



Ate et -(l+At)e 



6t 



0 6t 



0 6t 



Ate~ 6t (1 + At)e 



-6i 



-6t 



-6t 



u(t) = y X- 1 (s)b 



/ 

/' 



(s)ds 



-4se" 6s (l + 4s)e- 

-6s 



-6s 



(l + 4a)/s 

-l/ fl 

In |t| + At 
-In |i| 

Hence, we obtain the particular solution 



— e 
ds 



l e 6s 



ds 



x p (f) = X(t)u(t) 



e 6 * (l + 4*)e 6 * 
e 6 * 4te 6 * 



In |t| +At 
— In 1 1 1 



,fii 



4t(l-In|i|) 
In it| + 4t(l — In 



Thus, the general solution to the nonhomogcneous system of differential equations is 
x(t) =x c (i)+x„(t) = cie 6t 



" 1 " 




" 1 + At ' 




1 




At 


+ e 6t 



4£(1 — In 
In |i| + 4i(l — In 



28. Using the hint from Problem 14, the eigenvalues of A arc A = 6, A — 



—3, and A 
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Eigenvectors for A = 6: We have A — 61 = 

of the form v = r(— 1,1,0), where r G 
-1 

system: Xi(i) = e 6 * 1 
0 



which gives rise to corresponding eigenvectors 



-4 -4 3 
-9 -9 -9 
4 4-3 

. Therefore, we obtain a solution to the associated homogeneous 



Eigenvectors for A = —3: We have A + 31 



which gives rise to corresponding eigenvec- 



5-4 3 
-9 0 -9 
4 4 6 

tors of the form v = r(— 2, — 1,2), where r G KL Therefore, we obtain another solution to the associated 

-2 



homogeneous system: x 2 (t) = e 



-3t 



Eigenvectors for A = —1: We have A + I = 



which gives rise to corresponding eigenvec- 



3-4 3 
-9 -2 -9 
4 4 4 

tors of the form v = r(— 1,0, 1), where r G KL Therefore, we obtain another solution to the associated 

-1 



homogeneous system: x 3 (t) = e * 
Putting the results above together, we obtain the general solution to the associated homogeneous system: 





" -1 " 




' -2 " 




" -1 " 


Xc(t) - Cl e 6t 


1 


+ c 2 e- 3t 


-1 


+ c 3 e"* 


0 




0 




2 




1 



A fundamental matrix is 





' ~e 6t -2e- 3t 


-e~* 


X(t) = 


e 6t _ e -3t 


0 




0 2e~ 3t 





Using the adjoint method, we determine 



X~\t) = 



,2t 



-it 



-e 5t -e 



2e 3 * 



0 

5t 

2e 3t 



-e 5 * 
3e 3t 



-6t 



-e 3 * -e 



2e* 



2e* 



_ e -et 

_ e 3t 

3e* 
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Therefore, 



u(t) = J X- 1 (s)b(s)ds 



- _ e -6s o _ e -6s - 


— e 3s — e 3s — e 3s 


2e s 2e 


3e s 


-1 




-e 9s - e 3s 


ds 


2e 7s + 2e s 




-t 







- e 6s - 






1 


ds 




0 





. I p 9t _ 1 „3t 
9 3 

f e 7t + 2e* 



Hence, we obtain the particular solution 
Xp(t) = X(t)u(t) = 



— e 

e 6t 



6t __ 2 e ~3* 



—e 
at o 



0 2e- 3t e _t 



I p 9t _ 1 3t 
9 C 3 

|e 7t + 2e* 



e6 '(^ 63) 3 

± p 6t , 4 
63 e ^ 3 



Thus, the general solution to the nonhomogeneous system of differential equations is 





" -1 " 




" -2 " 




" -1 " 




x(t) =Xc(t)+Xp(t) = Cl e 6 * 


1 


+ C2 e- 3t 


-1 


+ c 3 e * 


0 


+ 




0 




2 




1 





e 6t (t- A) _ i 

63 c T 3 



29. Using the hint from Problem 13, the eigenvalues of A are A = 2, A = —2, and A = —5. 



Eigenvectors for A = 2: We have A — 21 



0 -2 1 

1 -6 1 

2 2-5 



, which gives rise to corresponding eigenvectors 



of the form v = r(4, 1,2), where rel. Therefore, we obtain the solution xi(f) = e 2 



Eigenvectors for A = —2: We have A + 2I = 



4 -2 1 

1 -2 1 

2 2-1 



, which gives rise to corresponding eigenvectors 



of the form v = r(0, 1,2), where rel. Therefore, we obtain the solution x 2 (f) = e 



Eigenvectors for A = —5: We have A + 51 



7 -2 1 

1 1 1 

2 2 2 



, which gives rise to corresponding eigenvectors 



of the form v = r(l, 2, —3), where r € K. Therefore, we obtain the solution x 3 (i) = e 



— c -5t 
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Putting the results above together, we obtain the general solution to the associated homogeneous system: 





r 4 " 




' 0 " 




1 " 


x c (i) = cie 2t 


1 


+ c 2 e~ 2t 


1 


+ c 3 e~ 5t 


2 




2 




2 




-3 



A fundamental matrix for this system is 

X{t) 

Using the adjoint method, we determine 
1 



4e 2t 
e 2t 
2e 2t 



e -2t 
2e- 2t 



e -6t 

2e- 5t 



X~\t) 



,5* 



28 



7e- 


7t 


2e- 7t 


-e- 7t 


7e- 


3i 


-Ue- 3t 


-7e- 3t 




0 


-8 


4 



1-2* 
4 e 



J_„-2t 
14 e 
1 2t 

le 5t 



Therefore, 



u(t) 



1-28 

4 e 

_I p 2s 



J_ -2s 
14 e 

1 2s 
2 e 

2 5s 
7 C 



J_ -2s 
28 c 

1 2s 

4 e 
_ lp5s 





s 




0 




1 



ds 



K*+4> 2s 

_ 1 „5s 
7 e 



l 8* 112/ e 



i_^ 

35 c 



Hence, we obtain the particular solution 



J_ -2t 
28 c 
1 2t 

4 e 

-he 5t 



x p (t) = X(t)u(t) 



4e 2t 

„2t 



0 



e e 

2t o„-2t 



e -5t 

2e- 5 * 



9 \„-2« 



^ 8 1, 112^ e 



16 J 
J_„5t 
35 c 



2e^ 2e 

Thus, the general solution to the nonhomogeneous system of differential equations is 





r --t- z- 1 

2 L 20 






4 1, ^ 20 






2 L ~ 10 . 





x(t) = x c (t)+x p (i) = Cl e 2 * 


" 4 " 


+ C2 e- 2 * 


" 0 " 




1 " 




' -¥- 


7 ' 

20 


1 


1 


+ c 3 e- 5t 


2 


+ 


-\t + 
. -¥ + 


1 

2 3° 




2 




2 




-3 




10 . 



30. FALSE. We can try a simple example. For instance, if A 



1 1 
0 2 



system x' = Ax is given by 



e* e 2t 

2t 



0 e 



the system x' = Ax is given by -X^T(i) 



— e 



e* e 2 * 



a fundamental matrix for the 
a fundamental matrix for 
. There is no clear relation between Xa and X A t 



. However, for A T 
0 



1 0 
1 2 
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obtained in this example. It is certainly not possible to find a fundamental matrix for A T in this case which 
is X A (t) T . 

31. TRUE. We have 

xg = (x' 0 )' = (Ax 0 )' = Ax[, = A(^xo) - A 2 x 0 , 
which shows that x 0 is a solution to the linear system x" = A 2 x. 

32. We must show that the function D respects addition and scalar multiplication: 
D respects addition: Suppose that x(t) and y(t) belong to V n (I). Then 

D(x(t)+y(t)) = (x(t)+y(t))' 
= x'(t) + y'(t) 
= D(x(t)) + D(y(t)), 

as needed. 

D respects scalar multiplication: Suppose that x(t) belongs to and k is a scalar. Then 

D(kx(t)) = (toc(t))' = jfex'(t) = fcD(x(i)), 

as needed. 
33. 

(a) By setting xi — y, x 2 — y' , and x 3 = y", we obtain the system x' = Ax, where 

x 2 and A 

(b) Supposing that yi = hit), y 2 = f2{t), and y 3 = f 3 (t) are solutions to (7.11.8), we have that 
d 3 yi d 2 y x dyi d 3 y 2 d 2 y 2 dy 2 d 3 y 3 d 2 y 3 dy 3 

which gives 

f["(t)+a^(t)+bf[(t)+cf 1 (t) = 0, f 2 "{t)+ar 2 '{t)+bm+cf 2 {t) = 0, f^{t)+a^{t)+bf^t)+ch{t) = 0. 



0 


1 


0 


0 


0 


1 


— c 


-b 


—a 



Substituting xi(t) 



hit) 
hit) 



into x' = 


Ax, 


we obtain 




" m) - 






hit) 


f['(t) 






fiit) 


f["(t) 




. ~ch{t) - 


bf[it)-af['(t) 



which corresponds precisely to the differential equation for /1 above. Likewise, substituting x 2 (i) 
into x' = Ax, we obtain 



hit) 

m) 



' hit) - 










h'it) 






-cf 2 (t)-bh(t)-afZ(t) 
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which corresponds precisely to the differential equation for / 2 above. Finally, substituting x 3 (i) = 
into x' = Ax, we obtain 



hit) 







m 






f(t) 






_ -ch(t)-'b\{t)-af<i{t) _ 



which corresponds precisely to the differential equation for / 3 above. 

fi h h 

(c) Using the Wronskian in V^{I) we have W[xi, x 2 , x 3 ](t) = /{ f 2 / 3 

fit fit fii 

Ji il J3 

h h h 

fl $1 J 3 
fii fii fii 
J I J 2 J 3 



Similarly, using the Wronskian 



in C\I), W[ yil y 2 ,y 3 }(t) 



34. The matrix A has eigenvalues Ai = — 7 and A 2 = 5 with corresponding nonproportional eigenvectors 
v x = ( — 1, 1) and v 2 = (1,2), respectively. Since the eigenvalues have different signs, the equilibrium point 
(0, 0) is a saddle point. 

35. The matrix A has eigenvalues Xi = —2 and A 2 = —3 with corresponding nonproportional eigenvectors 
vi = (3, 1) and v 2 = (2, 1), respectively. Since both eigenvalues are real and negative, the equilibrium point 
is a stable node. 

36. The matrix A has eigenvalues A — 2±3i with corresponding nonproportional eigenvectors Vi = (—3, 1 —i) 
and v 2 = (—3, 1 + i), respectively. Since the eigenvalues are complex with positive real part, the equilibrium 
point is an unstable spiral. 

37. The matrix A has a single eigenvalue A = —4 (with multiplicity 2) with corresponding nonproportional 
eigenvectors Vi = (1, 0) and v 2 = (0, 1). In this case, the equilibrium point is called a proper node, with all 
trajectories approaching the equilibrium point. 

38. The matrix A has eigenvalues Ai = 5 and A 2 — 6 with corresponding nonproportional eigenvectors 
vi = (2, 1) and v 2 = (1, 1), respectively. Since both eigenvalues are real and positive, the equilibrium point 
is an unstable node. 

39. The matrix A has eigenvalues A = —5 ± i with corresponding nonproportional vectors vi = (2 + i, 1) 
and v 2 = (2 — i, 1), respectively. Since the eigenvalues are complex with negative real part, the equilibrium 
point is a stable spiral. 

40. The matrix A has a single eigenvalue A = — 3 (with multiplicity 2) with a single corresponding eigenvector 
v = (1, 1). Since A < 0, the equilibrium point in this case is a stable degenerate node. 

41. The matrix A has a single eigenvalue A = 6 (with multiplicity 2) with a single corresponding eigenvector 
v = (2, 1). Since A > 0, the equilibrium point in this case is an unstable degenerate node. 

42. The first-order system is 



u' = v and v' — 12m — v. 
The corresponding matrix formulation of the linear system is x' 



Ax, where x 



u 
v 



and A 
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0 
12 



The eigenvalues of A are Ai = —4 and A2 = 3, and since they are real and of opposite 



signs, we conclude that the equilibrium point (0,0) is a saddle point. 
43. The first-order system is 

u' = v and v' = —25u. 
The corresponding matrix formulation of the linear system is x' = Ax., where x 



and A 



0 1 

-25 0 



The eigenvalues of A are A = ±5i, and since they are pure imaginary we conclude that 



the equilibrium point (0, 0) is a stable center. 



Solutions to Section 8.1 



True-False Review: 

1. FALSE. This function has a discontinuity at every integer 0,1, and therefore, it has infinitely many 
discontinuities and cannot be piecewise continuous. 

2. FALSE. This function has a discontinuity at every multiple of it, and therefore, it has infinitely many 
discontinuities and cannot be piecewise continuous. 

3. TRUE. If / has discontinuities at a\, a 2 , . . . , a r in / and g has discontinuities at b\, bi, . . . , b s in /, then 
/ + g has at most r + s discontinuities in /. Therefore, we can divide / into finitely many subintervals so that 
/ + g is continuous on each subinterval and / approaches a finite limit as the endpoints of each subinterval 
are approached from within. Hence, from Definition 8.1.4, / is piecewise continuous on the interval /. 

4. TRUE. By definition, we can divide [a, b] into finitely many subintervals so that (1) and (2) in Definition 
8.1.4 are satisfied, and likewise, we can divide [b, c] into finitely many subintervals so that (1) and (2) in 
Definition 8.1.4 are satisfied. Taking all of the subintervals so obtained, we have divided [a,c] into finitely 
many subintervals so that (1) and (2) in Definition 8.1.4 are satisfied. 

5. FALSE. The lower limit of the integral defining the Laplace transform must be 0, not 1 (sec Definition 
8.1.1). 

6. TRUE. The formula L[e at ] = only applies for s > a, for otherwise the improper integral defining 
L[e at ] fails to converge. In this case a = 1, so we must restrict s so that s > 1. 

7. FALSE. We have L[2cos3i] = 2L[cos3t], and L[cos3i] = provided that s > 0, according to 
Equation (8.1.4). So this Laplace transform is defined for s > 0, not just s > 3. 

8. FALSE. For instance, if we take /(f) = e*, then L[f] = but L[l/f] = L[e-*] = Obviously, 
L[l/f] ± 1/L[f] in this case. 

9. FALSE. For instance, if we take /(*) = e\ then L[f] = ^ but L[f] = L[e 2t ] = ^ ^ {j^if ■ 
Problems: 



poo pn 

F{s)= / e- st e 2t dt= lim / e (2 ~ s)t dt 
Jo n ^°°Jo 



lim 

2 — S n— >oo 
1 



,(2-s)t 



s-2 



poo pn 

F{s)= e- st (t-l)dt= lim / e- st (t-l)dt 
Jo Jo 



lim 

n—*oo 
1 - S 



-si 



s 



+ 



F(s) = / 
Jo 



e sin bt dt = lim / < 

n — >oo 



lim 

n— >oo 



e s *(— sin&i — b cos bt) 
s 2 + b 2 



s 2 + b 2 ' 



poo pn 

F(s) = / e- 8t te*dt = lim / e {1 - s)t tdt 
Jo n ^°°J 0 

- e (l-s)t[(l_ s )£_l]- 



= lim 

n^oo 



(1-5) 



2 ' 



0 = / e st cosn = lim / < 
o ™^°° Jo 

(6-s)i c -(Hs)tl" 



e 6t + e -6i 
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6. For s > \b\ 



F(a) = / 
Jo 



e st sinh btdt = lim / e 



e bt _ £ -bt 



= lim 

n— >oo 



lim 

n — >oo 

b 



e (b-s)t e -(b+s)f n 



+ 



0 



2(6 -s) 2(6 + s) 

e (b-s)n _ ^ e -(b+s)n _ ^ 

2(6 -s) + 2(b + s) 



s 2 - 6 2 ' 



7. For s > 0, 



poo pn 

F(s) = / e- st 2t^ = 2 lim / e- st tdt 
Jo n ^°°Jo 

~e- st (-st-l)~ " 



2 lim 

n— >-oo 

2 lim 

n— >oo 



0 

-n 1 1 



8. For s > 2 



/•oo /*n 

F{s)= e- st (3e 2t )dt = 3 lim / e (2 - s) *dt 
Jo Jo 



lim 

2 — S n^oo 

— - — lim 

2 — S n^oo 



,(2-«)t 



1 



e (s-2)n _ I 



9. For s > 0, 



s-2 



70 




-g-rt- 


2 


— s 


0 




s 




1 


1 


s se 2s 



lim / (-e- st )dt 





■ e -st- 


+ lim 




n — *oo 


s 



+ lim 



= -(l-2e- 2s ). 
s 
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10. For s > 0, 



pi p CO 

F{s) = J e- st t 2 dt + J e- st {l)dt 
t 2 2(-st - 1) 



se st ~^ s 3 e st 
1 4 
se s s 3 e s 
2e 2 + s 2 e s - s 2 



-, 1 


e -sf 


+ lim 




. o 


s 



2 " 




1 


1" 




+ lim 




V - 




n^oo 


se sn 


s 



11. For s > 1, 



12. For s > 2, 



F(s) 



f (e* sin i)<ft 



lim / e {1 - 8)t sintdt 

e( 1 ~ s )*(sint — cost) 



lim 

n— >oo 



lim 

n—>oo 



(S- 1) 2 + 1 

e ( 1 -2)™( s i nn _ cosn) 
(s-l) 2 + l 



0 



(S- 1) 2 + 1. 



(8- 1) 2 + 1' 



/•CO 

F(s) = / e- st (e 2 *cos3t)dt 
Jo 

e ( 2 -^*cos3t^ 



lim 

n— >oo 



lim 



= lim 

n^oo 



e ( 2 - s )*[(2-s)cos3i + 3sin3i] 

(s-2) 2 + 9 
e (2-«)" [(2 - s) cos 3n + 3 sin 3n] 



2 - s 



(s-2) 2 + 9 



(s-2) 2 + 9_ 



s - 2 



(a - 2) 2 +9' 



13. For s > 3, 



L[2t - e M ] = L[2t] - L[e 6t ] = 2L[t] - L[e 6t ] 
1 \ 1 



= 2 



s - 3 



s-3 
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20. We have, 



£[4 cost - 7r/4] = 4L[cosi - tt/A] 
= AL 

= 2V2L[cost] + 2v / 2L[sint] 



y/2 y/2 

— cos t H sin t 

2 2 



2\/2, , 

^s 2 + 1 

2yg(j_+l) 
s 2 + l 



+ 2^2 



s 2 + l 



21. For s > 0, 



22. For s > 0, 



L[4cos 2 bt] = 2L[2cos 2 bt] = 2L[cos2bt + 1] 
= 2 J L[cos26t] + 2L[l] 

T 



Ab 2 + s 2 ) + ^ \ .s 



4(s 2 + 26 2 ) 



s(s 2 +46 2 )' 



L[2 sin 2 At - 3] = L[2 sin 2 4i] - 3i[l] 
= L[l - cos8i] 



1 s 3 

s s 2 + 64 s 

2 s 

s s 2 + 64 

2 



128 + 3s 
~s(s 2 + 64)' 



23. The graph of / is piece-wise continuous on [0, oo). 



Hp 1 <p- 



12 3 4 



Figure 124: Figure for Problem 23 
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24. The graph of / is piece-wise continuous on [0, oo). 



1 i r 

2 3 4 



Figure 125: Figure for Problem 24 



25. The graph of / is not piece-wise continuous on [0,oo), because lim t _ >1 + f(t) = oo, i.e. the right-hand 
limit as t approaches 1 from above is not finite. 




Figure 126: Figure for Problem 25 



26. The graph of / is piece-wise continuous on [0, oo). 




Figure 127: Figure for Problem 26 



27. The graph of / is piece- wise continuous on [0, oo). 
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1 - • o 



-f 1 1 r 

12 3 4 



Figure 128: Figure for Problem 27 



28. The graph of / is piece-wise continuous on [0, oo). 




12 3 4 



Figure 129: Figure for Problem 28 



29. The graph of / is not piece-wise continuous on [0, oo). 



1 1 r 

2 3 4 5 



Figure 130: Figure for Problem 29 
30. The graph of / is piece-wise continuous on [0, oo). 
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31. Wc have, 



F(s) = J e- st tdt + J 



-St 



(0)dt 



-si 



-(-**- 1) 



-,[l- e - s ( s +l)]. 



ft) 



i 1 r 

2 3 4 



Figure 132: Figure for Problem 31 



32. We have, 



p2 poo 

F(s)= / e~ st {l)dt+ / e- st {-l)dt 

JO J2 



e 

s 

c -2s 



+ - lim \e- sn - e 



-2s-l 



0 



5 n— >oo 



+ e 

s s s 

1 - 2e- 2s 



-2s 




Figure 133: Figure for Problem 32 



F(s) = J e- st (0)dt + J e- st (t)dt + 

1 12 

e' st {-st-l) 



e~ st (0)dt 



-e- 2s [p/(.s + l)-(2 S +l)]. 




Figure 134: Figure for Problem 33 



rl pC 

/ e- st tdt+ / e- st (l)dt + 

JO Jl J3 



e~ st e^dt 



(st-1) 



lim 

n— »oo 



,(l-s)t 



lim 

CO 



e- 3s e 



1 



s e 3 (l — s) 



0 3(l-s) 



-3s 



8(1-8)- 
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in 



i I I r 

2 3 4 



Figure 135: Figure for Problem 34 



35. We have, 

But 
hence. 



L\e w ] = 



s + bi s b 



s — bi s 2 + b 2 s 2 + b 2 s 2 + b 2 



AM 



cos bt + i sin bt; 



L[e M } = L[cos bt + i sin bt] = L[cos bt] + iL[sin bt]. 



From (0.0.48) and (0.0.49) we have, on equating real and imaginary parts, 



L[cos6t] = 



s 2 + b 2 



and L[sin6t] = 



s 2 + b 2 ' 



36. We have, 

L[e {a+U)t ] = 
Also, 



s — a + bi 



s — a 



+ 



s -(a+bi) (s-a)-bi (s - a) 2 + b 2 (s-a) 2 + b 2 (s - a) - b 2 



L[ e («+W)*] = L[e at cosbt + ie at smbt] = L[e at cos bt] + iL[e at sin fa]. 
From (0.0.50) and (0.0.51) we have, on equating real and imaginary parts, 

L[e at cos bt] = -. S " ,„ and L[e at sin bt] = -. ^ 

(s-a) z + b 2 (s — a) z + b z 



37. If n = 1, then 



poo pn 

L[t n ] = L[t] = / e- st tdt = lim / e- st tdt 
Jo "^°°7o 

s Jo 



lim 

71— *00 

lim 



ne 



s 

-sn 



e- St dt 



„n+l : 



(0.0.48) 



(0.0.49) 



(0.0.50) 
(0.0.51) 



so the proposition is true for n = 1. Now suppose that for some positive integer k, it is true that 

k\ 



W] = 



,fe+i • 
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Then integration by parts yields 

r c 

L[t k+1 ] = 

Jo 



e~ st t k+1 dt 



= lim 

n— >oo 



k+1 



lim / e- st 



0 

tdt - 



+ — J\- St t k dtj 



S 71— >oo s 

k+1 k\ (fc + 1)! 



k + l L[t k ] 



s s 



k+1 (fc+l)+l • 



Thus the proposition is true for every positive integer k + 1 given that it is true for the positive integer k. 



Consequently, by mathematical induction it follows that L[t n ] — n+1 for every positive integer n. 



38. (a) Let t = — where s > 0 so t^ 1 / 2 



,1/2 ,1/2 



2x 



as x £ (0, oo ) and dt = — dx. Substituting these 
s \x\ x s 

results into the Laplace transform definition we obtain 



/•OO 

Lit- 1 / 2 ] = / e- st t-^ 2 dt 
Jo 

is 1 / 2 2x 



dx 



o 
2 

^r/2 



X s 
e~ x * dx. 



(b) Since x is a dummy variable in part (a) we may write 



4 r°° r r°° 
s Jo [Jo 



e y dy 



e x dx. 



The last equality is true because the integral in y yields a constant to carry over into the integral in x. We 
can write this in the equivalent form 



(Lit- 1 / 2 ]) 2 =-J™ 1^ e-^Uxdy 



(c) Converting the results in (b) to polar coordinates yields 



(L[t-V 2 ]f = * 



7r/2 r oo 



0 JO 
■n/2 - 



S 

4 

s „ . 

2 r*<* 
s 



Jo 
Jo 



e r rdrdO 



dO 



d6 



Consequently, Lit- 1 / 2 ] = since Z^f" 1 / 2 ] > 0. 
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Solutions to Section 8.2 

True-False Review: 

1. TRUE. If / is of exponential order, then by Definition 8.2.1, we have \f(t)\ < Me at (t > 0) for some 
constants M and a. But then \g(t)\ < /(£) < \f(t)\ < Me at for all t > 0, and so g is also of exponential 
order. 

2. TRUE. Suppose that < M x e ait and \g{t)\ < M 2 e a2t for t > 0, for some constants M 1 ,M 2 ,a 1 ,a 2 . 
Then 

\(f + g)(t)\ = \f(t)+g(t)\ < \f(t)\ + \g(t)\ < M 1 e^ t + M 2 e^ t . 

If we set M = max{Mi, M 2 } and a — max{ai, a 2 }, then the last expression on the right above is < 2Me at 
for all t > 0. Therefore, / + g is of exponential order. 

3. FALSE. Looking at the Comparison Test for Improper Integrals, we should conclude from the assump- 
tions that if J 0 °° H(t)dt converges, then so does / 0 °° G(t)dt. As a specific counterexample, we could take 
G(t) = 0 and H(t) = t. Then although G(t) < H(t) for all i > 0 and J 0 °° G(t)dt = 0 converges, J 0 °° H(t)dt 
does not converge. 

4. TRUE. Assume that £ _1 [.F] (t) = f(t) and L'^G]^) = g(t). Then we have 

L- l [F + G](t) = (f + g)(t) = f(t)+g(t) = L^[F]{t) + L~ l [G\{t) . 
Therefore, L _1 [F + G] = L^F] + L'^G]. Moreover, we have 

L- l [cF]{t) = (c/)(t) = cf(t) = cL- l [F]{t), 
and therefore, L~ 1 [cF] = cL _1 [F]. Hence, L^ 1 is a linear transformation. 

5. FALSE. From the formulas preceding Example 8.2.6, we see that the inverse Laplace transform of 
is f(t) = cos 3t. 

6. FALSE. From the formulas preceding Example 8.2.6, we see that the inverse Laplace transform of 
is/(i) = e- 3t . 

Problems: 



1- \f(t) 

2- \f(t) 

3- \f(t) 

4- \f(t) 

5- \f(t) 

6. Recall that E(0,oo) represents the set of all functions that are both piece-wise continuous on [0, oo) 
and of exponential order. Let f,g G £7(0, oo). Then / and g are piece-wise continuous on [0,oo); hence, 
so is f + g. Also there exists constants M 1 ,M 2 ,a,/3 such that \f(t)\ < M x e at and \g(t)\ < M 2 e betat . Thus 
\f(t) + g(t)\ < \f(t)\ + \g(t)\ < M x e at + M 2 e^ < (Mi + M 2 )e Jt < Me 7 * where 7 = Max{a,(3} and 
M = Mi + M 2 so / + g is of exponential order. Thus / + g G £7(0, 00). Now let c be any scalar and 
/ € £7(0, 00). Since / is piece-wise continuous on [0, 00) then so is c/; moreover, there exists constants M 



= I cos 2t\ < le for all t > 0 so cos 2t is of exponential order. 

= \e 2t \ < le 2t for allt > 0 so e 2t is of exponential order. 

= |e 3 * sin4t| < le 3t for all t > 0 so e 3t sin4< is of exponential order. 

= |fc~ 2 *| < le* for all £ > 0 so te~ 2t is of exponential order. 

= \t n e at \ < (e*) n e at for alH > 0 so t n e at is of exponential order. 
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and a such that \cf(t) \ = \c\\f(t)\ < \c\Me at = M\e at where Mi = \c\M so cf is of exponential order. Hence 
cf e £(0,oo). 



(2)(1) = 2. 

3e 2t . 





^2~ 




"1" 


7. L- 1 




= 2i" 1 






s 




s 



8. L" 



9. L" 



10. L~ l 



11. Zr 



12. L" 1 



13. Z," 1 



14. L" 



15. L~ x 



16. i 1 



17. Ir 



s-2 
5 

s + 3 
1 



= 3L" 



5L" 



1 



s-2 
1 



s 2 + 4 



2s 
s 2 + 9 



2L" 



s-(-3) 
2 



5e 



-3t 



2Zr 



s + 6 
s 2 + l 

2s + 1 
s 2 + 16 



2L" 1 



= 2L~ 



_s 2 + 4 
s 

s 2 + 9 
-2t 2 . 



s 2 + 1 



= - sin2i. 
2 



2 cos 3t. 



s 2 + l 



s 2 + 16 



s 2 + 16 



cost + 6sinf. 



= 2cos4i + - sin4t. 
4 



2 3 
s s+ 1 

4 s + 2 
s 2 ~ s 2 + 9 





"1" 




1 


= 2L" 1 


-3L- 1 


s 


.*+!. 



= 2 - 3e" 



4Zr 



s 2 + 9 



+ 9 



At — cos 3t — - sin 3t. 





'1 1 




"1" 




1 


= L~ 1 










.*+!. 




s s + 1 _ 




s 





_s(s+l)_ 

18. Using the linearity of the inverse Laplace transform, 



= 1 - e" 



L- 1 



1 



(s+l)(s 2 + 4) 



L- 1 
1 



3 1 1 3s + 2 



5s+l 5 s 2 + 4 
1 



-3L" 1 



s+1 



s 2 + 4 



+ L- 1 



s 2 +4 



= -(-3e _t + 3cos2t + sin2i). 
5 
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19. Using the linearity of the inverse Laplace transform, 



2s + 3 



( s -2)(s 2 + l) 



L~ 

1 

5 
1 
5 



1 7 



1 7s + 4 



5 s - 2 5 s 2 
1 



7L- 1 



+ 1 
7L- 1 



^s-2 
(7e 2 * - 7 cost - 4sint). 



s 2 + l 



+ AL- 1 



s 2 + l 



20. Using the linearity of the inverse Laplace transform, 



s + 4 



(s-l)(s + 2)(a-3) 



= L~ 
1 

~ 30 
1 

~ 30 



+ 



+ 



6(s-l) 15(s + 2) 10(s-3) 



-25L" 



1 



+ 4L" 



s - 1 

(-25e* + 4e~ 2t + 21e 3 *). 



s + 2 



+ 217T 1 



21. Using the linearity of the inverse Laplace transform, 



2s + 3 



(s 2 + 4)(s 2 + l) 



L- 1 

2 

~3 
2 



2s 



3(s 2 +4) 



L- 1 



s 2 +4 



2s + 3 



3(s 2 + l) 
2 



s 2 + 4 



s 2 + l 



s 2 + l 



1 



1 • „ 2 

cos 2f sin 2t H — cos £ + sin £ 

3 2 3 

(4 cos t + 6 sin t — 4 cos 2i — 3 sin 2i) . 



22. 

Solutions to Section 8.3 



True- False Review: 

1. FALSE. The period of / is required to be the smallest positive real number T such that f(t + T) = f(t) 
for all t > 0. There can be only one smallest positive real number T, so the period, if it exists, is uniquely 
determined. 

2. TRUE. The functions / and g are simply horizontally shifted from one another. Therefore, if / has 
period T, then f(t + T) = f(t), and so then g(t + T) = f(t + T + c) = f(t + c) = g(t). Thus, g also has 
period T. 

3. FALSE. The function f(t) = cos(2i) has period tt, not tt/2. 

4. FALSE. For all T > 0, we have f(t + T) = sm((t + T) 2 ) ^ sin(t 2 ), so / is not periodic. 

5. FALSE. Even a continuous function need not be periodic. For instance, the function f(t) = sin(i 2 ) in 
the previous item is continuous, hence piecewise continuous, but not periodic. 
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6. FALSE. If f(t) = cost and g(t) = sint, then / and g are periodic with period m = n = 2n. However, 
(/ + g)(t) = cost + sint is periodic with period 2tt, not period At:. 

7. FALSE. If /(t) = cos t and g(t) = sin t, then / and g are periodic with period m = n = 2ir. However, 
(fd)(t) = cost sint is periodic with period 2ir, not period (2tt) 2 . 

8. FALSE. Many examples are possible. The function / given in Example 8.3.4 is one. More simply, we 
simply note that L[sint] = -^t+i, and F(s) — jjqrf is not a periodic function. 

Problems: 

1. We have, 



L[f] = r 



s 2 (l - e- s ) 



1 - e~ 
[l-e-'(*+l)]. 



<st -I) 



2. We have, 



1 - e~ 2s 



4e" 2s 2 

+ - 

s s 

-2s/ 0 „2 



-2s 





■ t 2 e- st ~ 


+ - [ te- st dt\ 


[ 






s 


o s Jo J 



-(st -I) 



s 3(! _ e -2 S ) 



[l-e- 2s (2s 2 + 2s+l)]. 



3. We have, 



£[/] = 



1 e JO 

1 + e"™ 
(1 - e~™)(s 2 + 1)' 



e st sin t tit = 



1-e- 



e s *(— s sint — cost) 
s 2 + l 



4. We have, 



£[/] 



1 - e-^ s 

s(l + e- ns ) 
(1 - e"™)(s 2 + 1)' 



1 - e- 



e st (— s cost + sint) 



s 2 + l 



5. We have, 



1 

1 - e~- jo 
1 

(l-e-»)(l-s) 



1 

1 - e 
l 



.1-8 



e* ° - 1 
o ~ (1 -e-")' 



L[f] 



1 



1 - e- 2s 
1 

1 - e- 2s 
1 

1 - e~ 2s 



So eStdt+ L e 



(-l)dt 



s 

1 - e- s 



+ 



e- 2s - e~ 



er ls - 2e- s + 1 
s{l-e- 2s ) 

s(l + e- s )(l + e- s ) 

1 - e~ s 1 

— r = - tanh (s/2). 

s(l + e" s ) s w 7 



1 - e- 
1 

1 - e- 
1 

1 - e- 



/■7r/2 /»7r 

/ e- st tdt + 
Jo J-kI: 



\-st-V) 



e s *sint(2t 

W 2 „-st 



+ 



0 



s 2 + l 



— s sin t — cos t 



tt/2 



' 2 - e" 7 ™/ 2 (tts + 2) se"™/ 2 + e" 

7TS 2 S 2 + 1 



/■tt/2 



1 - e~ ns 

1 - e TS 1 
2e -W2 + s (i _ e 



e s * cost eft + 



"e st (— s cost + sin t) 



s 2 + l 

-TTS ^ 



TT/2 

tt/2 
0 



cos t)dt 



e s *(— s cost + sin t) 
s 2 + l 



tt/2. 



(1 



5 )(S 2 + 1) ' 



-2as 



l 

1 - 2e- as 



/ e- s *(t/a)dt + 
Vo 

e- st (-st-l) 



as' 

-2as 



s/2 



2a -t 



s/2 



dt 



e~ st (-st-l) 



2a 
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10. We have 

Hf} = 

11. We have 

L[f\ = 



^ g— 27rs/a 



2ir/a 



^ (D — 2irs/a 



^ g— 2-Ks/a 



2ir/a 



e st cos at dt 



^ g— 27Ts/a 



e s *(— s sin at — a cos at) 
s 2 + a 2 



e st (— scos at + a sin at) 



2ir/a 



s 2 + a' 



2 ' 



s 2 + a 2 



2-ir/a 



S 2 + a ; 



2 ' 



Solutions to Section 8.4 



True-False Review: 



1. FALSE. The Laplace transform of / may not exist unless we assume additionally that / is of exponential 
order. 

2. TRUE. This is illustrated in the examples throughout this section. The procedure is outlined above 
Figure 8.4.1 in the text and indicates that the initial condition is imposed at the outset of the solution. 

3. TRUE. If we leave the initial conditions as arbitrary constants, the solution technique presented in this 
section will result in the general solution to the differential equation. 

4. FALSE. The expression for Y(s) is affected by the initial conditions, because the initial conditions arise 
in the formulas for the Laplace transforms of the derivatives of the unknown function y. 

Problems: 

1. We apply the Laplace transform to both sides of the differential equation: 

L[y / ]+L[y} = 8L[e 3t }. 
Using the rule for the transform of the derivative, we obtain 

sY(s) - 2/(0) + Y(s) 



s-3 



Substituting y(0) = 2, this becomes 
Solving for Y(s), we have 
which simplifies to 



Y(a)(s + 1) - 2 = 



s-3 



Y(a) 



(s-3)(s+l) s+1' 
2 



Y(a) 



s-3' 



Taking the inverse Laplace transform of both sides of this equation yields, 

1 



L- 1 [Y(s)] = 2L- 1 



s-3 
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so that 



y(t) = 2e M . 



2. We apply the Laplace transform to both sides of the differential equation: 

L[y'] + 3L[y] = 2L[e- t ]. 
Using the rule for the transform of the derivative, we obtain 

2 



Substituting y(0) — 3, this becomes 



Solving for Y(s), we have 



sY{s) - y(0) + 3Y(s) = 



sY(s)-3 + 3Y(s) = 



s + 1 



8 + 1 



Y(a) 



1 



s+1 s + 3 

Taking the inverse Laplace transform of both sides of this equation yields, 



L- 1 \Y( 8 )] = L- 1 



so that 



y{t) = e -' + 2e' 3t 



+ L- 1 



s + 3 



3. We apply the Laplace transform to both sides of the differential equation: 

L[y'\+2L[y\=AL[t\. 
Using the rule for the transform of the derivative, we obtain 



sY(s)-y(0) + 2Y(s) = -2. 



Substituting y(0) — 1, this becomes 



Solving for Y(s), we have 



Y(s)(s + 2)-l 



e 2" 



12 2 

Y(s) = — + ^+ ~ 



s s 2 s + 2 

Taking the inverse Laplace transform of both sides of this equation yields, 



so that 



L-^Yis)] = -I," 1 

y(t) = 2t-\ + 2e- 2t . 



s + 2 



4. We apply the Laplace transform to both sides of the differential equation: 

L[y']-L[y] = 6L[cost]. 
Using the rule for the transform of the derivative, we obtain 

6s 



sY(s) - y(0) - Y(a) 



s 2 + 1 ' 



Substituting y(0) = 2, and solving for Y(s), we have 

2(s 2 + 3s + l) 
W (s-l)(s 2 + l)' 

Decomposing the right-hand side of this equation into partial fractions yields 

5 3s 3 

{s > ~ s^i - s^n + s^ri' 

Taking the inverse Laplace transform of both sides of this equation gives, 



a - 1 



-3L- 1 



s 2 + 1 



3L- 1 



so that 



y(t) = 5e* - 3 cos t + 3 sin t. 



5. We apply the Laplace transform to both sides of the differential equation: 

L[y'] - L[y] = 5L[sin2t]. 
Using the rule for the transform of the derivative, we obtain 

2 



aY(a)-y(0)-Y(a) = 5 2 



Substituting y(0) = —1, and solving for Y(s), we have 



Y(a) 



10 



s 2 +4 



1 



(s 2 + 4)(s-l) s-1 
Decomposing the right-hand side of this equation into partial fractions yields 



Y(a) 



1 



2s 



s-1 s 2 + 4 s 2 +4' 
Taking the inverse Laplace transform of both sides of this equation gives, 



L-i[Y(s)} = L-i 



1 



a - 1 



2L~ 



s 2 + 4 



L~ 



so that 



y (t) = e* - sin 2t - 2 cos 2i. 
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6. We apply the Laplace transform to both sides of the differential equation and use the rule for the transform 
of the derivative to obtain 

sY(s)-y(0)+Y(s) 



(S- 1) 2 + 1 



Substituting y(0) = 1, and solving for Y(s), we have 

Y(s) = 



1 



[(S-1) 2 + 1](S+1) S+l' 

Decomposing the right-hand side of this equation into partial fractions yields 

, . _ s 3 2 

W ~ (S- 1) 2 + 1 + (S- 1) 2 + 1 + S+l' 

Taking the inverse Laplace transform of both sides of this equation gives, 

1 



L- 1 \Y(s)] = -L- 1 



(S- 1)2 + 1 



3L" 1 



(s -1) 2 + 1 



+ 2L- 1 


1 







so that 



y (t) = -e* sin t + 3e* cos t + 2e 



7. We apply the Laplace transform to both sides of the differential equation and use the rule for the transform 
of the derivatives to obtain 

[s 2 Y(s) - sy(0) - y'(0)[+[sY(s) - 2/(0)] - 2Y{s) = 0. 
Substituting y(0) — 1, y'(0) = 4 gives 

[s 2 Y(s) - s - 4] + [sY{s) - 1] - 2Y{s) = 0, 

so that 



Y(a) = 



s + 5 



( s -l)( s + 2)- 

Decomposing the right-hand side of this equation into partial fractions yields 

Taking the inverse Laplace transform of both sides of this equation gives 

y{t) = 2e t ~e- 2t . 



8. We apply the Laplace transform to both sides of the differential equation and use the rule for the transform 
of the derivatives to obtain 

[s 2 Y{s) -5s -l]+4Y(s) = 0, 
where we have incorporated the initial conditions y(0) — 5, y'(0) = 1. Solving for Y(s) yields 



1 


s 




2 




s 2 + 4 




s 2 +4 
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Taking the inverse Laplace transform of both sides of this equation gives 

L~ 1 [Y{s)] = 5L- 1 
so that 

y(t) — 5 cos 2t + - sin 2t. 

9. We apply the Laplace transform to both sides of the differential equation and use the rule for the transform 
of the derivatives to obtain 

[s 2 Y(s) - 1] - 3sY(s) + 2Y(s) = 4 , 

s 

where we have incorporated the initial conditions y(0) = 0, y'(0) = 1. Solving for Y(s) yields 

4 1 



Y(a) = 



+ 



s(s-l)(s-2) (s-l)(s-2)' 
Decomposing the right-hand side of this equation into partial fractions gives 

s 2 5 3 



s s — 1 s — 2 

Taking the inverse Laplace transform of both sides of this equation gives 



L- 1 [Y{s)] = 2L- 1 



s - 1 



3L- 1 



s-2 



so that 



y(t) = 2-5e t + 3e 2 



10. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 



[s 2 Y(s) - ay(0) - y'(0)\ - [sY(s) - 2/(0)] - l2Y(s) = 

Imposing the initial conditions y(0) = 0, y'(0) = 12 and solving for Y(s) yields 

12 



36 



or equivalcntly, 



Y(a) = 



Y(s) = 



s(s - 4) ' 
3 3 



s - 4 s 

Taking the inverse Laplace transform of both sides of this equation gives 



L-^Yis)} = 3L- 1 



1 



s-4 



3L- 1 



1 



s - 1 



so that 



y(t) = 3(e 4t -l). 
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11. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 



[s 2 Y(s) - sy(0) - 2/(0)] + [sY(s) ~ y(Q)] - 2Y(s) = 



10 

s+l' 

Imposing the initial conditions y(0) = 0, y'(0) = 1 and solving for Y(s) yields 

4 



or equivalcntly, 



Y(s) 
Y(s) = 



(s + l)(a- l)(s + 2)' 

2 5 3 

+ 



s - 1 s + 1 s + 2 
Taking the inverse Laplace transform of both sides of this equation gives 



L- 1 [Y(s)] = 2L- 1 



1 



s - 1 



5L- 1 



1 



so that 



8 + 1 

y(t) = 2e* - 5e _t + 3e~ 2t 



3L- 1 



s + 2 



12. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 Y(s) - sy(0) - 2/(0)] - 3[sY(s) - 2/(0)] + 2Y{s) 



s-3 



Imposing the initial conditions y(0) = 0, y'(0) — 0 and solving for Y(s) yields 

4 



or equivalcntly, 



Y(a) = 



Y(a) 



(a-l)(8-2)(a-3Y 
2 4 2 



s — 3 s — 2 s — 1 
Taking the inverse Laplace transform of both sides of this equation gives 



L- 1 [Y(s)] = 2L- 1 



1 



s-3 



4L- 1 



1 



a-2 



+ 2L- 1 



a - 1 



so that 



y{t) = 2e M - 4e 2t + 2e*. 



13. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 



2 Y{s) - 2/(0) - 2/(0)] - 2[sY{s) - 2/(0)] 



30 
7+3' 

Imposing the initial conditions 2/(0) = 1, y'(0) — 0 and solving for Y(s) yields 

2 



s s — 2 s + 3 
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Taking the inverse Laplace transform of both sides of this equation gives 

y (t) = -4 + 3e 2t + 2e" 3t . 

14. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 Y(s) sy(Q) - 2/(0)] - Y(s) = 12 



s - 2 

Imposing the initial conditions y(0) = 1, y'(0) = 1 and solving for Y(s) yields 

W s - 2 s - 1 s + 1 
Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 4e 2 * - 5e* + 2e _t . 

15. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 F(s) - sy(Q) - j/(0)] + AY {a) = 
Imposing the initial conditions y(0) = 4, y'(0) = 0 and solving for Y(s) yields 

Y[S) s 2 + 4 + s + 1 - 
Taking the inverse Laplace transform of both sides of this equation gives 

y{t) = 2 cos 2t + sin It + 2e~ t . 

16. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 Y(s) sy(0) 2/(0)] - [sY(s) y(0)] - 6Y(s) = - - 

s s — 1 

Imposing the initial conditions y(0) — 5, y'(0) = —3 and solving for Y(s) yields 

. 12 28 2 1 
Y(s) = — — + — — - - + 



5(s-3) 5(s + 2) s s-1 
Taking the inverse Laplace transform of both sides of this equation gives 

^ = ^+28 -2t_ 2 + e t. 
5 5 

17. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 



[s 2 r(s)-s 2/ (o)- y '(o)]-y(s) = -^. 
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Imposing the initial conditions y(0) = 0, y'(0) = 4 and solving for Y(s) yields 

Y(s) = -1 1 ^_ 

1 ' 2(s-l) 2(s + l) s 2 + l 

Taking the inverse Laplace transform of both sides of this equation gives 

7 1 

y(t) = -e e~* - 3 cost. 

ww 2 2 

18. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

Oft 

^Y( S )-sy(0)-y'(0)}-9Y( S )=- ¥Tl . 

Imposing the initial conditions y(0) = 3, y'(0) = 1 and solving for Y(s) yields 

2 12 

Y{S) = 7^3 + JT3~ ^+4 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 2e 3t + e~ 3 * - sin2t. 

19. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

ls*Y( S ) sy(0) y'(0)] Y(s) = - 

Imposing the initial conditions y(0) = 2, y'(0) = —1 and solving for Y(s) yields 

1 2 3s 4 

Y (s) = — r - — r + 



s - 1 s + 1 ' s 2 + 1 s 2 + 1 ' 
Taking the inverse Laplace transform of both sides of this equation gives 

y (t) = e* - 2e~* + 3 cost - 4sini. 

20. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

1 fis 

[s 2 Y(s) sy(0) y'(0)} [sY(s) y(0)] 2Y(s) = 

Imposing the initial conditions y(0) — 0, y'(0) = —1 and solving for Y(s) yields 

. -l-3s 1 2 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = -sint-3cost + e 2t + 2e^*. 



725 

21. Wc apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 Y(s) - sy(0) - 2/(0)] + 5[sY(s) - 2/(0)] + 4Y{s) = 

Imposing the initial conditions y(0) = —1, y'(0) ~2 and solving for Y(s) yields 

Y(s) = -1 1 ?f- 

w s+1 s + 4 s 2 + 4' 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 2e _t - e~ 4t - 2cos2t. 

22. Wc apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 Y(s) - sy(0) - t/(0)] + 5[sY(s) - 2/(0)] + AY (a) = . 
Imposing the initial conditions y(0) = 1, y'(0) = —2 and solving for Y(s) yields 

Y(s) 10 



3(s+l) 3(s + 4) s 2 + 4' 
Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = ^e"* - l -e~^ - 2cos2i. 
w 3 3 

23. Wc apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 Y(s) 52/(0) - 2/(0)] - [sY(s) 2/(0)] + 2Y(s) = + 

Imposing the initial conditions y(0) = 1, y'(0) = 1 and solving for Y(s) yields 

7 1 3s -4 

(Sj ~5(s-2) s-1 + 5(.s 2 + l)' 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = l (7e 2 * - 5e* + 3 cos t - 4 sin t) . 
5 

24. Wc apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 



[s 2 Y(s) - sy(0) - y'(0)[+AY(s) = - T — . 

s z + 1 
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Imposing the initial conditions y(0) = 1, y'(0) = — 1 and solving for Y(s) yields 

Y ( s ) = ~o 7 - -o 7 + -o 7- 

w s 2 + A s 2 + 4 s 2 + 1 
Taking the inverse Laplace transform of both sides of this equation gives 

y{t) = cos 2t - 2 sin 2i + 3 sin t. 

25. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

6s 

[ S 2 Y( S )- S y(0)-y'(0)]+Y(s)= " 



s 2 + 4' 

Imposing the initial conditions y(0) = 0, y'(0) = 2 and solving for Y(s) yields 

Y( ) - 2 2s 2s 

[S '~s 2 + l s 2 + l s 2 +4' 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 2(cos t + sin t — cos 2t) . 

26. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 F(s) - sy(0) 2/(0)] + 9Y(.s) = 

Imposing the initial conditions y(0) = 1, y'(0) = 2 and solving for Y(s) yields 

3(s + 2) _ 2(s + 2) 
1 ' s 2 + 9 s 2 + 16 ' 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 3 cos 3t + 2 sin 3t — 2 cos At — sin At. 

27. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

[s 2 F(s) - sy(0) - 2/(0)] - Y(s) = 0. 

Solving for Y(s) yields 

_ sy(0)+y'(0) 

( s) ~ ( s + i)( s -iy 

which can be written in the equivalent form 

2/(0) - y'(0) 2/(0) - 2/(0) 
lSJ 2(s-l) 2(s + l) ' 
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Taking the inverse Laplace transform of both sides of this equation gives 

y{t) = y(0) + y'(0) et+ y(0)-y'(0) e ^ 



28. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 



[s 2 Y(s) - ay(0) - y'(0)} - lu 2 Y(s) 



Aco 0 + Bs 



Imposing the initial conditions y(0) = yo, y'(0) — yi and solving for Y(s) yields 

y , \ _ Aojq + Bs y Q s + y x 

(S) ~ (s z + lo 2 )(s 2 + UJ 2 ) S 2 +UJ 2 ' 

which can be written in the equivalent form 

B 



^H-^ + yiV-rr-i 

)i - L0 Z I S Z + LU Z 



A 



L0 0 



Ldf. — L0 Z I S Z + Ldf. \U)Z — U0 Z I S Z + LO, 



B 



Taking the inverse Laplace transform of both sides of this equation gives 

[Y{s)\ = (~^- 2 + yi) ■ L- 1 + (^— 2 + yo) ■ L" 1 

\UJ Z -UJ Z J \_S 2 +U 2 \ \LOq - L0 Z J 



,2 ' 



S Z + UJ Z 





■L- 1 


LO 0 




■L- 1 


s 


Co 2 -" 2 ) 




[ S 2 +L0 2 _ 


{lo 2 -^) 







Therefore, 

If Au Q 
y{t) = - — g + Vi sinwi - 

LU V Un — UJ Z 



,2 .2 + <-'^~ / - ( ,,2 A ,,2 ) -"I)' 



B 



COS U) 0 t 



29. 

(a) We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

sl( s )-i(0) + ^l(s) = ^.l 
Imposing the initial conditions i(0) = 0, and solving for I(s) yields 



1(a) = 



which can be written in the equivalent form 



1(a) 



Ls(s + R/L)' 



E 0 



Eg _ 

Ra ~ R(s + R/L) ' 
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Taking the inverse Laplace transform of both sides of this equation gives 

i(t) = ^ - E ^e- Rt / L = ^° (l - e- m ' L \ . 
R R R \ J 

(b) We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

"<»>-<»> + !'<»> = TTO 

Imposing the initial conditions i(0) = 0, and solving for I(s) yields 

T( ) = E ° U 

[S> {s 2 + UJ 2 )(L S + R)' 

which can be written in the equivalent form 

Eqlu ( R Ls L 



1(a) 



R 2 + L 2 lo 2 \s 2 + uj 2 s 2 +lu 2 s + R/L 
Taking the inverse Laplace transform of both sides of this equation gives 

E 0 LJ ( R _._ ± r _ _ if T _- Rt /L\ 



= t^o j-n n —s'mojt — L cos uot + Le , 

R 2 + L 2 UJ 2 \Ll! ) 

that is, 

E / \ 

i(t) = — 5—— ( Rsinut- Luj cos ut + Loje- Rt/L ) . (0.0.52) 

R z + L 2 uj 2 \ J 

We now define the acute angle 9 by 

ojL 

tan 9 — —— , 
R 

in which case 

cos 9 = , sin 9 = 



VR 2 +u 2 L 2 ' VR 2 + u 2 L 2 ' 

Solving the preceding equations for R and uL yields 

R = yjR 2 + uj 2 L 2 cos 0, ujL = y/R 2 + uj 2 L 2 sin 9. 

We now insert these results into (0.0.52) to obtain 

i(t) = R2 ^° L2uj2 (VR 2 + u 2 L 2 cos 9 sin cut - V ' R 2 + to 2 L 2 sin 9 cos ut + LLue- Rt/L ^j 
or, equivalcntly, 

i(t) - ; E ° sin(ct - 9) + n f° L X 9 e- Rt ' L . 
1 ' VR 2 + L 2 lo 2 1 ' R 2 + L 2 uj 2 

30. Taking the Laplace transform of the given system of differential equation yields 

sXx - Xi(0) = a 11 X 1 + a 12 X 2 + B^s), 
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sX 2 - X 2 (0) = 021X1 + a 22 X 2 + B 2 (s), 



that is 



(s - an)Xi(s) - a 12 X 2 (s) = a x + B^s), 
-a 2 iX 1 (s) + {s- a 22 )X 2 (s) = a 2 + B 2 (s), 
where a\ = Xi(0) and a 2 = X 2 (0). 

31. Taking the Laplace transform of the given system yields 

sX 1 = -4Xi - 2X 2 , sX 2 -l = X 1 - X 2 , 

that is, 

(s + 4)X X + 2X 2 = 0, -X! + (s + 1)X 2 = 1. 
Solving this linear algebraic system using Cramer's rule yields 



Xi = - 



X 2 



s 2 + 5s + 6 (s + 2)(s + 3) 
s + 4 s + 4 



= 2 



s + 3 s+2 
2 1 



s 2 + 5s + 6 (s + 2)(s + 3) s + 2 s + 3' 
Taking the inverse Laplace transform of these equation we obtain 

xi (t) - 2(e- 3t - e~ 2t ), x 2 (t) - 2 e ~ 2t - e" 3 *. 



32. Taking the Laplace transform of the given system yields 

(s + 3)Xi - 4X 2 = 2, Xi + (s - 2)X 2 = 1. 

Solving this system we obtain 



Consequently, 



Xl (t) = \(2e- 2t + e% x 2 (t) = l -(e- 2t + 2e<). 



33. Let P(n) be the statement: 

L[f {n) ] = s n L[f] - s n -\f(0) - s"" 2 /'(0) s/ ( ™" 2) (0) - / ( ™ _1) (0). 

Then we have established in Theorem 8.4.1 that 

L[f] = sL[f] - /(0), 

which means that P(l) is true. Let k be an arbitrary positive integer, and assume that 
P(k) : - s fc L[.f] - s fe -7(0) - s fe - 2 /'(0) s/( fe - 2 )(0) - f^Ho) 



(0.0.53) 
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is true. Then, since /( fe+1 ) = (/( fe ))', we have 

L[f k+1 ] = L 



= *L[/ (fc) ]-/ (fc) (0), 

where we have applied P(l) in the second step. Inserting the expression for L[f^] given in (0.0.53) into the 
preceding equation yields 

L[f k+1 ] = s [s k L[f] - s fe -7(0) - s k - 2 f(0) S / (fc - 2) (0) - f^HO)} - / (fc) (0) 

= s k+1 L[f] - s k f(0) - * fc -7'(0) s/^O) - /< fe >(0), 

so that P(fc + 1) is true. We have therefore established that 

1. P(l) is true. 

2. For each positive integer k, if P(fc) is true then P(k + 1) is true. 

It follows from mathematical induction, that P(n) is true for all positive integers n. 

Solutions to Section 8.5 

True- False Review: 

1. TRUE. This follows at once from the first formula in the First Shifting Theorem, with a replaced by 
—a. 

2. FALSE. For instance, if f(t) = e\ then f(t - 1) = e*" 1 ^ e* - 1. 

3. TRUE. The formula for f(t) is obtained from the formula for f(t + 2) by replacing t + 2 with t (and 
hence t + 3 with t + 1 and i with t — 2). 



4. FALSE. If we take f(x) = x and g(x) = x — 3, for example, then 



and so 



J f(t)dt = l - and J g(t)dt 

I f(t)dtjt f g(t)dt-3. 
Jo Jo 



5. FALSE. The correct formula is 



L[e~'sin 2t] 



(s+l) 2 +4' 



6. TRUE. The Laplace transform of f(t) = t 3 is F(s) = ^ = |r , and so the First Shifting Theorem with 
a = 2givesL[e 2t t 3 ] = I ^ F . 

7. TRUE. The inverse Laplace transform of F(s) = jarpg is f(t) — cos 3t, and so the First Shifting Theorem 
with a = —4 gives the indicated inverse Laplace transform. 



8. FALSE. The correct formula is 



L- 1 



1 



(s+l) 2 + 36_ 



~-e sin6t. 
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Problems: 

1. f(t-a) = f(t-l)=t-l. 

2. f(t-a) = f(t-3) = l. 

3. f(t -a) = f(t + 2) = (t + 2) 2 - 2(t + 2) = t(t + 2). 

4. f( t -a) = f(t-2)=e 3 ^. 

5. f(t -a) = f(t - tt) = e 2 ^"^ cos (i - tt) = -e 2 ^"^ cost. 

6. /(t-a)-/(t + l) = (t + l) e 2 ( i + 1 ). 

7. f(t-a) = /(i-7r/6) = e^*""/ 6 ) sin [2(t - tt/6)] = e-^/ 6 ) [sin (2t) cos (tt/3) - cos (2t) sin (tt/3)] = 

/ 1 ^3 \ e -(t-7T/6) 

e -(t-7T/6) — sin 2t — — ^— cos 2t j = (sin 2t - y/3 cos 2t) . 

8. /(* - a) = /(t - 1) = 

9. f(t - a) = f(t - 2) = 



(t - l) 2 +4- 

(t - 2) + 1 _ t-1 

(t-2) 2 -2(t-2) + 2 ~~ t 2 - 6t + 10 ' 



10. /(t-o) = /(*-tt/4) = e-(*- 7r / 4 )[sin(2(i-7r/4)) + cos (2(f - tt/4))] = e^'" 7 ^ 4 ) [sin (2* - tt/2) + 
cos (2t - tt/2)] = e -(*- 7r / 4 )(sin2i-cos2i). 

11. /(i - 1) = (i - l) 2 . Replace f - 1 by t; f(t) = t 2 . 

12. f(t - 1) = (t - 2) 2 =► /(i - 1) = [(t - 1) - l] 2 . Replace * - 1 by t; f(t) = (t - l) 2 . 

13. f(t -2) = (t- 2)e 3(t - 2 K Replace t - 2 by t : f(t) = te 3t . 

14. f(t - 1) = isin[3(t - 1)]. Replace thy t+1: f(t) = (t+ l)sin3i. 

15. /(t- 3) = te-^-V. Replace t by t + 3 : /(t) = (t + 3)e"*. 

16. f(t - 4) = - ± 1 . Replace i by t + 4 : f(t) = 



(t-1) 2 +4' 1 J • ' ,w (t + 3) 2 + 4' 

17. L[cos4t] = S i[e 3t cos4t] 



s 2 + 16 L J (s-3) 2 + 16' 

18. L[sin 5t] = = 5 0 _ =>> L[e- 4t sin 5t] 



s 2 + 25 L J (s + 4) 2 + 25' 



19. L[t] = \ => L[te 2t ] 



(s-2) 2 ' 



20. L[3t] = 3L[t] = ^ L[3e~H] = 



732 



21. m . J ^ n.--n . 

22. i[f] = i => L[e- 2, (] = 1 Therefore, 

5 [S -\- Z) 



2/1 r ; . n r i , -:>/: ! 1 S 2 + 3s + 5 



L[e* - te- 2t ] = L[e l ] - L[te~ 2t ] = 



s-l (s + 2) 2 (s-l)(s + 2) 2 ' 



23. 



24. 



L[2e 3 * sin t + 4e 3t cos 3t] = 2L[e M sin t] + 4L[cos 3i] 



+ 4 



s+1 



(s-3) 2 + lJ |_(s+l) 2 + 9 
2[2s 3 - 9s 2 + 10s + 30] 
[(s-3) 2 + l][(s + l) 2 + 9]' 



L[e 2t (l - sin 2 t)] = L[e 2t (l - (cos2t - l)/2))] 



^L[e 2 * (1 - cos 2t)\ = l - (L[e 2t ] - L[e 2t cos 2t]) 



s-2 



s-2 (s-2) 2 +4 



(s-2) [(s-2) 2 +4] 



25. L[t 2 {e l - 3)] = L[eH 2 ] - 3L[t 2 ] 
26. 



L[e- 2t sin (t - tt/4)] = L 



(s-l) 3 s 3 ' 

2t ( V2 . , V2 



e " | — — sin t — cos t 

2 2 



v 2 {L[e- 2t sin t]-i[e- 2t cost]} 



2 
72 
2 



s + 2 



(s + 2) 2 + l (s + 2) 2 + l 



/2(s + l) 



2[(s + 2) 2 + l]' 



27. L- 1 

28. L- 1 

29. Since 

it follows that 



(s-3) 2 . 
4 

(s + 2) 3 



ie 1 



3« 



2iV 



L _1 [V7r7«] = t 



- f-l/2 



L- 1 



,1/2 



■k-^H- 1 ' 2 . 



Therefore, 



Consequently, 



,1/2 



(s + 3)V2 



34.-1/2 



30. L- 1 

31. i 1 
32. 



s 2 + 4 
s 

s 2 + 9 



sin 2f 



i- 1 



cos 3i L 



(s -3) 2 + 4 



(s-l) 2 +4_ 

s + 2 
(s + 2) 2 + 9 



L" 1 

i- 1 



e sin 2t. 



= e - 2t cos3t. 



s-3 



+ 



(s-3) 2 + 4 (s-3) 2 + 4 



s-3 



(s-3) 2 + 4 
3 
2 



(s-3) 2 +4 



e 3 * cos2i + ^e 3 * sin2i : 



„3t 



-(2cos2i + 3sin 2t). 



33. i 1 

34. i- 1 
35. 



(s-2) 2 + 16 
6 



(S + 1) 2 + 1 

L" 1 



6Zf 



(s-2) 2 + 16 
1 



= -e 2 *sin4£. 
4 



(S+ 1)2 + 1 



— 6e *sint. 



36. 



s - 2 
s 2 + 2s + 26 



L- 1 



2s 



s 2 - 4s + 13 



L- 1 
L- 1 
L- 1 



s-2 
(s+l) 2 + 25 
s + 1 



(s+l) 2 + 25 (s+1) 2 + 25 
s + 1 



(s+l) 2 + 25 



+ L- 1 



(s + l) 2 + 25 



3 1 

e~* cos5i — -e~* sin5i = -e _ *(5cos5i — 3sin5i) 
5 5 



L- 1 
L- 1 
2L- 1 



2s 



(s-2) 2 + 9 
2s -4 



(s-2) 2 + 9 (s-2) 2 + 9 



s-2 



(s-2) 2 + 9 



(s -2) 2 + 9 



4 2 
2e 2 * cos 3i + -e 2 * sin 2i = -e 2t (3 cos 3i + 2 sin 2t) 
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37. 



(s+l) 2 +4 



= L- X 



8 + 1 



(s + l) 2 +4 (s + l) 2 +4 



8 + 1 



{s + l) 2 + 4 



-L~ 



(s + l)2 + 4 



e cos 2t 



— sin2t = -e~*(2cos2t-sin2t). 



38. 



L- 1 



2s + 3 



(s + 5) 2 + 49 



2s+ 10 



2X- 1 



(s + 5) 2 + 49 (s + 5) 2 +49 

5 + 5 T-.l-i" 



(s + 5) 2 +49 



7 



(s + 5) 2 + 49 



2e~ 5t cos 7i - e~ 5t sin 7i = e~ 5t (2 cos 7t - sin 7i) . 



39. 



L- 1 



4 

s(s + 2) 2 



= L" 
= 1 - 



1 

s + 2 

-L- 1 



2 

(s + 2) 2 
1 



2L" 



( S + 2) 2 



2te _2t = 1 



e- 2t (l + 2t). 



40. 



2s + 1 



(s-l) 2 (s + 2) 



3(s- 1) (s- l) 2 3(s + 2) 



s - 1 



+ L- 1 



(S-1) 2 



-r 1 



s + 2 



I e * + i e *-ie- 2 *=i[e*(l + 3t)-e- 2 *] 



41. 



L" 1 



2s + 3 



s(s 2 - 2s + 5) 



L- 1 
L- 1 

5 

3 3 



3s- 16 



5s 5[(s-l) 2 + 4] 
3 3(s-l) 



26 



5s 5[(s-l) 2 + 4] 10[(s-l) 2 +4] 



s - 1 



(s-l) 2 +4 



+ ^L- 
10 



(s-l) 2 +4 



13 1 
r e*cos2t+ — e*sin2t = — [6 + e*(13sin2i - 6cos2i)l. 
5 5 10 10 



42. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 



s 2 F(s) - sy(0) - y'(0) - F(s) = 



s - 1 
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Imposing the initial conditions y(0) = 0, y'(0) — 0 and solving for Y(s) yields 

Y(s) = - 

{) (s-l) 2 (s+l)' 

which can be written in the equivalent form 

4 2 2 

y(s) = (s-1) 2 " s^T + s+T 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = Ate 1 - 2e* + 2e - ' = 2[e~* - e*(l - 2*)]. 

43. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 y(s)-sy(0)-y'(0)-4y(s)=-^. 
Imposing the initial conditions y(0) = 2, y'(0) = 3 and solving for Y(s) yields 

Y(s) = 2s2 - s + 6 
which can be written in the equivalent form 

n.) 3 1 1 



(s-2) 2 s-2 s + 2' 
Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 3te 2t + e 2t + e~ 2t = e 2t (l + 3i) + e~ 2t . 

44. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 Y(s) - ay(0) - y'(0) - [sY(s) - 2/(0)] - 2Y(a) = 

s + 1 

Imposing the initial conditions y(0) = 0, y'(0) = 1 and solving for Y(s) yields 

Y(s) = S -+l 

which can be written in the equivalent form 

Y(s) = -i 2 1 

1 ' s-2 (s+1) 2 s + 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = e 2t - 2te~ t - e~ l = e 2t - e _t (l + 2t). 
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45. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 Y(s) - sy(0) - 2/(0) + sY(s) - y(0) - 2Y(s) = 

s+1 

Imposing the initial conditions y(0) — 3, y'(0) = —1 and solving for Y(s) yields 

3s 2 + 8s + 7 
[> ( s + 2) 2 (s-l)' 

which can be written in the equivalent form 

YM= 2 1 1 



s-1 (s + 2) 2 s + 2' 
Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 2e* - te- 2t + e~ 2t = 2e* + e- 2t (l - t). 

46. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 Y(s) - sy(0) - y'(0) - A[sY(s) - y(0)] + AY(s) = 

S A 

Imposing the initial conditions y(0) = 1, y'(0) = 0 and solving for Y(s) yields 

s 2 -6s + U 
[ ) (a -2)3 ' 

which can be written in the equivalent form 

>-(»)= 6 21 



(s-2) 3 (s-2) 2 a-2' 
Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 3t 2 e 2t - 2te 2t + e 2t = e 2t (l - 2t + 3t 2 ). 

47. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 Y(s) - sy(0) - y'(0) + 2[sY(s) - y(0)] + Y(s) = 

s + 1 

Imposing the initial conditions y(0) = 2, y'(0) = 1 and solving for Y(s) yields 

Y(s) = . \. 9 (-?— + 2s + 5], 
(s + 1) 2 \s + l J' 

which can be written in the equivalent form 

r(s) = ^^ + ^^ + — 

1 ; (a + 1)3 (s+1) 2 s + 1' 
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Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = t 2 e- 1 + 3ie _ * + 2e _ * = e"*(2 + 3t + f 2 ). 

48. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 



s 2 Y(s) - sy(0) - ?/(0) - AY {a) 



2 



Imposing the initial conditions y(0) = 0, y'(0) = 0 and solving for Y(s) yields 

2 

F(s) = (s-l) 2 (s 2 +4)' 
which can be written in the equivalent form 

Y(s) = - J 2 4 1 

y > 2(8-2) 3(s-l) 2 9(s-l) 18(« + 2)" 

Taking the inverse Laplace transform of both sides of this equation gives 

y{t ) = \e 2t - 2 -te l - L* - -U" 2 ' = \e 2t - -V 2t - ^(2 + 3t). 
tfW 2 3 9 18 2 18 9 v ; 

49. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 Y(s) - ay(0) - ?/(0) + 3[sY(s) - y(0)] + 2Y(s) = -^-^ . 

Imposing the initial conditions y(0) = 0, y'(0) = 1 and solving for Y(s) yields 

Y(s) = 52 - 4s + 16 

K) (s-2) 2 (s + l)( S + 2)' 

which can be written in the equivalent form 

17 7 7 



Y(a) 



(s-2) 2 12(s-2) 3(s+l) 4(s + 2)' 
Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = te 2t - l 2 e 2 > + 7 -e-* \e~* = \e~* \e~ 2i + ^e 2 *(12t - 7). 

50. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 Y(s) ay(0) y'(0) + Y(s) = jj^. 
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Imposing the initial conditions y(0) = 2, y'(0) = 0 and solving for Y(s) yields 

Y( S ) = 5 + ^L_ 

1 ; (s + 3) 2 (s 2 + l) s 2 + l' 

which can be written in the equivalent form 

1 3 4 -3s 2s 

{S > ~ 2(s + 3) 2 + 10(s + 3) + 10(s 2 + 1) a 2 + 1 ' 

Taking the inverse Laplace transform of both sides of this equation gives 

1 3 17 2 17 2 1 

V(t) = o te_3 * + T7i e + TR cost + F sint = T7;Cosi+ -sint+ — e- 3 *(3 + 5i). 
I 11) 11) 5 11) 5 11) 

51. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 Y(s) sy(0) 2/(0) - Y(s) = (fl _^ 2 + 4 - 
Imposing the initial conditions y(0) = 2, y'(0) = —2 and solving for Y(s) yields 

n.) 



(s+l)(s-l)(s 2 -2s + 5) s+1' 
which can be written in the equivalent form 

W ~ s-l a + l (s-l) 2 +4 (s-l) 2 +4 
Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = 2e* + e~* - e* (cos 2t + sin 2t) . 

52. We apply the Laplace transform to both sides of the differential equation and use the rule for the 
transform of the derivatives to obtain 

s 2 F(s) S y(0) */(0) + 2[aY(s) y(0)} - 3Y(a) = y 

Imposing the initial conditions y(0) = 1, y'(0) = 0 and solving for Y(s) yields 

Y(s)= 26 ( g - 2 ) | s + 2 

K ) (s- l)(s + 3)(s 2 - 4s + 5) + (a - l)(s + 3) ' 

which can be written in the equivalent form 

5 3 2s -4 3 

(S > ~ 2(s - 1) + 2(a + 3) + (s - 2) 2 + 1 + (s - 2) 2 + 1 

Taking the inverse Laplace transform of both sides of this equation gives 

y(t) = -^e* + ^e" 3 * + 2e 2t cost + 3e 2t sin t = ^e" 3t - ^e* + e 2t (2cosi + 3sini). 
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53. Taking the Laplace transform of each differential equation and using the given initial conditions yields: 

sX^s) - 1 = 2X 1 (s) - X 2 {s), sX 2 {s) = X^s) + 2X 2 {s), 

or equivalently, 

(2 - s)X 1 (s) - X 2 {s) = -1, Xi(s) + (2 - s)X 2 {s) = 0. 
Solving this algebraic system of equations we obtain: 



Xi(s) = 



s-2 



s-2 



X 2 (s) = 



Consequently, 



s 2 -4s + 5 (s- 2) 2 + l' zy ' (s- 2) 2 + l' 
x\{t) — e 2t cost, x 2 {t) = e 2t sini. 



54. Taking the Laplace transform of each differential equation and using the given initial conditions yields: 
sX^s) + 1 = 3Xi(s) + 2X 2 {s), sX 2 (s) - 1 = -Xi(s) + 4X 2 (s), 

or equivalently, 

(s + 3)X 1 (s) + 2X 2 (s) = 2, -2Xi (a) + (s - l)X 2 (s) = 1. 
Solving this algebraic system of equations using Cramer's rule we obtain: 



Xi(a) 



1 -2 
1 s -4 

s -~3 ^2 
1 s-4 

(-I) 



6-s 



6-s 



+ 



,s2- 7s +14 (s-|) 2 + | 

(1) 



(-1) +1 



s-3 -1 
1 1 s-2 s-2 



s-3 -2 
1 s-4 



(-1) 



+ 



(!) 



(*-!) + 1 (-ir+i 

(s-l) 3 (£) 



+ 



Taking the inverse Laplace transform of Xi(s) and X 2 (s) yields, respectively, 



x\{t) = -e 2 *cos 



t ) + -^e^sm —t 



x 2 (t) = e 2 cos —t 



■2 r Vf 

3 



77 



sm —t 
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Solutions to Section 8.6 



True- False Review: 

1. FALSE. The given function is not well-defined at t = a. The unit step function is 0 for 0 < t < a, not 



2. FALSE. As Figure 8.6.2 shows, the value of u a (t) - u b (t) at t — b is 0, not 1. 

3. FALSE. For values of t with a < t < b, we have u a (t) = 1 and Ub(t) — 0, so the given inequality does 
not hold for such t. 

4. FALSE. The given function is precisely the one sketched in Figure 8.6.2, which is u a (t) — Ub(t), not 
Ub{t) - u a (t). 

Problems: 

( 0, if 0 < t < 1, 

1. f(t) =2u 1 (t)-4u 3 (t) = I 2, if 1<*<3, 

[ -2, if 3 < t. 



0<t<a. 



w 



3 



2 - 



-O 



1 - 



2 



3 



4 



-1 - 



-2 - 



Figure 136: Figure for Problem 1 




3 - 



2 - 




2 



3 



Figure 137: Figure for Problem 2 
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~ r 

1 2 3 



Figure 138: Figure for Problem 3 



4. f{t) = Ui(t) + U 2 (t) + U 3 (t) + U4(*) = < 



f 0, if 0 < t < 1, 

1, if 1 < t < 2, 

2, if 2 < i < 3, 

3, if 3 < t < 4, 

4, if 4 < i. 



-9 1 1 1 * ' 

12 3 4 

Figure 139: Figure for Problem 4 
5. Let [t] represent the greatest integer equal to or less than the real number t. Extending Problem 4, 

oo 

/(*) = ^2ui(t) = [t], i-l<t<i where i e {1,2,3, ...}. 

i=l 



t 1 1 1 r 

1 2 3 4 5 



Figure 140: Figure for Problem 5 
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6- /(*) = ££i(-i) ,+1 «i(*) = 



0, i-l< t <i when i is odd, 

1, i-l< t <i when i is even. 



-9 f <p — t 9— •» ' 

1 2 3 4 5 

Figure 141: Figure for Problem 6 

7. /(*) = [3 - 3ui(t)] + (-l)ui(t) =► /(*) = 3 - 4ui(t). 



"i i i r 

12 3 4 



Figure 142: Figure for Problem 7 



8. /(t) = [t 2 - tV(t)] + Ul (t) =► f(t) = t 2 + (l - ; 2 K(t). 



t i r 

2 3 



Figure 143: Figure for Problem 8 
9. f(t) = [2 - 2u 2 (t)} + [u 2 (t) - u 4 {t)] - u 4 (t) = 2- u 2 (t) - 2u 4 (t). 
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"i i i r 

12 3 4 



Figure 144: Figure for Problem 9 



10. f(t) = [2 - 2 Ul (t)] + 2e t - 1 u 1 (t) = 2[1 + (e*- 1 - l)iti(i)]. 



n r 

1 2 



Figure 145: Figure for Problem 10 



11. /(t) = [t - iu 3 (t)] + [(6 - t)u 3 (t) - (6 - t)ue(t)] = * + 2(3 - t)« 3 (t) - (6 - t)u 6 (t). 




Figure 146: Figure for Problem 11 

12. f(t) = [(3 - t)u 2 {t) - (3 - t)«4(t)] + (-1)«4(*) - (3 - t)u 2 {t) + {t- 4)u 4 (t). 
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Figure 147: Figure for Problem 12 



13. 



/(*) = [1 - u 7r/2(t)} +sint- u 7r/2 (t) -sint ■ u 3v/2 (t) + (-l)u 37r/2 (*) 
= 1 + (sint - l)u v / 2 (t) - (sini + l)u 3v / 2 (t). 



Ml 



~i r — i r- 

n/2 n\ 3n/2 2n 



Figure 148: Figure for Problem 13 



14 - f(t) = smt[u 0 (t) - u v (t)[+ sin t[u 2n (t) - u 37r ] H => f(t) = sini^ [u 2i7T (t) - u (2l+1)7T {t)]. 



i=0 



^ n n 



n 2n 3n 4n 5n 



Figure 149: Figure for Problem 14 



Solutions to Section 8.7 

True- False Review: 

1. FALSE. According to Equation (8.7.2), the inverse Laplace transform of e as F(s) is U- a (t)f(t + a). Note 
that this requires a < 0. 

2. TRUE. This is Corollary 8.7.2. 

3. TRUE. This is an immediate consequence of the Second Shifting Theorem. 

4. FALSE. According to the Second Shifting Theorem, we have 

se~ 2s 

L[u2(t)cos4(t-2)] = -J— -, 
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not 

L[u 2 (t) cos4f] = 



s 2 + 16 

5. FALSE. Wc have 

LM*)e<] - i[ U3 (t)e (t+3) - 3 ] = e- 3s L[e t+3 } = e^e 3 -^ 

6. TRUE. This is an immediate consequence of the Second Shifting Theorem. 

7. FALSE. The correct formula is 

1 

u 2 (t). 



e 3s (s~l)' 



Problems: 

1. Letting g(t) = t, we have L[f{t)] = L[(t - l)ui(t)] = L[t*i (t)s(t - 1)] = e- s L[g(t)} = e - s L[t] = E —. 

2. Letting g(t) = e 3t , wc have L[f(t)\ = L[u 2 {t)g{t - 2)] = e- 2s L[g(t)\ = e - 2s L[e 3t ] = 

s o 

-7TS/4 

3. Letting g(t) = sini, wc have L[f(t)] = L[u„ /4 {t)g{t - tt/4)] = e- 7 ™/ 4 !^^)] = e-^/^sint] = — -. 

4. Letting g(t) — cost, we have 

L[f(t)} = L[u v (t)g(t)] 
= L[u Tr (t) cost] 
= L[— u n (t) cos (t — 7r)] 
= -e _,rs L[cosi] 



s 2 + l 



2e" 2s 

5. Letting fl (t) = t 2 , we have L[/(t)] = L[u 2 (t)g(t - 2)] = e - 2;s L[.9(t)] = e- 2s L[t 2 } = —g-. 

6. We have /(f) = £^3(4) = (i — 3)u3(i) + 3u3(t), and therefore, 

L[/(t)] - L[(t - 3)u 3 (t)] + 3L[u 3 (t)] 

= e- 3s L[i]+3L[u 3 (*)] 
e~ 3s 3e~ 3s 
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7. Letting g(t) — (t + l) 2 , wc have 

L[f(t)]=L[u 2 (t)g(t-2)} 



e- 2s L[g(t)} 
e- 2s L[(t+l) 2 } 
e - 2s L[t 2 + 2t + 1] 

\s 3 s 2 s 

2 + 2s + s 2 _ 2s 
n e . 



8. Letting g{t) = e*t 3 , we have 



L[f(t)] = L[u 4 (t)e t -\t-4) 3 ] 
= L[u 4 {t)g{t - 4)] 



-4.s 



L[g(t)] 

-is 6 



(s-1) 



4 ' 



9. Letting g(t) — e 2t sin 3i, we have 



L[f(t)] = L[ Ul {t)e- 2 ^ sin [3(t- 
= L[ui(t) fl (t-l)] 

= e^Lfe" 2 ' sin3t] 
3 



(s + 2) 2 + 9' 



10. Letting g(t) = e at cos 6i, we have 



L[f(t)} = L[u c (t)e a{t ~ c) cos [b(t- 
= L[u c (t)g(t - c)] 

= e- cs L[e at cos fa] 
s - a 



= e 



(s - a) 2 + 6 2 ■ 



11. L- 1 [F{s)] = L- 1 

12. L _1 [F(s)] = 



s + 1 



= L- 1 [e- 2s L[t}} =«2(t)(t-2). 
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13. L- 1 [F{s)] = L- 1 

14. L'^Fis)] = L- 1 

15. L- 1 [F(s)} = L- 1 

16. L-^Fis)} = L- 1 
17. 



e -3s 

s + 4 

se" s 
s 2 +4 

.s 2 + l 

e- 2s 
s + 2 



= J L- 1 [e- s i[cos2t]] = ui(i)cos [2(i-l)]. 
= L-^e-t'Llsmt]] = u 3 (t) sin (t - 3). 
= L-^e-^Lle" 2 *]] = u 2 (i) e - 2 (*- 2 ). 



L" 1 [F( S )] = L- 1 



L" 1 



(«+!)(* -4) 



1 



V s - 4 s + 1 
L-^e-'Lfe 4 *] -e-'L[e- 



Ul(t)[. 



,4(t-i) _ p -(t- 



18. 



L- 1 [F(s)] = L- 1 



L- 1 



-2s 



s 2 + 2s + 2 
1 



(s + l) 2 + l 

L- x [e- 2s L[e- 1 smi\] 
u 2 {t)e- {t - 2) sin (i-2) 



19. 



L- 1 [F(s)] = L- 1 
= L- 1 



e- s (s + 6) 



se s 6e s 
s 2 + 9 + s 2 + 9 



= L" 1 [e _s L[cos3i] +2e" s L[sin3i]] 
= m(f) [cos3(t - 1) + 2sin3(t - 1)] . 



20. L~ 1 [F(s)] = L- 1 

21. L" 1 ^)] =i" 1 



-5s 



s 2 + 16 



(5-3)3 



= ii- 1 [e- 5s L[sin4i]] = isin[4(i-5)]u 5 (t). 



= ^L-^e-^Lle 3 ** 2 ]] - ^u 2 (t)e 3 <'- 2 >(i - 2) 2 



L-i[F(s)] = L-i 
= L- X 
= L- X 
= L- X 
= L- X 



-4s 



-4s 



(s + 3) ' 
6s + 13 

(« + 3) 1 
(s-3) 2 +4_ 

e- 4s ([g-3]+6)" 

(s-3) 2 +4 
e- 4;i (.s-3) 
(s-3) 2 +4 
e- 4s (s-3) 



+ 3e 



-4s 



(s-3) 2 + 4_ 



(s -3) 2 +4 



(s-3) 2 +4 



= L-\e- 4s L[e^ cos2i]] + L- 1 ^ 48 L[e 3t sm2t]] 

= ui(t) (e 3 ^- 4 ' cos [2(t - 4)] + 3e 3( *~ 4) sin [2(t - 4)]) 

= u 4 (i)e 3(t " 4) (cos [2(i - 4)] + 3sin [2(t - 4)]) . 



L~ 1 [F(8)]=L- 1 
= L~ X 
= L~ X 
= 2L~ 



e~ s {2s - 1)' 
s 2 + 4s + 5_ 
e- s (2s- 1) 
(s + 2) 2 + l 
2e- s (s + 2) 5e- s 
(s + 2)2 + 1 ~ ( a + 2)2 + 1 
e" s (s + 2) 



(s + 2)2 + 1 



5L" 1 



(s + 2)2 + 1 



= 27r 1 [e+ s L[e-2 t C ost]] - 5L" 1 [e- s L[e- 2 * sin t}} 
= Ul (t) (2e- 2( *- 1} cos (t - 1) - Se- 2 ^ 1 ' sin (t - 1)) 

= ui^e" 2 ^" 15 ^2 cos (t - 1) - 5 sin (i - 1)^ . 



L- 4 [F( S ) 



L" 1 

L- 1 
L- 1 



2e 



-2s 



(s-l)(s 2 + l) 

~ (*+l) 



-2s 



-2s 



-2s 



-2s 



L[cost] 



-2s 



L[sint]] 



"2(*) e*" 2 _ C os (i - 2) - sin (i - 2) . 
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25. 



L-'[F(s)]=L-i 
= L~ l 



50e 



-3s 



( S +l)2( s 2 +4 ) 



-3s 



10 



4s + 6 



s + 1 



= L _1 [e~ 3s (10Z/[e~*£] + 4L[e~*] - 4L[cos2i] - 3L[sin2i])] 

= u 3 (t) |l0e" (t " 3) (t - 3) + Ae- {t - z) - 4 cos [2(t - 3)] - 3 sin [2(t - 3)]| 

= u 3 (*) |2e- ( *- 3) (5t - 13) - 4 cos [2{t - 3)] - 3 sin [2(t - 3)]| . 

26. Applying the Laplace transform to both sides of the differential equation y' + 2y = 2«i(f), we have 

2e~ s 

sY(s) — y(0) + 2y(s) = . Solving for y(s) and substituting the initial values, we have 



Y(s) 



2e 



1 



Y(s) 



1 



s + 2 s + 2 



s(s + 2) s + 2 
Taking the inverse Laplace transform, we conclude that 

y(t) = L-^e-'Lll]] - L-\e~' L^T^] + L _1 [-L[e~ 2t ] 



= « 1 (i)-e- 2 (*- 1 )wi(i) + l 
- Ul (t)(l-e- 2 ( t - 1 ))+ e - 2 *. 



-2t 



27. Applying the Laplace transform to both sides of the differential equation y' — 2y = U2(t)e t 2 , we have 



sY(s) - 2/(0) - 2Y(s) 



-2s 



S-l 



Solving for Y(s) and substituting the initial values, we have 



Y(s) = 



-2s 



Y(s) = e 



-2s 



s-2 s-l 



(s-l)(s-2) s-2 
Taking the inverse Laplace transform, we conclude that 

y{t) = L-'[Y{ S )] 

= L-^e-^Lfe 2 *]] - L-\e~ 2s L^]} + 2e 2t 



1 \ 2 

+ 



s-2 



2e M -u 2 (t)[e 



t-1 _ 2(t-2 



28. Applying the Laplace transform to both sides of the differential equation y' — y = 4u 7r/ / 4 (t) cos (t — 7r/4), 

. Solving for Y(s) and substituting the initial values, we have 



we have sY(s) - y(0) - Y(s) = 4 . 

s z + 1 



y(s) = 4- 



+ 



y(a) = 4e 



-tts/4 



S - 1 



2(s-l) 2(s 2 + l) 



(s 2 + l)(s - 1) s-l 
Taking the inverse Laplace transform, we conclude that 

y{t) = [2e t ~' K/i - 2 cos (t - tt/4) + 2 sin (i - 7r/4)K /4 (i) + e* 
= e* + 2[e t ~ 7r/4 - cos (i - tt/4) + sin (i - 7 r/4)]u 7r/4 (i). 



+ 



s - 1 
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29. Applying the Laplace transform to both sides of the differential equation y' + 2y = u ff (t) sin 2t, we have 

sY{s) - y(0) + 2Y(s) = L[u^{t) sin [2(t - n)]]. 

Solving for Y(s) and substituting the initial values, we have 

3 2e" 7rs ,. :-! 

sT2 + (s 2 + 4)(s + 2) 

Therefore, taking the inverse Laplace transform, we conclude that 



Y(a)(a+2) = 3+ 



26"™ 
s 2 + 4 



1 s-2 
4(s + 2) ~ 4(s 2 +4) 



y(t) = 3e- 2t + 



e -2(t-7r) 1 1 

^- - s coB(2[t-7r]) + s siii(2[t-7r]) 



= 3e~ 2t + -u*(t) 



e -2(t-n) _ cos 2i + sin2i 



30. We have f(t) — 1 — u\(t), and taking the Laplace transform of both sides of the differential equation 

1 e~ s 

y' + 3y = 1 — Ui(t), we have sY(s) — y(0) + 3F(s) = . Solving for Y(s) and substituting the initial 

values, we have 



Y(a) 



1 



1 



s(s + 3) s(s + 3) s + 3 3s 3(s + 3) 3s 3(s + 3) ' 
Taking the inverse Laplace transform, we conclude that 

y(t) = \(l + 2e-^)-\u 1 (t) [l-e-^-V] 



31. We have f(t) = sint+(l — sint)u 7r / 2 (t) = sin f + (t) — u v /2(t) cos (t — n/2). Thus, taking the Laplace 
transform of each of the differential equation y' — 3y = sint + u v /2(t) — u v / 2 (t) cos (t — 7r/2), we obtain 



sY(s) 2/(0) - 3Y(a) = -^j + 



e -irs/2 se -irs/2 



s 2 + l 



Solving for Y(s) and substituting the initial values, we have 

1 



Y(s) 



(s 2 + l)(s-3) s(s-3) 30(s-3) 
Taking the inverse Laplace transform, we conclude that 



g-TTs/2 Se -W2 e -T*/2 g-7r S /2( 3s _ ^ 



3s 



10(s 2 + l) 



/ \ 21 



.-it 



-£0 



10 



21e 3 * -cosi-3sint + 



cost 



10 



sint + 



^ Ht ^ /2) I + ^ cos (* - */2) - ^ sin (* - 



e 3(t-n/2) — 10 + 9 sin t + 3 cos t 



U*/2(*) j 



32. Taking the Laplace transform of both sides of the differential equation y'—3y = lOe (' a ) sin (2[t — a])u a {t) 
and substituting the initial values, we obtain 



sY(s) - j/(0) - 3Y(s) = 10e _as Z,[e-' sin2t] => sF(s) - 5 - 3F(s) = lOe" 



(s+l) 2 +4' 
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Solving for Y(s), we have 



Y(a) = e 



1 



s + 5 



+ 



s-3 s 2 + 2s + 5j ' s-3' 
Taking the inverse Laplace transform, we obtain 



y(t) = e 3 ^u a (t) - L- 1 



q 4- 1 1 
' (s + l) 2 +4 + (s+l) 2 +4 



+ 5e : 



3t 



= e 3it - a \i a (t) - e- {t ~ a > cos2(i - a)u a (t) - sin2(i - a)u a (t) + 5e 3t 

= 5e 3t + u a (t) { e 3 (*" a ) - e -(*~ a ) [cos 2(t - a) + 2 sin 2(t - a)] } . 



33. Taking the Laplace transform of both sides of the differential equation y" — y = u\(t), we obtain 
s 2 Y(s) — sy(0) — y'(0) — Y(s) = . Solving for Y(s) and substituting the initial values, we have 



Y(s) = e- S I +^ = e -< 
s(s z — 1) s £ — 1 

Taking the inverse Laplace transform, we obtain 



1 1 1 

2(s- 1) + 2(7+1) ~ s 



1 1 

7 + 7- 

S + 1 S - 1 



y(t) 



-t+i 



- 1 ui(t) +e"* + e* = mi (t) [cosh (f - 1) - 1] +2 cosh t. 



34. Taking the Laplace transform of both sides of the differential equation y" — y' — 2y = 1 — 3u2(i), we 

1 3e~ 2s 

obtain s 2 F(s) - sy(0) - y'(0) - [sY(s) - 2/(0)1 - 2Y(s) = . Solving for Y(s) and substituting the 

s s 

initial values, we have 



Y(s) = 



3e- 2s s-3 
+ 



s(s+l)(s-2) s(s+l)(s-2) (s+l)(s-2) 
1 1 5 



+ 



3e -2s e -2s e -2s 



2s 6(s-2) 3(s + l) 2s 2(s - 2) s+1' 
Taking the inverse Laplace transform, we obtain 



y(t) 



1 5 

2 + 3 



e -t _ I e 2t + «?(*) [3 _ e 2(t-2) _ 2e -( t -2) L 



35 . Taking the Laplace transform of both sides of the differential equation y" — Ay = ui (t) — U2 (i) , we obtain 

o-s e -2s 

. Solving for Y(s) and substituting the initial values, we have 



s 2 Y(s) - sy(0) - y'(0) - 4Y(s) = 



4 e 



-2s 



s 2 - 4 s(s 2 - 4) s(s 2 - 4) 
1 



s - 2 s + 2 



1 



1 



s 2(s-2) 2(s + 2) 



1 



1 



1 



s 2(s-2) 2(s + 2) 
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Taking the inverse Laplace transform, we obtain 

y(t) = e 2t - e- 2t - \ Ul (t) + ^"VW + ^-^"VW + \u 2 (t) \e 2 ^u 2 (t) V 2 ^ 2 )^) 
= 2sinh2t + i«i(i)[cosh2(i - 1) - 1] - -u 2 {t)[cos\\2{t - 2) - 1]. 



36. Taking the Laplace transform of both sides of the differential equation y" + y = t — ui(t)(t — 1), we 

1 e~ s 

obtain s 2 Y(s) — sy(0) — y'(0) + Y(s) = Solving for Y(s) and substituting the initial values, we 

have 

M 1 2s +1 1 

[S) s 2 (s 2 + 1) s 2 + 1 6 s 2 (s 2 + 1) 

1 2s e- s e- s 

s 2 s 2 + 1 s 2 s 2 + 1 



Taking the inverse Laplace transform, we obtain 



y(t) = t + 2 cost - (t - l)ui(t) + sm(t - l)ui(i) 
= < + 2cost - - 1 - sin (t - 1)]. 



37. Taking the Laplace transform of both sides of the differential equation j/"+3y'+2y = 10u 7r / 4 (i) sin (t — 7r/4), 

we obtain s 2 F(s) - sy(0) - y'(0) + 3[sF(s) - y(0)] + 2Y(s) = — . Solving for Y(s) and substituting 

s z + 1 

the initial values, we have 



r(s) = ^±^ + 



10e -W4 



+ 



10e -W4 



s 2 + 3s + 2 (s 2 + l)(s 2 + 3s + 2) s+1 s + 2 (s 2 + l)(s 2 + 3s + 2) ' 
Taking the inverse Laplace transform, we obtain 

y(t) = 2e _ * - e~ 2 * + 5e" (t " 7r/4) M 7r/4 (t) - 2e" 2(t " 7r/4) u 7r/4 (t) + sin (t - -k / A)u)-k / A{t) - 3 cos (t - Ti/A)u^ /A {t) 



2e~ 



e 2t + u„ /4 (t) 



5e -(t--/4) _ 2e -2(t-n/4) _ 3 cog (t _ ^/ 4 ) + gin ( t _ 



38. Taking the Laplace transform of both sides of the differential equation y" + y' — 6y = 30Mi(t)e _ (* _1 \ 
we obtain s 2 Y(s) — sy(0) — y'(0) + sY(s) — y(0) — 6Y(s) = — . Solving for Y(s) and substituting the 



s + 1 



30e- 



initial values, we have 
, , _ 3s - 1 

^ ~~ (s + 3)(s-2) + (s+ l)(s + 3)(s -2)~s-2's + 3 
Taking the inverse Laplace transform, we obtain 



1 2 

+ t: + e" 



5 3 
+ 



s - 2 s+1 s + 3 



y(t) = 2e- M + e 2t + Ul (t) 



753 



39. Taking the Laplace transform of both sides of the differential equation y" + Ay' + by — 5u 3 (t), we obtain 

5 e -3s 

s 2 Y(s)-sy(Q)-y'(0) + 4[sY(s)-y(0)] + 5Y(s) = . Solving for Y(s) and substituting the initial values, 

we have 



Y(s) 



9 + 2s 



5e 



-3s 



2s + 4 



-+e" 



-3s 



s + 2 



s (s + 2) 2 + l (s + 2) 2 + l 



s 2 + 4s + 5 s(s 2 + 4s + 5) (s + 2) 2 + 1 (s + 2) 2 + 1 
Therefore, taking the inverse Laplace transform, we obtain 

y(t) = 2e- 2t cost + 5e- 2t sini + L- 1 ^ 3 L[l]] - L- 1 ^ 8 L[e~ 2t cost]] - 2L- 1 [ e - 3s L[ e - 2t ant]] 



e- 2t (2 cos t + 5 sin t) +u 3 (t) \ l - e- 2{t - 3 1 



cos (t - 3) - 2 sin (t - 3) 



}■ 



40. Taking the Laplace transform of both sides of the differential equation 

y" -2y' + 5y = 2 sin t + U7r/2 (t) [1 - sin (t - tt/2)] , 

we obtain 



s 2 Y( S ) - sy(0) - 2/(0) - 2[sY(s) - y(0)] + 5F(s) = 
Solving for Y(s) and substituting the initial values, we have 



S 2 + l 



+ 



e -7rs/2 e -7rs/2 



S 2 + l 



Y(s) = 



-irs/2 



(s 2 + l)(s 2 -2s + 5) |_s(s 2 -2s + 5) (s 2 + l)(s 2 - 2s + 5) 

s 2 s - 1 1 

5(s 2 + 1) + 5(s 2 + l) ~ 5[(s-l) 2 + 4] ~ 5[(s-l) 2 + 4] 

1 s- 1 1 



s/2 



+ 



+ 1)}' 



5s 5[(s-l) 2 + 4] 5[(s-l) 2 +4] 10(s 2 + l) 5(s 2 
Therefore, taking the inverse Laplace transform, we obtain 

y (t) = \ (cos t + 2 sin t - e* cos 2t - e* sin 2i) 
5 

+ ^u v/2 {t) |2-2e t -' r/2 cos [2(i-7r/2)] + e*- 7r/2 sin [2(i - tt/2)] - cos (i - tt/2) - 2 sin (t - tt/2) j 

= I |cosi + 2sini- e*(cos 2t + sin 2t)l + ^-u n/2 (t) [2 - sint + 2 cost + e*~ Tr/2 (2cos2i - sin2i) 
5 10 . 



41. We have 



/(*) = 



0, if 0 < t < 1, 

i-1, if 1 < t < 2, 

3 - t, if 2 < t < 3, 

0, if 3 < t. 



Thus, 



/(t) = [(t - l)«i(t) - (t - l)ua(t)] + [(3 - t)«2(*) - (3 - t)u 3 (t)] 
= ui(t)(t - 1) - 2«2(t)(t - 2) + u 3 (t)(i - 3). 
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Taking the Laplace transform of both sides of the differential equation 

y' + y = ui(t)(t - 1) - 2u 2 {t){t - 2) + u 3 (t)(t - 3), 



we obtain sF(s) — y(0) + Y(s) 
we obtain 



s 2e~ 2s o-3s 



H j— . Solving for F(s) and substituting the initial values, 



Y(s) = + (e" s - 2e- 2s + e" 35 ) - 1 



+ (e" s - 2e~ Zs + e- is ) 



1 1 1 

s z s s + 1 



s+1 ' v ' s 2 (s + l) s + 1 

Taking the inverse Laplace transform, we have 

y(t) = 2e- 1 + [(t - 1) - 1 + e-**- 1 )]^*) - 2[(t - 2) - 1 + e^*" 2 )]^*) + [(t - 3) - 1 + e -^]u 3 (t) 
= 2e- 1 + Ul {t)[e-^ +t-2\- 2u 2 (t)[ e -^ + t - 3] + M 3 (i)[e- ( *- 3) + t - 4]. 



42. We have /(t) - | 1 J jj ^j Ni ' Thus, /(t) = (1 - t) - (1 - t)ui(t) = 1 - t + «i (t)(i - 1). 
Taking the Laplace transform of both sides of the differential equation y' + 2y = l — t+ U\{t){t — 1), we get 

s-1 e- s 



- 1, if 0 < t < 1, 
0, if 1 < t. 



sY(s)-y(0)+2Y(s) 
Solving for Y(s) and substituting the initial values, we obtain 

Y(s) 



s 2 s 2 



1 



2s 2 4s 4(s + 2) 
Therefore, taking the inverse Laplace transform, we find 



1 1 1 

2s 2 ~ 4s + 4(s + 2) 



y(t) 



3 - 3e~ 2t - 2i + ui(t)(e _2( * _1) + 2i - 3) 



43. We have 

/(t) = (t-tui(*)) + «i(*)e~ ( ' _1) 
= t+(e-< t - 1 ) -t)«i(t) 
= t + e-V-^mit) - (t - l)ui(t) - ui(t). 
Taking the Laplace transform of both sides of the differential equation 

y'-y = t + e-('- - (t - l)«i(t) - m(t) 

yields 

1 e~ s e~ s e~ s 

sY(s) 2 Y(a) = 4 + ^T-V-— • 
s z s+1 s 2 s 

Solving for Y(s) and substituting the initial values, we obtain 



Y(s) = 



s-1 s 2 (s - 1) 
3 1 1 



s-1 



(s + l)(s-l) s 2 (s-l) s-1 
3 111 



2(s-l) 2(s + l) s 2 
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Taking the inverse Laplace transform, we obtain 

y(t) =3e*-t-l- \utit) 



3e t_1 + e~ ( *~ 1) -2-2t 



44. We have 



/(*) = 



t, if 0 < t < 1, 

1, if 1 < t < 2, 

3 - i, if 2 < i < 3, 

0, if t > 3. 



Thus, 

f(t) = (t - t«i(t)) + (ui(i) - U2(t)) + (3 - i)u 2 (t) - (3 - t)u 3 (i) 
= i + (1 - t)ui(t) + (2 - t)u 2 (t) + (t - 3)u 3 (t). 
Taking the Laplace transform of both sides of the differential equation 

y' - 2y = t + (1 - t)ui(t) + (2 - t)u 2 (i) + (t - 3)u 3 (t), 

we obtain 

sY(s) - y(0) 2Y(s) = ^~- 
Solving for Y(s) and substituting the initial values, we have 

^ = ^-( e " S + e " 2S - e " 3S )^2) 



£ -2s e -3s 



1 1 1 

+ 



2s 2 As 4(s - 2) 
Taking the inverse Laplace transform, we find 



(e- s + e-^- e - JS ) 



1 1 1 

'2s 1 ~ As + A{s - 2) 



i _ 1 e 2 * 
'2 4 + 4 



t-1 _ 1 e 2 ^- 1 ) 
2 4 + 4 



«i(t) 



+ 



t-2 _ 1 e 2 W 

"~2 4 + 4~ 
t-3 _ 1 e 2 (*- 3 ) 
~2 4 + 4 



«2(*) 
«3(*) 



e 2t - 1 - 2t - Ul {t){e 2{t -V - 2t + 1) - ^(^(e 2 ^ 1 ) - 2i + 3) + u 3 {t){e 2 ^ - 2t + 5) 



45. We have /(*) = 



2, if 0 < t < 1, 



Thus, /(i) = 2 - 3tti(t). 



-1, if 1 < t. 

(a) Taking the Laplace transform of the differential equation y' — y = 2 — 3«i (t) , we get 

sY(s)-y(Q)-Y(s)= 2 -—. 



Solving for Y(s) and substituting the initial values, we have 
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Taking the inverse Laplace transform, we obtain 

y(t) = 3e*- 2 + 3(1 - e*" 1 )?^). 



(b) In order to use the techniques of Chapter 1 we must solve the differential equation on the interval [0, 1) 
and [l,oo) separately. 

On [0, 1) we must solve y' — y = 2, where y(0) = 1. An integrating factor is I(t) = e _t so 

j t (e- t y) = 2e- t ^y(t) = -2 + c 1 e t . 

Substituting y(0) = 1, we have ci = 3. Thus, y(t) — 3e* — 2 on [0, 1). 

Now consider y' — y = — 1 on [1, oo). Again, an integrating factor is I{t) = e~* . Thus, 

d 



dt 



(e^y) = -e-' y(t) = 1 + ce* 



on [l,oo). If the solutions arc continuous at t = 1, then limy(t) = y(l). From = 3e* — 2 on [0,1), we 
have that y(l) = 3e — 2 whereas from y(t) = 1 + ce* on [1, oo), we have lim y(t) = 1 =4> 1 + ce = 3e — 2 =>• 
c = 3 - 3e _1 so from y(t) = 1 + ce*, we obtain y(t) = 1 + 3e* — 3e* _1 on [1, oo). Thus 

3e* - 2, if 0 < f < 1, 



y(t) 



l + Zet-Ze*- 1 , if l<i 



46. We have 



2t, if 0 < i < 5, 
10, if 5 < t. 



Thus, 



E(t) = 2t- 2tu 5 (t) + Wu 5 (t) =2t- 2u 5 (t)(t - 5). 
Substituting this into the given differential equation, we have 



di R. l 
dt + L l ~L 



2t - 2u 5 (t)(t - 5) 



Taking the Laplace transform of both sides and substituting the initial values, we have 



sl(a) - 0 + *I(s) = ^L[t] - ^L[u 5 (t)(t - 5)]. 



Solving for I(s), we have 

m = 2 1 



-5s 



Ls 2 (s + R/L) Ls 2 {s + R/L) 



2 
L 



LI L 2 1 L 2 

+ 



-5s 



Rs 2 R 2 s R 2 (s + R/L) 
1 2e 



L 



LI 1? 1 L 2 

+ 



Rs 2 R 2 s R 2 (s + R/L) 



2 1 2L 1 2L 



-5s 



1 LI L 



s 2 Rs R(s + R/L) 
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Taking the inverse Laplace transform, we obtain 



i(t) 



2L 2L 



R R 2 R 2 



-m/L _ 



R 



u 5 (t) 



t-5- 



L L 
R + R ( 



-R(t-5)/L 



= l t+2 i 2 ^ Rt ' L - l) - u ^ t) 

= g{t)-u 5 {t)g{t-5), 



^-5) + ^(^ (t - 5)/i -l) 



2 2L 

where g(t) = -t + ( e - Rt / L - 1). 



47. We have E(t) = 



20, if 0 < t < 10, 



Thus, 



20e"(*- 10 ), if 10 <t. 

E(t) = 20(1 - uio(t)) + 20ui 0 (t)e- (t - 10) . 
Substituting this into the given differential equation, we have 



dq 1 



20 



l-uioW + uioWe-**- 10 ) 



dt RC^ R 

Taking the Laplace transform of both sides and substituting the initial values, we have 



1 20 

sQ(s) + ^Q(s) = - 



1 



Solving for Q(s), we have 



Q(s) 



20 
~R 
20 
~R 



1 



s{s + a) 
1 1 



as a(s + a) 



-10s 



+ e 



1 



-10s 



1 



1 



1 



s+1 s 



(s+l)(s + a) s(s + a) 
1 



-10s 



(a— l)(s+l) (1 — a)(s + a) as a(s + a) 



where a = — — . Thus, taking the inverse Laplace transform, we have 
RO 



, , 20 
= R 



1 1 

e 

a a 



UlO( 



(t) ( — (e-(*- 10 ) - e-^*- 10 )) - 1(1 - e - at ) 



a-l 



Now, since i(t) = it follows that 

dt 



i(t) 



20 
~R 



e- at + u 10 (t) 



1 



-(ae 



-a(t-10) 



-(t-io) 



a-l 

Solutions to Section 8.8 



-at 



True-False Review: 
1. TRUE. We have 



/OO 
F{t)dt, 
-oo 
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where F(t) is the magnitude of the applied force at time t. 

2. TRUE. A unit impulse force acts instantaneously on an object and delivers a unit impulse. 

3. FALSE. The correct formula is L[S(t - a)} = e~ as . 

4. TRUE. An excellent illustration of this is given in Example 8.8.3. A spring-mass system that receives 
an instantaneous blow experiences an acceleration, which is the second derivative of the position. 

5. FALSE. The initial conditions are unrelated to the instantaneous blow. They are the pre-blow position 
and velocity of the mass, and these are not related in any way to the instantaneous blow. 

Problems: 

1. Taking the Laplace transform of both sides of the differential equation y' — 2y — 6(t — 2), we obtain 

L[y'\ - 2L[y] = L[S(t - 2)] =► sY(s) - y(0) - 2Y(s) = e~ 2s . 
Substituting the initial value, we have sY(s) — 1 — 2Y(s) = e~ 2s . Solving for Y(s), we have 

Y(s)(s 2) = 1 + e" 2s Y(s) = + f^. 

Taking the inverse Laplace transform, we conclude that y(t) = e 2t + u 2 (t)e 2 ^ 2 \ 

2. Taking the Laplace transform of both sides of the differential equation y' + Ay = 36(t — 1) and inserting 

2 1 

the initial value, we obtain sY(s) — 2 + 4Y(s) = 3e~ s . Solving for Y(s), we have Y(s) = — - + 3e~ s — - . 
Taking the inverse Laplace transform, we conclude that y(t) — 2e~ 4t + 3Mi(t)e _4 ( t_1 '. 

3. Taking the Laplace transform of both sides of the differential equation y' — by — 2e~* + 6(t — 3) and 

2 

inserting the initial value, we obtain sY(s) — 5Y(s) — h e~ 3s . Solving for Y(s), we have 

s + 1 

2 1 

Y{S) = ( a +l)( s -5) + 6_3S ^5 

1 1 - 3s 1 



3(s-5) 3(s + l) s-5' 
Taking the inverse Laplace transform, we conclude that y(t) = -(e 5 * — e~*) + M 3 (t)e 5 ( t_3 ). 

4. Taking the Laplace transform of both sides of the differential equation y" — 3y' + 2y = 6(t — 1) and 
inserting the initial values, we obtain s 2 Y(s) — s — 0 — 3(sF(s) — 1) + 2Y(s) = e~ s . Solving for Y(s), we have 

g-3 e- s 
(S > ~ s 2 - 3s + 2 + s 2 - 3s + 2 



s - 1 s-2 



1 

+ e- 



1 



s-2 s - 1 



Taking the inverse Laplace transform, we conclude that y(t) = 2e* — e 2t + «i(t)[e 2 (* 1 ^ — e* : 1 
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5. Taking the Laplace transform of both sides of the differential equation y" — Ay = S(t — 3) and inserting 
the initial values, we obtain s 2 Y(s) — Os — 1 — 4Y(s) = e _3s . Solving for Y(s), we have 



Y(a) 



-3s 



+ e 



-3s 



4(s-2) 4(s + 2) 
Taking the inverse Laplace transform, we conclude that 



4(s - 2) 4(s + 2) 



r e 2t_ e -2t 



+ «3(*) 



e 2(t-3) _ e -2(t-3) 



sinh 2t + tt 3 (i) sinh [2(t - 3)] 



6. Taking the Laplace transform of both sides of the differential equation y" + 2y' + 5y = S(t — tt/2) and 
inserting the initial values, we have s 2 Y(s) — Os — 2 + 2(sY(s) — 0) + 5Y(s) = e -71 ""/ 2 . Solving for Y(s), we 

2 e _7rs/2 

have y(s) = H — ~ — -■ Taking the inverse Laplace transform, we conclude that 

w s 2 + 2s + 5 s 2 + 2s + 5 6 1 

y(t) = e _t sin 2i + M 7r / 2 (t)e _(t_7r/2) sin [2(t - tt/2)] 
= e _ *sin2f- M 7r/2 (t)e" (t " 7r/2) sin2t. 



7. Taking the Laplace transform of both sides of the differential equation y" — Ay' + I3y = S(t — it /A) and 
inserting the initial values, we have s 2 Y(s) — 3s — 0 - A(sY(s) — 3) + 13Y(s) = e~ 7TS >' 4 . Solving for Y(s), we 
obtain 



6s — lz e ' 

(s - 2) 2 + 9 + (s - 2) 2 + 9 



= 3 



s-2 


-2 


3 


+ 


3 


_(s-2) 2 + 9_ 




_(s-2) 2 + 9_ 




_(s-2) 2 + 9_ 



Taking the inverse Laplace transform, we conclude that 

y{t) = 3e 2t cos 3t - 2e 2t sin 3t + \u w/i {t)e 2{t - n/4) sin [3(t - tt/4)]. 



8. Taking the Laplace transform of both sides of the differential equation y" + Ay' + 3y = S(t — 2) and 
inserting the initial values, we have s 2 Y(s) — Is — (—1) + A(sY(s) — 1) + 3Y(s) = e~ 2s . Solving for Y(s), we 
have 

1 1 

2(a+l) ~ 2(s + 3)_ ' 

Hence, taking the inverse Laplace transform, we have y(t) = e~* + ^-u 2 (t)[e^ ( - t ^ 2) — e~ 3 ( t_2 ']. 
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9. Taking the Laplace transform of both sides of the differential equation y" + 6y' + I3y = 5(t — tt/4) and 
inserting the initial values, we have s 2 Y(s) — 5s — 5 + 6(sY(s) — 5) + 13Y(s) = e _7rs / 4 . Solving for Y(s), we 
have 

5s + 35 e-™/ 4 
^ ~ s 2 + 6s + 13 + s 2 + 6s + 13 

5(s + 3) 20 e-^ 8 / 4 



(s + 3) 2 +4 (s + 3) 2 +4 (s + 3) 2 +4' 
Taking the inverse Laplace transform, we conclude that 

y{t) = 5e~ 3 * cos 2t + 10e~ 3t sin 2t + ^e^ 3 ^/ 4 ^/^) sin [2(t - tt/4)] 
= 5e~ 3 *(cos2i + 2sin2i) - ^e _3(t_,r/4) u w/ 4(t) cos 2i. 

10. Taking the Laplace transform of both sides of the differential equation y" + 9y — 15sin2i + 6(t — 7r/6) 

30 

and inserting the initial values, we have s 2 Y(s) — 0s — 0 + 9Y(s) = + e _7rs / 6 . Solving for Y(s), we 

s +4 

have 

[S > ~ (s 2 + 4)(s 2 + 9) + s 2 + 9 
6 6 e-^/ 6 

~ s 2 +4 ~ s 2 + 9 + s 2 + 9' 

Therefore, taking the inverse Laplace transform, we conclude that 

y(t) = 3sin2t - 2sin3t + ^-u n/6 (t)sm [3(t - tt/6)] 
= 3sin2t — 2sin3t — ^.u n / e (t) cos3t. 

11. Taking the Laplace transform of both sides of the differential equation y" + I6y — 4cos3t + S(t — 7r/3) 

4s 

and inserting the initial values, we have s 2 Y(s) — 0s — 0 + 16F(s) = 2 — - + e _7rs ' 3 . Solving for Y(s), we 
find that 

{S > ~ (s 2 + 9)(s 2 + 16) + s 2 + 16 

4s 4s e -*s/3 

~ 7(s 2 + 9) ~ 7(s 2 + 16) + s 2 + 16' 

Taking the inverse Laplace transform, we conclude that 

4 1 

y(t) = -(cos3f - cos4i) + - sin [4(f - n/3)]u n/3 (t). 

12. Taking the Laplace transform of both sides of the differential equation y" + 2y' + 5y = 4s\nt + 5(t — 7r/6) 
and inserting the initial values, we have s 2 Y(s) — 0s — 1 + 2(sY(s) — 0) + 5Y(s) = — + e _7rS//6 . Solving 
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for Y(s), we have 

1 4 p-irs/6 

Y(s) = - I - I - 

W s 2 + 2s + 5 (s 2 + l)(s 2 + 2s + 5) s 2 + 2s + 5 

3 2 41 2s 2s + l e- 713 / 6 

~ 10 (s+ l) 2 + 4 + 5 s 2 + 1 ~ 5 s 2 + 1 + 5 (s + l) 2 + 4 + (s + l) 2 + 4' 

Therefore, taking the inverse Laplace transform, we conclude that 

3 4 2 2 1 

y(t) = —e- t sm2t+ -sint- -cosi + -e~*cos2i + -u v/6 (t)e~^~ v/6) sin [2(t - 7i76)l. 

Ill R R R V ' 



d 2 w 

13. Taking the Laplace transform of both sides of the differential equation + Ay = Fq cos 3t — A5(t — 5) 

at 1 

FqS 

and inserting the initial values, we have s 2 Y(s) — 0s — 0 + 4Y(s) = 2 — - — 4e~ 5s . Solving for Y(s), we 
obtain 

Fns 4e~ 5s 
1 ' (s 2 + 9)(s 2 + 4) s 2 +4 

F a ( s s \ 4e- 5s 



5 V s2 + 4 s 2 + 97 s 2 + 4" 
Taking the inverse Laplace transform, we have 

Fn 

y(t) = _^(cos2i-cos3i) -2u 5 (i)sin [2(t - 5) . 
5 

14. Taking the Laplace transform of both sides of the differential equation 

+ 4^ + 13y = 10sin5t + 2(5(t - 10), 
dt z at 

we have 

s 2 Y(s) - sy(0) - y'(0) + 4(sY(s) - y(Q)) + 13F(s) = + 2 e - Ws 

Inserting the initial values and solving for Y(s), we obtain 

50 . 2e-- 



(s 2 + 25)(s 2 + 4s+ 13) s 2 + 4s+13 
25 s 15 5 25 s + 2 125 3 2 3e~ 10s 



68 s 2 + 25 68 s 2 + 25 68 (s + 2) 2 + 9 208 (s + 2) 2 + 9 3 (s + 2) 2 + 9' 

Taking the inverse Laplace transform, we conclude that 

25 15 25 125 2 

f(*) = -^cos5t- — sin5t+ — e - 2t cos3t+ — e- 2t sin3t+ - wio(t)e- 2 (*- 10 ) sin [3(t-10)]. 

DO DO DO /UO O 

d 2 y 

15. Taking the Laplace transform of both sides of the differential equation ~^2 JrUJ ^V = sinwt + A$(t — to), 
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F oj 

we obtain s 2 Y(s) - Os - 0 + ^o^( s ) = — o + ^e~*° s - Solving for Y(s), we have 

S 2 + UJ Z 

F 0 ui Ae- toS 



( S 2 +W 2 )( S 2 +0, 2 ) s 2 + w 2 

F q lu ( 1 1 \ Ae-* 0S 



- \ s 2 + u) 2 s 2 + uu% ) s 2 + ' 



Taking the inverse Laplace transform, we have 

F A 

y(t) = — (u 0 sin ut - u) sin uj a t) H u to (t) sin (w 0 [i - t 0 ] ) 

(w 0 — LJ'juJn ujq 

F A 

= — 7 — 5 2T ( w sin w 0* - w 0 sin ut) H u to (i) sin (w 0 [* - *o] ) • 

w 0 (w — w 0 ) w o 

Solutions to Section 8.9 

True- False Review: 

1. TRUE. We have (/ * g)(t) = f* f(t - T)g{r)dT and (g * /)(*) = /„' g(t - r)/(r)dr. The latter integral 
becomes the same as the first one via the u-substitution u = t — r. 

2. TRUE. Since both / and g are positive functions, the expression f(t — r)g(r) is positive for all t, r. 
Thus, if we increase the interval of integration [0, t] by increasing t, the value of (/ * g)(t) also increases. 

3. FALSE. The Convolution Theorem states that L[f * g] = L[f]L[g\. 

4. TRUE. This is exactly the form of the equation in (8.9.3). 

5. FALSE. For instance, if / is identically zero, then / * g = f * h = 0 for all functions g and h. 

6. TRUE. This is expressed mathematically in Equation (8.9.2). 

7. TRUE. This follows from the fact that constants can be factored out of integrals, and a(f * g), (af) * g, 
and / * (ag) can be expressed as integrals. In short, integration is linear. 

Problems: 



tx 

2 



* , t 2 t 2 



1. (f*g)(t)= f f(t-x)g(x)dx= f (t-x)dx 

Jo Jo 

pt pt p0 pt pt 

2. (f*g)(t)= / f(t — x)g(x)dx = / cos (t — x)xdx = / cos z(t — z)(— dz) = t I cos zdz— I zcoszdz 

Jo Jo Jt Jo Jo 

[tsinz — (cosz + zsinz)]Q = 1 — cost. 

3. (f*g)(t)= f f{t-x)g{x)dx= f e t ~ x xdx = e t f e~ x xdx = e*[e- x (-x - 1)]* 0 = e* - 1 - t. 

Jo Jo Jo 



pt pt pt pt pt 

4. (f*g)(t)= / f(t - x)g{x)dx = I (t - xf e x dx = t 2 e x dx-2t xe x dx+ I x 2 e x dx = [t 2 e x ]l - 
2t[e x (x - 1)]* + [x 2 e x - 2xe x + 2e% = tV - t 2 - 2te*(t - 1) - 2i + tV - 2te l + 2e l -2 = 2e* - t 2 - 2t - 2. 



5. (/ * g)(t) = I f(t - x)g{x)dx = / e* x e x sinxdx = e* / sin xdx = [-e* cos x] 0 — e*(l - cos t). 
Jo Jo Jo 
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6. Let w = t — x. Then dw = —dx and x = t — w. Note that x = 0 if and only if w = t, and that x = t if 

and only if w = 0. Then (/ * g)(t) = / f(t — x)g(x)dx = / f(w)g{t — w){—dw)= / g(t ~ w) f {w)dw — 

Jo Jt Jo 

(g * f)(t). Therefore / * g = g * f. 



7. We have 



{f*{g*h)){t)= f f{t-v){g*h){v)dv 
Jo 

= / f(t - v ) / a( v - u)h(u)d% 
Jo Uo 



dv 



ft />v 

/ f(t — v)g(v — u)h(u)dudv. 
io Jo 

The limits of integration are 0 < u < v and 0 < v < t so that the region of integration is that part of the 
v — u plane that lies just above the i>-axis and below the line u = v. Reversing the order of integration, the 
new limits are u < v < t and 0 < u < t. Thus the double integral above can be written 



(f*(g*h))(t)= [ [ f{t-v)g{v-u)h{u)dvdu. 

JO Ju 



We now make a change of variable w = v — u in the first iterated integral. Then dw — dv and the new 
w-limits are 0 < w <t — u. Thus 

(f * (g * h))(t) = / / [f(t-(u + w))g(w)dw]h(u)du 
Jo Jo 

t pt—u 

[f((t — u) — w)g{w)dw]h{u)du 



o Jo 
t 



= [ (f * g)(t - u)h(u)di 
Jo 



io 

= ((f*g)*h)(t). 

Therefore, (/ * g) * h — f * (g * h). 

8. t 

(/*(» + >»))(*)= / f(t-x)(g + h)(x)da 
Jo 



= I [f(t-x)g(x)+f(t-x)h(x)]dz 
Jo 



f(t — x)g{x)dx + J f(t — x)h(x)dx 

(f*g)(t) + (f*h)(t). 



Thus / * (g + h) = f*g + f*h. 

9. L[f*g] =L[f]L[g] = L[t]L[smt] 

10. L[f*g] = L[f]L[g] = L[e 2t ]L[l] 



, - +1 s 2 (s 2 + 1) ' 



1 1 _ 1 

s - 2 ' s ~ s(s - 2) ' 
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11. L[f * g] = L[ f] L [9] = L M L[cos2*] = — • — = (j>2 + ^ +4) - 



12. L[/* 5 ] = L[/]L[ 5 ] = L[e*]L[ie 2 *l 



13. L[/ * g] = L[f]L[g] = L[t 2 ]L[e 3t sm2t] 

14. 

(a) 



s-1 (s-2) 2 (s- l)(s-2) 2 ' 
2 2 4 



s 3 (s-3) 2 +4 s 3 [(s-3) 2 +4]' 



L-'[F(s)G(s)] = L-i 



1 1 



s s - 2 

r 



1 

s-2 



t 



e 2x dx = 



r e 2x 



= ^-1). 



(b) 



L- 1 [^( 5 )G( S )]=i- 1 
= L" 1 



1 1 



s s- 2 
1 



_2(s-2) 2s 



= 1 L- 


1 




r r 


2 


s- 2_ 


2 


s 




-!)• 







15. 

(a) 



L" 1 [J'( s )G( a )] = L- 1 



L- 1 


1 


r 






s + 1 


s 






L- 1 


1 




r r 


8 + 1 


s 



e"* * 1 
rt 



f e- {t ~ x) dx = e~* [ e x dx = e- t [e x ] t 0 = l 
Jo Jo 
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(b) 



L- 1 [F(a)G(a)]=L- 1 
= L~ X 

= L~ X 

= 1 - e 



1 1 



s + 1 s 
1 1 
s s + 1 

r 



L- 1 



1 

7+1 



16. 

(a) 



L- 1 [F(a)G(a)]=L- 1 



L- 1 



s 2 + 4 s 













s 



_s 2 + 4 
= cos It * 2 
= 2 * cos 2£ 

= / 2cos2a;dx = [sin2a:]Q = sin2i. 
Jo 



(b) 



L-\F{s)G{s)\ = L-' 

= L- X 
= sin 2t. 



s 2 + 4 s 



s 2 + 4 



17. 

(a) 



L- 1 [F( S )G(,s)] = L- 1 



s + 2 



s + 2 s 2 + 4s + 13 



= L~ 



_s + 2_ 
= e~ 2t * e~ 2t cosM 
ft 



s + 2 



s 2 + 4s + 13 



/ 

Jo 



e -2(t-x) e -2x cos3xdx = e - 



f 

Jo 



-It 



cos 3x dx 



sin 3a; 



sin 3t. 
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(b) 



L-\F{s)G{a)] = L- 1 

= L- 1 
1 



1 



s + 2 



s + 2 s 2 +4s + 13_ 
1 



L- 1 



s 2 + 4s + 13 
3 

(s + 2) 2 + 9 



-2t 



■ sin 3i. 



18. (a) 



L- 1 [F(s)G(8)] = L- 1 



L- 1 



1 



s 2 + 9 s 3 
1 



9 





' 2 " 











= - sin 3i * t 2 
3 

2 1 • „ 

= t * - sm dt 



(t-x) 



9 sin3x , 
- — dx 



/o 
1 



= -"-[2(cos3i- 1) + 9t 2 }. 
81 



(b) 



L-\F{ 8 )G{a)\ = L- i 



1 2 

s 2 + 9 ' s 3 
2 



_(s 2 + 9)s 3 
1 1 



+ 



9s 3 81s 81(s 2 + 9) 





' 2 " 


- — L" 1 


"1" 




s 


9 




81 


s_ 


81 


s 2 + 9 



i 2 2 2 
= ~ — ^rr + 7Z7 cos 3* 
9 81 81 

= -^[2(cos3t-l)+9i 2 ]. 
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19. (a) 

L-i[F(s)G(s) 



L- 1 



(b) 



20. Wc have 



21. We have 



= L~ 



1 e~ va 

S 2 ' s 2 + 1 
1 



* L^ 1 






.s 2 + l_ 



i * Un(t) sin (i — 7r) 



(t — x)u 7r (x) sin (a; — 7r) cfe 



/' 

Jo 

/ (x — t)u n (x) s'mxdx = u n (t)[— a; cos a; + sinx + i cosx]^ = «„•(£) (sin i — 7r + t). 
Jo 



L- 1 [F(s)G(s)] = L- 1 
= L- 1 



1 e 



s 2 s 2 + 1 



.s 2 + l 



L" 1 




-L- 1 


-7TS 1 








s 2 + l 



u n (t)(t — 71") — u,r(t) sin (t — 7r) 
u n (t)(t — 7T + sini). 



L- 1 [F(«)G(*)]=L- 1 
= i" 1 



4 s - 1 

s3 ' s 2 - 2.s + 5 



s 

+2 , t 



s-1 



_s 2 -2s + 5 

t 

/ (t - x) 2 e x cos2xdx. 
Jo 



= 2r * e cos 2t 

2 



L- l [F{s)G{s) 



s 2 + 2s + 2 (s + 3) 2 



s 2 + 2s + 2 
= (e~*cost) * (e~ 3t i) 



8 + 1 



Jo 



-(t-x) 



cos (t — x)xe dx 



f e~ {t+2x) x cos (t-x)dx. 
Jo 
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22. Wc have 



L- 1 [F(*)G( S )] = L- 1 
= 4L" 1 



s 2 + 6s +10 s - 4 



1 




1 


_(s + 3) 2 + l_ 




s-4_ 



= 4(e- Jt sint)*(e 4t ) 



= 4 / 

Jo 

= 4 / 

Jo 



-3(t-x) 



sin (t — x)e x dx 



-(3t-7x) 



sin (t — x)dx. 



23. We have 



where ir/2 < t. 
24. We have 



L- 1 [F(s)G(s)] = L- 1 



s + 4 



-ITS/2 



s 2 + 8s + 25 s 2 + 16 
s + 4 





- se -*s/2- 




_s 2 + 16 



_s 2 + 8s + 25 
= (e~ 4 * cos 3i) * (i) cos (4[f - tt/2] ) 
= (e~ 4 *cos3i) * (u w / 2 (*)cos4i) 

= / e- 4( ^ a;) cos[3(^a;)]cos4a;dx, 



L- 1 [F( S )G( S ) 



= L" X 



1 



s-4 
1 

s-4 



G(s) 
*L _1 [G(s)] 



= e 4t * ff(t) 



Jo 



,4(t-x) 



g{x)dx. 



25. Applying the Laplace transform to both sides of the differential equation y" + y = e 1 yields 

s 2 r(s)-sy(0)-y'(0)+r(s) ' 



s+1 



Substituting the initial values and solving for Y(s), we have 

1 1 



Y(s) = 



s 2 + l (s+l)(s 2 + l)' 
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Applying the inverse Laplace transform yields 

y(t) = L-'[Y(s)} 
= L" 1 



1 


+ L- 1 


_s 2 + l_ 





1 



s'mt + L 1 



1 

7+1 



(s + l)(s 2 + l) 
1 

s 2 + l 



* L _1 



= sin i + e * * sin t 

= sini + / sin (t — T)e~ T dT. 
Jo 

26. Applying the Laplace transform to both sides of the differential equation y" — 2y' + Wy = cos2i yields 

s 2 Y(s) - sy(0) - y'(0) - 2Y(s) + 2y(0) + 10F(s) = 
Substituting the initial values and solving for Y(s) we find 

Y(s) = 1 



s 2 + 4 



s 2 -2s + 10 (s 2 +4)(s 2 -2s + 10)' 
Taking the inverse Laplace transform, gives 
y(t) = L-^Yis)} 

3 

{s- l) 2 + 9 



(s-l) 2 + 9 



s 2 + 4 



= -e* sin 3i + - cos 2t * e* sin 3i 
3 3 



1 1 

-e'sin3t+- / cos [2(t - x)le x sin 3x dx. 
3 3 Jq 



27. Applying the Laplace transform to both sides of the differential equation y" + 16y = f(t), yields 

s 2 Y(s) - sy(0) - y'(0) + 16F(s) = F(s). 
Substituting the initial values and solving for Y(s) we find 



Y(a) = 

Taking the inverse Laplace transform gives 
y(t) = L-'[Y(s)} 
= aL- 1 



as + (3 F(s) 



s 2 + 16 s 2 + 16' 



16 



0t-i 



—L 
4 



16 



= a cos At + - sin At + ^/(*) * sin At 



- (4a cos 4t + [3 sin 



x) sin4x e?x. 



16 
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28. Applying the Laplace transform to both sides of the differential equation y' — ay = f(t) yields 

sY(s) - 2/(0) - aY(s) = F(s). 
Substituting the initial value and solving for Y(s) we have 

a F(s) 



Y(s)- 

Taking the inverse Laplace transform gives 

y{t) = L^[Y{s)] 

= aL- 1 



s — a s — a 



s — a 



s — a 



= ae at + f(t) * e a 
rt 



= ae at + 



f f(t-x) 
Jo 



e ax dx. 



29. Applying the Laplace transform to both sides of the differential equation y" — a 2 y = f(t) and substituting 
the initial values yields 

s 2 Y(s) -as -13- a 2 Y{s) = F(s). 

Solving for Y(s) we have 



Y(s) = 



as + {3 ( 1 



2a 



F(s) 



Taking the inverse Laplace transform gives 
y(t) = L-^Yis)} 



2a 
2a 



as 13 as 

+ — 

s — a s — a s + a s + a 



as 



(3 



as 



+ > 



i 



s — a s — a s + a s + a 



2a 
+ f{t) * 



1 1 

s — a s + a 



2a 



^(ctae"* + f3e at - aae- at - (3e- at ) + ^f(t) * sinh at 
aa + (3 at aa + (3 



2a 

aa + [3 



2a 



1 f 

e at _|_ _ / f(t _ x) s i n h (ax)dx 
a Jo 



+ 13 If 

sinh at-\ — / f(t — x) sinh (ax)dx. 

a a J 0 



30. Applying the Laplace transform to both sides of the differential equation y" — (a + b)y' + aby = f(t) 
and substituting the initial values yields 



s 2 Y(s) -as-[3-(a + b)(sY(s) - a) + abY(s) = F(s). 



Solving for Y(s) we have 



F(s) 



= as + (3- (a + b)a 
1 ' (s-a)(s-b) (s-a)(s-b) 

1 fP-ba aa-/3\ F(s) ( 1 



a — b 



s — a s - 



b ' 
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Taking the inverse Laplace transform yields 



V(t) = - ba)e at + (aa - (3)e bt ] + ^/(*) * (e at ~ e bt ) 



(3 - 6a g0t + aa-/3 cbt + 



a — b 



a — b 



x)(e ax - e bx )dx. 



31. Applying the Laplace transform to both sides of the differential equation y" — 2ay' + (a 2 + b 2 )y = f(t) 
and substituting the initial values yields 



s 2 Y(s) -as -13- 2a(sY(s) - a) + (a 2 + b 2 )Y(s) = F(s). 



Solving for Y(s) we have 



y(s) = as + (3 - 2aa + F(s) 



(s-a) 2 + b 2 (s-a) 2 + b 2 ' 



Taking the inverse Laplace transform gives 
y(t) = L- 1 [Y(s)} 

= aL- 1 



_{s~a) 2 + b 2 

f3 — aa 



+ P-aa L _, 



(s - a) 2 + b 2 



\l-\f{ s )]*l-^ 



(s - a) 2 + b 2 



ae at cos bt + —— — e at sin bt + -f{t)* e at sin bt 



e at ( a cos bt + 



13 — aa 



sin6t)+ - / f(t - x)e ax sinbxdx. 
o I b J 0 



32. Taking the Laplace transform of the given integral equation yields 



L[x(t)} = L[e"*] +4L 



(t — t)x(t)cIt 



so that 



X(s)= — +AL[t * x(t)}. 



Applying the convolution theorem gives 



X(s) = 1 ±- 1 + ^X(s ) 



Solving for X(s) gives 



Consequently, 



X(s) = 



1 1 1 

+ 



(s 2 -4)(s + l) 3(s-2) s + 2 3(s+l)' 



x{t)^ l -e 2i + e- 2i - l -e-K 



33. Taking the Laplace transform of the given integral equation yields 



L[x(t)} = L 



2e 3t - f e 2 ^x{r)dT 
Jo 
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so that 



X(s)=—-L[e 2t *x(t)}. 



Applying the convolution theorem gives 



Solving for X(s) gives 
Consequently, 



2Q-2) 1 1 

[S >~ (s-l)(s-3) ~ s-3 + s-l 

x(t) = e 3t + e*. 



34. Taking the Laplace transform of the given integral equation yields 



L[x(t)} = L 



4e* + 3 f e-^-^x^dr 
Jo 



so that 



X(s) = - + 3L[e~**a;(t)]. 



s-1 



Applying the convolution theorem gives 



X( S ).-± T + -A_.A( S ). 



Solving for X(s) gives 



Consequently, 



X(s) 



4(s + l) 12 



(s-2)(s-l) s-2 s-1' 
= 12e 2t - 8e*. 



35. Taking the Laplace transform of the given integral equation yields 



L[x(t)} = L 



1 + 2 f sin(i - t)x(t)cIt 
Jo 



so that 



X(s) = - + 2L[sint * x(t)]. 



Applying the convolution theorem gives 



X(s) = i + ^_.X(s). 



Solving for X(s) gives 



X(a) = 



s 2 + l _ 1 1 1 

s(s 2 — 1) s — 1 s + 1 s 
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Consequently, 

x(t) = e * + e"* - 1 = 2 cosh t - 1. 
36. Taking the Laplace transform of the given integral equation yields 



L[x(t)} = L 



5 f cos (2[f - T])x{r)dn 
Jo 



so that 



X(s) = - + 5L[cos2t*x(t)]. 

S Zi 



Applying the convolution theorem gives 



X(s) = 



s-2 s 2 + 4 



Solving for X(s) we find 

X(s) 

Consequently, 



s 2 + 4 10 4 5 

(s-2)(s-l)(s-4) _ 3(s - 4) ~ s-2 + 3(s - 1) ' 



1 



^W = i(5e t + 10e 4t -12e 2 *). 



37. Taking the Laplace transform of the given integral equation yields 



L[x(t)]=L[2 + 2 f cos(2[t-T})x(T)d7 
Jo 



so that 



X(s) = - + 2i[cos (2t) * x(t)]. 



Applying the convolution theorem gives 



Solving for X(s) we find 
Consequently, 



2(s 2 +4) _2 4 
s(s 2 -2s + 4) ~ s ~ s 2 - 2s + 4 ' 



x(t) = 2+ —=£ sin(v / 3t). 
v3 



38. Let y(t) be any twice differentiable function that satisfies the initial conditions 

2/(0) =0, 2/(0) = 0, 

and let x(t) = y" . Then, taking the Laplace transform of the preceding equation yields 

X(s) = L[x(t)\ = L[y"} = s 2 Y(s) - sy'(0) - y(Q), 



(0.0.54) 
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which, upon using (0.0.54) reduces to 
or, equivalcntly, 



X(s) = s 2 Y(s), 



Y(s)=^-X(s). 



Taking the inverse Laplace transform then gives 

y(t) = L~ 1 l-X(s) 
that is, using the convolution theorem, 

y(t) = ( (t - T )x{ T )dT. 
Jo 

Therefore, the initial- value problem y" + y = f(t), together with initial conditions y(0) = 0 and y'(0) = 0 
can be replaced by 



that is, 



x(t)+ f (t - T)x(r)dT = f(t), 
Jo 

x(t) = f(t) - f (t- r)x(T)dr. 
Jo 



39. THIS PROBLEM IS THE SAME AS #8 AND SHOULD BE REMOVED. 

Solutions to Section 8.10 

Problems: 
1. 



e~ st dt 



F(s) = / e- st (3t-4)dt 
Jo 

roo PC 

= 3 / te- st dt - 4 / 
Jo Jo 



3 lim / te~ st dt-4 lim / e 

n^co / n -co 



= 3 lim 

n^oo 

= 3 lim 

-co 

= 3 lim 

-co 

3 4 



— e 
s 



e 

s 



+ 3 lim / -e- st dt-4 lim / e - st dt 



A lim [e~X+- lim [e~ s % 

S z n^oo L J u s n—*oo L J u 

^ lim [e _an - ll + 4 lim \e' sn - ll 



S n—>co 



-/ 

Jo 



e~ st sin 2tdt 



= lim / e~ st sm2tdt 

= lim ~ 1 , \e~ st (s ■ sin 2t + 2 cos 2t 

ra->oo s 2 + 4 L 

2 

" s 2 + 4' 



-si/,, .2 



(4t 2 )dt 



I lim / 



4 lim — e 

71— *00 



t 2 e~ st dt 



t 2 2t 
— + 



4 lim 

n— >oo 



— e 



~n 2 2n 2 ' 

s s z S J 



„3 • 



F(s) = / 
Jo 



e~ st 5e- 3t dt 



e-(»+ 3 )*dt 



= 5 lim / e- {s+z)t dt 
n ^°° Jo 
5 



s + 3" 
5 



lim 



lim 

s + 3 n— >oo 

5 

s + 3' 



(s+3)t 



-(s+3)r, 
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5. 



p CO 

F{s)= / e- s *(7te"*)rfi 
Jo 

/>00 

= 7 / ie-< 8+1 >*dt 
Jo 

= 7 lim / te- (s+1)t dt 
™^°° Jo 



= 7 
= 7 



^_ P -(«+i)t 



lim I e 

n— >oo y s + 1 

lim 

n^oo V S + 1 

7 



-(s+l)t 



\ n 1 „n 

) + — / e^^di 

/o s +Wo 

1 



(,s + l) 2 



,-(*+!)* 



(s + 1) 2 ' 



F(s) = I e st sin at cos btdt 
Jo 



r 

= lim / 

We evaluate this integral via integration by parts with 



e s sin at cos oi dt. 



u = e st and dv = sinatcosbtdt = - [sin(a — b)t + sin(a + b)t] dt, 



which gives 



du = —se s dt and v = — 



cos(a — b)t cos(a + b)t 
2 (a - 6) 2(a + o) ' 



Hence, we obtain 



F(s) = lim <^ -e 

n— »oo 

l 



cos(a — 6)t cos(a + b)i 
2(a - 6) + 2(a + o) 



— s I e 
o Jo 



cos(a — b)t cos(a + b)t 
2(a - 6) + 2(a + o) 



1 



lim 



2(a - 6) 2(a + 6) n-oo 2(a - 6) 7 0 



e s * cos(a - o)i dt - lim 



— lim 



se 



a 2_ b 2 n ^ 2(a - b)(s 2 + (a - b) 2 ) 
lim 



se 



n^oo 2{a + b){s 2 + (a + b) 2 ) 



1 



a 2 -& 2 



n->oo 2 (a + 6) J 0 
— scos(a — b)t + (a — 6) sin(a — o)i 

-s cos(a + 6)i + (a + 6) sin(a + b)t 
1 



e s * cos(a + b)t dt 



2(a - b)(s 2 + (a - b) 2 ) 2(a+b)(s 2 + (a + b) 2 ) 
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F(s) 



f 

Jo 



e _s *sin 2 at dt 



rn 

= lim / e~ s * sin 2 at dt 



cos 2at 



lim / e~ st - 

lim / e~ st dt- f 
n ^°°J 0 Jo 



dt 

e~ st cos 2at dt 



2s 2 n— »oo J 0 

= lim 

2s 2 ra— >oo 



e st cos2atdt 



s 2 + 4a 2 



[— s • cos(2ai) + 2asin(2at)] 



1 s 
2s ~ 2(s 2 +4a 2 )' 



/•GO 

F(s) = / e- st f(t)dt 
Jo 

= J 2, "(II ■ j /< ; ( // 
-[l-e- s ]+ lim / te 

1 n— *oo 



s 

2 1 I 

s s s z 

2 

-+e 



s 

1 1 



F(s) = / e- st f(t)dt 
Jo 

= / e- st {t+l)dt+ / e~ st (t 2 -l)dt 

Jo Jz 

/>3 rn 

= / e- st (t+ l)dt+ lim / e- st (t 2 -l)dt 
Jo ™^°°J 3 

13 j ,3 

o s Jo 



t + 1 



s 

t + l 



4 -3s 1 

-e 3s + - 
s s 

-3s //i 0 2 



£ cft + lim 



t 2 -l 



-St 



+ - / te- st dt 
3 s ^3 







e st 


n 2 r 


+ lim 




+ - 


n — >oo 




s 


3 s L 



1 -3s 1 

e H 

s 2 s 2 



+ 



-e~ 3s + -V 3s + ^e- 3s 
s s z S J 



e" 3s (4s 2 + 5s + 2) s + 1 



778 



10. 



F(s)= P e- st f(t)dt 
Jo 

= 2e- st dt + J {l-t)e- st dt 



0 L 



— e" st + \e~ st 
s s z 



2 2s + 1 



s + l 



-2s 



11. We have 



L[f] = 5L[cos2i] - 7L[e - *] - 3L[t 6 } 
5s 7 3-6! 



s 2 + 4 s + l s 7 

12. CHANGE PROBLEM TO: f(t) = f*(t - t) 4 S(t + ir)d T . 
SOLUTION: 

L[f] = L[t 4 * S(t + tt)] = L[t 4 ]L[S(t + tt) 
L[f] = 



13. We have 



14. We have 



s-3 



(s- 3) 2 + 25 (s+l) 2 +4' 



L[f] = 6 



24 



2e 



(s + 2) 5 (s-1) 2 
144 



(s + 2) 5 


(s 


-I) 2 


144 




2e 


(s + 2) 5 


(s 


-I) 2 


144 




2e 


(s + 2) 5 


(s 


-I) 2 


144 




2e 


(s + 2) 5 


(s 


-I) 2 


144 




2e 


(s + 2) 5 


(s 


-I) 2 


144 




2e 


(s + 2) 5 


(s 


-I) 2 



10L[Vt] 

poo 

/ \/te 
Jo 

10 lim / Vte~ st dt 



2e /T77 f 00 

+ V10 / vte 



10 lim 



o 2s Jo 



+ ^L[t-V2] 



10 /tt 



2s f s 

/ 57T 

V 2^3' 



15. We have 
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16. According to the Second Shifting Theorem, we have 



L[f] = 2- 



-5s 



17. We have 



L[f] = 2L[1] + 2L[e-*ui(t)] - 2L[ Ul (t)}. 



For the middle term, we wish to apply the Second Shifting Theorem. In order to do so, we note that 

e -(t-i) e _(t_1) e~* 
e~* = . Thus, if we write f(t — 1) = , then f(t) = - — . Hence, 



L[ Ul (t)e-*] = L[ui(t)/(t-l)] = e 



e 

1 1 



e s+1 e(s + l)' 



Therefore, 

L[/] = 2L[1] + 2L[e _ *tii(t)] - 2L[it 1 (i)] 
_ 2 2e- s 2e- s 
s e(s + 1) s 

2 /-, -<n 2e ~ s 
2 2e~( s+1 ' 

18. In this case, we observe that f(t) = t * cos 2i. Therefore, by the convolution theorem, we have 

1 s 1 



L[f) = L[t]L[cos2t] 



s 2 s 2 + 4 s 3 + 4s ' 



19. In this case, we observe that f(t) — t * e*. Therefore, by the convolution theorem, we have 



L[f] = L[i 2 ]L[e<] = 



2 1 



s 3 s — 1 s 3 (s — 1) 



20. We have 



= 3i. 



21. We have 



= 4£" 1 



4s 



s 2 + 9 
s 

s 2 + 9 



s 2 + 9 
1 



s 2 + 9 



= 4cos3t + - sin3i. 
o 
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22. Wc have 



L-\F{8)] = L-* 



s-2 



= L~ 



s 2 + 2s + 2 

5+1 

(a + 1) 2 + 1 



-3L- 



(s + l) 2 + l 



e cost — 3e sini. 



2 14 
23. We recognize F(s) = — r-^ — r as a convolution product, with ^(t) = — and h(t) = — . By the 

convolution theorem, we have 



L- 1 [FW] = i" 1 



" 1 " 




4 


2s_ 




_s 2 + 16 



= - * sin At 
2 



r 1 

Jo 2 



sin 4w 



= --(cos4w)|* 
= ^[l-cos4t]. 



24. CHANGE PROBLEM TO: F(s) 



4s 2 -s+8 



SOLUTION: Using a partial fractions decomposition, we have 

4s 2 - s + 8 _ A B C 
s 3 -4s ~ s s-2 s + 2 

_ A(s 2 - 4) + Ss(s + 2) + Cs(s - 2) 
s 3 - 4s 

_ (A + B + C)s 2 + (25 - 2C)s - 44 
s 3 — 4s 

Equating numerators on both sides according to powers of s, we have 

A + B + C = 4, 2B-2C = -1, -4A = 8. 

11 13 

Solving this system of equations, we find that A = —2, B = — , and C = — . Hence, 

f(t) = L-i[F(s)} 

. 1 "4s 2 -s + 8 

= -2L- 
= -2 



4s 



s-2 



s + 2 



4 4 
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25. Wc have 



L-i[F(s)] = L- 1 



2s + 5 



2 



s(s 2 + As + 20) 
4 

(s + 2) 2 + 16 



4 



9 [(a + 2) 2 + 16] 



The First Shifting Theorem can be used to evaluate the first inverse Laplace transform, while the second 
inverse Laplace transform can be evaluated by using the First Shifting Theorem along with the convolution 
theorem. Continuing, we have 



L-\F{s)]= 1 -L-^ 



(s + 2) 2 + 16 



+ t [1 * e" 2t sin4i] 



-e 2 *sin4t+- / e 2w sin4wdw 
2 4 Jo 



1 it ■ , 5 

2 4 

1 it ■ , 5 

-e 2 *sm4t+- 

1 3 _ 2t 



-2w 



20 

1 e- 2t 
5 _ To~ 



(—2 sin 4w — 4 cos Aw) 
(sin 4^ + 2 cos At) 



+ ^e~ zt sin4i - -e 2t cos4i. 



4 8 



26. We have 



so that 



/(t) = (l-t)ui(t) + 2, 



= L[(l - + L[2] = -L[(i - l) Ul (i)] + L[2] = -e~° ■ 1 + ? = 




Figure 150: Figure for Problem 26 



27. We have 



/(i) = (2e-*-l)n ln2 (i) + l, 
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so that 



L[f} = L[(2e- t -l)u ln2 (t)} + L[l] 

= 2L[e-*ui n2 (t)] - L[u ln2 (t)] + L[l] 



= 2e 



- In 2 s 



2(s+l) 

1 1 1 

2 s (s + 1) s2* + s 

1 1 

s s(s +1)2 S ' 



— e 



-ln2-s . 1 _|_ 1 
S S 




Figure 151: Figure for Problem 27 



28. We have 

f(t) = (1 - u 3 (t)) [t+(l- t)«i(t) + (2 - i)u 2 (t)] . 

We expand this expression, using the fact that u a {t)ub{t) = Ub(t) whenever a < b: 

f(t) = t + (1 - t) Ul (t) + (2 - t)u 2 (i) - tu 3 (t) - (1 - *)«3(*) - (2 - *)« 3 (*) 
= t - (t - l)«i(t) - (t - 2)u 2 (t) - tu 3 (t) + (* - l)«a(*) + (* - 2)« 3 (*)- 

Therefore, 



L[f] = L[t] - L[(t - l)ui(t)] - L[(t - 2)u2(t)] - L[tu 3 (t)] + L[(t - l)u 3 (*)] + £[(* - 2)u 3 (*)] 



e 



-2s 



S 2 S 2 S 2 

1 - e- s - e~ 2s 



+ e 



— e 

3s 



3 s 



" 1 


3" 

h - 


+ e- 3s 


' 1 


2" 

h - 


+ e- 3s 


' 1 


1" 

h - 




s 






s 




y " 


s 



f(t) 
i 



1 - 
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Figure 152: Figure for Problem 28 



29. Making the substitution u = t — a, we have 

/>oo 

L[fa(t)}= / e- st f a (t)dt 
Jo 

/>oo 

= / e- st f(t~a)dt 

J a 



-s(u-\-a) 



f(u)du 



JO 

= e- as / e- su f{u)du 
Jo 

= e- as L[f] 



30. Let f(x) = x a and let g(x) = x b . Then 



fix wYw b dx = (/ * g)(x) = L~\L{f * g)\ = ■ = a\b\L~'\ 

JO s s 



a\b\ 



„a+b+l 



s a + h + 2J (a + 6+1)!' 



as desired. 
31. 

(a) We have f'(x) = e ax + axe ax . Therefore, using the table of Laplace transforms, we immediately find 
that 

L[f{x)] = L[e ax + axe ax ] = L[e ax ] + aL[xe ax ] = + aL[f(x)]. 

(b) We have L[f] = sL[f] — /(0). Equating this with the result for L[f] obtained in part (a), we have 

1 



sL[f] - /(0) - aL[f] + 



s — a 



so that 



In this case, /(0) — 0, so therefore, 



(s-a)L[f] = + /(0). 

s — a 
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(c) Part (b) establishes this result for n — 1 . Now assume that 

L\x n - 1 e ax ] = 



n-laxi _ (n-l)\ 



(s - a) n ' 



To evaluate L[x n e ax ], we first observe that (x n e ax )' = nx n 1 e ax + ax n e ax Again using L[f] = sL[f] — /(0) 
and the fact that /(0) = 0 in this case, we have 

sL[x n e ax ] = L[(x n e ax )'} = nL[x n ' x e ax \ + aL[x n e ax }. 

Rearranging and substituting the induction hypothesis, we obtain 

(n-l)\ n\ 



so that 



0 - a)L[x n e ax ] = n ■ 



L[x n e ax ] = 



(s-a) n (s-a)™ : 



(s - a)"+! ' 
as required. 

32. We apply the Laplace transform to both sides of the differential equation y' + ay = f(t) to obtain 

sY(s) - y{0) + aY{s) = F{s), 

solving for Y(s) yields, 

Y(s) = + 
s + a 

Taking the inverse Laplace transform of both sides gives: 

1 



y(t) = l- 1 

= L- X 



s + a 
1 



2/o 




s + a' 




+ L- 1 


yo 




s + a 



s + a 
= e- at * f + y 0 e- at 



L[f] 

* I + L- 1 



yo 



- f e- a{t - w) f(w)dw + y 0 e- at , 
Jo 



'0 

as required. 

33. In Section 8.4, Problem 33, it is established that 

L[/W] = s n L[f] - S n -\f(0) - s n - 2 f(0) s/ ( "- 2) (0) - /(""^(O). 

Therefore, taking the Laplace transform of both sides of 

y {n) + a iy ( n -V + --- + a n y = f(t), 
and using the given initial conditions yields 

(s n + ais"- 1 + • • • + a n ) Y(s) = F(s). 
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Solving for Y(s) gives 
where 

Consequently, 



Y(s) 



P(a) 

P(s) ^s n + a lS n - 1 + --- + a n . 



y(t) = l- 1 



1 



P(8) 



F(s) 



K(t)*f(t)= [ K(t-w)f(w)di 
Jo 



where K(t) = L^ 1 



P(s) 



34. Taking the Laplace transform of both sides of the given differential equation we obtain 
[ S 2 Y(s) - sy(0) - y'(0)] - 3[sY(s) - y(0)} - 4Y(s) = 

s + 1 

Substituting the initial values y(0) = 1 and y'(0) = 1 and solving for Y(s) yields 

. > _ s 2 -s + 2 _ s 2 - s + 2 
{S) ~ (s + l)(s 2 -3s-4) ~ (s+l) 2 (s-4)' 

Next, we must determine a partial fractions decomposition of the right-hand side. We have 



s + 2 



A 



B C 

+ 



(s+l) 2 (s-4) s + 1 (s+1) 2 s-4 

= A(s + 1Kb - 4) + g(s - 4) + C(a + l) 2 

" (s + l) 2 ( S -4) 

_ (A + C)s 2 + (-3A + B + 2C)s + (-4A - 4B + C) 
~ (s + l) 2 (s-4) • 

Equating the numerators on both sides according to powers of s, we obtain 

A+C=l, -3A + B + 2C = -1, -4.4 - 4B + C = 2. 

Solving this system, we find 



Thus, 



We can solve 



s 2 -s + 2 



A= U , B 
25' 



11 



4 14 
'5' G ~25' 



14 1 



(s + l) 2 (s-4) 25 (s + 1) 5 (s+ 1) 2 25 (s-4)' 



Y(s) 



11 



+ 



14 



25 (s + 1) 5 (s+1) 2 ' 25 (s-4) 
for y(t) by taking the inverse Laplace transform of both sides: 



y(t) 



n 



14 



41. 



25 5 25 

35. Taking the Laplace transform of both sides of the given differential equation we obtain 

[s 2 y(s) - sy(0) - 2/(0)] - 2[sY(s) - y(0)] - 8Y(s) = - g . 
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Substituting the initial values y(0) — 1 and y'(0) = 0 and solving for Y(s) yields 

s 2 - 2s + 5 s 2 - 2s + 5 

(S) ~ s(s 2 - 2s - 8) ~ «(s-4)(s + 2)" 

Next, we must determine a partial fractions decomposition of the right-hand side. We have 

s 2 - 2s + 5 A S . C 



s(s-4)(s + 2) s s-4 s + 2 

_ A(s - 4)(s + 2) + £s(s + 2) + Cs(s - 4) 
~ s(s-4)(s + 2) 

_ (4 + g + C)s 2 + (-24 + 2B - 4C)s - 8A 
~ s(s-4)(s + 2) ' 

Equating numerators on both sides of the equation according to powers of s, we obtain 

A + B + C = 1, -2A + 2B - AC = -2, -8A = 5. 



Solving this system, we find 



5 r- 13 r- 13 

8' ^ _ 24' C -12- 



Thus, 

s 2 -2s + 5 5 1 13 1 13 



s(s-4)(s + 2) 8 s 24 (s-4) 12 (s + 2)' 

We can solve 

5 1 13 1 13 1 

^ ~ ~8 ' a + 24 ' (7^4) + 12 ' (7+2) 

for by taking the inverse Laplace transform of both sides: 

y(t) = - 5 + -e 4t + -e- 2t . 
yW 8 24 12 

36. Taking the Laplace transform of both sides of the given differential equation we obtain 

8s 



[s 2 Y(s)-sy(0)-y'(0)]+9Y(s) 

Substituting the initial values y(0) — 1 and y'(0) — 0 and solving for Y(s) yields 

s 3 + 17s 
1 j ~ (s 2 + 9) 2 ' 

Next, we must determine a partial fractions decomposition of the right-hand side. We have 

s 3 + 17s As + B Cs + D 



(s 2 + 9) 2 s 2 + 9 (s 2 + 9) 2 

_ (As + B)(s 2 + 9) + Cs + D 
" (s 2 + 9) 2 

_ As 3 + Bs 2 + (9 A + C)s + (9B + D) 
(s 2 + 9) 2 _ ' 
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Equating the numerators on both sides according to powers of s, we obtain 

A=l, 5 = 0, 9A + C=17, 9B + D = 0. 

Solving this system, we find 



Thus, 



We can solve 



A=l, 5 = 0, C = 8, D = 0. 

s 3 + 17s s 8s 

(s 2 + 9) 2 ~ s 2 + 9 + {s 2 + 9) 2 ' 



s 2 + 9 (s 2 + 9) 2 
for y(t) by taking the inverse Laplace transform of both sides: 



y(t) = l- 1 



8 <^ L~ 



*L~ 1 



1 



s 2 + 9 



cos it + 8 ( cos it * - sin it 



8 

= cos3t+- / cos3(i — t) sin3r rfr 
3 Jo 

8 r* 

= cos it + - / (cos 3i cos 3r sin 3t + sin 3i sin 2 3r) dr 
Jo 



cos 3t 



1 „ ,„ „ . isin3i 1 . „ . „ 
— cos 3t(l — cos of) H — sin it sin 6t 



4 2 

= cos it + -t sin it + - [cos it — (cos 6i cos it + sin 6i sin it)] . 
o y 

4 2 
= cos 3t + -t sin 3t + - (cos it — cos 3t) 
o y 

4 

= cos3i + -£sin3t. 
o 

37. Note that f(t) = 1 — u^/ 2 {t), so that we must solve 

2/" + y = l-n V2 (i). 

Taking the Laplace transform of both sides of the given differential equation we obtain 

s 2 Y(s) - sy(0) - */(0) + Y(s) = l ~ C — . 

s 

Substituting the initial values y(0) = 0 and y'(0) = 1 and solving for Y(s) yields 



Y(s) 



s + l- er" 13 / 2 s + 1 



s(s 2 + l) s(s 2 + l) 



s/2 



s(s 2 + 1) 
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Next, we determine a partial fractions decomposition for the first term on the right-hand side: 

s + 1 A Bs + C 



s(s 2 + 1) s 



1 



_ A(s 2 + l) + (Bs + C)s 
~ s(s 2 + l) 

_ (A + B)s 2 + Cs + A 
s(s 2 + l) _ " 

Equating numerators on both sides according to powers of s, we obtain 

A + B = 0, C=l, A=l. 
Therefore, A = 1, B = —1, and (7=1. Hence, 

s + 1 1 -s + 1 



Thus, 



zr 1 



s(s 2 + 1) 



s(s 2 + 1) s s 2 + 1 



-s + 1 



= i- 1 


"1" 


+ L- 1 




s_ 






"1" 


+ L- 1 




s_ 







s 




_s 2 + l_ 



= 1 + sin t — cos t. 

Next, we do a partial fractions decomposition to help us determine the inverse Laplace transform of the 
second term on the right-hand side above: 



1 



_ A Bs + C 



s(s 2 + 1) s 

A(s 2 + l) + (Bs + C)s 
~ s(s 2 + l) 

_ (A + B)s 2 + Cs + A 
~ .s(s 2 + 1) ' 

Equating numerators on both sides according to powers of s, we obtain 

A + B = 0, C = 0, A=l. 

Therefore, A = 1, B = —1, and C = 0. Hence, 

1 1 s 



s(s 2 + l) s s 2 + l' 



Hence, 



L- 1 



-irs/2 



s(s 2 + l) 



= L- X 
= L- 1 



ts/2 



-ITS/2 



1 S 

s ~ s 2 + 1 



- L~ 



se 



-TVS/2 



1 



u 7r/2 (t) - u 7r/2 (t) cos(t - 7T/2) 

W x/2 (t)[l-C0s(t-7T/2)]. 
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Putting this together with the inverse Laplace transform for the first term obtained above, we obtain the 
final answer: 

y(t) = 1 + sinf — cost — u n / 2 (t)[l — cos(t — tt/2)]. 
38. Taking the Laplace transform of both sides of the given differential equation we obtain 



s 2 Y(s)-sy(0)-y'(0)+4Y(s) 



s 2 + l 



+ 3e 



-2s 



Substituting the initial values y(0) = 2 and y'(0) = 1 and solving for Y(s) yields 

4 3e- 2s 



s 2 + 4 s 2 +4 (s 2 + l)(s 2 +4) s 2 + 4' 



Therefore, 

y(t) = 2L- 1 
= 2£" 1 



s 2 +4 



1 


1 


+ 4L- 1 




_s 2 + 4_ 





(.s 2 + l)(.s 2 + 4) 



s 2 + 4 



+ 4 iL- 1 



s 2 + l 



* L 



1 



-2s 



s 2 + 4 



2e 



-2s 



s 2 +4 



1 13 
= 2cos2t + -sin2t + 4[sint * -sin2t] + -u 2 (t) sin[2(t - 2)] 

1 /"* 3 

= 2 cos 2t + - sin It + 2 / sin(t - r) sin 2r dr + -u 2 (t) sin[2(t - 2)] 

2 Jo 2 

14 3 
= 2cos2t + -sin2t + -sinf[l - cost] + -u 2 (t) sin[2(i - 2)] 

4 1 3 

= 2cos2t + - sinf — - sin t cost + -u 2 (t) sin[2(t — 2)] 

4 13 
= 2cos2t + -sint- -sin2t + -u 2 (t) sin[2(t - 2)]. 

o D ^ 

39. Taking the Laplace transform of both sides of the given differential equation we obtain 

[s 2 Y(s) - sy(0) - t/(0)] + 2[sY(s) - y(0)} + Y(s) = e ~ 4s '. 
Substituting the initial values 2/(0) = 0 and y'(0) = 0 and solving for Y(s) yields 

„-4s 



Y(s) 



Now, since 



we have 



L- 1 



te 



_(s+l) 2 _ 
y(t)^u 4 (t)(t-4)e-^- 4 K 



40. Taking the Laplace transform of both sides of the given differential equation we obtain 

[s 2 Y(s) - sy(0) - 2/(0)] + A[sY(s) - 2/(0)] + AY (a) = e^ s . 
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Substituting the initial values y(0) — 1 and y'(0) = 2 and solving for Y(s) yields 



Y(s) 



s + 6 + e" 



s + 6 



(s + 2) 2 (s + 2) 2 (s + 2) 2 " 
Next, we determine a partial fractions decomposition for the first term on the right-hand side: 

s + 6 A B 

(s + 2) 2 ~ 7+2 + (7+2)2 
_ A{s + 2) + B 

(s + 2) 2 
_ As + (2 A + B) 
(T+27 2 • 

Equating numerators on each side according to powers of s, we have A = 1 and 2A + £? = 6. Therefore, 
A = 1 and 5 = 4. Hence, 

s + 6 I 4 



(s + 2) 2 s + 2 (s + 2) 5 



Therefore, 



s + 6 




1 




1 


= L~ 1 


+ 4L- 1 


[(s + 2) 2 _ 


_s + 2_ 


[(s + 2) 2 J 



And since L 1 



(s + 2); 



ir 1 



te , we have 



e~ 2t + 4te^ 2t . 



L- 1 



(s + 2)^ 



= U2 (t)(t-2) e - 2 (*- 2 ). 



Therefore, we have 



y(t) = e- 2t + 4te- 2t + u 2 (t)(t - 2)e-^- 2 \ 
41. Taking the Laplace transform of each differential equation and using the given initial conditions yields: 

sX 1 -l = X 1 + 2X 2 and sX 2 = 2X 1 +X 2 , 

or equivalently, 

(s - l)X x -2X 2 = 1 and - 2X 1 + (s - l)X 2 = 0. 
Solving this algebraic system of equations using Cramer's rule we obtain: 



Xi(s) 



1 -2 
0 s - 1 



s - 1 



s - 1 



s- 1 



s - 1 -2 
-2 s- 1 
1 1 
2(s-3) + 2(7+1)' 



(s- 1) 2 -4 s 2 -2s-3 (s-3)(s + l) 



M') 



(s-3)(s + l) 



s - 1 1 
-2 0 



1 



1 



(s-3)(s+l) 2(s-3) 2(s+l) 



Taking the inverse Laplace transform of Xi(s) and X 2 (s) yields, respectively, 

zi(i)= *e 3 '+*e-< and x 2 {t) = V - ^e"' 

42. Taking the Laplace transform of the given system yields 

sXi = 2X 2 and sX 2 - 1 = -2X U 

or equivalently, 

sXi- 2X 2 = 0 and 2X 1 + sX 2 = l. 
Solving this algebraic system of equations using Cramer's rule we obtain: 



Xi(s) = 

Ms) = 



0 


-2 




1 


s 


2 


s 


-2 


s 2 +4' 


2 


s 





s 2 + 4 



s 0 
2 1 



s 2 +4 



Taking the inverse Laplace transform of Xi(s) and X 2 (s) yields, respectively, 

Xi(t) = sin2i and x 2 (t) = cos2i. 

43. Taking the Laplace transform of the given system yields 

sX 1 -l = -2X 2 and sX 2 -1 = 2X 1 + 4X 2 , 

or equivalently, 

sX 1 +2X 2 = l and - 2X 1 + (s - 4)X 2 = 1. 
Solving this algebraic system of equations using Cramer's rule we obtain: 



1 2 
1 s-4 



s-6 



s 2 
-2 s-4 
1 



s-6 



s 2 -4s + 4 (s-2) 2 



s-2 (s-2) 2 ' 

s 1 
-2 1 



s + 2 



+ 



(s-2) 2 s-2 (s-2) 



(s-2) 2 

Taking the inverse Laplace transform of Xi(s) and X 2 (s) yields, respectively, 

Xl (t) = e 2t - Ate 2t and x 2 (t) = e 2t + 4te 2t . 

44. Taking the Laplace transform of the given system yields 

32 



sX 1 = 2X 1 + AX 2 



s 2 + 4 



and sX 2 - 1 = -2X 1 - 2X 2 + 
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or equivalcntly, 



(s - 2)X 1 - AX 2 = 



32 



s 2 +4 



and 2Xi + (s + 2)X 2 = 1 + 



16s 
s 2 + A' 



Solving this algebraic system of equations using Cramer's rule we obtain: 

32 



s 2 +4 



-4 



1 



16s 
s 2 + 4 



1 



s-2 -4 
2 s + 2 

4(s 2 + 24s + 20) 
(s 2 + 4) 2 



(s 2 +4) 2 



[32(s + 2) + 64s + 4(s 2 + 4)] 



Ms) = 



s 2 + 4 



s-2 



32 

s 2 +4 



1 + 



16 



s 2 + 4 



(s 2 + 4)^ 



[(s - 2)(s 2 + 16s + 4) - 64] 



s 3 + 14s 2 - 28s - 72 



(s 2 + 4) 2 

We now determine partial fraction decompositions for the preceding expressions for Xi(s) and X2(s). 

4s 2 + 96s + 80 As + B Cs + D 



(s 2 + 4) 2 



s 2 +4 (s 2 +4) 2 
_ (As + B)(s 2 + A) + Cs + D 
(s 2 + 4) 2 

_ As 3 + Bs 2 + {AA + C)s + {AB + D) 
~ (s 2 + 4) 2 ' 

Equating numerators on both sides according to powers of s, we have A = 0, B = 4, 4^4 + C = 96, and 
AB + D = 80. Therefore, C = 96 and D = 64. Hence, 



As 2 + 96s + 80 _ 4 96s + 64 
(s 2 +4) 2 ~ s 2 +4 + (s 2 + 4) 2 
4 96s 



64 



s 2 +4 (s 2 + 4) 2 (s 2 + 4) 2 ' 

Taking the inverse Laplace transform yields 

x x (t) = 2 sin It + 48(cos 2t * sin 2t) + 16(sin 2t * sin 2t) 

= 2sin2t + 48 / cos 2(i - r) sin 2t c?t + 16 / sin 2(i - r) sin 2r dr 
Jo Jo 



^cos2t J cos 2t sin 2r dr + sin 2t ^ sin 2 r dr^j + 16 ^sin 2t J cos 2t sin 2r dr — cos 2t J sin 2 2r 



2 sin 2i + 48 
6 sin 2t + 2At sin 2t - 8t cos 2t 
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Similarly, 

s 3 + 14s 2 - 28s - 72 _ As + B Cs + D 
(s 2 +4) 2 s 2 +4 + (s 2 +4) 2 

_ (As + B){s 2 + 4) + Cs + D 
~ (s 2 + 4) 2 

_ As 3 + Bs 2 + (4A + C)s + (4g + £>) 
~ (s 2 + 4) 2 ' 

Equating numerators on each side of the equation according to the powers of s, we have A = 1, £? = 14, 
C = -32, and D = -128. Therefore, 

s 3 + 14s 2 - 28s - 72 s + 14 32(s + 4) 



(s 2 +4) 2 s 2 +4 (s 2 + 4) 



2 



s 14 32s 128 

+ 



s 2 +4 ' s 2 +4 (s 2 + 4) 2 (s 2 + 4) 2 ' 

Taking the inverse Laplace transform yields 

x 2 (t) = cos2t + 7sin2t - 16(cos2i * sin2i) - 32(sin2i * sin2f) 
= cos 2t — sin 2t — 8t sin 2t + 16t cos 2t. 

45. Taking the Laplace transform of the given integral equation and using the convolution theorem yields 
That is, 

*m(?ti)-?. 

so that 

TO = 2(s2 + 1) = A + l 



Taking the inverse Laplace transform yields 



= 2i + ^t 3 . 



46. Taking the Laplace transform of the given integral equation and using the convolution theorem yields 

That is, 
so that 

4 _4 ^_ _2_ 

(Sj_ s(s 2 -l) _ s + s-l + s + L 
Taking the inverse Laplace transform yields 

x{t) = -4 + 2e* + 2e _t . 
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47. Taking the Laplace transform of the given integral equation and using the convolution theorem yields 



s 2 + 4 



That is, 



so that 



X(s) 



X(s) 



s 2 + 2 
s 2 +4 



4(s 2 + 4) 
s 3 (s 2 + 2)' 



Now we use a partial fractions decomposition: 



4(s 2 + 4) _ A B C L>s + £ 

s 3 (s 2 + 2) ~ 7 + ? + ^ + s 2 + 2 

As 2 (s 2 + 2) + Bs(s 2 + 2) + C(s 2 + 2) + (Ds + £)s 3 
~ s 3 (s 2 + 2) 

_ (A + £>)s 4 + (B + £)s 3 + (2A + C)s 2 + 2£a + 2C 
~ s 3 (s 2 + 2) ' 

Equating numerators on both sides according to powers of s, we have 

A + D = 0, B + E = 0, 2A + C = 4, 2B = 0, 2C = 16. 

Solving this system, we obtain 

A = -2, B = 0, C = 8, L> = 2, £ = 0. 

Therefore, 



4(s 2 + 4) 

s 3 (s 2 + 2) '~ a ' s 3 ' s 2 + 2' 



2 8 2s 
+ -n + 



Hence, 



2 8 2s 
s + s 3 + s 2 + 2 



jc(t) = 

= -2L- 1 
= -2 + At 2 + 2cos\/2i. 

48. Taking the Laplace transform of the given integral equation and using the convolution theorem yields 



"1" 


+ 87T 1 


' 1 " 


+ 2L- 1 


s 


s 




y. 




_s 2 + 2_ 



X(s) = -+4 
s 



That is, 



so that 



X(a) 



s 2 - 4s + 1 
s 2 + 1 



X(s) = 



3(s 2 + 1) 
s(s 2 -4s + 1)' 
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Now we use a partial fractions decomposition: 
3(s 2 + l) A B 



A 

= - + 



C 



s(s 2 -4s + l) s s-(2 + V3) s-(2-y/S) 

_ A(s 2 - 4s + 1) + Bs(s - (2 - yg)) + Cs(s - (2 + y/3)) 
~~ s(s 2 - 4s + 1) 

_ (A + B + C)s 2 + (-4A - (2 - V3)B - (2 + V3)C)s + A 
s(s 2 -4s + 1) ~' 

Equating numerators on both sides, we see that ^4 + B + C = 3, 4A + (2 - \/3)B + (2 + y/S)C = 0, and 

A = 3. From this, we deduce that B + C = 0, so we have 12 + 2v / 3C — 0. Hence, C = -=, and therefore, 

6 

£> = -— . Hence, 
\/3 

3(s 2 + l) 3 6 6 

s(s 2 - 4s + 1) ~ s + 73(s - (2 + V3)) ~ \/3(s - (2 - 73)) ' 
Taking the inverse Laplace transform of each side, we obtain 



x(t) = L- 1 



V3 



a-(2 + y/3) 



>/3 



L- 1 



s - (2 - \/3) 



3 + A e (2 + V3)t _ A e (2-V3)t 



Solutions to Section 9.1 



True-False Review: 

1. TRUE. Theorem 9.1.7 addresses this for a rational function f(x) = ||^y. The radius of convergence of 
the power series representation of / around the point x 0 is the distance from x 0 to the nearest root of q(x). 

2. TRUE. We have 

CO CO oo 

n— 0 n— 0 n— 0 

and if each of the latter sums converges at xi, say to / and g respectively, then 

CO 

3. FALSE. It could be the case, for example, that b n = —a n for all n = 0, 1, 2, Then 

oo 

^](a n + &„)a; n = 0, 

n=0 

but the individual summations need not converge. 

4. FALSE. This is not necessarily the case, as Example 9.1.3 illustrates. In that example, the radius of 
convergence is R = 3, but the series diverges at the endpoints x = ±3. The endpoints must be considered 
separately in general. 
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5. TRUE. This is part of the statement in Theorem 9.1.6. 

6. FALSE. The Taylor series expansion of an infinitely diffcrcntiablc function / need not converge for all 
real values of x in the domain. It is only guaranteed to converge for x in the domain that lie within the 
interval of convergence. 

7. TRUE. A polynomial is a rational function p(x)/q(x) where q(x) = 1. Since q(x) = 1 has no roots, 
Theorem 9.1.7 guarantees that the power series representation ofp(x)/q(x) about any point xo has an infinite 
radius of convergence. 

8. FALSE. For example, / = 0 has a power series representation centered at x — 0 of radius R\ = oo, so if 
we choose g to be any function with a power series representation centered at x = 0 of radius Ri < oo, then 
fg = 0 has a power series representation centered at x = 0 with radius R = oo ^ min{i?i, R 2 }. 

9. FALSE. According to the algebra of power series, the coefficient c„ of x n is 

n 
k=0 

10. TRUE. This is the definition of a Maclaurin series. 
Problems: 

= -. Therefore, R = 4. 



2. Using the ratio test, we have lim 

n^oo 

3. Using the ratio test, we have lim 

n^oo 

4. Using the ratio test, we have lim 

n-^oo 

5. Using the ratio test, we have lim 

n^oo 

6. The zero of q(x) = x + 2 is —2. The distance from x 0 = 0 to the nearest zero of q(x) is 2; hence, R = 2. 

7. The zero of q{x) = x 2 + 1 are ±i. The distance from x 0 = 1 to the nearest zero of q(x) is 1; hence, R = 1. 

8. The zero of q(a;) = x 2 + 16 = 0 are ±4i. The distance from Xq = 1 to the nearest zero of is 
Vl 2 +4 2 = VT7; hence, R = VVl. 

9. The zero of q(x) = x 2 — 2x + 5 = 0 are 1 ± 2i. The distance from x 0 = 0 to the nearest zero of q(x) is 
\/l 2 + 2 2 = ^5; hence, R=VE. 

10. The set of zeros of = (.x 2 + 4a; + 13)(.x — 3) is {3, —2 + 3«, —2 — 3«}. The distance from x 0 = —1 to 
x = 3 is 4, and the distance from .t 0 to x = -2 ± 3i is ^/(-2 - [-1]) 2 + 3 2 = \/W. Thus, i? = y/lO. 



the ratio test, we have lim 




= lim 


n^oo 


a„ 


n^oo 



1 



)2n 



22n+2 ^ 



lim 



= 1. Therefore, R = 1. 





= lim 


2 n+1 n 


= lim 


2n 




n + 1 2™ 


n+ 1 






n^oo 



2. Therefore, i? 



lim 

n— »oo 



(n+1)!- 



lim |n + 1| 

n— >oo 



oo. Therefore, R = 0. 



8)1+1 


= lim 


On 





-n+1 



(n + 1)! 5" 





5 


= lim 


n + 1 





0. Therefore, R = oo. 
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11. (a) By Theorem 9.1.6, f{x) = ^ ^ is analytic for all x e E such that i 2 - 1 ^ 0. Therefore, /(a;) is 
analytic for all x such that a; ^ ±1. 

(b) The zeros of q(x) = x 2 — 1 arc a; = ±1. For 0 < xq < 1, i? = 1 — x 0 = 1 — |a; 0 |, and for — 1 < x 0 < 
0, R = | - 1 - x 0 \ = x 0 + 1 = 1 - |x 0 |. For |x 0 | > 1, R = \x 0 \ - 1. Thus, i? = ( j 1 ~ ^°]' j^ 0 ' < J' 

^ |*^0 I 1, II \Xq I > 1 . 

12. Replacing n in the first series by n 4- 2 and in the second series by n + 1 we obtain: 

OO OO OO CO 

n{n - l)a n _ lX n - 2 + ^ na„x n " 1 = ^(n + 2)(n + l)a„ + ix" + ^ (n + l)a„ +1 x" 

n— 2 n— 1 n— 0 n— 0 

= J a„+i(n + l)[(n + 2) + l]x n = a n+1 (n + l)(n + 3)x n . 

n=0 n=0 

13. The given equation for determining the coefficients can be written in the equivalent form 

OO 

Y i n ( n + 2 K + (n- 3)a„_i]x" = 0. 

n=l 

Consequently, 

n(n + 2)a n + (n- 3)a„_i = 0, ra = 1, 2,3, . . . 

so that 

3 — n 

a„_i, ra= 1,2,3,... 



n(n + 2) 

Substituting for successive values of n, we have: 

, 2 

n = 1 : ai = -a 0 , 

1 1 

n = 2 : a 2 = -ai = — o 0 , 

n = 3,4, . . . : a n = 0. 

Thus, 

2 1 2 A 2 1 2 

./(x) = a 0 + -a 0 x + j^aox = a 0 I 1 + -x + —2; 

14. The given equation for determining the coefficients can be written in the equivalent form 

00 

J2 [(« + 2)fln + i - a„]x" = 0. 

n=0 

Consequently, 

(n + 2)a n+ i - a„ = 0, n = 0,1,2,... 

so that 

ffln+i = — r^ a «' "- = 0,1,2,... 
n + 2 
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Substituting for successive values of n, we have: 





= 0 : 




1 




n 


01 = 












1 




n 


= 1 : 


a.2 = 


3° 1 = 


3V 0 








1 


1 


n 


= 2 : 


a 3 


4° 2 = 


4! a ° 



Continuing in this manner we find: 

1 



Thus, 



(n + 1)! 



n=0 v ; n=0 y ' k=l 



\fc=0 / 



15. The given equation for determining the coefficients can be written in the equivalent form 

oo 

[{n + l)(n + 2)a„+i - na„_i]o;" = 0. 



n=l 



Consequently, 
so that 

For odd n we have: 



(n+ l)(n + 2)a n+ i - na„_i = 0, n = 1,2, . . . 



— 7 — TTT7 — r - ^r a n-i, n— 1,2, ... 
(n + l)(n+2) 



n = 1 : a 2 = ^a 0 , 

3 3 
n = 3 : a 4 = 77—702 = 777GI0, 

5-4 5! 

5 5-3 
n = 5 : a 6 = ;r— ^a 4 = -=j-ao- 

7-6 7! 



Continuing in this manner we find: 



1 • 3 • 5 • • • (2fc - 1) , , „ 

fl2fe = (2kTJ)i ao ' * = 1 > 2 .- 



For even n we have 

n = 2 





2 


2 2 


03 = 


iT3 ai = 


4! ai ' 




4 


2 3 • 2! 


a 5 = 


6T5 a3 = 


6! 




6 


2 4 -3! 


a 7 = 


8T7 a5 = 


8! 



n = 4: a 5 = — -a 3 = ai, 

6-5 6! 

6 2 4 • 3! 

n = 6 : 07 = 7; — =05 = — — — 01. 
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Continuing in this manner we find: 



2 k+1 k\ 



ai, fc=l,2,.... 



(2fc + 2)! 



Solutions to Section 9.2 



True-False Review: 

1. TRUE. Since a polynomial is analytic at every xq in R, it follows from Definition 9.2.1 that every point 
of M is an ordinary point. 

2. FALSE. According to Theorem 9.2.4 with xo = —3 and R — 2, the radius of convergence of the power 
series representation of the solution to this differential equation is at least 2. 

3. FALSE. The nearest singularity to x = 2 occurs in p with root x = 1. Hence, i? = 1 is the radius of 
convergence of p(x) = ^a^j- about x = 2. Therefore, by Theorem 9.2.4, the radius of convergence of a power 
series solution to this differential equation is at least 1 (not at least 2). 

4. TRUE. This is seen directly by computing y(xo) and y'(x 0 ) for the series solution 



as explained in the statement of Theorem 9.2.4. 

5. TRUE. The radii of convergence of the power series expansions of p and q are both positive, and thus, 
Theorem 9.2.4 implies that the general solution to the differential equation can be represented as a power 
scries with a positive radius of convergence. 

6. FALSE. The two linearly independent solutions to y" + (2 - 4x 2 )y' - 8xy = 0 found in Example 9.2.7 
both contain common powers of x. 

7. FALSE. For example, the power series yi(x) found in Example 9.2.6 is a solution to (9.2.10), but xyi(x) 
is not a solution. 

8. FALSE. The value of ao only determines the values ao, a 2 , 04, . . . , but there is no information about the 
terms ai, a 3 , a 5 , . . . unless a\ is also specified. 

9. TRUE. The value of a k depends on a^-i and a k _ 3 , so once a 0 ,ai, and a 2 are specified, we can find 
03, 04, 05, . . . uniquely from the recurrence relation. 

10. FALSE. If the recurrence relation cannot be solved, it simply means that lengthy brute force calculations 
may be required to determine the solution, not that the solution does not exist. 



1. The point Xq = 0 is an ordinary point. Both p{x) = 0 and q(x) — — 1 arc polynomials, and their power 
series expansions about 0 are valid for all x e E. Therefore, by Theorem 9.2.4, we try for a solution of the 
form 



oc 




n=0 



Problems: 
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Then 

oo oo 

y'(x) — ^ nanx"" 1 and y"(x) = ^ n{n — l)a n x n ~ 

n—l n—2 

Inserting these results into the differential equation y" — y = 0 requires 



^2 n ( n - ^)a n x n 2 - ^2 anXn = °- 



n=2 n=0 

That is, 

OO OO 

0 + 2 )( fc + l)ak+2X k - ^ a ^ = 0. 

k=0 k=0 

or equivalently, 

oo 

[(* + 2)(fc + l)a k+2 - a k ]x k = 0. 

fc=0 

Therefore, the coefficients must satisfy 

(fc + 2)(fc+l)a fe+2 -a fe = 0, fc = 0,l,... 
which gives the recurrence relation 



Even k: 



ak+2= (k + 2)(k+l) ak k = 0 > 1 >--' 



1 



k = 4 : 



and in general, 



Odd k: 



a 2 


= 2 a °' 








1 


0,4 


= 4 1 3 a2 = 


4!°° 








a 6 




^! ao 








In z 


- (2n)! a °- 






1 




0>3 


= 3! ai ' 








1 


a 5 




5! ai 






1 


a 7 


= tV 5 = 


7! ai 



and in general, 



Thus, 



a2n+1 ~ (2n+l)! ai ' n - 1 ' 2 '-'" 



n=0 v ' n=0 v ; 
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Two linearly independent solutions to the differential equation are 

n=0 v ; n=0 v ; 

2. The point xq = 0 is an ordinary point. Both p(x) = —2x and q(x) = —1 arc polynomials, and their power 
series expansions about 0 are valid for all x € M. Therefore, by Theorem 9.2.4 we try for a solution of the 
form 

oo 

y{x) = ^2a n x n . 

n=0 

Then 

OO OO 

y'(x) = ^ na n £ n_1 and = ^ n(n — l)a n x n ~ 2 . 

n— 1 n— 2 

Inserting these results into the differential equation y" — 2xy' — 2y = 0 requires 

OO OO OO 

^ n(n - l)a n x n - 2 - 2 ^ na„x™ - 2 ^ a n x n = 0. 



That is, 



or equivalcntly, 



n— 2 n— 1 n— 0 



^ (fc + 2)(fc + 1 W +2 2: fe - 2 J2 ka kX k -%J2 akxk = °' 

k=0 fe=l fc=0 



^ [(fc + 2)(fc + l)a fe+2 - 2(fc + l)a fe ].T fc = 0. 



k=0 

Therefore, the coefficients must satisfy 

(k + 2){k + l)a k+2 - 2(fc + l)o fc = 0, fc = 0, 1, . . . 
which gives the recurrence relation 

2 

Qfc+2 = k + 2 ak fc = 0 ' 1 ' 

Even k: 



;O0) 
^ z • t J 

and in general, 



02 = 








1 


1 


04 = 


— 0,2 

2 


= 2«o. 




1 


1 


a 6 = 


3 a4 


~ 2^3 


. 

,! 


n = 


1,2,.. 



802 

Odd k: 



and in general, 



Thus, 



2 

k = 1 : a 3 = -oi, 

2 2 2 
fc = 3: a 5 = -a 3 = oi, 
5 1 • 3 • 5 



2™ 

1 • 3 • 5 • • • (2n + 1) 



00 _^ 00 2« 



x 2 " +1 . 



n=0 n=0 

Two linearly independent solutions to the differential equation are 



00 _^ 00 

^) = E^ 2 " and ^) = E 1 . 3 . 5 ...(2n+l) 

n=0 n=0 v ; 



x 2n+1 . 



3. The point xq = 0 is an ordinary point. Both p(x) = 2x and q(x) = 4 are polynomials, and their power 
series expansions about 0 are valid for all Therefore, by Theorem 9.2.4 we try for a solution of the 

form 



00 

Then, 



y(x) = a " a 



n—l n—2 

Inserting these results into the differential equation y" + 2xy' + Ay = 0 requires 

00 00 00 

n(n - l)a n x n ~ 2 + 2 ^ na n x" + 4 a n x n = 0. 

n—2 n—l n— 0 

That is, 

oo oo oo 

^2(k + 2)(k + l)a k+2 x k + 2^2 ka kX k + 4 E akxk = °' 

fc=0 fc=l fc=0 

or equivalently, 

oo 

53 K fc + 2 )( fc + iH+2 + 2fc «fe + Aa k]x k = o. 

fc=0 

Therefore, the coefficients must satisfy 

(k + 2){k + l)a k+2 + 2ka k + 4a fe = 0, k = 0, 1, . . . 
which gives the recurrence relation 

2 

= --^ya*;, fe = 0, 1,.... 
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Even k: 



k = 0 : a 2 = -- ao, 

, n 2 4 

k = 2 : a 4 = -- a 2 = - a 0 , 

2 8 

fc = 4: a 6 = -- a 4 = -— a 0 , 



and in general, 



Odd k: 



0-2r. 



(-2Y 



1 -3- 5-- -(271-1) 



ao, n=l,2, .... 



and in general, 
Thus, 



y(x) = a 0 



i+y — y — 



a-3 = - 


ai, 






2 


1 


a 5 = - 


i«3 = 


2 ai ' 




2 


1 


a 7 = - 


6 


"6 ai 


-1)" 
i ai 


, n 


1,2,.. 


n\ 






2) n 






■(2n- 


1) 


+ ai 



E 

.)!, = () 



„2n+l 



Two linearly independent solutions to the differential equation are 



yi 



(-2)" 



„2n 



n=l 



(2n- 1) 



and 2/2 (ar) = ^ 



( 1)™ 2n+l 



n=0 



4. The point .t 0 is an ordinary point. Both p(x) = 0 and q(x) = x are polynomials, and their power series 
expansions about 0 are valid for all x £ R. Therefore, by Theorem 9.2.4 we try for a solution of the form 

oo 

y{x) = ya n x n . 



n=0 



Then, 



y'( x ) ~ E na n xn 1 an d y"i x ) — E n ( n ~~ i) 0 " 2 -™ 2 ■ 

n=l n=2 

Inserting these results into the differential equation y" + xy = 0 requires 

oo oo 

y n(n - l)a n x n - 2 + ^ a n x n+1 = 0. 

That is, 



n=2 



n=0 



J2(k + 2){k + l)a k+2 x k + J2 a k-ix k = 0, 



fc=0 



k=l 
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or equivalcntly, 



2a 2 + j^[(fc + 2)(fc + l)a fe+2 + a k ^]x k = 0. 



fc=i 



Therefore the coefficients must satisfy 

a 2 = 0 and (fc + 2)(k + l)a k+2 + afc-i = 0, fc = l,2, ... 

That is, 

a 2 = 0 and a fe+2 = — — ; ; oN <Xfc-i, fc = l,2, 

It follows that, for n = 1, 2, . . . , 



_ 4-7---(3n-2)(-l) n 
(3n)! 



(fc + l)(fc + 2) 

2-5---(3n-l)(-l) r 



(3n+l)! 



ai, and a 3 „ +2 = 0. 



Consequently, 

oo 
fc=0 

oo oo oo 

= ^ n X 3n + a3n+lX 3n+1 + a3n+2X 3n+2 
n=0 n=0 



n=0 



a 0 



4-7---(3n-2)(-ir a; 3„ 



71=1 



(3n)! 



ai 



2.5--.(3n- !)(-!)" 3n+1 
+ (3n+l)! 

n=l v ' 



Thus, 



and 



, ^ , A 4-7---(3n-2)(-l)" 3 „ 
yi(ar) = 1 + K — - A —x 3n 



71=1 



(3n)! 



. . , ^ 2-5---(3n - 1)(-1)" 3 „ +1 



n=l 



where R = oo. 



5. The point So is an ordinary point. Both p(x) — —x 2 and q(x) = —2x are polynomials, and their power 
series expansions about 0 are valid for all x e R. Therefore, by Theorem 9.2.4 we try for a solution of the 
form 



y( x ) = anxT ' 



n=0 



Then, 



y'(x) — ^ na n x n 1 and = ^ n(n — l)a„a;" 2 

71=1 71 = 2 

Inserting these results into the differential equation y" — x 2 y' — 2xy = 0 requires 

oo oo oo 

n(n - l)a n x n - 2 - ^ na n x n+1 - ^ 2a n x n+1 = 0. 



71 = 1 



71=0 
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That is, 

oo oo oo 

Y,{k + 2)(k + l)a k+2 x k - J2( k - lH-iX fe - 2a k-i xk = 0, 

k=0 k=2 k=l 

or equivalently, 

oo 

2a 2 + J2[(k + 2)(fc + l)a k+2 - (k + l)a fe _i]a; fe = 0. 
fc=i 

Therefore the coefficients must satisfy 

a 2 =0 and (k + 2){k + l)a k+2 - (k + l)a k -i = 0, k = 1,2, ... 

That is, 

a 2 = 0 and a k+ 2 = fc + 2 ctfc ~ 1 ' fc = 1 > 2 ,--- 
It follows that, for n = 1, 2, . . . , 

11 1 

as ™ — o 7o~T a ° = o7T~i a °' a 3"+l — "T^ Jo . 77 a li and «3n+2 — 0. 

3-6---(3nj 3 n n\ 4 • 7 • • • (3n + 1) 



Consequently, 



y( x ) = Y a kx k 

k=0 

oo oo oo 

= ]T « 3 „x 3 " + ^ a 3n+1 x 3n+1 + J2 a 3n+2 x 3n+2 



n—0 n—0 n—0 

do 



oo 1 oo _. 

V — — x 3n + o,V - x 3n+1 

^-3«n! +ai 2^ i. 4 ...(3n + l) ' 

n=l n=0 y ' 



Thus, 



where R = oo. 



yi(x) = ,i 3 ™ and y 2 (x) = -. r- 

y y ' ^ 3"n! y y ' ^ 1 ■ 4- ■ -(371 + 1) 

n=l n=0 v ' 



6. The point xo = 0 is an ordinary point. Both p(x) = — x 2 and q(x) = —3a; arc polynomials, and their 
power series expansions about 0 are valid for all x € K. Therefore, by Theorem 9.2.4 we try for a solution 
of the form 

oo 

y{x) = ^2a n x n . 

n=0 

Then, 



y'( x ) = na n x n 1 and y"(x) = ^ n(n — l)a n x n 2 . 

n—l n—2 

Inserting these results into the differential equation y" — x 2 y' — 3xy = 0 requires 

oo oo oo 

n(n - l)a n x n - 2 - ^ na n x n+1 - ^ 3a n x n+1 = 0. 



71=0 



806 



That is, 



or equivalcntly, 



E( fc + 2)(k + l)a k+2 x k - 3a 0 x - EP - l)a fc _i + 3a fe _i]a; fe = 0, 



k=0 



fc=2 



2a 2 + [6a 3 - 3a 0 ]x + ^[(fc + 2){k + l)a k+2 - (k - l)a k -i - 3a k _ 1 ]x k = 0. 

fc=2 

Therefore the coefficients must satisfy: 

a 2 = 0, 6a 3 - 3a 0 = 0, and (k + 2)(k + l)a k+2 - (k + 2)a fe _i = 0, fc = 2,3, ... 

so that 

a2 = 0, a 3 = -a 0 , and a fc+2 = , , , fflfe-i, A; = 2,3, 

2 k + 1 



Consequently, 



and 



Therefore, 



1 1 

a 3n — = 7^ TT a 0: 03n+l — ^ 7^T a l' ".= 1,2,..., 

2 • 5 • • • (3n — 1) 3 • 6 • • • (3n) 



&3ri+2 = 0, n= 0,1,2,.... 

OO 

y( x ) = E afe2;fc 

fc=0 

OO OO OO 

= Yl + E a 3„+l^ 3 " +1 + E «3„+2X 3n+2 



71=0 71=0 
oo 



n=0 



a 0 



1 + ^ 2.5...(3n-l) ^" +ai ^ + ^3^ 



71=1 



,3)1+1 



^ 3 • 6 • • • (3n) 

71=1 v ' 



Consequently, 



OO _^ OO _^ 

^) = 1 + E 2 . 5 ... (3n _ 1) * 3 " - d ^) = -+E^TT 



n=l 



n=l 



(3n)- 



-371+1 



where R = oo. 



7. The point xo = 0 is an ordinary point. Both p(x) = x and q(x) = 3 are polynomials, and their power 
series expansions about 0 are valid for all x <G BL Therefore, by Theorem 9.2.4 we try for a solution of the 
form 



y( x ) = E anXn - 



71=0 



Then, 



'/(x) — E na n x n 1 and y" {x) — E n ( n ~ ^)a n x n 



71=1 



77 = 2 
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Inserting these results into the differential equation y" + xy' + 3y — 0 requires 

oo oo oo 

n(n - l)a n x n ~ 2 + ^ na n x n + 3 ^ a n x n = 0. 

That is, 



n=2 



n=l 



n=0 



J2(k + 2)(k+ l)a k+2 x k + ka k x k + 3 ^ a kX k = 0, 



fe=0 



fc=i 



fc=0 



or equivalcntly, 



]T[(fc + 2)(fc + l)a fe+2 + (fc + 3)a fe ]x fe = 0. 



fc=0 



Therefore the coefficients must satisfy: 

(k + 2)(fc + l)a k+2 + (k + 3)a k = 0, k = 1, 2, 



That is, 



Even fc: 



and in general, 



Odd fc: 



(fc + 3) 

ak+2 = -(k + 2)(k + l) ak > * = °. 1 -- 



fc = 0: fl 2 =-^a 0 , 

5 5-3 

fc = 2: a 4 = -— a 2 = ^-a 0 , 

fe = 4: a 6 = -— — a 4 = — a 0 , 

6-5 6! 



(-l) n l • 3 • 5 • • • (2n - 1) , „ 

fl2n = a o 71=1,2,... 



(2n)! 



7 o 6 4-6 

fc = 3: OB = -g 7 j03=-gj-ai, 

, „ 8 4-6-8 

k = 5 : &7 = —^—^-05 = — — ai, 



and in general, 
Therefore, 

y(x) = a 0 
Consequently, 

00 

n=l 



«2n+l 



7-6 

(-2)"(rc+l)! 
(2n + l)! 



7! 



ai, ra=l,2,.... 



n=l 



(-l)"l-3-5---(2n-l) 



n=0 



(-2)"(rc+l)! 
(2n+l)! ; 



,2n+l 



(-!)"!• 3 -5---(2n-l) 2n 
(2n)! 



and 3/2 (a;) = E 



rt=0 



(-2)"(n + l)! 
(2n + l)! : 



,2n+l 
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where Ft, = oc. 

8. The point £0 = 0 is an ordinary point. Both p(x) = 2x 2 and q(x) = 2x are polynomials, and their power 
series expansions about 0 are valid for all x e R. Therefore, by Theorem 9.2.4 we try for a solution of the 
form 

00 

j/O) = X! a « a; ™- 

n=0 

Then, 

CO CO 

y{x) = ^ na n x n ~ x and = n(n — l)a n x n ~ 2 . 

n—l n—2 

Inserting these results into the differential equation y" + 2x 2 y' + 2xy = 0 requires 

CO CO CO 

n(n - l)a„x"- 2 + 2 ^ na„a;" +1 + 2 ^ a„a;" +1 = 0. 

n—2 n—l n— 0 

That is, 

CO CO CO 

J^(fc + 2)(fc + l)a fc+2 .T fc + 2 ^(fc - l)a fe _ia; fc + 2 ^ a fe _ix fe = 0, 
fc=0 fe=l fe=i 

or equivalently, 

oo 

2a 2 + ^[(fe + 2)(fc + l)a fc+2 + 2ka k _ 1 ]x k = 0. 
fe=i 

Therefore, the coefficients must satisfy: 

2a 2 = 0 and (fc + 2)(fc + l)a k+2 + 2ka k -\ = 0, fc = l,2, ... 

so that 

2fc 

a 2 = 0 and « fc+2 = - (fe - ^ - ^ a fc _ 1; fc = l,2,.... 

We now distinguish three cases: 
Case 1: Since a 2 = 0 it follows that 

a 5 = 0, a 8 = 0, On=0, ... 

and in general, 



Case 2: fc = 1,4,7, . . . : 



03n+2 — 0. 



2 

fc = 1 : a 3 = -^yao, 

8 2 2 • 4 2 

fc = 4: a 6 = -— a 3 = -^j— o 0 , 

14 2 3 • 4 2 • 7 2 

fc = 7: a 9 = a 6 = a 0 , 



and in general, 

(-l)"2"-4 2 -7 2 ---(3n-2) 2 
fl3n = oo, n=l,2, .... 
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Case 3: k = 2,5,8, 



k = 2 : &4 = 
k = 5 : ai = 



__! 

4! 
2 4 -5 2 



ai, 



-ai, 



and in general, 



Thus, 



7! 

, n 2 5 • 5 2 • 8 2 
fc = 8: oio = ^ ai, 



(-l)«2"-2 2 -5 2 -8 2 ---(3n-l) 2 

fl 3"+l = /o„ I TTi °1' n=l,2, .... 



y(x) = a 0 



(3n + l)! 



(_1)»2" • 4 2 • 7 2 • • • (3n - 2) 2 a 0 3n 



71=1 



+ ai 



E 



(3n)! 

(-l)»2".2 2 .5 2 .8 2 ...(3n-l) 2 ai 3n+1 
(3n+l)! 



so that two linearly independent power series solutions centered at x — 0 to the differential equation are 
given by 

(-l)"2 n • 4 2 • 7 2 • • • (3n - 2) 2 a 0 



-3n 



n=l 



(3n)! 



and 

where R = oo. 
9. Let 

Then 



. , ^ (-1)"2" • 2 2 • 5 2 • 8 2 • • • (3n - l) 2 fli 3n+1 



n=l 



(3n+l)! 



71=0 



y'(a;) = na n x n 1 and = ^ n(n — l)a„a; n 2 . 

n— 1 n— 2 

Inserting these results into the differential equation (1 + x 2 )y" + Axy' + 2y = 0 requires 

oo oo oo oo 

n(n - l)a n x n ~ 2 + ^ n(n - l)a n x n + ^ Ana n x n + ^ 2a n x n = 0. 

That is, 



n=2 



n=2 



n=l 



71=0 



^(fc + 2)(fc + l)a fc+2 .T fe + H k - l)a k x k + ^ 4ka kX k + E 2cLkxk = °' 



fc=0 



fc=2 



fc=l 



fc=0 



or equivalently, 



+ 2)(fc + l)a fe+2 + (k + 2)(k + l)a k ]x k = 0. 



fc=0 
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Therefore the coefficients must satisfy 



Even k: 



ak+2 = -a k , fc = 0,l,.... 



k = 0 
k = 2 
k = 4 



«2 = -aoi 

&4 = ~ a 2 = a 0, 

ag = — a4 = — ao, 



and in general, 
Odd k: 

and in general, 
Therefore, 



»2n = (-l) n ao, 



n= 1,2,.... 



fc= 1 
fe = 3 
k = 5 



«3 = 

«7 = -O5 = -Oi, 



o 2 „+i = (-l)"oi, n=l,2, . 



= J] a 2n x 2 " + J] a 2n+1 z 2 " +1 = a 0 ^(-l)"x 2 " + 01 £(-l) n :c 2n+1 . 

n— 0 77=0 n— 0 77=0 

Consequently, two linearly independent power series solutions centered at x = 0 to the differential equation 
are 

i(a;) - ^(-l)"x 2 ™ and y 2 (x) = ^{-l) n x 2r ' 1 



Since p(x) 



10. Let 



Then 



= Z](- i )" a;2 " and = 

77=0 77=0 

4x 2 

^ and q(x) = - we have by Theorem 9.2.4 that R = 1 (lower bound). 

1 + x z 



l + x 



77=0 



y'( x ) = na n x n 1 and j/" (or) = n(n — l)a„x n 2 . 

n=l 77=2 

Inserting these results into the differential equation (x 2 — 3)y" — 3xy' — 5y — 0 requires 

oo oo oo oo 

n(n - l)a„a; 11 - 3 n(n - l)a„.T™~ 2 - 3 na n x n - 5 a n x n = 0. 

That is, 



71=2 



77=2 



71=1 



77 = 0 



fc=0 



so that 



Y^[H k - l W - 3(fc + 2)(fc + l)a fe+2 - 3ka k - 5a k ]x k = 0 
o 

(k + l)[(fc - 5)a fc - 3(fc + 2)a fe+2 ] - 0, k = 0, 1, . . . . 



Therefore the coefficients must satisfy 



Thus, 



« fe+2 =3^y« fe , fc = 0,l,.... 



_ (-5)(-3)(-l)--(2»-7) 
a2n ~ 3«(2.4.6...2n) ^ n ~ 1 ^--^ 



whereas 

4 2 8 „ , „ t 

a 3 = --a 1 , a 5 = - — a 3 = —ai, a 2 k+i = 0, fc = 3,4, .... 

y to too 

Hence, two linearly independent power series solutions to the given differential equation centered at 
are 

t n >^ (-5)(-3)(-l)---(2n-7) 2n , 4 3 8 5 

2/1 (x) = > „ t-~ - 1 ^ -x 2n and w 2 (a;) = x - -x A + — x b . 

i 3 n (2-4-6---2n) K ' 9 135 

n=0 y > 

^— and q(x) = 
x z — 3 — 3 



Since = ^ and (/(a;) = ^ we have by Theorem 9.2.4 that R = \/3 (lower bound). 



11. Let 

GO 

2/0) = ^a n x n . 

Then 

oo oo 

y f (x) = na n x n_1 and = n(n — l)a n x n ~ 2 . 

n—l n—2 

Inserting these results into the differential equation (x 2 — l)y" — 6xy' + 12y = 0 requires 

oo oo oo oo 

n—2 n—2 n—l n— 0 

or equivalently, 

oo oo oo oo 

^2 H k - l)akx k - ^2(k + 2){k + l)a k+2 x k - 6 fca fe a; fe + 12 ^ = 0. 

fc=0 k=0 fe=0 fe=0 

Therefore the coefficients must satisfy 

(k - 3)(fc - 4)a fe - a fe+2 (fc + 2)(k + 1) = 0, k = 0, 1, . . . , 

so that 

(fc-3)(fc-4) 
flfe+2= (fc + 2)(fc+l) afe ' * = °. 1 '-- 

From the preceding recurrence relation we see that the even coefficients satisfy 

a 2 =6a 0 , a4 = a a , a 2k =0, fc = 3,4, ... 
whereas the odd coefficients satisfy 

a 3 = ai, a 2k+ i = 0, fc = 2,3, 
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Hence, 

y(x) = o 0 (l + 6x 2 + x 4 ) + ai(x + x 3 ) 

so that two linearly independent power series solutions to the given differential equation centered at x = 0 
are 

yi (x) = x 4 + 6x 2 + 1 and y 2 (x) = x 3 + x. 

Moreover, R = oo. 

12. Let 

OO 

n=0 

Then 

OO OO 

y{x) = na n x n ~ l and = n(n — l)a n x n ~ 2 . 

n— 1 n— 2 

Inserting these results into the differential equation (1 — 4x 2 )y f/ — 20xy' — 16y = 0 requires 

OO OO OO OO 

n(n - l)a n x n - 2 - 4 ^ n(n - l)a n x n - 20 ^ na nX n - 16 ^ a„a; rl = 0, 

n— 2 n— 2 n— 1 n— 0 

or equivalently, 

OO OO OO OO 

J2(k + 2)(k + l)a k+2 x k - 4 ^ fc(fc - l)a k x k - 20 ^ fca fe a: fc - 16 ^ a fe a; fe = 0. 

fe=0 fc=0 fc=0 fc=0 

Therefore the coefficients must satisfy 

(fc + 2)(fc + l)a k+2 - 40 + 2) 2 a fc = 0, k = 0, 1, . . . , 

so that 

40 + 2) , „ , 
Qfc+2 = fc+1 Qfc, A; = 0,1,.... 

It follows from the preceding relation that 

4"(2-4-6---2n) 

fl 2n — z — 5—3 7^ TT-a 0 , ft =1,2,..., 

1 • 3 • 5 • • • (2n — 1) 

and 

4 n (l-3-5---(2n-l)) „ „ 

° 2 " +1 = 2-4-6--2n ai ' n - 1 ' 2 '-'-- 

Thus, 

. . , ^ 4 n (2-4-6---2n) 2n , ^ 4"(1 • 3 • 5 • • • (2n - 1) 2n+1 

^) = 1 + E 1 .3. 5 -.(2n-l ) " md **(*) = * + E l 2. 4 .6...2n * 

n=l v ' n=l 

2Qx 16 1 
Since p(x) = — — - and q(x) = — — - we have by Theorem 9.2.4 that R = - (lower bound). 

_L *-±X _L ^±X Zi 

13. Let 

OO 

y( x ) = E anXn - 

n=0 



Then 

oo oo 

y'(x) = ^ na n x a ~ x and y" (x) — ^ n(n — l)a n x n ~ 2 . 

n— 1 n— 2 

Inserting these results into the differential equation y" + + (2 + ir)y = 0 requires 



^2 n ( n ~ ^-) a nX n 2 + na n x n + 2a n x n + ^ a nX n+1 = 0, 

n— 2 n— 1 n— 0 n— 0 

or equivalently, 

oo oo oo oo 

^(fc + 2)(fc + l)a k+2 x k + ka kX k + ^ 2akxk + a k-i xk = °. 

fc=0 fc=l fe=0 fe=l 

which can be written as 



2a 2 + 2a Q + ^[(fc + 2)0 + l)a fe+2 + (fc + 2)a fc + a fe _i]x fe = 0. 
fe=i 

Therefore the coefficients must satisfy 

2a 2 + 2a 0 = 0 

and 

0 + 2)(fc + 1H+2 + 0 + 2H + Ofc_i = 0, fc = 1, 2, ... . 

Hence, 

0 + 2)a fe + a fe _i 
a 2 = - ao , and a fc+2 = - (fc + 2)(fc + 1) , k=l,2,.... 

Substituting k — 1,2,3 yields 

!,„ \ 1 / ^ 1 11 

a 3 = ~g(3oi + ao), a 4 = - — (-4a 0 + ai), and a 5 = -oi + j^o, 

respectively. Thus, 

y 1 (x) = l-x 2 -^x 3 +^x 4 +^x 5 + --- and y 2 (z) = x - ^x 3 - ^x 4 + ^x 

Since p(x) — x and q(x) = 2 + x, R = oo. 
14. Let 

OO 

y(x) = ^a n x n . 

n=0 

Then 

oo oo 

y'(x) = ^ na n x n ~ x and y" (x) — ^ n(n — l)a n x n ~ 2 . 

n—l n—2 

Inserting these results into the differential equation y" + 2y' + Axy = 0 requires 



J2 n{n - l)a n x n - 2 + 2 ]T na n x n - x + 4 ]T a n x™ +1 = 0. 
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That is, 

CO CO CO 

^0 + 2)(fc + l)a k+2 x k + 2^(fc + l)a k+1 x k + A^a k ^x k = 0, 

fc=0 k=0 fc=l 

or equivalently, 

oo 

2a 2 + 2ai + ^[(fc + 2)(fc + l)a fe+2 + 2(fc + l)a fe+ i + 4a fe _i]a; fe = 0. 
fe=i 

Therefore the coefficients must satisfy 

2a 2 + 2ai = 0 

and 

(k + l)(fc + 2)a fc+2 + 2(k + l)a k+ i + Aa k _ 1 =0, k = 1, 2, . . . . 

Hence, 

4a fc _i + 2(fc + l)a fc+ i 
a 2 = - ai) and a k+2 = (fc + 1)(fc + 2) , k = l,2,.... 



Substituting k = 1, 2, 3 yields: 



2 2 

a 4 = -^( 2ft i + 3a 3 ) = * (a 0 - 2ai), 
a 5 = -^(02 + 2a 4 ) = -^(2a 0 - 7oi), 



respectively. Thus, 



2 1 1 

y(a;) = a 0 + Oia; - aiz 2 - -(a 0 - a^x 3 + -(a 0 - 2ai):r 4 - T-(2a 0 - 7ai):r 5 H 

o o 1 o 

= ao (i-r 3+ r 4 -^ 5+ ---) +ai ( a; - a;2+ r 3 -r 4+ ^ 5+ --- 

Therefore, 

yiO) = l-^a; 3 + ix 4 --|x 5 + --- and y 2 (x) = a; - x 2 + \x 3 - \x^ + ^-x 5 + 
6 6 15 J d 15 

Since p(a;) = 2 and q(x) — Ax, it follows that R = 00. 
15. Let 

CO 

n=0 

Then 



^A 2 -) = na n x n 1 and y"(x) = ^ n(n — l)a n x n 2 . 



n—l n—2 



Inserting these results into the differential equation y" — e x y = 0 requires 

„2 „3 



00 / 2 3 \ 00 

n(n - l)a n x n - 2 - (l + x + ^ + ^ + ■ ■ -J^ a n x n = 0. 

n=2 ^ ' • / „_ 0 



That is, 



2^ n(n - l)a n x n - 2 - I I + x + — + — + ■■■ j (a 0 + a lX + a 2 x 2 + •••)= 0, 



=2 

or equivalcntly, 

2a 2 - a 0 + (6a 3 - a 0 - a{)x + ^12a 4 - ^a 0 - ai - a 2 ^ x 2 + ^20a 5 - ^a 0 - * ai - a 2 - a 3 ^j ar 

Therefore the coefficients must satisfy: 

2a 2 — ao = 0, 6a 3 — a 0 — a x = 0, 12a 4 — -a 0 — a! — a 2 = 0, 20a 5 — -a 0 — -a x — a 2 — 

so that "|"| I 

a-2 = 2 a o> a3=g(ao + «i), a4=^(ao + ai), a 5 = —(5a a + Aa^ . 



Hence, 



so that 



™2 ,y 3 ™4 ™5 \ / . 7 i 3 ^4 . 7 i 5 

^^ a °( 1 + y + Y + T2 + 24 + --- +ai r + T + 12 + 30 +■ 



ill if t(j l(j it, it,' it,' 

^) = l + y + T + 12 + 24 +--- and w(a; ) = x+ y + _ + _ + ... . 
Since p(x) = 0 and q(x) = —e x , it follows that R = oo. 
16. Let 

OO 

2/0) = ^ a « x ™- 

n=0 

Then 

OO OO 

= ^ na n ^ n_1 and y"(x) = ^ n(n — l)a n ir n ~ 2 . 

n— 1 n— 2 

Inserting these results into the differential equation y" + sin .t + y = 0 requires 

OO OO OO 

n(n — l)a n x n ~ 2 + sin x ^ a n nx n_1 + a n x n = 0. 

n— 2 n— 1 n— 0 

That is, 

°° / a; 3 a; 5 \ °° °° 

n{n - l)a n x n - 2 + ix - — + — J ^ a n nx n - x + ^ a n x n = 0, 

n=2 \ ■ ■ J n=1 n=Q 

or equivalently, 

00 / x 3 x 5 \ °° °° 
^(fc + 2)(fc + l)a fe +2a; fe + ( ' T ~ ^ + 1^ ) ^ k + l ) a k+\x k + ^ a k x k = 0. 

This can be written as 



A-=0 fc=0 x 7 fe=0 



J2(k + 2)(fc + l)a fe+2 x fe + + l)a fc+1 - ^x fe + 3 + ix fe + 5 -•••)+£ a k x k 
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Therefore 

2a 2 + a 0 + (6a 3 + 2a 1 )x + (12a 4 + 3a 2 )x 2 + ( 20a 5 + 4a 3 - -aj I x 3 + • • • = 0. 



3! 



Consequently, 



so that 



2a 2 + a 0 = 0, 6a 3 + 2ai = 0, 12a 4 + 3a 2 = 0, 20a 5 + 4a 3 - = 0, 



«2 — — 2°°' a 3 — «4 — g«o, «5 — 4Q ai ' 



Hence, 

/ x 2 x 4 \ fx 3 3x 5 
Consequently, 

™2 4 3 o„,5 

yi {x) = I - — + — + ■■■ and t/ 2 (a;) = x - — + — + ... . 
Since p(x) — sin a; and q(x) = 1, it follows that R = oo. 

17. (a) Since = and q(x) = —1, we see that x = 0 is not an ordinary point, 
(b) The change of variables z = x — 1 transforms the given differential equation into 

(z + l)y" - zy' -(z + l)y = 0, 

where the prime symbol here denotes differentiation with respect to z. Let 



y(z) = ^2 a « z "- 



n=0 

Then 

OO OO 

y'(z) = ^2 na n z n ~ Y and y" (z) = n(n - l)a n z n ~ 2 . 

n=l n=2 

Inserting these results into the differential equation (z + l)y" — zy' — (z + l)y = 0 requires 

OO OO OO 

(z+ 1) n(n - l)a n z n ~ 2 - z ^ na n z n_1 - (z + 1) ^ a n z n = 0. 

n— 2 n— 1 n— 0 

That is, 

OO OO OO OO 

53 n(n - l)a„z"- 1 + £ n(n - l)a n z n - 2 - ^(n + l)a n z" - ^ a„z n+1 = 0, 

n— 2 n—2 n—0 n—0 

or equivalently, 

CO 

2a 2 -a 0 + Y,[(k + l)ka k+1 + (k + 2){k + l)a k+2 - (k + l)a k - a k ^]z k = 0. 
fc=i 

Therefore the coefficients must satisfy 

„ n (fc+l)a fc + a fe _i -k(k + l)a k+1 

2 fl2 -a 0 = 0, a k+2 = (fc + 2 )(fc + l) ' k = l,2,... 
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so that 



Consequently, 



a 2 = ^a 0 , a 3 =^ai, a 4 = ^(3a 0 - 2oi), a 5 = ^(7ai - 3o 0 ), .... 



z J z 4 7z 5 

2o + "'J +ai l z+ y _ i2 + w 



y(z) = a 0 1 + — + 



Now substitute z — x — 1 and write only the first three terms of each series: 



y(x) = a Q 



1 



(x-l) 2 (x-l) 4 



ai 



(z-l) + 



(x-l) 3 (x-l) 4 



12 



The radius of convergence is at least one. 
18. Let 

Then 



y( x ) = ^a n x n . 



71=0 



y'(x) = ^ na n x n 1 and y"(x) = ^ n(n — l)a n x n 2 . 

n—l n—2 

Inserting these results into the differential equation (1 + 2x 2 )y" + 7xy' + 2y = 0 requires 

oo oo oo oo 

^2 n ( n - l)a n x n ~ 2 + 2 ^2 n ( n ~ l ) a nX n + 7 ^2 na nX n + 2 ^2 a n x ' n = 0- 

71=2 n=2 

That is, 



71=1 



71=0 



J2^ k + 2 )( fc + l ) a k+2 + 2k(k - l)a k + 7ka k + 2a k ]x k = 0. 



fe=0 



Therefore the coefficients must satisfy 

(k + 2)[(fc + l)a k+2 + (2k + l)a k ] = 0, k = 0, 1, . . . 



so that 



Even k: 



(2k + 1) 

afe+2 = + 1 fflfc, fc = 0,l,.... 



^2 = 


-ao, 






5 1-5 




04 = 








9 1-5-9 




a 6 = 


5° 4 - 1-3-5 


ao, 




13 1-5-9 


13 


a 8 = 


7 a "- 1-3-5 


.7 a ° 



and in general 



, ,„1 -5---(4n-3) 

ffl2n = (-l)V~i ^ TT a °' «=M,- 

1 • 3 • • • (in — 1) 
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Odd k: 



k = 1 : a 3 = ~^ai, 

, o 7 3-7 

k = 3 : a 5 = --a 3 = ^— ^ ai, 

, r 11 3-7-11 

k = 5: a 7 = ~ — a 5 = - a x , 
6 2-4-6 

, „ 15 3-7-11-15 

k = " : an = — —aj = — — - — - — — a\. 

8 2-4-6-8 



and in general 



, _ „ 3 - 7 ■ ■ ■ (4n — 1) , lN „3-7---(4n- 1) 
a 2n+1 = (-IT 2 , 4 ,!, (2n) V - 2 n. w , V » = 1,2, • ■ • ■ 



Thus, the general solution to the differential equation is 



y(x) = a 0 



^-f v ; 1-3--- 2n-l 



71=1 



(2n- 1) 



ai 



277+1 



n=l 



Imposing the given intial conditions y(0) = 0, y'(0) = 1, yields a 0 — 0, ai = 1, so that the solution to the 
initial value problem is 



„(*) = x + Vt-l)" 3 - 7 -^ 4 "- 1 ^ 2 "* 1 . 
v ; ; 2™ • n! 



71=1 



19. (a) Let 



Then 



y{x) = anXn - 



71=0 



y'(x) — ^ na n x n 1 and y"(x) = ^ n(n — l)a n x n 

77=1 n=2 

Inserting these results into the differential equation Ay" + xy' + Ay = 0 requires 

oo oo oo 

4 Y n ( n - ^)a n x n ~ 2 + Y na n x n + A ^ a n x n = 0. 

That is, 



77 = 2 



77=1 



77 = 0 



4 J2(k + 2) 0 + l)a fe+2 a; fc + ^ fca fe a; fe + 4 ^ a fe x fe = 0, 



k=0 



k=0 



k=0 



or equivalcntly, 



J2iM k + 2 )0 + 1K+2 + (k + A)a k ]x k = 0. 



k=0 



Therefore, the coefficients must satisfy: 



(fc + 4) 

flfe+2 = -4(fc + 2)(fc+l) afc ' fc = °' 1 " 
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Even k: 



and in general 



Odd k: 



and in general 



k = 0 : a 2 = -2 a °' 

, „ 6 3! 3! 

k = 2 1 a4 = "4^3 a2 = 4^3T2 a ° = 2^4!°°' 

I A 8 41 

fc = 4:a6 = "4^T5 a4 = "2^6! ao ' 
■ R 10 5! 



^ = (- 1 )"^j[«o, n=l,2,.... 



fc = l:a 3 = -^ T | T ^a 1 = -|a 1 , 

fc = 3:a5 = "4i4 a3 = S ai ' 
9 5-7-9 



_ (-l)"[5-7---(2n + 3)] 
° 2 " +1 - 4«(2n+l)! 0l ' n - 1 ' 2 "--- 



The general solution to the given differential equation is thus 



~ (-1)»(„ + 1)! 2n \ ~ 

n=0 v ; l n=l 



(-l) n [5-7---(2n + 3)W 2n+1 
4"(2n + l)! 



Imposing the initial conditions y(0) = 1, y'(0) = 0 yields a 0 = 1, Oi = 0 so that the solution to the given 
initial value problem is 

(b) A polynomial must be found that approximates the solution with an error less than 10~ 5 . Recall that 
the numerical error made in truncating a convergent alternating series at a particular term is less than the 
absolute value of the next term. Letting x = 1 in the series solution obtained in part (a) above yields 

,,,111 1 1 

v(x ) = 1 1 1 h • • • 

yw 2 16 240 5376 161280 

The coefficient of x 10 is ^ = 6.3 x 10~ 6 < 10~ 5 . Thus, the desired polynomial is 
161280 

qt* ,y»4 ,y»6 

y(x) = 1 1 1 . 

yy ' 2 16 240 5376 



20. Let 

CO 

n=0 



820 



Then 

oo oo 

y'(x) = ^ na n x n ~ x and y"(x) = ^ n(n — l)a n x n ~ 2 . 

n=l n=2 

Inserting these results into the differential equation y" + 2x 2 y' + xy = 2cosx requires 

oo oo oo oo , x n 

n(n - l)a n x n - 2 + 2 £ na n x n+1 + £ a„.*" +1 = 2 £ ^—U 2 ". 



n=2 



71=1 



n=0 



n=0 



That is, 



or equivalcntly, 



J2(k + 2)(k + l)a k+2 x k + - ±W-ix k = 2 J2 



k=0 



fe=l 



^ (2*)! 



fc=0 



2a 2 + ^[(fc + 2)(k + l)a fe+2 + (2k - 1 W_i]x fe = 2 + 2 ^ 1 J - :; 



fe=i 



- (2fc!) 



This can be written as 



2a 2 - 2 + |] |[(fc + 2)(k + l)a k+2 + (2k - l)a k - 1 ]x k - = 0. 



Therefore the coefficients must satisfy 
«2 = 1, 



4^ + 1 , n 1 

0-21+3 = - , nl , oWr> , , n \ a 2l, t = U, 1, 



(2/ + 3)(2Z + 2) 
1 



&2m+2 



(2m + 2)(2m+ 1) 
From these relations we easily compute: 



(_l)m 

2 W)! " (4m_1)a2ro - 1 



, m=l,2,.... 



a 2 = 1, a 3 = --ao, a 4 
6 



— (l + Sox), a 5 = -\, a 6 =^ + ^a 0 , 



Consequently, 



x 3 7 



w(x) = an 1 — + T7^X~ 

yy ' \ 6 180 
The complementary function is 

y c (x) = a„ ( ] 

and a particular solution is 



+ ai a; + 



x 4 x 5 x 6 
12 ~ T + 360 



X s 7 

1 : 

6 180 



d\ I X 
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21. The point xq = 0 is an ordinary point. Both p(x) = x and q(x) = —4 are polynomials, and their power 
series expansion about 0 are valid for all x € K. Therefore, by Theorem 9.2.4 we let 



y( x ) = ^a n x n . 



n=0 



Then 



y'( x ) — E na n x n 1 and y"(x) — ^ n{n — l)a n x n 2 . 



n=l 



n=2 



Inserting these results into the differential equation y" + xy' — Ay — 6e x requires 



^2 n ( n - l)a>nX n 2 + ^2 na n x ' n - 4 V] a n x n = 6 ^ 



n=0 



n=0 



n.! 



That is, 



or equivalcntly, 



J2( k + 2 )0 + l)afc+2» fe + kakxk ~ 4 E akxk ~ 6 E 



oo i. 
X h 



fe=0 



fc=l 



fc=0 



fc=0 



fc! 



fe=0 



(fc + 2)(fc + l)a k+2 + {k- A)a k - 



fc! 



x k = 0. 



Therefore the coefficients must satisfy 



(fc + 2)(fc + 1H+2 + (fc - A)a k - — = 0, fc = 0, 1, . . . 



so that 



afe+2 = 



(fc + 2)(fc+l) 
From this relation we easily compute: 



fc! 



(fc-4)a fe 



k = 0,1, 



1 3 1 11 1 

a 2 = 3 + 2a 0 , a 3 = 1 + -ai, a 4 = - + -a 0 , a 5 = — + — oi, a 6 = — , 



Thus, 



x 3 x 5 



y(x) = a 0 1 + 2x z + — + ■ ■ ■ + a a x + — + — + • • • I + I 3x + x + — x + — — + — — + 



2 40 



x" x 



6 



10 120 



The complementary function is 



y c (x) = a 0 [l + 2x 2 + — + ■■■ )+ ai \ x + — + — + ■■ ■ ) , 



x 3 x 5 



and a particular solution is 



y p (x) = 3x 2 + x 3 + |jx 4 + ^ + ^ + 
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Solutions to Section 9.3 



True-False Review: 



1. FALSE. Theorem 9.2.4 guarantees that R — 1 is a lower bound on the radius of convergence of the power 
series solutions to Legendre's equation about x = 0. The radius of convergence could be greater than 1. 



2. TRUE. Relative to the inner product 



(p,q) = J p{x)q(x)di 



{Po, -Pi, ■ • • , Pn} is an orthogonal set (Theorem 9.3.4), and since each Pi is of different degree, ranging from 
0 to N, {Po, Pi, ■ ■ ■ , Pn} is linearly independent. 

3. TRUE. If a is a positive even integer or a negative odd integer or zero, then eventually the coefficients 
of (9.3.3) become zero, whereas if a is a negative even integer or a positive odd integer, then eventually the 
coefficients of (9.3.4) become zero. Therefore, for any integer a, either (9.3.3) or (9.3.4) contains only finitely 
many nonzero terms. 

4. TRUE. The Legendre polynomials correspond to polynomial solutions to (9.3.3) and (9.3.4), and we see 
directly from their form that these solutions contain terms with all odd powers of x or with all even powers 
of x. 

Problems: 

1. From Equations (9.3.3) and (9.3.4) two linearly independent solutions to Legendre's equation are 



yi(x) = a 0 



_ a(a + l) 2 (a-2)a{a+l)(a + 3) 4 

2 + 4! 

(a - 4)(a - 2)a(a + l)(q + 3)(a + 5) 6 

6! X + " 



(0.0.55) 



and 



y 2 {x) = ai 



_ (q-lKa + 2) 3 (tt-3)(a-l)(tt + 2)(a + 4) 5 



3! 



5! 



Setting a = 3 in Equation (0.0.56) yields 



(0.0.56) 



y 2 (x) = ai [x - -x- 



To obtain the corresponding Legendre polynomial we must choose ai so that 2/2(1) = 1. This requires 



01 ( 1 - 3 I ! 



so that ai — — |. Consequently, 
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Similarly, setting a = 4 in Equation (0.0.55) yields 



35 

yi(x) = a 0 ( 1 - I0x 2 + —x A 



To obtain the corresponding Legendre polynomial we must choose ao so that j/i(l) = 1. This requires 



an ( 1-10+y ] = i. 



so that ao = §. Therefore, 



35a; 4 - 30x^ + 3 . 



2. Starting with Po(x) = 1, and Pi(x) = x we use the recurrence relation 

(n + l)P n+1 (x) + nP„_i(z) = (2n + l)zP„(a;), n = 1, 2, 3, 

to generate P 2 (x), P 3 (x), P^x): 

n = 1 : Setting n = 1 in (0.0.57) yields 



so that 



That is, 



2P 2 (x)+P Q (x) = SxP^x), 



P 2 (x) = -[SxP^x) - P 0 (x)}. 



P 2 (x) = -(3x 2 -l). 



n = 2 : Setting n = 2 in (0.0.57) yields 



3P 3 (z) + 2Pi(:r) = 5xP 2 (:r), 



so that 



5xP 2 (x)-2P 1 (x) 



Substituting the expression for P 2 (x) obtained above and simplifying, we obtain 

1 



n=3 : Setting n = 3 in (0.0.57) yields 



P 3 (x) = -x(5x 2 -3). 



AP 4 (x) + 3P 2 (x) = 7xP 3 (x), 



so that 



Pi{x) 



7xP 3 (x) + 3P 2 (x) 



(0.0.57) 
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Substituting the expressions for P2(x) and P 3 (x) obtained above and simplifying, we obtain 

P A ( X ) = i(35x 4 -3Cte 2 + 3). 



3. From Rodrigucs' Formula, 



Computing the derivatives yields 



4. We have 
where 



Pz{x) = ^r(120x 3 - 72a;) = \x{hx 2 - 3). 



x 3 + 2x = a 0 P 0 + 01P1 + a 2 P 2 + a 3 P 3 , 



a 3 = f (x 3 + 2x)P j (x)dx, j - 0, 1, 2, 3, 



and 

P 0 (x) = l, Pi(x) = x, P 2 {x)= l -{2,x 2 -l), P 3 {x) = ^x{5x 2 -3). 
Thus, we obtain the following: 

a 0 



ai = 



1 r 1 

- / (x 3 + 2x) ■ 1 dx = 0, 

2 J-i 

3 f 1 3 r 1 

- I {x 3 + 2x) ■ x dx = - / (x 4 + 2x 2 ) dx = 
2 J -i 2 J_ 1 



5 r 1 i 5 r 1 

a 2 = - {x 3 + 2x) ■ -(3x 2 - l)dx = - I (3x 5 + 5x 3 - 2x) dx = 0, 
2 J -i 2 4 J_ l 

a z=\J {x 3 + 2x)-]^x{bx 2 -i)dx= 7 - j {bx 6 + 7.x 4 - 6x 2 )dx = 



Consequently, 



x 3 + 2x = ^Pi(x) + \p 3 {x). 
5 5 



5. Since p(x) has degree 3, no Legendre polynomials of degree 4 or more can occur in the requested linear 
combination. Therefore, we can write 

2x 3 + x 2 + 5 = a 0 P 0 (x) + a^x) + a 2 P 2 (x) + a 3 P 3 {x), 

where 



a-j 

3 2 



2.7 + 1 f 1 



J (2x 3 + x 2 + 5)P j (x)dx, j = 0,1,2,3, 



and 

P 0 (x) = l, Pi(x) = x, P 2 {x)= l -{2,x 2 -l), P 3 {x)= l -x{hx 2 -3). 



Thus, we obtain the following: 



3 

° 1 = 2 



a 2 



1 f 1 16 

a 0 = - / (2x 3 + x 2 + 5) • 1 dx = — , 

/! 3 r 1 g 

(2x 3 + x 2 + 5) • x dx = - / (2a; 4 + x 3 + 5x) dx = -, 
-l 2 J_i 5 

/ (2a; 3 + x 2 + 5) • ^(3x 2 - 1) dx = \ [ (6x 5 + 3x 4 - 2x 3 + 14a; 2 - 5) dx = \, 
J-i 2 4 J_ t 3 

a 3 = l [ (2x 3 + x 2 + 5) • ^x(5x 2 - 3) dx = 7 - [ (10x 6 + 5x 5 - 6x 4 + 22x 3 - 15x) dx 

2 J-i 2 4 7_i 

Consequently, 

2x 3 + x 2 + 5 = ^P 0 (x) + lPi(x) + ^P 2 (x) + \pz{x). 

3 5 3 5 

6. We can write 

N-l 

Q( x ) = a i p ii x ) 

i=0 

for some constants a i; where i = 0,l,...,JV— 1. Thus 

/l N-l -i 

Q(x)P N (x)dx = V a, / P(x)P w (x)dx = 0, 

since the Legendre polynomial are orthogonal on [-1,1] and i < N for each i in the summation. 

7. Applying the chain rule we have 

dY dY dx dY . . 

= = (— sin©) 

d</> dx c?0 dx 

so that 

rf2F / ■ d ( dY \ dY r 

- (-sin0) d ( dY \ dX -cos4> dY 
dx \dx J d(j) dx 

. 2 d 2 Y dY 

= sin 0— — — cos0— — . 
dar dx 

Substituting these results into the given differential equation yields 

d 2 Y dY dY 

sin 2 (f>—-Tr ~ cos0— h cot <^>-^(— sin0) + a(a + l)Y = 0. 

dx z dx dx 

That is, since x = cos <fi, 

d 2 Y dY 
(1 - x 2 )— - 2x— + a(a + 1)Y = 0 
dx z dx 

which is Legendre 's equation. 
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8. Let 



Then 



y( x ) = ^2 anxT ' 



n=0 



y'( x ) — ^ na n x n 1 and y"(x) — n(n — l)a n x n 2 . 

n=l n=2 

Inserting these results into the differential equation y" — 2xy' + 2ay = 0 requires 

oo oo oo 

n(n - l)a n x n ~ 2 - 2 ^ na„x" + 2a ^ a„:r™ = 0. 

n— 2 n— 1 n— 0 

That is, 

OO 

^ [(fc + 2)(fc + l)a k+2 - 2ka k + 2aa k ] x k = 0, 

fe=0 

so that the coefficients must satisfy 

(k + 2){k + l)a k+2 - 2ka k + 2aa k = 0, k = 0, 1, . . . . 

Consequently, 

2(fc-a) , „ , 

afe+2= (fc + 2)(fc + l) afe ' * = 0 . 1 -- 

From the preceding recurrence relation it is straightforward to derive: 

2"(-a) ■ ■ ■ (2n - 2 - a) 



and 

Hence, 

y(a;) = a 0 
so that 

and 



02n+l 



(2n)! 

2™(1 -a)---(2n- 1 -a) 
(2n+l)! 



a 0 , n=l,2, ... 



ai, n=l,2,.... 



x + g n-a)---(2n-2-a) x2n 



n=l 



(2n)! 



+ ai 



•+E 

71=1 



2"(l-a)-..(2n-l-a) 2w+1 
(2n + l)! 



, l( ,)^i + f: 2 "^-;i 2 r 2 ' a) ^ 



n=l 



(2n)! 



ra=l 



(2n+l)! 

are two linearly independent series solutions to Hermite's equation centered at x = 0. 
9. From Problem 8 we have 



yi 



71=1 
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and 



1)2 



2 n (l-a)---(2n-l-a) 
(2n+l)! : 



,2n+l 



Notice that if a = iV, where N is a nonnegative even integer, then 2/1(2;) is a polynomial of degree N. 
Similarly, if a = M, where M is an odd positive integer, 2/2(2;) is a polynomial of degree M. The polynomial 
solutions corresponding to a =0, 1, 2, and 3 are as follows: 

a = 0 : 2/1 (a;) = 1, 
a = 1 : 2/2 (#) = £, 
a = 2: 2/1(2:) = 1 - 2x 2 , 

a = 3: 2/ 2 (a;) = (3 - 2a; 2 ) . 



10. (a) The Hermite polynomials satisfy 

H'^ - 2xH' N + 2NH N = 0, 
where N is a nonnegative integer. Multiplying this equation by e~ x2 yields 

e- x2 H^ - 2e- x \H' N + 2Ne~ x2 H N = 0 
which can be written in the equivalent form 

(e- x2 H' N J ' + 2Ne- x ' ' H N = 0. 
(b) Let Hm(x) and Hn(x) be Hermite polynomials. Then from part (a) 

(e- x2 H' M y + 2Me- x2 H M = 0 

and 

(e- x2 H' N )' + 2Ne- x2 H N = 0. 

Multiplying the first equation by Hn, the second equation by Hm and subtracting the resulting equations 
yields: 

H M (eT*H' N )' - H N (e- x2 H' M )' + 2(N - M) e - x2 ' H M H N = 0. 
We now integrate over (—00,00) and use integration by parts on the first two terms to obtain 



lim 

k— >oo 



k r°° 
e- x2 (H M H' N -H' M H N ) +2(N-M) e^ 2 H N (x)H M (x)dx = 0. 

fe J —00 



(0.0.58) 



Since Hm and are polynomials, we have 



lim e x H M H' N = 0, and lim e x H' M H N = 0 

k— >±oo fc^±oo 



so that (0.0.58) reduces to 



/oo 
e- x2 H N (x)H M (x)dx = 0. 
-OO 
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Consequently, 

/oo 
e~ x * H N (x)H M (x)dx = 0 
-oo 

whenever M ^ N. 
(c) Multiplying 

N 

p( x ) = ^a k H k (x) 
fe=i 

by e~ x2 Hj(x), where j = 1, 2, . . . , N, and integrating over (— oo, oo) yields 

N 



/OO ^ /'OO ^ Jv 

e~ x Hj(x)p(x)dx = / e~ x Hj(x)^2a k H k (x)dx. 
-oo J— oo ,„_, 



fe=l 
That is, 

e- x2 Hj(x)p(x)dx = ^2a k e'^ H j (x)H k (x)dx. (0.0.59) 

-oo J— oo 

However, we have already shown in part (b) that 

f°° _ 2 

/ e x Hj{x)H k (x)dx — 0, whenever j ^ k. 

J —oo 

Therefore, (0.0.59) reduces to 

/oo poo 
e~ x2 H 3 (x)p(x)dx = cij / e~ x2 Hj(x)dx aj^jly/n, 
-oo J —oo 

where we have used e~ x ^ Hj(x)dx = 2\j\^/7T. Consequently, 

f oo 



1 f°° _ 2 

a,- = . , = / e x H j (x)p(x)dx. 

y_oo 



2 J j 

11. We can write 

3x 3 - 1 = a 0 P 0 (a;) + ai-Pi(z) + a 2 P 2 (a;) + a 3 P 3 (x), 

where 



2n+l 

»n = : 



J (3x 3 - l)P n (x)dx, n = 0,1,2,3. 
Evaluating these integrals yields a 0 = — 1, a\ = |, a 2 = 0, a 3 = |. Hence, 

3x 3 - 1 = -P 0 (x) + ^(z) + & -P z {x). 



12. The coefficients in the Lcgcndre series expansion of f{x) = coskx are 

2n+ 1 



j cosnxP n (x) dx, n = 0, 1, .... 
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Using some form of technology it is easy to obtain: 

15 45, o 
a a = 0, ai = 0, a 2 = „-, a 3 = 0, a 4 = -(27r -21). 

Hence, the first four terms in the Legendre series expansion of f(x) = cos irx are 

15 45 
0 • P 0 (x) + 0 ■ Pi(x) - -^(z) + 0 • P 3 (x) - — (2^ 2 - 21)P 4 (ar). 



7T Z 



7T 



Hence, 



Si - 0, S 3 = -^P 2 (x), S 5 = -^P 2 (x) - —Alit 2 - 2l)P 4 (x). 



In the accompanying figure, we have sketched f(x) and the two approximations S3 and S5. 



cos nx 




Figure 153: Figure for Problem 12 



13. The coefficients in the Legendre series expansion of f(x) = x(l — x 2 )e x are 

2n+l f 1 



J x(l - x 2 )e x P n (x) dx, n = 0,l, 



Using some form of technology it is easy to obtain: 

a 0 = -(e 2 -7), ai = 6 (15-2e 2 ), a 2 = 5 (31e 2 - 229), 

e e e 

a 3 = 2 (8120 - 1099e 2 ), a 4 = 1 (24929e 2 - 258093). 

e e 

Hence, the first four terms in the Legendre series expansion of f(x) = x(l — x 2 )e x are 
l -{e 2 - 7)P 0 (x) + ^(15 - 2e 2 )P 1 (x)+^(31e 2 - 229)P 2 (x) 

+ ^(8120 - 1099e 2 )P 3 (x) + ^(24929e 2 - 258093)P 4 (a;). 
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Therefore, 



Si=-(e 2 -7)P 0 (x), 
e 

S 3 = l -{e 2 - 7)P 0 (x) + ^(15 - 2e 2 )P 1 (x) + ^(31e 2 - 229)P 2 (x) 



1 {e'-7)P 0 (x) + 

6 6 u- 

S 5 = l -{e 2 - 7)P 0 (x) + ^(15 - 2e 2 )P 1 (x) + ^(31e 2 - 229)P 2 (x) 



O O O 

-r ^(8120 - 1099e 2 )P 3 (x) + |-(24929e 2 - 258093) P 4 (x)- 
In the accompanying figure, we have sketched f(x) and the three approximations Si, S 3 and 55. 



x(1-x)e? 




Figure 154: Figure for Problem 13 



Solutions to Section 9.4 

True-False Review: 

1. FALSE. It is required that (x — x 0 ) 2 Q(x) be analytic at x = Xo, not that (x — x 0 )Q(x) be analytic at 

X = Xq. 

2. FALSE. It is necessary to assume that r\ and r 2 are distinct and do not differ by an integer in order to 
draw this conclusion. 

3. TRUE. This is well-illustrated by Examples 9.4.5 and 9.4.6. The values of ao, a\, a 2l ■ ■ ■ in the Frobcnius 
series solution are obtained by directly substituting it into both sides of the differential equation and matching 
up the coefficients of x resulting on each side of the differential equation. 

4. TRUE. Example 9.4.2 is a fine illustration of this. 

5. TRUE. For instance, the only singular point of y" + ^y' + y = 0 is x 0 = 0, and it is an irregular singular 
point. 

Problems: 
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1. For the given differential equation 

P(x) = and Q{x) = x. 

Therefore x = 1 is the only singular point. Further, since 

p(x) = (x — 1) — - — = —1 and q(x) = (x — l) 2 x 
1 — x 

are both analytic at x = 1, it follows that x — 1 is a regular singular point. 

2. For the given differential equation 

P(x) = 1 and Q(x) = \. 

x(l — x l ) A x z 

Therefore the only singular points of the differential equation are x = 0, — 1, 1. 
For x = 0 : Both 

p(x) = — and q(x) = 1 

(i — x z y 

are analytic at x = 0. Therefore, x — 0 is a regular singular point. 
For x = 1: Since 



ar(l - a; 2 ) 2 



= — 3^ and «( a; ) = 



are not both analytic at x = 1 it follows that a; = 1 is an irregular singular point. 
For x — — 1 : Since 

, x + l (a; + l) 2 
p(a;) = — and q(a;) = 2^ — 

x(i — x A y x z 

are not both analytic at x = — 1 it follows that x = — 1 is an irregular singular point. 

3. For the given differential equation 

e x 4 

p (x) = o and < 3( a; ) = "7 ^2- 

x — 2 x(x — 2) 2 

Therefore x = 0 and x = 2 are the only singular points. 
For x = 0 : Since 

e x 9 4 4x 

p(x) = x ■ and q(x) = x ■ —. — 77 = -, -ttt 

FK ' x-2 y ' x(x-2) 2 (x-2) 2 

are both analytic at x = 0 it follows that x — 0 is a regular singular point. 
For x = 2 : Since 

4 

pix) = e x and q(x) = — 

x 

are both analytic at x = 2 it follows that x — 2 is a regular singular point. 

4. For the given differential equation 

2 1 

P(x)=— — and Q(x) = v — — . 

x(x — 3) x- i (x + 3j 
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Therefore x = —3,0,3 are the only singular points. 
For x = —3 : Since 

2(x + 3) (s + 3) 

p(x) = —, — ^ and i( x ) = 3— 

x(x — 3) x A 
are both analytic at x = —3 it follows that x — —3 is a regular singular point. 
For x = 0 : Since 

2 1 

P{x) = and q(x) = — — 

x — 3 x(x + 3) 

are not both analytic at x — 0 it follows that x — 0 is an irregular singular point. 

For x — 3 : Since 

( \ 2 ^ ^ (^-3) 2 

p(a;) = - and q(x) = 

a; a; ,:i (x + 3) 

are both analytic at x = 3 it follows that x — 3 is a regular singular point. 

5. In this case 

p(x) = 1 — x and = —7, 

so that 

Po = p(0) = 1 and go = 9(0) = -7. 

Therefore the indicial equation is 

r(r- 1) + r- 7 = 0. 

That is, 

r 2 -7 = 0, 

with roots r = ±\/7. 

6. In this case 

p( x )=^ eX and g(a;) = — -, 

so that 

Po = P(0) = - and q 0 = q(0) = --. 

Therefore the indicial equation is 

r(r-l) + -r-\ = 0. 
4 4 

That is, 

4r 2 - 3r - 1 = (4r + l)(r - 1) = 0, 

with roots r = — - , 1 . 

7. In this case 

p(» = -- and q(x) = -, 

so that 

Po = p(0) - 0 and q 0 = 9(0) = 0. 
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Therefore the indicial equation is 

r(r- 1) = 0, 

with roots r = 0, 1. 
8. In this case 

p(x) — — cosx and q(x) = 5e 2x , 

so that 

Po = p(0) = -1 and q 0 = q(0) = 5. 

Therefore the indicial equation is 

r(r - 1) - r + 5 = 0. 

That is, 



r 2 - 2r + 5 = 0, 



with roots r = 1 ± 2i. 



9. The indicial equation here is r(r — 1) + |r = 0, which can be written r 2 — |r = 0, with roots r — 0 and 
r = j that do not differ by an integer. Substituting 

oo 

into the given differential equation and simplifying yields: 

oo oo oo 

4(n + r)(n + r - l)a n x n + ^ 3(n + r)a„a;" + ^ a n / +1 = 0. 

n— 0 n— 0 n— 0 

That is, 

OO OO 

^2(n + r)(4n + 4r - l)a n x n + ^a„_ix™ = 0. 

n— 0 n— 1 

When n = 0, we obtain r(4r — 1) = 0, with roots r = |, 0. 
The remaining coefficients must satisfy 

(n + r)(4n + 4r - l)a„ + a„_i = 0, n = 1,2, .... (0.0.60) 

Case 1: r = \: Equation (0.0.60) implies that 

a n = 1 a n _i, n=l,2, .... 

n(4n + 1) 

Substituting n = 1,2,3,... into this recurrence relation we find 

(-1)" 

a n = , rt . n 7-. ,— prTa 0 , n=l,2, .... 

n![5 ■ 9 ■ ■ ■ (4n + 1)J 

Hence, 
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Case 2: r — 0 : Equation (0.0.60) implies that 

CL n — — <2 n _ l , 71 1,2,.... 

n(4n - 1) 

Substituting n = 1, 2, 3, . . . into this recurrence relation yields 

(-1)™ 

a n — , ro _ 7-; 7TT a 0i "—1,2, 

n![3 ■ 7 - ■ ■ [An — 1)\ 

Hence, 

(-l) n x 



^) = 1 + E n![3 . 7 ...(4n-1)] - 

n— 1 L v /J 



10. The indicial equation here is r(r — 1) + |r + | = 0, which can be written r 2 — |r + | = 0, with roots 
r = i and r = \ that do not differ by an integer. Substituting 



y(x) = J2 *nx n+r 



n=0 

into the given differential equation and simplifying yields: 

oo oo 

£[6(n + r)(n + r - 1) + (n + r) + l]a„a;" + ^ 6[3(n + r) - l]a„_iz" = 0. 

n— 0 n— 1 

When n = 0, we obtain 6r(r — 1) + r + 1 = 0, with roots r = g, g. 
The remaining coefficients must satisfy 

[6(n + r)(n + r - 1) + (n + r) + l]a„ + 6[3(n + r) - l]a„_i =0, n = 1, 2, . . . . (0.0.61) 

Case 1: r = \: Equation (0.0.61) implies that 

(6n 2 + n)a n + (18n + 3)o„_i = 0, n = 1, 2, . . . 

so that 

3 

a„ = a n _i, n=l,2, 

n 

Substituting n = 1, 2, 3, . . . into this recurrence relation yields 

(-3)™ 

» n = j— ao, n=l,2,.... 

n! 

Hence, 

yi (x) = x 1 / 2 y L^L^ = x V2 e -a*. 

i TV. 

n=0 

Case 2: r = |: Equation (0.0.61) implies that 

(6n 2 — n)a n + (18n)a n _i = 0, n = 1, 2, . . . 
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so that 



18 



a n = - - 



-a n -i, n — 1,2, .. 



6n- 1 

Substituting n— 1,2,3,... into this recurrence relation yields 

(-18)" 

a n = —- T rrflo, n = l,2,.. 

5 • 11 • • • (on — 1) 



Hence, 



Vi{x) = x 



1/3 



(-18)' 



^5-ll---(6n-l) 



11. The indicial equation here is r(r — 1) + r — 2 = 0, which can be written r 2 — 2 = 0, with roots r = ±\/2, 
that do not differ by an integer. Substituting 



y(x) = a nx n+r 
into the given differential equation and simplifying yields: 

oo oo 

[(« + rf - 2]a„or" - ]T a„_ l2 ;" = 0. 

n— 0 n— 1 

When n = 0, we obtain r 2 — 2 = 0, with roots r = ±\/2. 
The remaining coefficients must satisfy 

[(n + r) 2 - 2]a n - a„_i = 0, n=l,2, 

Case 1: r = \[2: Equation (0.0.62) implies that 

a n = — -j— =-fl„-i, n=l,2,.... 
n(n + 2y2) 

Substituting n — 1,2,3,... into this recurrence relation and simplifying yields 

1 



" n!(l + 2\/2)(2 + 2\/2)---(n+2\/2) 



a 0 , n=l,2, 



Hence, 



yi (x) = x 



1 + ^n!(l 



^ n!(l + 2v^) (2 + 2V2) ■ ■ ■ (n + 2>/2) 
Case 2: r — — y/2 : Equation (0.0.62) implies that 

1 



a„ = 



-a„_i, n=l,2,... 



n(n - 2\/2) 

Substituting n = 1,2,3,... into this recurrence relation and simplifying we find: 

1 



Or; 



n\{\ - 2\/2)(2 - 2\/2) ■ ■ ■ (n - 2\/2) 



o 0 , n=l,2, 



(0.0.62) 
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Hence, 



V2{x) = X 



+ ^ n!(l - 2>/2)(2 - 2>/2) ■ ■ ■ (n - 2>/2) 



12. The indicial equation here is r(r — 1) + = 0, which can be written r 2 — \r = 0, with roots r — 0 and 
r = J that do not differ by an integer. Substituting 



y( x ) = E a ^ x " 

into the given differential equation and simplifying yields: 

oo oo 

J^[2(n + r)(n + r - 1) + n + r]a„a;" - ^ 2a n-2X n = 0. 



71=0 



n=2 



When n = 0, we obtain r(2r — l)a 0 = 0, with roots r = Q,\. When n = 1, we obtain 

(2r 2 + 3r + = 0 

which implies that oti = 0, since the only values r can assume are 0 or |. The remaining coefficients must 
satisfy 

[2(n + r)(n + r - 1) + n + r]a n - 2a„_ 2 = 0, n = 2, 3, . . . . 
Case 1: r = 0: Equation (0.0.63) implies that 



(0.0.63) 



n(2n - 1) 



ffln-2, n = 2,3, 



(0.0.64) 



Since ai = 0, it follows that 



a,2n+i = 0, n = 0,l,..., 
whereas, from Equation (0.0.64) the even coefficients must satisfy: 



a2k - fc(4fc-l)° 2fe - 2 ' fc = 1 > 2 '-- 



from which we obtain 



Hence, 



fc![3 ■ 7-- ■ (4fc— 1)] 



(*) = i + E 



o 0 , fc = l,2, . 



Case 2: r = h Equation (0.0.63) implies that 



n(2n+ 1) 



^„![3.7---(4n-l)]- 



o„_ 2 = 0, n=l,2, .... 



(0.0.65) 



Once more, since ai = 0, it follows that 



a2n+i = 0, n = 0,l,.... 
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whereas, from Equation (0.0.65), the even coefficients must satisfy 

a2fe = mri) a2k - 2 = °' fc=i ' 2 '---' 

from which we obtain 

^ais-g.-Wi)] 00 ' fc = 1 ' 2 '-'-- 



Hence, 



|fe(x) = a : 1 /2J 1 + £ 



x 2n 



^„![5.9---(4n+l)] 



13. The indicial equation here is r(r — 1) — |r + 2 = 0, which can be written — g-r + 2 = 0, with roots 

3 



r = I and r = 3 that do not differ by an integer. Substituting 



y(x) = J2a n x n+r 



n=0 

into the given differential equation and simplifying yields: 

oo oo 

£[3(n + r)(n + r - 1) - 8(n + r) + 6]a„x™ - j^(n + r - l)a n - lX n = 0. 

n— 0 71=1 

When n = 0, we obtain 3r 2 — llr + 6 = (3r — 2)(r — 3) = 0, with roots r = |, 3. The remaining coefficients 
must satisfy 

[3(n + r)(n + r - 1) - 8(n + r) + 6]a n - (n + r - l)a„_i = 0, n=l,2, .... (0.0.66) 
Case 1: r = |: Equation (0.0.66) implies that 

0-. = ^ TfyCLn-l, U = 1,2, . . . . 

3n(3n - 7) 

Substituting n = 1,2,3,... into this recurrence relation we find 

(3n-4)(3n-l) „ 

a«= , r^r ao, n=l,2,.... 

4 • n! • 3" 



Hence, 



/ \ 2/3 (3^ — 4)(3n— 1) _ 

yi(a;) = x z/i > ^ -x n . 

y K ' ^ 4- n\ ■ 3" 

n=0 



Case 2: r = 3 : Equation (0.0.66) implies that 

"n = —n. — r^an-i, n=l,2,... 
n{Sn + 7) 

Substituting n = 1,2,3,... into this recurrence relation yields 

(n+l)(n + 2) 
fO • f3 • • • (3n + 7) 
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Hence, 



2/2 (x) = x 3 



^ (n+l)(n + 2) 
^ 10- 13---(3n+7) 

n=l 



14. The indicial equation here is r(r — 1) — \r — 1 = 0, which can be written r 2 — |r — 1 = 0, with roots 
r = 2 and r = — \ that do not differ by an integer. Substituting 

oo 

y(x) = J2 a n x n+r 
into the given differential equation and simplifying yields: 

oo oo 

^[2(n + r )(n + r - 1) - (n + r) - 2]a„a;" - ^[2(n + r - 1) - 8]a„_iz" = 0. 

n— 0 n— 1 

When n = 0, we obtain 2r(r — 1) — r — 2 = 0. That is, 

2r 2 - 3r - 2 = (2r + l)(r - 2) = 0, 
with roots r — 2, — \. The remaining coefficients must satisfy 

[(n + r)(2n + 2r - 3) - 2]a n - [2(n + r- 1) - 8]a„_i = 0, n=l,2,.... (0.0.67) 
Case 1: r = 2: Equation (0.0.67) implies that 

[(n + 2)(2n + 1) - 2]a„ - [2(n + 1) - 8]a„_i = 0, n = 1, 2, . . . 

so that 



Hence, 



so that 



2(n-3) „ 
a„ = — — -3r-a n _i, n=l,2, .... 
ra(2n + 5) 



4 4 
ai = --a 0 , a 2 = — »o, a n = 0, n = 3,4, 



63 

2 / 4 4 
2/i(ar) = a; [ 1 ~j x+ ^ x 

Case 2: r = — \: Equation (0.0.67) implies that 

In- 11 

a« = -77, ^Y a «-i' «=1,2, ... 

n(2n — 5) 

Substituting n = 1, 2, 3, . . . into this recurrence relation yields 

315 



n!(2n-5)(2n-7)(2n-9) 



o 0 , n=l,2, 



Hence, 



2/2 (x) = x 



- T -l/2 



315 



-J n!(2n - 5)(2n - 7)(2n - 9) ' 
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15. The indicial equation here is r(i — 1) + r — 5 = 0, which can be written r 2 — 5 = 0, with roots r — ±\/5 
that do not differ by an integer. Substituting 

00 

y(x) = a nx n+r 

into the given differential equation and simplifying yields: 

00 00 

^[(n + r)(n + r - 1) + (n + r) - 5}a n x n - ^[(n + r - 1) + l]a„-ia;" = 0. 

n— 0 n— 1 

When n = 0, we obtain r(r — 1) + r — 5 = 0. That is 

r 2 -5 = 0, 

with roots r — ±\/5. The remaining coefficients must satisfy 

[(n + r) 2 - 5]a n - (n + r)a„_i = 0, n = 1, 2, . . . . 
Case 1: r = VE: Equation (0.0.68) implies that 



a n = — — « n -i, n=l,2, 



n(n + 2\/5) 

Substituting n = 1,2,3,... into this recurrence relation we find 

(l + \/5)(2 + \/5)---(n + \/5) 



+ 2\/5)(2 + 2\/5) ■ ■ ■ (n + 2\/5) 



00, n = 1,2, 



Hence, 



yi(x) = x 



^ n!(l 



(l + >/5)(2 + >/5)-"(n+>/5) 



^ n!(l + 2>/5)(2 + 2^/5) • • • (n + 2^5) ' 
Case 2: r — —a/5 : Equation (0.0.68) implies that 

n- \/5 

o n = — — — 7=a„_i, n = l,2,.... 
n z — 2nv5 

Substituting n = 1,2,3,... into this recurrence relation yields 

(l-\/5)(2-\/5)-->-v/5) 



n!(l - 2\/5)(2 - 2\/5) ■ ■ ■ (n - 2^5) 



o 0 , n=l,2, 



Hence, 



J/2 (a;) = x 



\ + (l-v^)(2-V5)---(n-V5) gn 

^ rc!(l - 2v^)(2 - 2\/5) ■ ■ ■ (n - 2\/5) 



(0.0.68) 



16. The indicial equation here is r(r — 1) + |r + | = 0, which can be written r 2 + |r + | 
r = — 1 and r = — 3 that do not differ by an integer. Substituting 

00 

y(x) = *nx n+r 

n=0 



= 0, with roots 
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into the given differential equation and simplifying yields: 

oo oo 

£[3(n + r)(n + r - 1) + 7(n + r) + l]a n x n + ^I 3 (™ + r - 1) + 6]a„_ia;" = 0. 

n— 0 7i=l 

When n = 0, we obtain 3r(r - 1) + 7r + 1 = 0. That is, 

3r 2 + 4r + 1 = (3r + l)(r + 1) = 0, 
with roots r = — 1 , — | . The remaining coefficients must satisfy 

[(n + r)(3n + 3r + 4) + l]a„ + 3(n + r + l)a„_i = 0, n = 1, 2, . . . . 
Case 1: r = — 1: Equation (0.0.69) implies that 

3 



-a„_i, n = 1,2, . . . 



(3n - 2) 

Substituting n = 1, 2, 3, . . . into this recurrence relation we find 

(-3) 



l-4---(3n-2) 



ao, n = 1,2, 



Hence, 



j/i(a;) = x 1 



(-3)' 



n=l 



(3n-2)' 



Case 2: r = — i: Equation (0.0.69) implies that 



a n = --a„_i, n = l,2, ... 
n 

Substituting n = 1, 2, 3, . . . into this recurrence relation yields 

„ (-!) r 



n! 



-a 0 , n=l,2, .... 



Hence, 

17. (a) In this case 
so that 

Therefore the indicial equation is 
That is, 



2/2 



( .x) = ,-V3 E hiL,™ = 



n=0 



p(x) = 1 and g(x) = 1 — x 
Po = P(0) = 1 and q a = q(0) = 1. 
r(r - 1) + r+ 1 = 0. 
r 2 + l = 0, 



(0.0.69) 
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with roots r = ±i. 
(b) Substituting 

oo 

y(x) = ^a n x n+r 

n=0 

into the given differential equation and simplifying yields: 

oo oo 

YX n + r ^ n + r ~ 1 ) + ( n + r ) + l]a n x n - a n-ix n = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation already found in (a). The remaining coefficients must satisfy 

[(n + r)(n + r - 1) + (n + r) + l]a„ - a„_i = 0, n = 1, 2, 

Letting r = i in the last equation and simplifying gives 

1 n - 2i 

fl "~ n(n + 2z) a "- 1_ n(n2 + 4) a "- 1 ' "- 1 ' 2 '"" 

Substituting n = 1,2,3 into this recurrence relation we find 



ai 



1 -2i 



-oo, a 2 



-(l + 3i)a 0 , o 3 



5 40 v ' J 1560 

Hence, a complex-valued solution to the given differential equation is 



(9 + 7i)a 0 . 



Y(x) = x l 



1 + -x- —x 2 - ——x 6 + 



40 



1560 



2 3 n 1 o 

; 5-'- .I/ ,560-' • 



[cos(ln x) + i sin(ln x) 



1+ 5 X -40^ - 1560^ + - 



2 ^ 2 ^ ^ 

4 I — x — —x — ———x + 
5 40 1560 



(c) Extracting the real and imaginary parts of the complex- valued solution obtained in (b) yields the following 
two real-valued solutions 



(1 1 9 9 Q 
x = 1 H — x x a; 
; 1 5 40 1560 



( ' 0h(,11 ' r) " ( \ X + + Ij^O^ ) ^u(ln.r). 



2/2 O) 



1 1 „2 9 3 



' + 5" " 40^ - 1560^ + ' ' ' j Sin(lnx) + I -\ X - - 15^ + 



cos(lnx), 



respectively. 
18. Substituting 

oo 

y(x) = a n x n+r 
into the given differential equation and simplifying yields: 

OO OO oo 

£[3(n + r)(n + r - 1) + n + r]o„a;" + ^ 3(n + r - 2)a n _ 2 a;" - ^ 2a„_ l2 ;" = 0. 



n=0 



n=l 
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When n = 0, wc obtain the indicial equation 

3r(Y - 1) +r = 0. 

That is, 



r(3r- 2) = 0, 



with roots r = 0, |. When n = 1, we have 



(3r+l)(r + l)oi = 2ao, (0.0.70) 
and the remaining coefficients must satisfy 

(n + r)(3n + 3r - 2)a n = 2a„_i - 3(2 - n- r)a„_ 2 , n = 2,3,.... (0.0.71) 
Case 1: r = 0: Equation (0.0.70) implies that 

ai = 2a 0 , 

and Equation (0.0.71) requires 

_ 2a„_i - 3(2 - n)a»- 2 _ 

a ri — ,„ „x , 71 — Z, O, . . . . 

n(3n — 2) 

Substituting n = 2, 3, 4 into this recurrence relation yields 



a 0 a 0 11 

0-2 = 

Hence, 



yi(a:) = 1 + 2x + l -x 2 + ^x 3 + ^x 4 + 



Case 2: r — Equation (0.0.70) implies that 



5 



and Equation (0.0.71) requires 



_ 2a„_i + (3n - 4)a»_ 2 _ ., 
n(3n + 2) 



Substituting n = 2, 3, 4 into this recurrence relation yields 



47 509 

Hence 



a2-^a 0 , as=—a 0 , a 4 - — a 0 . 



2/3 A 2 7 2 47 3 509 4 \ 

y2(x) = * 7 i 1 + r + ao x + mo x + 18480* + ' ' ' ) • 

19. (a) The indicial equation is r(r — 1) + \ = (r— ^) 2 = 0, with root r = ^, with multiplicity 2. Substituting 

CO 

j/(x) = ^ a n x n+r 



n=0 
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into the given differential equation and simplifying yields: 

oo oo 

^[4(n + r)(n + r - 1) + l]a„a;" - + r - 1) - 2]a„_ 1 .T™ = 0. 

n— 0 n— 1 

When n = 0, we obtain 4r 2 - 4r + 1 = 0. That is, 

(2r-l) 2 = 0, 

which has the repeated root r = \. The remaining coefficients must satisfy 

[4(n + r)(n + r - 1) + IK - [4(n + r - 1) - 2]o„.i = 0, n=l,2,.... (0.0.72) 
Setting r — \ in Equation (0.0.72) yields 

a n — = On— 1, fl — 1 , z , . . . , 



which implies that 
Consequently, 
(b) Let 
Then 



a n = 0, n=l,2, 

J/2 (a;) = yi(x)u(a;) = x 1/2 u(x). 

y' 2 (x)=x 1 / 2 u' +^x~ 1 / 2 u, 
y'^x) = X V* U " + x- l / 2 u' - l -x- 3 ' 2 u. 
Inserting these expressions into the original differential equation gives 



Ax 2 (x l ' 2 u" + X - l ' 2 u' - \x- 3/2 ^j - Ax 2 (V/V + \x- l ' 2 v)j + (1 + 2x)x l ' 2 u = 0. 



That is, upon simplification, 



or equivalcntly 

which can be integrated directly to obtain 

In u = x — In x + c. 

Exponentiating both sides of this equation, and setting the integration constant to 1, yields 

u = -e x , 
x 
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which we write as 



or equivalcntly, 



Therefore, 



1 ry.n 

1 — \ " _ = \ " 



a; ' — ; ni * — ' n\ 

n=0 n=0 



u' = 



E 

n=l 



-ra-1 



u(x) 



1 ^ X"- 1 



E 



x * — ' ni 

n—l 



dx + C 



x 

= lnx+ > -, 

^— ' n • n! 



n=l 



where we have set the integration constant to zero. Consequently, 

y 2 (x) = x x l 2 u(x) = x 1 ' 2 (lnx + V —\ . 

20. Substituting 

OO 

y(x) = a n x n+r 

71=0 

into the given differential equation and simplifying yields: 

OO OO 

+ r)(n + r - 1) + 3(n + r) + l]a n x n - i 2 ( n + r-l) + 2]a„_ix' 

n—0 n—l 

When n = Q, we obtain the indicial equation 

r(r - 1) + 3r + 1 = 0. 

That is 

(r + l) 2 = 0, 

which has the repeated root r = — 1. The remaining coefficients must satisfy 

[(n + r)(n + r - 1) + 3(n + r) + l]a n - [2(n + r - 1) + 2]a„_i = 0, n = 1, 2, . . . 
Setting r = — 1 in Equation (0.0.73) and simplifying yields 

2(n- 1) 



(0.0.73) 



a» = 



-a„_i, n=l,2, .... 



which implies that 
Consequently, 



a„ = 0, n = 1,2, — 
yi (x) = x _1 . 
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We now use the reduction of order method to obtain a second linearly independent solution of the form 

U2{x) = y\(x)u(x) = a; _1 u(a;). 

Then 

y' 2 (x) = — x~ 2 u, 

y'J,{x) = x~ x u" - 2x~ 2 u' + 2x~ 3 u. 

Inserting these expressions into the original differential equation gives 

x 2 (aT V - 2x~ 2 u' + 2x- z u) + x(3 - 2x) (aT V - x~ 2 u) + (1 - 2x)x~ 1 u = 0. 



That is, upon simplification, 
or equivalently 

which can be integrated directly to obtain 



u" + -(1 -2x)u' = 0, 

x 



U -=2- 1 - 

vl x 



In u 1 = 2x — In x + c. 

Exponentiating both sides of this equation, and setting the integration constant to 1, yields 



2x, 



which we write as 



or equivalently, 



Therefore, 



u = — e 
x 



, 1 ^ (2a;)" ^ 2 n x n - 1 
u = — y — , — = > , — . 



X ' — ' n\ 

n=0 



n=0 



. 1 ^ 2 n x n ~ 1 

u' = - + > : — ■ 

x { n\ 

n=l 



u(x) 



I ^ 2 n x n ~ 1 



+ E 



x * — ' n\ 

n—l 



dx + c 



= In x + ^ 



{2x) n 



n ■ n\ 



where we have set the integration constant to zero. Consequently. 

2/2(2) = x _1 u(a;) = x^ 1 



V- (2x) n 
lna;+> - — '— 



n=l 



Solutions to Section 9.5 
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True-False Review: 

1. FALSE. The indicial equation (9.5.4) in this case reads r(r — 1) — r + 1 = 0, or r 2 — 2r + 1 = 0, and the 
roots of this equation are r = 1,1, so the roots are not distinct. 

2. TRUE. The indicial equation (9.5.4) in this case reads r(r-l) + (l-2 v / 5)r+ ^ = 0, orr 2 -2 v / 5r+^ = 0. 
The quadratic formula quickly yields the roots r = \/5 ± \ , which are distinct and differ by 1 . 

3. FALSE. The indicial equation (9.5.4) in this case reads r(r - 1) + 9r + 25 = 0, or r 2 + 8r + 25 = 0. The 
quadratic formula quickly yields the roots r = —4 ± 3i, which do not differ by an integer. 

4. TRUE. The indicial equation (9.5.4) in this case reads r(r - 1) + 4r - \ = 0, or r 2 + 3r - \ = 0. The 
quadratic formula quickly yields the roots r = — | and r = \ , which are distinct and differ by 4. 

5. TRUE. The indicial equation (9.5.4) in this case reads r(r — 1) = 0, with roots r — 0 and r = 1. They 
differ by 1. 

6. FALSE. As indicated in Theorem 9.5.1, if the roots of the indicial equation do not differ by an integer, 
then two linearly independent solutions to x 2 y" + xp(x)y' + q(x)y = 0 can be found as in Equations (9.5.13) 
and (9.5.14). 

Problems: 

1. In this case 

so that 

Po 

Therefore the indicial equation is 
That is, 

with the repeated root r = \. Hence, 

?/i (x) = x 1/2 ^2 a nX n and y 2 (x) = y x In x + x 1/2 ^ b n x n . 

n—0 n—1 

2. In this case 

p(x) — cosx and q(x) — —2e x 

so that 

Po = p{0) = 1 and q 0 = q(0) = -2. 

Therefore the indicial equation is 

r(r- 1) +r- 2 = 0. 

That is, 

r 2 - 2 = 0, 

with roots r = ±>/2. Hence, 

2/i (x) = x^ 2 V" a n x n and y 2 (x) = x^^ 2 V" b n x n . 

n=0 n=0 



p(x) = - and q(x) = - 
= p(0) = 0 and q a = q(0)= J. 

4r 2 - 4r + 1 = 0. 
(2r-l) 2 = 0, 
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3. In this case 

p(x) = x and q(x) = — 2 — x 

so that 

Po = p(0) = 0 and q Q = g(0) = -2. 

Therefore the indicial equation is 

r(r -1) -2 = 0. 

That is, 

(r + l)(r-2) =0, 

with roots r = 2, — 1. Hence, 

oo oo 

yi (x) = x 2 ^ a„x™ and 2/2 (x) — Ayi(x) lnx + x -1 ^ b n x". 

n=0 n=0 

To determine whether A is nonzero we substitute 

00 

2/(x) =x _1 ^a„x n 

n=0 

into the given differential equation. The resulting recurrence relation is 

n(n — 3)a„ = — (n — 3)a„_i, n=l,2, 

Thus, when n = 3, we obtain 

0 • a 3 = 0, 

so that a second Frobenius solution exists. Consequently, A = 0 and 



j/ 2 (x) = x 1 ^2b n x n . 



n=0 



4. In this case 

3 

p(x) — 2x and q(x) = x — - 

so that 

3 

Pa = p(0) = 0 and q 0 = q(0) = --. 

Therefore the indicial equation is 

v 3 
r(r — 1) — — = 0. 
4 

That is, 

4r 2 - 4r - 3 = (2r - 3)(2r + 1) = 0, 

with roots r = | , — \ . Hence, 



2/1 (x) = x 3/2 ^ a n x™ and 2/2 (x) = Ayi (x) In x + x 1/2 b n x n . 

n=0 n=0 
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To determine whether A is nonzero we substitute 

oo 

y(x) = x- 1/2 ^a n x n 

into the given differential equation. The resulting recurrence relation is 

n(n - 2)a„ = -2(n - l)o„_i, n = 1, 2, . . . . 

This implies that a x = 0, and when n — 2 the relation holds no matter how we choose a 2 . For simplicity, we 
choose ci2 = 0 which then gives 

a„ = 0, n = 3, 4, . . . 
It follows that a second Forbenius solution exists. Consequently, A = 0 and 

oo 

2/2(0;) = x- 1 / 2 J2 h ^ n ■ 

71=0 

5. In this case 

p(x) = 1 and q(x) = 2x — 1 

so that 

Po = p{0) = 1 and q 0 = q(0) = -1. 

Therefore the indicial equation is 

r(r - 1) + r - 1 = 0. 

That is, 

r 2 - 1 = 0, 

with roots r = ±1. Hence, 

oo oo 

?/i (x) = x ^ a„x" and 2/2 (#) — ^i(^) hi a; + x^ 1 ^ b ra x". 

n=0 n=0 

To determine whether A is nonzero we substitute 



y(x) = x 1 ^2 a nX n 



n=0 

into the given differential equation. The resulting recurrence relation is 

n(n — 2)a n = 2a„_i, n = 1,2, 

Inserting the values n = 1 and n = 2 yields, respectively, 

ai = — 2ao, ai = 0. 

Since, by assumption, ao ^ 0 we have a contradiction. Consequently, the recurrence relation is inconsistent 
and so the second solution is not of the Frobcnius form. Therefore, A ^ 0. 

6. In this case 

p(x) = x 2 and q(x) = — 2 — x 
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so that 

Pa = p(0) = 0 and q Q = q(0) = -2. 

Therefore the indicial equation is 

r(r -1) -2 = 0. 

That is, 

r 2 -r -2 = (r-2)(r+ 1) = 0, 

with roots r = 2, — 1. Hence, 

oo oo 

?/i (x) = x 2 o n i" and 2/2(2;) = Aj/i(x) In x + x -1 & n x™. 

n=0 n=0 

To determine whether A is nonzero we substitute 

00 

2/0) = x _1 ^a„x" 

into the given differential equation to obtain 

00 00 00 

n ( n - 3)a„x™ - Y 2a n-ix n + ^(n - 3)a„_ 2 x™ = 0. 

n—l n—1 n—2 

Therefore, a\ — — 00, and the general recurrence relation is 

n(n - 3)a n = 2a„_ 1 - (n - 3)a„_ 2 , n = 2, 3, . . . . 

When n = 2, this gives 

-2a 2 = 2oi + a 0 , 

so that 

1 

Since a 0 7^ 0, it follows that a 2 7^ 0. However, when n = 3 the recurrence relation requires 

0 = 2a 2 , 

which is a contradiction. Consequently, the recurrence relation is inconsistent and so the second solution is 
not of the Frobcnius form. Therefore, A 7^ 0. 

7. In this case 

7e x , . 9(1+ tan x) 

p x = 2 1 1 and 9 15 = — 2~n — 

x^ + 1 x z + 1 

so that 

2?o = p(0) = 7 and 9o = q{0) = 9. 

Therefore the indicial equation is 

r(r- 1) +7r + 9 = 0. 

That is, 

r 2 + 6r + 9 = (r + 3) 2 = 0, 
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with the repeated root r = —3. Hence, 

oo oo 

yi(x) — x~ 3 ^2 a nX n and y 2 (x) = y\ In a; + x~ 3 b n x n . 

n—0 n—1 

8. In this case 

p(x) = 1 — 2x and q(x) = 2{a — l)x — a 2 

so that 

Pa = p(0) = 1 and q 0 = q(0) = -a 2 . 

Therefore the indicial equation is 

r(r — 1) + r — a 2 = 0. 

That is, 

r 2 -a 2 = 0, 

with roots r = ±a. 

Case 1: a = 0 This is the case of a repeated root and so the differential equation has only one linearly 
independent Frobenius series solution. 

Case 2: 2a ^ N for any integer N In this case the general theory tells us that the differential equation has 
two linearly independent Frobenius series solutions. 

Case 3: 2a = N for some integer TV ^ 0 In this case we check for consistency of the recurrence relation that 
arises when we use the smallest root of the indicial equation. If a > 0 the smallest root is —a. Substituting 

oo 

y(x) = x~ a a nX r ' 

n=0 



into the given differential equation and simplifying yields the recurrence relation 

n(n — 2a)a n = 2{n — 2a)a„_i, n = 1, 2, 

Since this is consistent when n = 2a it follows that a second linearly independent Frobenius series solution 
exists. Finally, if a < 0, then —a > 0 and so the smallest root of the indicial equation is a. Substituting 



y(x) = a n x r 



n=0 

into the given differential equation and simplifying yields the recurrence relation 

n(n + 2a)a n = 2(n + 2a)a n -\, n = 1, 2, 

This is consistent when n = —2a and so a second linearly independent Frobenius series solution exists in 
this case also. 

9. (a) If b is not an integer, then the roots of the indicial equation are r\ = b and r 2 = — 1 where r\ — r 2 
is not an integer. Thus, the differential equation has two linearly independent Frobenius series solutions of 
the form 

oo oo 

yi(x) = x b Y a n xU and y 2 (x) ^ x^ 1 ^b n x n . 

n=0 n=0 
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(b) lib = —1 then the roots are equal so that the differential equation has two linearly independent solutions 
of the form 

oo oo 

2/i (x) = x~ x 2^ a nX n and y 2 {x) = yilnx + x~ 1 ^^b n x n . 

n—0 n—1 

(c) If b = N, a nonncgative integer, then the roots of the indicial equation are n = N and r 2 = —1, so that 
n — r 2 = N + 1 a positive integer. Hence, the differential equation has two linearly independent solutions of 
the form 

oo oo 

Ui(x) = x N ^ a n x n and y 2 {x) = Ay 1 In a; + x -1 ^ 6 w z". 

n=0 n=0 

We now determine whether or not A = 0. Substituting 



y(x) = x 1 ^2 a 



x 

into the given differential equation yields the recurrence relation 

n(n — 1 — N)a n = (2 — n — 7)a„_i, n = 1, 2, 

For n = 1, 2, ... TV this gives 

( 7 _ l) 7 -..( 7 + n-2) 
a «" 7V(7V-l)...(7V-n + l)-n! ao ' 

and when n = r\ — r 2 = N + I consistency requires 

(7-l)7---(7+AT-l) 

Consequently, a second Frobcnius series solution will exist only if the right-hand side of the preceding equality 
is zero from which we can conclude that A — 0 (a Frobenius series solution exists) if 7 = 1,0,-1, (1 — N)\ 
otherwise, A^{). 

10. Substituting 

00 

y{x) = ^a n x n+r , a 0 ^0, 

n=0 

into the given differential equation and simplifying yields 

00 00 

J2[(n + r)(n + r - 1) - 2}a n x n + ^(n + r - l) 2 a„_ix™ = 0. 

71— 0 n—1 

When n = 0, we obtain the indicial equation 

r(r -1) -2 = 0. 

That is, 

r 2 -r -2 = (r-2)(r+ 1) = 0, 

with roots 

r = ri = 2 and r = r 2 = — 1. 
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For r = 2: The recurrence relation is 



which implies that 



(n+l) 2 



a„ = 



n(n + 3) 

(-l)"3!(n+ 1) 
(n + 2)(n + 3) 



an-i, n = l,2, . 



o 0 , n=l,2, .... 



so that 



For r = — 1: The recurrence relation is 



i +fl j;j=g£±4* 



^ (n + 2)(n + 3) 
n(n - 3)a„ = -(n - 2) 2 a n _i, n = 1,2, . . . , 



which implies that 



so that the consistency requirement when n = r\ — r 2 = 3 is: 

3 • 0 • a 3 = 0, 

which will be satisfied for any choice of 0,3. For simplicity we choose 03 = 0 in which case all of the remaining 
coefficients arc also zero. Therefore a second linearly independent solution to the given differential equation 
is 

2/2 (*) =x~ 1 (l+ |). 

11. (a) Substituting 

00 

y{x) = ^2a n x n+r , a 0 ^0, 

into the given differential equation and simplifying yields 

00 00 
^[(n + r)(n + r - 1) + 3(n + r) + l]a„x n - ^ a„_iz™ = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(r - 1) + 3r + 1 = 0. 

That is, 

r 2 + 2r+ 1 = (r+ l) 2 = 0, 

with the repeated root r = — 1. 

(b) When r = — 1, we obtain the recurrence relation 



a n — 9 On— lj 1- — I, 2, . . . , 



853 



or equivalently, 
Consequently, 

(c) Substituting 



a n = n = 1,2, . . . . 

[n\y 



JJi 



n=0 y ' 



Vi{x) = y x {x)Xn.x + x 1 b n x n 

n=l 

into the given differential equation gives 

oo oo 

x 2 y'l In x + 2^ - t/i + j^(n - l)(n - 2)6„a;"- 1 + 3x^ In x + 3 Vl + 3 j^(n - l)^"" 1 

n— 1 n— 1 

oo oo 

+ ?/i lnx + ^2 b n x n ~ x - xyilnx b n x n = 0, 

which simplifies to 



n=l 



n=l 



Substituting 



2xy[ + 2 Vl + J2 n 2 b n x n ~ x - ^ b^x^ 1 = 0. 

n—1 n—2 

^) = arl E7^ 



2 E 



("-1)^-1 



- (n!)^ 



^ (n!) 2 

.1=0 v ' 

into the last equation gives 

oo oo oo 

2 E My^ 1 + E - E ^-i^ 1 = °- 

n=0 v " v ra=0 ^ n = l n=2 

The terms corresponding to n — 0 cancel, and the n = 1 terms require 

2 + fei = 0, 

so that 6i = —2. For n > 2 we obtain the recurrence relation 

2 



n! • {n-l)\ 



, n = 2,3,.. 



Evaluating the last expression for n — 2,3 yields 



Thus, 



or equivalently, 



V2(x) = yi lnx + x 1 ^-2x - ^x 



11 3 
' 108* 8 + " 



3 11 , 

Iftj(a;) = yi In x - ( 2 + -x + — x 
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12. (a) Substituting 

OO 

n=0 

into the given differential equation and simplifying yields 

OO OO 

J2( n + r )( n + r - l)a n x n - a n -ix n = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(r - 1) = 0, 

with roots 

r = n = 1 and r = r 2 = 0. 
When r = 1 we obtain the recurrence relation 

On-i, n=l,2, 



" n(n + l) 

which implies 



«n = ,7 \ -im ^o, n=l,2,.... 
n!(n + 1)! 



Thus, 

(b) When r = 0, we obtain the recurrence relation 



1 



n!(n+ 1)!' 



n(n - l)a„ = o„_i. 

When n = 1, consistency requires that ao = 0, which contradicts our assumption that ao 7^ 0. Hence, there 
does not exist a second linearly independent Frobenius series solution. 

(c) Let 

OO 

2/2 {x) = Ayi In a; + ^ b n x n . 

n=0 

Then 



y' 2 (x) = A(y[lnx + x 1 yi) + ^nb n x n \ 

ra=0 

00 

y' 2 '{x) = A (y'l lux + 2x- 1 y[ - arV) + ^ n(n - \)b n x r 



00 

■i\u — 1 )u n " n 
n=0 

Substituting these results into the given differential equation and simplifying yields 



Ay'[x In x + 2Ay[ - Ax 1 y 1 + ^ n ( n ~ l )Kx n 1 - Ay 1 In x - ^ b n x n = 0, 



n=0 n=0 
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or equivalcntly (using the fact that xy'{ — yi = 0), 

oo oo 

2Ay[ - Ax- 1 y 1 + ^ n(n - l)^"" 1 - ^ b n ^x n - x = 0. 

n— 0 n— 1 

Inserting 

into the last equation yields 

oo oo oo oo 

2A E My** 71 - A H x " + E »(» + *) w - E = °- 

n=0 V n=0 ' V '' n=-l n=0 

The n = — 1 term cancels and the n = 0 terms yield b 0 = A. For n > 0, we obtain 

, b n (2n + l)4 _ 

n+1 - n (n+l) n[(n+l)!] 2 ' n ~ l > z ---- 

Setting bo = 1 = A and &i = 0 (without loss of generality) it follows that 

3 7 

&2 = -tj and 6 3 = - — , 

4 36 

so that 

V2{x) = yi Inx + ^1 - |jx 2 - ^.x 3 + • 

13. Substituting 

00 

y{x) = ^a n x n+ \ a 0 ^0 

n=0 

into the given differential equation and simplifying yields 

00 00 

^[(n + r)(n + r-l)+n + r- l]a„x™ - J^(n + r - l)a„_i.x" = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(r- 1) + r - 1 = 0. 

That is, 

r 2 - 1 = 0, 

with roots 

r = r\ = 1, r = r 2 = — 1. 
For r = 1: We obtain the recurrence relation 

1 

a ™ — 7 1 r>\ a n— 1 , ^ — 1)2,..., 

(n+ 2) 
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which implies 

2 

a ™ = 7 — nvTi a °' ^=1,2,... 
(n+ 2)! 



Consequently, 



2 

n=0 v ' 



or equivalcntly, 

yi(x) = 2x- 1 (e :E -x - 1). 

Note, however, that since the solution set to this differential equation is linear, any multiple of the given 
solution yi(x) can also be taken. For instance, y\(x) = x^ 1 (e x — x — 1) is also acceptable. 

For r = — 1: We obtain the recurrence relation 

(n - 2)na n = (n - 2)a„_i, n=l,2, 

Thus, ai = a 0 and consistency when n = 2 requires 

0 • a 2 = 0 • a\, 

which is satisfied by any choice of a 2 . We set a 2 =0, in which case all of the subsequent coefficients are also 
zero. Consequently, if we take do = ai = 1, then we have 

2/2 (a) = + x). 

14. Substituting 

oo 
n=0 

into the given differential equation and simplifying yields 

oo oo 

^[(n + r)(n + r - 1) + 6(n + r) + 6]a„x" + ^(n + r - 2)a„_ 2 a; 11 = 0. 

n=0 n=2 

When n = 0, we obtain the indicial equation 

r 2 + 5r + 6 = (r + 2)(r + 3) = 0, 

with roots 

r = ri = —2, r = r 2 = —3. 

When n = 1 , we obtain 

[r(r+l) + 6(r + l) + 6]ai = 0, (0.0.74) 

and when n > 2 we obtain 

[(n + r)(n + r + 5)+6]a n = -(n + r - 2)a„_ 2 , n = 2,3,.... (0.0.75) 
For r = —2 , Equation (0.0.74) implies that a\ = 0 and from Equation (0.0.75) 

(n-4) 

a n — — — ^a n - 2 , ra — 2,3, .... 

n(n + 1) 
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It follows that all odd coefficients are zero, and the even coefficients must satisfy 

(fc-2) 



which gives 
Consequently, 



".: a 2n = 0, n = 2,3, 



yi(x)=x 2 ( 1 + ^x 2 



For r = -3 , Equation (0.0.74) requires 



0 • oi = 0 



which is satisfied for any value of Oi. We choose ai = 0. From Equation (0.0.75) the remaining coefficients 
must satisfy 

(n - 5) 

a n — 7 7T a n-2, n = 2, 3, 

n[n — 1) 

It follows that all of the odd coefficients are zero, and the even coefficients are given by 

{2k - 5) 



so that 



_ (-i)*(-3)(-l)-..(2fc-5) 
2fe_ 2**![l-3---(2fc-l)] °" 



Hence, a second linearly independent solution to the given differential equation is 



y 2 (x) = x' 



(-l) n (-3)(-l)---(2n-5) 



^ 2"n![l-3---(2n-l)] 



15. Substituting 

oo 

y(x) = ^2a n x n+r , a 0 ^0 
into the given differential equation and simplifying yields 

oo oo 

^2[(n + r)(n + r - 1) + n + r]a n x n -2^a n - lX n = 0. 



n=0 



n=l 



When n = 0, we obtain the indicial equation 



r 2 = 0, 



(0.0.76) 



which has the repeated root r = 0. Inserting this value of r into Equation (0.0.76) leads to the recurrence 
relation 

2 

a n = —a n - X , n = 1,2, . . . 



so that 



2'' 
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Consequently, 



Now substitute 



2/iO) = E 



2™ 



71=0 



(n!) 



H2- 



2/2(2;) = yi(x) In a; + ^ &„x" 
into the given differential equation to obtain 



71=1 



"lnx + 2y' 1 x 1 -y 1 x 2 + ^ n(n - l)b n 



n=l 



7/ In x + 1/1 x 1 + ^ nfr. 

n=l 

00 

yi In x + Y b 



71=1 



which simplifies to 

00 00 
2y[ - 2 ^ &„x™ + ^ n^x"" 1 = 0. 

n— 1 n— 1 

Multiplying this equation through by x, this becomes 



2xy[ - 2 J2 b n x n+1 + n2b ^ n = °- 



71=1 



71=1 



Substituting 



71=0 



into the preceding equation and simplifying yields 

00 r . n 00 00 

2 E + E " 2 ^" - 2 E b ^ n = °- 

71=1 ^ 71=1 71=2 

Consequently, by examining the n—\ terms, we have 

4 + 61 = 0 h = -4, 

and 



bn 



2 n+l 



i!(n-l)! 



n = 2,3, .... 



Therefore, 



fe 2 = —3, and 63 = — 



22 



27' 



Hence, a second linearly independent solution to the given differential equation is 

22 



y 2 (x) = yi(x) lnx - x ( 4 + 3x + — x + 
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16. Substituting 

oo 

y( x ) = ^a n x n+r , a 0 ^0 

77=0 

into the given differential equation and simplifying yields 

oo oo 

El 4 (™ + r)(n + r - 1) + l]a n x n - ^ Aa n ^x n = 0. 



77=0 



71=1 



When n = 0, we obtain the indicial equation 

4r(r - 1) + 1 = Ar 2 - Ar + 1 = (2r - l) 2 = 0, 

which has the repeated root 

1 

Inserting this value for r into Equation (0.0.77) leads to the recurrence relation 

1 



which implies 



Thus, 



or equivalcntly, 



Now substitute 



" (n!) 2 
y 1 {x) = x 1 ' 2 



r a„_i, n = l,2, .... 



ao, n = 1,2, — 



77=1 v ' 



2/1 



77=0 



2/2(a;) = yi(x)\nx + x 1/2 ^b n x r ' 
into the given differential equation to obtain 



77=1 



Ax z 



y'llnx + 2x- 1 y[ - x~ 2 Vl + ]T(n 2 - 1/A)b n x n ~ 3 / 2 
which simplifies to 



71 = 1 



(0.0.77) 



+ (1 - Ax) ( 2/1 In a; + a; 1 / 2 ^ 6„a; rl = 0, 



71=1 



2*2/1 -2/i + E » 2 6n* n+1/2 - E 6 « a; " +3/2 = °' 



77=1 



77=1 



Substituting 



2/1 



(*) - E 



77=0 



j.77+1/2 
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into the preceding equation and simplifying yields 



E^ + E« 2 ^"-E^" = °> 

n=0 ^ '' n=l n=2 



which, according to the n = 1 terms, requires 

2 + 6x = 0, 



and 

Therefore, 
Consequently, 

17. Substituting 



1 2 

K=^K-i r~i\2' " = 2,3,... 



V2(x) = yi lna; - x 3/2 (^2 + t — •'' 



3 . 11 2 



2/0*0 = E a « a; " +r ' °o^o 



n=0 

into the given differential equation and simplifying yields 



^[(n + r)(n + r - 1) - 3(n + r) + 4]a„a;" - ^(n + r - l)a„_ia; n = 0. (0.0.78) 



n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(r - 1) - 3r + 4 = r 2 - 4r + 4 = (r - 2) 2 = 0, 

which has the repeated root 

r = 2. 

Inserting this value for r into Equation (0.0.78) leads to the recurrence relation 



n- 

which implies 



(n+l) 

- — a„_i, n=l,2, .... 



Thus, 



(n+l) , 0 

a„ = 1 — a 0 , rc = 1,2,.... 

n! 

yi (* ) = * V- — r^x ■ 

n=0 

Now substitute 

00 

V2 (x) = yi (x) In x + x 2 ^ b n^ n 
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into the given differential equation to obtain 

oo 

x 2 y'l \nx + 2x- 1 y[ - x~ 2 yi + j^(n + 2)(n + l)b n x n 



71=1 



i In a: + x~ 1 y l + ]T(n + 2)6„x" +1 



n=l 



-3a; 

which simplifies to 
Substituting 



2/1 



i In x + x- 1 y l + J2(n + 2)b n x n+1 



71=1 



4 I ?/i In x + x' ^2 1 = °> 

\ n=l 



2a^ - 4 yi - + ^ n 2 6 ri2 ;"+ 2 - ^(n + l)&„-i£" +2 = 0. 



71=1 



n=2 



n=0 



n! 



into the preceding equation and simplifying yields 



n=l ^ '' 71=1 71=2 



which requires 
and 

Therefore, 
Consequently, 

18. Substituting 



(n + 1)6„ 



3 + fei = 0, 
n + 2 



(n-1)! 



n= 2,3, .... 



o , 13 , 31 

6i = -3, 62 = - T , & 3--^, 



71=0 

into the given differential equation and simplifying yields: 

oo oo 

^[(n + r)(n + r - 1) + n + r - l]a„a; 11 - ^ a„_ia;" = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(r - 1) + r - 1 = 0. 

That is, 

r 2 - 1 = 0, 



(0.0.79) 
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with roots r — ±1. Inserting r = 1 into Equation (0.0.79) leads to the recurrence relation 

1 



which implies that 



a n = — — —r o n _i, n=l,2, .... 
n(n + 2) 



o 0 , n=l,2, 



" n!(n + 2)! 

Consequently, one solution to the given differential equation is 



oo _^ 

yn ; ^n!(n + 2)! ' 



n=0 

where we have set a 0 = 1/2 without loss of generality. Inserting r = — 1 into Equation (0.0.79) leads to the 
recurrence relation 

(n - 2)na n = o n _i, n=l,2, 

which requires that ai = — ao, and 0 • a 2 = — ao- Since ao 7^ 0, this implies that a second Frobenius series 
solution does not exist. Thus, we let 



y 2 {x) = A Vl {x)\iix + ^2b n x n \ 

n=0 

Substituting into the given differential equation and simplifying yields 

00 00 
2Axy[ + J2 n{n - 2)b n x n - 1 - ^ b^x^ 1 = 0. 

n=0 

Inserting 

> 1 

y^ x ) = E u , - 

^— ' n n 4- 



n=l 



n!(n + 2)! 



into the preceding equation and simplifying we find 



00 1 00 00 

2 ^ E (n-iWn + a)! *" + E »(" " a)*"*"" 1 " E = °> 



^ (n- l)!(n + 2)! 

71=1 V J \ ' I „ =0 „ =1 

which, upon replacing n by n + 1 in the middle summation, can be written in the equivalent form 

00 00 00 

2 ^E in - mn+2y * n + X> 2 - - X>" - °- 

This requires 



-61 - 6 0 = 0, h = \a, b n+1 = 1 

3 — 1 



2A 



(n- l)!(n+2)! 

We choose 60 = —1 in which case b\ = 1, and ^4 = 3. Finally, we choose 6 2 = 0. Then 

63 = -1/12, 64 = -13/960, ... 



n = 2,3, . . . 
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so a second linearly independent solution to the given differential equation is 
y 2 (x) = 3j/i(a;)lnar - x' 1 (l - x + ^x 3 + + ■■ 

19. Substituting 



y{x)^Y. a ^ n+r 
into the given differential equation and simplifying yields 

oo oo 

Y^[{n + r)(n + r - 1) - 2}a n x n - ^(n + r + 2)a n - 1 x n = 0. (0.0.80) 

n— 0 n— 1 

When n = 0wc obtain the indicial equation 

r(r- 1) -2 = r 2 -r -2 = 0, 
with roots r = 2, —1. Inserting r = 2 into Equation (0.0.80) and simplifying yields the recurrence relation 

n + 4 

a n = — ( — —an-!, n=l,2,..., 
n(n + 3) 

which implies that 

n + 4 

a « = 77~iY a °' "=1,2,.... 
4(n!) 

Thus, one solution to the given differential equation is 

»(*»-*" + 

We now insert r = —1 into Equation (0.0.80) and simplify to obtain the recurrence relation 

n(n - 3)a n = (n+ l)a„_i, n=l,2, 

This implies that 

a\ = — ao and a 2 = -ai, 
so that the consistency condition for the existence of a second Frobenius series solution is 

0 • a 3 = 4a 2 = 6a 0 , 

which cannot hold since a 0 ^ 0. Consequently, we must seek a second solution of the form 

oo 

y 2 (x) = Ayi{x)\n.x + ^b n x n - 1 . 

n=0 

Substituting this expression for y 2 into the given differential equation and simplifying yields 

oo oo 

2Axy[ - Ay x - Axy 1 + ^ n(n - i^x^ 1 - ^(n + 2)b n x n = 0. 

n=0 n=0 
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Now insert 

yi{x) = x 2 

into the preceding equation and simplify to obtain 



(n + 4) x" 



^ 4(n!) 



3a; 2 - x 3 + V (" + 4 )( 2rt + 3 ) x »+2 _ y- v^-*) x n+.: 
t-~t At nM Z-^ 



(n + 4) 



4(n! 



^ 4(n!) 

n=l v ' 



^ n(n - 3)6„x™- 1 - j^(n + 2)b n x n = 0, 



71 = 0 



n=0 



which can be written in the equivalent form 



A 



g (" + 2)(2n - l) _ g (n+1) 
^ 4 • (n - 2)! Z.^ 4 . f n _ 



n— 3 



-M- (n-3)! 

n=4 v ' 



J2(n+l)(n - 2)b n+1 x n -J2(n + 2)b n x n = 0. 



71 = 0 



n=0 



Letting n = 0, 1, 2, 3 we find that 



6i = -6 0 , &2 = 2 fo o, A = 2b 0 , b 4 



21 



bo, 



where we have set 63 = 0 without loss of generality. The general recurrence relation is 



b n +i 



(n+l)(n-2) 



(n + 2)b n 



An(n + 4) 
4- (n-2)! 



n = 4, 5, 



Consequently, a second linearly independent solution to the given differential equation is 



(3 21 \ 
l-x + -x 2 - —x A H j 



20. Substituting 



n=0 

into the given differential equation and simplifying yields 

00 00 

5^[(n + r)(n + r - 1) - 2]a„a;" - + r - l)o„_ix n = 0. 



(0.0.81) 



n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(r- 1) - 2 = r 2 - r - 2 = 0, 
with roots r = 2, —1. Inserting r = 2 into Equation (0.0.81) and simplifying yields the recurrence relation 

(n+1) 



which implies that 



«n = -frOn-1) n=l,2, .... 

n(n + 3) 



6(n+ 1) 
a™ = 7 — -^a 0 , n=l,2, ... 
(n + 3)! 
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The choice ao — \ yields the solution 

Inserting r = — 1 into Equation (0.0.81) and simplifying yields the recurrence relation 

n(n — 3)a n = (n — 2)a n _i, n = 1,2,.... 

This implies that 

ai = -ao, and 02 = 0, 
so that the consistency condition for the existence of a second Frobcnius series solution is 

3 • 0 • a 3 = 0 

which is satisfied for any choice of 03. We choose 03 = 0 in which case all subsequent coefficients are also 
zero. Therefore, a second linearly independent solution to the given differential equation is 



2/2O) =x 1 ^1 + ^xj . 



21. Substituting 

00 

y{x) = ^a n x n+r , a 0 ^0, 

n=0 

into the given differential equation and simplifying yields 

00 00 

^[4(n + r)(n + r - 1) + 4(n + r) - 9]a„x™ - ^[4(n + r - 1) - 2]a„_ia; 11 = 0. (0.0.82) 

n— 0 n— 1 

When n = 0we obtain the indicial equation 

4r(r - 1) + 4r - 9 = 4r 2 - 9 = 0, 
with roots r = ±|. Inserting r = | into Equation (0.0.82) and simplifying yields the recurrence relation 

1 

a n = — —an-!, n=l,2, ... 
n + 3 



which implies that 



Choosing a 0 = A gives 



3! 

o 0 , n=l,2, 



(n + 3) 



n (n + 3)! X ' 

n=0 v ' 



or equivalcntly, 



yi (x) = x- 3 / 2 y —L-x n+3 = x- 3 ' 2 (e x -l-x- Ix 2 ] 
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Inserting r = — § into Equation (0.0.82) and simplifying yields the recurrence relation 

n(n — 3)a n = (n — 3)a„_i, n = 1,2, 

This implies that 

1 

ai — a 0 , a 2 — -ao, 
and the consistency condition for the existence of a second Frobenius solution is 

3 • 0 • ci3 — 0 • a 2 , 

which is satisfied for any choice of 0,3. We choose 03 = 0 in which case all subsequent coefficients are also 
zero. Consequently, a second linearly independent solution to the given differential equation is 



2/2 



Comparing this solution with yi(x) we see that 

y(x) = yi{x) + 1/2(2) = x- 3/2 e x 
is also a (linearly dependent) solution to the given differential equation. 
22. Substituting 

OO 

into the given differential equation and simplifying yields 

00 00 

J2[(n + r)(n + r - 1) + 5(n + r) + 4]a„a; 11 - J^(n + r - l)a„_ia; n = 0. (0.0.83) 

n— 0 n— 1 

When n = Q, we obtain the indicial equation 

r 2 + Ar + 4 = 0 

with the repeated root r = —2. Inserting this value of r into Equation (0.0.83) and simplifying gives the 
recurrence relation 

_ (n ~ 3) 

a n — ^ An— 1 1 w — t , z, . . . , 

which implies that 

ai = -2a 0 , a 2 = -a 0 , o„ = 0, n = 3,4, 



Hence, 

yi(a;)=x- 2 (l - 2x + ^: 
To find a second linearly independent solution, we substitute 

00 

V2 (x) = yi (x) In x + x~ 2 b n x n 
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into the given differential equation. This gives, after simplification, 

oo oo 

2xy[ + 4yi - xy 1 + n 2 b n x n ~ 2 - ^(n - 2)b n x"- 1 = 0. 

n— 1 n— 1 

Inserting 

yi(a;) = a;~ 2 ^1 - 2a; + X -x 2 
into the preceding equation and simplifying yields 

(6i - S)^- 1 + (4 + 46 2 + 6i) + ("% 3 - ^ x + Y^[n 2 b n - (n - 3)6 n _i 

~ 7 n=4 



.T™- 2 = 0. 



Consequently, 



and 



6i = 5, 62 = -j, 6s=^. 



(n-3) 



&n-ij n = 4,5, ... 



The preceding recurrence relation implies that 



bn 



n = 4,5, 



n(n — l)(n — 2)n! ' 

Thus, a second linearly independent solution to the given differential equation is 



2/2 (a) = J/iO) ln O) 



9 2 1 , 1 

hx - -* x + ^ x + 2 > -7 7T7 

4 18 ^n(ra-l)( 



n=4 



(n- l)(n-2)n!* 



= x 



( 1 \ 9 1 00 

(l-2x+-x 2 ) lnfar) + 5a; - -x 2 H a; 3 + 2 V 

V 2 / 4 18 ^ 



i(n - l)(n - 2)n!" 



23. Substituting 

OO 

ffc) = X! «n2;™ +r , a 0 7^ 0, 

n=0 

into the given differential equation and simplifying yields 

00 00 

^[(n + r)(n + r - 1) - (ra + r) + l]a„rc" + ^[(n + r - 1) - l]ffl„_ia; n = 0. 



rt=0 



n=l 



When n = 0, we obtain the indicial equation 

r 2 - 2r + 1 = (r- l) 2 = 0, 
which has the repeated root r = 1. Inserting r = 1 into Equation (0.0.84) and simplifying yields 



a« = - - 



(n-1) 



On-i, n=l,2, 



(0.0.84) 
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so that a\ = d2 = ■ ■ ■ — 0. Consequently, 

yi(x) = x. 

To obtain a second linearly independent solution we substitute 



oo 



2/2O) = yi(x)]nx+ Y^b n x n+1 = x\nx + ^b n x n+1 

n—l n—l 

into the given differential equation and simplify to obtain 



(1 + h)x 2 + J2i n2b n + {n~ = 0. 

n=2 

Hence, 

(n — 1) 

61 = -1 and b n = = — 6„_i, n = 2,3, 

n z 

from which we find 

_ (- 1 )" 
n(n\) 

Therefore, a second linearly independent solution to the given differential equation is 

00 / 1 \n 

y 2 {x)=x\nx + Y j K —\x n+ \ 
{ n(n!) 

n=l v ' 

24. Substituting 

00 

y{x) = ^a n x n+r , a 0 7^0, 

into the given differential equation and simplifying yields 

00 00 

Y^[(n + r)(n + r-l) + 4(n + r) + 2}a n x n + ^[2(n + r - 1) + 2]a„_ ia ; n = 0. (0.0.85) 

n— 0 n—l 

When n = 0, we obtain the indicial equation 

r(r - 1) + 4r + 2 = r 2 + 3r + 2 = (r + l)(r + 2) = 0, 
with roots r = —1, —2. Inserting r = — 1 into Equation (0.0.85) and simplifying yields 

2(n - 1) 



n(n + l) 

so that 



flii-i, ft — 1,2, 



ffll = 02 = ■ ■ ■ = 0. 

Consequently, 

yi(a;) = a; -1 . 

Inserting r = — 2 into Equation (0.0.85) and simplifying yields 

n(n — l)a n = 2(n — 2)a„_i, n=l,2, .... 
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When n = 1 , this requires 

0 = -2ao, 

which is inconsistent since o,q ^ 0. Consequently, we substitute 



y 2 (x) = Ayi{x)\nx + x 2 ^ b n x n = Ax l hix + x 2 ^ b n x n 



n=0 



n=0 



into the given differential equation to determine a second linearly independent solution. After simplifying 
we obtain 



{A - 2b Q )x- 1 + 2(A + b 2 ) + J2 H n - l )K + 2(n - 2)b n ^] x n ~ 2 = 0. 



Hence, 



from which we find 



n— 3 



2(n - 2) 

A = 2b 0 , b 2 = -2b 0l b n = r46n-i, n = 3,4,..., 

n(n — 1) 

K=— r L , 7r b o, n = 3,4,.... 



n! • (n — 1) 

Setting 6 0 = 1, and &i = 0 (without loss of generality) yields 



3/2(2:) = 2x 1 In a; + x 



00 / 1 \n+lnn 



25. Substituting 

00 

into the given differential equation and simplifying yields 

00 00 
J2[4{n + r){n + r-l)-3]a n x n -J2 4a„_iz" = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

4r(r - 1) - 3 = 4r 2 - 4r - 3 = (2r - 3)(2r + 1) = 0, 
with roots r = |, — \. Inserting r = | into Equation (0.0.86) and simplifying yields 

1 



which implies that 
Consequently, 



n(n + 2) 
2 

= n!(n + 2)! 



a n _i, n = l,2, 



a 0 , n = 1,2, 



2/1 



n=0 



n!(n + 2)! 



(0.0.86) 
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where we have set ao = \ without loss of generality. Inserting r = — \ into Equation (0.0.86) and simplifying 
yields 

n(n - 2)a n = a n _i, n=l,2, .... 
Therefore, ai = — ao so that the consistency condition when n = 2 is 

0 • a 2 = -ao 

which cannot be satisfied since ao ^ 0. Consequently, there is not a second linearly independent Frobcnius 
scries solution. Hence we let 

oo 

y 2 {x) = A yi (x)lnx + x- 1/2 J2 b nX n - 

71=0 

Substituting this expression for y 2 (x) into the given differential equation and simplifying yields 

oo oo 

2Axy[ -A Vl + J2 n ( n - 2)b n x n - 1/2 - ^ b^x 11 - 1 ' 2 = 0. 

n— 0 n—1 

Inserting 

yi (x) = x 3 / 2 Y „ ^ x n 
y y ' ^ n!(n + 2)! 



n=0 



into the preceding equation and simplifying gives 



(&1+M + E 



n=2 



n(n -2)b n - b n -i + 



Hence, 



6i = -b 0 , A = -b 0 , K 



n{n-2) 



K-i + 



2A(n- 1) 
n\{n-2)\ 

2b 0 (n - 1) 
n\(n- 2)! 



a" = 0. 



n = 3,4,.... 



Without loss of generality we let b 0 = — 1 and 6 2 = 0. Then, 



so that 



26. Substituting 



2 25 

bi = 1, -4 = 1, & 3 = - n , h = - — , 

9 576 



(2 25 
l-x + -x 3 + ^x 4 + 



y(x) = ^a n / +r , a 0 ^0, 
into the given differential equation and simplifying yields 

oo oo 

^[4(n + r)(n + r - 1) + 4(n + r) - l]a n x n + i 8 ( n + r - 1) + 4]a„_iz" = 0. 



n=0 



n=l 



When n = 0, we obtain the indicial equation 

4r(r - 1) + 4r - 1 = 4r 2 - 1 = (2r - l) 2 = 0, 



(0.0.87) 
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with roots r = ±\. Inserting r = \ into Equation (0.0.87) and simplifying leads to the recurrence relation 



which implies 



Hence. 



2 

a n = — a„_i, n=l,2, 

n + 1 



(-2)™ 

a « = 7 — T~ni ao ' "=1)2,.... 
(n+ 1)! 



2/1 (x)=x 1 /^ 



<- 2 >V. 



n=0 

1 ,V 



Inserting r = — \ into Equation (0.0.87) and simplifying yields 

4n(n - l)a n = -8(n - l)a„_i, n=l,2, .... (0.0.88) 
When n = 1, we obtain the consistency condition 

4(0)ai = -8(0)ao, 

which is satisfied for any choice of oi. We let a\ = 0, in which case from Equation (0.0.88), all subsequent 
coefficients are also zero. Consequently, 

y 2 (x) - x- 1 / 2 . 

27. Substituting 

oo 

y(x) = ^a n x n+r , a 0 ^0, 
into the given differential equation and simplifying yields 

oo oo 

^(n + r)(n + r- l)a n x n - ^[(n + r - 1) - l]a n - 1 x n = 0. (0.0.89) 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(r- 1) = 0, 

with roots r = 0, 1. Inserting r = 1 into Equation (0.0.89) and simplifying leads to the recurrence relation 

(n-l) 
n(n + 1) 

which implies that 

a n = 0, n = 1,2, 

Consequently, 

yi (a;) = x. 

We now use the reduction of order technique to find a second solution. Substituting 

y 2 (x) = xu(x) 
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into the given differential equation and simplifying we find 

u" + (2X- 1 - l)v! = 0, 

or equivalcntly, 

w 

which can be integrated directly to obtain 

In u' = x — 2 In x 

where we have set the integration constant to zero. Exponentiating the preceding equation gives 

oo oo 

v! = x- 2 e x = x- 2 Y^j = Y V 1 " 2 , 

or equivalently, 



n\ * — ' n\ 

n=0 n=0 



u ' = x- 2 + x- 1 + y -x n - 2 

^ n! 

which upon integration yields 

u(x) = -x^ 1 +lnx + V —. -i n_1 , 

^ nUn - 1) 

n=2 y ' 

where once more we have set the integration constant to zero. Thus, a second linearly independent solution 
to the given differential equation is 



oo ^ 

y 2 (x) = xlnx - 1 + V — —x n . 

^„!(„-l) 

28. Substituting 



y(x) = ^a n x n+r , a 0 ^0, 
into the given differential equation and simplifying yields 

oo oo 

J2 [(« + r)(n + r - 1) + 4(n + r) + 2]a n a;™ + ^[(n + r - 1) + l]a n _ lX n = 0. (0.0.90) 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(r - 1) + 4r + 2 = r 2 + 3r + 2 = 0, 

with roots r = —1,-2. Inserting r = — 1 into Equation (0.0.90) and simplifying leads to the recurrence 
relation 

(n-1) 

a n — a n _i, 77, — 1, z, . . . , 

n(n + 1) 

which implies that 

a n = 0, n=l,2,.... 
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Hence, 

yi{x) = x^ 1 . 

We now use the reduction of order technique to find a second linearly independent solution. Substituting 

y 2 {x) = x^u^x) 
into the given differential equation and simplifying yields 

xu" + (x + 2)u' = 0. 

That is, 



1 =-(2x-i + l) 



which can be integrated to obtain 



Inu' = — 2lnx — x 

where we have set the integration constant to zero. Exponentiating the preceding equation gives 



u> = x- 2 er x = x- 2 { -^-x n 



n=0 



which can be written as 



Integrating yields 



u = x 



x ^ n\ 

n=2 



r.n—2 



-1) 



where we have set the integration constant to zero. Thus 



°° / _-\\n 

y 2 (x) = -x- 2 - x- 1 ]nx+Y^ r, '— x n ~' 2 



n=2 



n\{n- 1) 



or equivalently (after factoring out a negative sign), 

2/2 {x) = x~ 1 \nx + x~ 2 



00 ( lln+l 

^ 2 n!(n-l) 



29. Substituting 



y{x) = ^a n x n+r , a 0 ^0, 



n=0 



into the given differential equation and simplifying yields 

oo oo 

+ r) 2 a n x n - ^[(n + r - 1) - N}a n ^x n = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r 2 = 0 



(0.0.91) 
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with the repeated root r = 0. Inserting r = 0 into Equation (0.0.91) and simplifying leads to the recurrence 
relation 

_ (n - 1 - N) 

Cl n s Q>n — 1 > n — 

which implies that 

_ (-lTN(N-l)---(N-n + l) 
{n\y 

Consequently, 

a„=0, n = JV + l,JV + 2,... 

so that 

n=l ^ ' 

which is a polynomial of degree iV. 
30. (a) Substituting 

OO 

y(x) = ^a„x n+r , a 0 ^0, 

ra=0 

into the given differential equation and simplifying yields 

OO OO 

J2[{n + r)(n + r + 2N ) + N 2 ]a n x n + ^(n + r - l)a n _ lX n = 0. (0.0.92) 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

(r + N) 2 = 0, 

which has the repeated root r = —N. Consequently, there is only one Frobenius series solution. Inserting 
r = —N into Equation (0.0.92) and simplifying leads to the recurrence relation 

_N-(n-l) 
a n - in— i ) n — J- > A • ■ • > 

n z 

which implies that 

a n = 0, n = N + l,N + 2, .... 
Consequently the Frobenius series solution terminates after N + I terms, 
(b) Let Y(x) — x N y(x). That is, y(x) — x~ N Y{x). Differentiating this expression yields 

y'(x) = x- N Y'(x) - Nx- (N+1 ^Y(x), 

y"(x) = x- N Y"(x) - 2Nx-<- N+ ^Y'(x) + N(N + l)x^ N+ ^Y{x). 
Inserting these expressions into the given differential equation yields 

x- N Y" - 2Nx-( N+ ^Y' + N(N + 1)x^ n+ ^y] +x{l+2N -x){ X - n Y' -Nx^ n+ ^Y) + N 2 {x- n Y) = 0. 

Combining terms and dividing by x~~ N gives 

x 2 Y" + x(l - x)Y' + NxY = 0, 

which is the Laguerre equation. 



x 2 
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Solutions to Section 9.6 

True-False Review: 

1. FALSE. The requirement that guarantees the existence of two linearly independent Frobenius series 
solutions is that 2p is not an integer, not that p is a positive noninteger. 

2. TRUE. Since the roots of the indicial equation are r — ±p, it follows from the general Frobenius theory 
that, provided 2p is not equal to an integer, we can get two linearly independent Frobenius series solutions 
to Bessel's equation of order p, written as J p and J_ p in (9.6.18). The variation appearing in (9.6.20) also 
applies when p is not a positive integer, which holds in particular if 2p is not an integer. 

3. FALSE. The gamma function is not defined for p = 0, —1, —2, .... 

4. TRUE. From Figure 9.6.2, the values of p such that T(p) < 0 occur in the intervals (—1,0), (-3, -2), 
(—5, —4), and so on. In these intervals, the greatest integer less than or equal to p are — 1, —3, —5, . . . , which 
are the odd, negative integers. 

5. FALSE. Although it is possible via Property 3 in Equation (9.6.27) to express J p (x) in terms of J p _i(x) 
and J p -2(x) as 

J p (x) = 2x^(p - 1) J p -i(x) - J p - 2 (x), 
the expression on the right-hand side is not a linear combination. 

6. FALSE. The correct formula for J' p (x) can be computed directly from Equation (9.6.22). A valid 
expression for J p (x) is also given in Property 4 (Equation (9.6.28)). 

7. FALSE. From Equation (9.6.31), we see that J p (X n x) and J p (X m x) are orthogonal on (0, 1) relative to 
the weight function w{x) = x: 

l 

xJp(X m x)Jp(X n x)dx = 0. 
Problems: 

1. Let p = \m, where m is an odd, positive integer. Then the roots of the indicial equation for Bessel's 
equation of order p, r = ±p, differ by the integer m, and so we must show that when r = — p a second 
Frobenius series can be obtained. Inserting r = —p into Equations (9.6.4) and (9.6.5) of the text yields 

(1 - 2p)a 1 = 0, (0.0.93) 

and 

n(n - 2p)a n = -a n _ 2 , (0.0.94) 

respectively. We consider two cases: 

Case 1: p = 1/2: In this case, Equation (0.0.93) implies that 

0 • ai = 0, 

in which case a\ can be assigned an arbitrary value and the resulting coefficients in the Frobenius series 
solution can be obtained from (0.0.94). 

Case 2: p — (2k + l)/2, where k is a positive integer: In this case, Equation (0.0.93) implies that 



L 



ai = 0, 
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in which case, from Equation (0.0.94), 

«3 = a 5 = ■ ■ ■ = 02fe_i = 0. 

Setting n — 2p = 2k + 1 in Equation (0.0.94) yields the consistency condition 

(2k + 1) • 0 • a 2 k+i = -a 2 fc_i = 0, 

which is satisfied for all values of a 2 k+i- Consequently we can assign an arbitrary value to a 2 k+i and then 
the remaining coefficients in a second Frobenius series solution can be obtained from (0.0.94). 

2. The given differential equation is a Bessel equation of order p = | . Consequently, two linearly independent 
solutions are given by 

Vi(x) = Js/ 2 (x) and y 2 (x) = J- 3 / 2 (x). 



3. According to Lemma 9.6.2, 

T(p+l)=pT(p), p>0. 

Therefore, 

T(p+l)-(p+l)=T(p+2), T(p + 2)-(p+2) = T(p+3), T(p + k) ■ (p + k) = T(p + k + 1), 

so that 

r(p+l)[(p+l)(p+2)---(p+fc)] =T(p + 2) [(p + 2) ■ ■ ■ (p + k)} = ■ ■ ■ = T(p+ k) ■ (p+k)=T(p+k + l). 



4. (a) We have 



T(l/2) = r r^e-tdt. 
Jo 



Let t = x 2 in which case dt — 2xdx so that t x l 2 dt = 2dx. Substituting these results into the preceding 
integral yields 

POO 

r(l/2) = 2 e~ x2 dx. 
Jo 

(b) From the result of (a) we can write 



[r(i/2)] 2 

(c) From (b) we have 



2 / er x dx 
o 



2 I e~ y dy 

o 



rOO poo 

= 4/ e 
Jo Jo 



'dxdy. 



pOO poo 

[r(l/2)] 2 = 4/ / e- (x2+ y 2 Uxdy. 
Jo Jo 

Changing to polar coodinatcs (r, 9) where x = r cos 6, y — sin 8, yields 

/•7r/2 />oo 



,tt/2 




10=0 


l-r"} 



d0 



so that 



r(i/2) = yfH. 
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(d) Using 

r(p+l) = pT(p), p>0, (0.0.95) 

with p= 1/2 yields 

r(3/2) = lr(i/2) = 



Now use 



with p = —1/2 to obtain 



5. We have 



r(-i/2) . Eflffl . 



W W ~ f-HferSfc °° c_-|' ) fe 7 .p+2fc-l 

— \r~P T Ml = lV ' ' = t -pV > 

dx [ p{ n dxf^ o 2P+ 2k MT(p+k + l) £^ i 2P+ 2k -i{k-l)W(p + k+l) 

_ (_l)n+lg+2n+l _ 

_2: ^ 0 2f+2™+in!r(p + n + 2) ~ 35 

6. We have 

•w*) = y^ — r (-) 2fc+1/2 . (0 0 96) 

^ o r(fc + i)r(i + fc + i) V 2 ; 1 ; 

But, from Problem 3, for p > 0 

T(p+ k + 1) = T{p+1) [(p+ l)(p+ 2) ■ • • (p+ *)] = r(p) [p(p+ 1) ■■■(? + *;)]> 
so that, when p = 1/2, 



r| i + * +1 )- r (i 



1 3 (2k +1) 

2 ' 2 2 
1 • 3 • • • (2/e + 1) 



= V^r ' 2fe+1 

Inserting this expression for T(l/2 + k + 1) into Equation (0.0.96) yields 



j , (x) - 1 y (- 1 ) fc2fc+1 - 



r 2fc+l 



/7r^^fc![l-3---(2fc+l)]2 2fc + 1 /2 " V 7rx^fc![l-3---(2fc + l)]2 fe ' 

But, 

2 fe fc! = 2-4-6---(2/c), 

so that 

j 1/2 (x) = y 2fc+i = pL sinx . 
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7. By Property 3 of the Bessel functions, 



2p 

J P -i(x) + J p +\(x) = —Jp(x). 



Inserting p — 1/2 into this equality yields 

, . 1 T , . . . / 2 / sin x \ I 2 / sin x — a; cos x \ 
= -Jirf*) ~ J-irf*) = \j- {IT - COSX ) = V nx { x J • 

Similarly, inserting p = — 1/2 into Property 3 above gives 

J-3/2{x) = --J-1/2O) - Ji/2(x) = -- ■ J— cosx- \ —sinx = _ jL( C0SX + xslILX \ 

' X ' ' X \ TTX V TTX \TTX\ X J 

8. (a) By Property 1 of the Bessel functions, 

£-[x?J p {x)]=x?J p - 1 {x) 

so that 

x p J p -i(x)dx — x' p J p (x) + c. 



(b) By Property 2 of the Bessel functions, 

d 



so that 



d Jx p J p (x)} = -x p J p+ i(x) 



J x p J p+ i(x)dx = — x p J p (x) + c. 



9. (a) Jq(x) is a solution to the Bessel equation of order zero. Consequently, 

x 2 Jq(x) + xJq(x) + x 2 J 0 (x) = 0, 

or equivalently, 

JZ(x) = -J 0 (x)-x- 1 J' 0 (x). 
(b) Differentiating the result from part (a) yields 

4'{x) = -J' Q {x)- l x J'^x) + ^J' 0 {x). 
Substituting for Jq(x) from (a) and simplifying we obtain the desired result. 

10. Inserting p = 3 into Property 3 of the Bessel functions gives 

Ja{x) = 6x _1 Js(x) — J2(x). 

Substituting the expressions obtained in Example 9.6.3 for Js(x) and ^(2;) yields 

Ji(x) = 62T 1 [x" 2 (8 - x 2 ) Ji(x) - Ax- 1 J 0 (x)] - 2 X - 1 J 1 (x) + J 0 (x) 
= [6x- 3 (8 - x 2 ) - 2X- 1 ] J x {x) - {2Ax- 2 - l)J Q (x) 
= 8aT 3 (6 - x 2 ) Ji(x) - x- 2 {2A - x 2 )Jq(x). 
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11. Inserting p — 2 into Property 4 of the Bessel functions yields 

J , 2 {x)= l -[J 1 {x)-J 3 {x)]. (0.0.97) 

But, from Example 9.6.3, 

J 3 (x) = x- 2 (8 - x 2 ) JiO) - Ax- 1 J 0 (x). 
Substituting this expression for J$(x) into Equation (0.0.97) gives 

4( x ) = \ [M x ) ~x- 2 (8- x 2 ) Ji(x) + 4x-\j 0 (x)] = 2x- 1 J 0 {x) + X - 2 (x 2 - 4) Ji(x) 
= 2x- 1 J 0 (x) + x- 2 {A - x 2 )J 0 (x), 
where we have used (see (9.6.26) with p = 0 in the text) J\{x) = — J 0 (x). 

12. (a) Inserting p = 1 into Property 4 of the Bessel functions yileds 

J[(x)= 1 -[Mx)-J 2 (x)}. 

Hence, 

J 2 {x) = J 0 (x) - 2J[(x) = J Q (x) + 2J 0 '{x), 
where we have used (see (9.6.26) with p = 0 in the text) J\{x) = — J 0 (x). 
(b) Differentiating the result from (a) gives 

J' 2 {x) = J' 0 {x)+2J l 0 "{x) 

which can be written as 

J' 2 (x) = -Ji{x) - 2J'{(x). (0.0.98) 
But, inserting p = 2 into Property 4 of the Bessel functions yields 

J' 2 {x)= 1 -[J 1 {x)-Hx)]. 

Substituting this expression for J' 2 {x) into Equation (0.0.98) and rearranging gives 

J 3 (x) =3J 1 {x) + U?{x). 

13. By Theorem 9.6.4, on the interval (0, 1), 

CO 

x p = a n J p (X n x) (0.0.99) 

n=l 

where 



2 

a n = 



— f x p+1 J p (X n x)dx. (0.0.100) 

Mj Jo 



Making the change of variables u = X n x in Equation (0.0.100) yields 

f u p+1 J p (u)du. (0.0.101) 
Jo 



X P n + V P +l(K)} 2 JO 
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But, from part (a) of Problem 8, 

J u p+1 J p {u)du = u p+1 J p+1 (u) + c. 
Inserting this result into Equation (0.0.101) yields 



A n J p +i(A„) 

so that, from Equation (0.0.99), 

oo 2 



14. The coefficients in the Fouricr-Bcsscl expansion are 

2 

where u = X n x. Applying integration by parts on the last integral yields 



"» = ; : 7 / x 3 J 0 (X n x)dx = 2 f u 3 J 0 (u)du, 

Jo K[ J l\*n)r Jo 



a„ = 



[w 3 Ji(u)]p" -2 J n u 2 J 1 (u)dv 



A 4 [Ji(X n )} 2 | A « Jl ( A ") - 2 [- u2 Mu)]o n uJ 0 {u)du 



2 -(AH- 4), 



A^Ji(A„) 

where we have used the fact that Jq(A„) = 0 to obtain the last step. Consequently, 



x 2 



oo 1 

2 E X 3 m , (A^-4)Jo(A»x). 

„ =1 A n J U'M 



15. If u(x) = J p (\x), then setting to = Aa; and using the chain rule, we have 

^ = AJ» and ^ = A 2 J», 

where the prime symbol denotes differentiation with respect to w. Consequently, 
d 2 u + ldu + / 2 p 2 \ ^ _ ^ 2 7 „ M ^ i A T , /x ^ i ( x2 p 2 " 



dx 2 x dx 



'^u = \ 2 .r;{\x) + h' p {\x) + (V - j p (\x) 

= ^[\ 2 x 2 J' p \\x) + \xJ' p (\x) + (\ 2 x 2 -p 2 )J p (Xx) 
= ^[w 2 j;{w) + wJ' p {w) + (w 2 -p 2 )J p {w)\ 

\2 

= — (0) = 0. 



881 



16. (a) Multiply (9.6.36) by J p (fix), and (9.6.37) by J p (Xx), subtract the resulting equations, and integrate 
over (0,1) to find 



-, l 



x — [J p (\x)]J p ([j,x) 



0 Jo 

+ 



jix — [ J p ( Xx) ] J' p (iix) dx 



x—[J p (fj,x)]J p (Xx) 



[ \x-^[J p (fix)]J'(\x)dx+(\ 2 —^ 2 ) [ x,J p (Xx) J p (fix)dx = 0. 
Jo dx ' J 0 



That is, 



XxJ'p(Xx)Jp(iJ,x) 



0 Jo 



/j,xJ' p (iJx)Jp(Xx) 



X/j,xJ'p(Xx)J p (iJx)dx — 

+ / X[ixJ'p(fj,x)Jp(Xx)dx+(X 2 —(j 2 ) / xJp(Xx) Jp(/ix)dx = 0. 
Jo Jo 

Evaluation and simplification of this expression yields 

A J' (A) J p (n) - Mfi)Jp(X) + (A 2 - n 2 ) f xJ p (Xx)Jp(fix)dx = 0. 

Jo 

Hence, for A^/i, 

f 1 xJ (Xx)J Ux)dx ^HM - 

JO A - (1 

If A and /j, are distinct zeros of J p (x), then the preceeding formula reduces to 

/ xJp(X m x)J p (X n x)dx = 0 
Jo 

which establishes the orthogonality of the set of functions { J p (A„x)}^L 1 on the interval (0,1) relative to 
weight function w(x) = x. 

(b) Taking the limit as A — > \i in Equation (0.0.102) and using L'HopitaPs rule on the right-hand side (with 
/z viewed as a constant and A as the limiting variable) gives 



(0.0.102) 



That is, 



/ xJ 2 (fix)dx = lim 
Jo A ^ 

/ xJ 2 ([ix)da 
Jo 



. liJ' p {X)J'p{ii) - J P {n)J'p{X) - XJp(fi)J' p '(X) 



2A 



2/i 



(0.0.103) 



From Bessel's equation, 



W = -y i W- { ^-^JpW. 
A* M 



Inserting this into Equation (0.0.103) yields 

ij[j' p {ij)] 2 + [jM] 2 ^ 2 -p 2 )/^ _ i 



/ xJ 2 (nx)da 
Jo 



2/z 



, I L-p(/*)] + (1- Jpn-'n 



)[J P M] 



■}■ 
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(c) If fj, is zero of J p (x), then J p (/z) = 0, and by using (9.6.26), we have J p (/i) = — J p +i(/i). Thus, the 
formula in part (b) reduces to 



/ 

Jo 



xJp{/J,x)dx = - [J p+1 {y)f 



Solutions to Section 9.7 



Problems: 

1. From the form (9.7.4), we see that P(x) = 0 and Q(x) = x. Both of these functions are analytic at x = 0 
with infinite radius of convergence. Therefore, x = 0 is an ordinary point of the differential equation, and 
according to Theorem 9.2.4, the general solution can be represented as a power series of the form 



n=0 

with infinite radius of convergence. Differentiating, we obtain 

oo oo 

y'(x) = ^ na n s n_1 and y"{x) = ^ n(n — l)a n x n ~ 

n—l n—2 

Substituting into the differential equation y" + xy = 0, we obtain 

oo oo 

n(n - l)a n x n ~ 2 + x ^ a n x n = 0. 

n=2 n=0 

Changing the indices of the two summations appearing here, we find 



+ 2)(fc + l)a k+2 x k + a k-ix k = 0, 



fe=0 fc=l 

which can be written in the equivalent form 



k=i 

Consequently, a 2 — 0 and 



2a 2 + ^2i(k + 2)(k + l)a k+2 + a k -i] x k = 0. 
fe=i 

(k + 2)(k + l)a k+2 + a fc _i = 0, k = 1, 2, . . . . 



Rearranging this relation gives 

ak+2 = -{k + l){k + 2) ak - U k = 1 ^---- 

This recurrence relation leads to the following expressions for the coefficients of the power scries for all n > 1 : 

4-7---(3n-2), 1 ,„ 2-5---(3n-l), 1 ,„ 
fl3n — (-1) «o, a3n+i — (3 n + 1)! 01 ' a 3«+2 — a 2 — L). 
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Consequently, 

oo oo oo 

y(x) = J2 a 3nx 3n + a3n+ix 3n+1 + a 3 n+2X 3n+2 



n=0 n=0 

oo 



n=0 



a 0 



n=l 



4-7---(3n-2) 
(3^1 



(-1) 



n ™3n 



ai 



^ (3n+T)l 

n=l v ' 



n 3n+l 



Thus, we obtain the two linearly independent solutions 

, l( ,) = i+f:(-ir 4 - 7 - (3 g;- 2) ^ and y 2 ( X ) = x+ ±(-ir 2 -^ n { X 1) x ^. 



n=l 



n=l 



(3n+l)! 



These solutions are valid on the interval (—00,00). 



2. From the form (9.7.4), we see that P(x) — 0 and Q(x) — —x 2 . Both of these functions are analytic at 
x = 0 with infinite radius of convergence. Therefore, x = 0 is an ordinary point of the differential equation, 
and according to Theorem 9.2.4, the general solution can be represented as a power series of the form 



y{x) = ^2 a n x n , 

n=0 

with infinite radius of convergence. Differentiating, we obtain 

y'{x) — ^ na n x n ^ 1 and y"{x) — ^ n(n — l)a n x n ~ 2 . 

n—l n—2 

Substituting into the differential equation y" — x 2 y = 0, we obtain 

00 00 
^2 n ( n - l)a n x n ~ 2 - x 2 ^ a nX n = 0. 

n=2 n=0 

Changing the indices of the two summations appearing here, we find 

00 00 

+ 2)(k + l)a k+2 x k - a k-2X k = 0. 



fc=0 



fc=2 



If we explicitly evaluate the first two terms of the first summation and combine the remaining terms in both 
summations, we obtain 



2a 2 + 6a 3 x + ^ [0 + 2)(fc + l)a k+2 - a fc _ 2 ] x k = 0. 



k=2 

Thus, we find that a 2 = a 3 = 0 and that 

(k + 2)(fc + l)a k+2 - a fe _ 2 = 0, fc = 2,3, 

Hence, 

CLu_<2 

flfe+2= (fc + 2)(fc+l)' k = 2 ^---- 
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This recurrence relation leads to the following expressions for the coefficients of the power series for all n > 1 : 

l-2-5-6---(4n-3)(4n-2) 2 • 3 • 6 • 7 • • • {An - 2)(4n - 1) 

a>4n = t~. r; a 0 , a4„+i — — — — — ai, a4„ +2 — a4n+3 — 0. 

(4n)! (4n+l)! 

Consequently, 

oo oo oo oo 

y{x) = + E «4„+i* 4n+1 + J] «4„ +2 2: 4,l+2 + £ a4 n+3 ^ 4 " +3 

2-3-6-7---(4n-2)(4n-l) ,„ +1 



n— 0 n— 0 n— 0 n— 0 

oo 



a 0 



1 + V- l-2-5-6---(4n-3)(4n-2) ^ 4K 
4-| {An) ! 



+ a x 



Ei • o • u • / • • • y<iit — t 
(4n+l)! ' 

n=l v ' 



Thus, we obtain the two linearly independent solutions 



t||i|gi+ - 1 ,.,,.,,- iM4 ,- i ) i> ^ K(l)=I+ g 2.3. 9 .7..^» 2 )( 4„- 1) i4 „ +1 

n— 1 ^ ' n— 1 ^ ' 

These solutions are valid on the interval (—00,00). 



3. We begin by rewriting the given differential equation as 

„ 6x . 4 

We see that both 



P { x ) = -J^ an d Q{ x ) 



1 — x 2 ' 1 — x 2 

are analytic at x = 0. Therefore x = 0 is an ordinary point of the differential equation, and according to 
Theorem 9.2.4, the general solution can be represented as a power series of the form 



n=0 

with radius of convergence at least 1. Differentiating, we obtain 

00 00 
y'{x) — 53 na n x n _1 and y"{x) — 53 n ( n ~ l)a n x n ~ 2 . 

n—l n—2 

Substituting into the differential equation (1 — x 2 )y" — 6xy' — Ay = 0, we obtain 

00 00 00 00 

53 n { n - i)a n x n ~ 2 - 53 n ( n _ ^) a n xn - 6 53 na nx n - 4 53 a ^ xn = °- 

n—2 n—2 n—l n— 0 

Changing the indices of the summations appearing here, we find 

oo oo oo oo 

53( fc + 2 )( fc + ^)ak+2X k - 53 k ( k - l)akX k - 6 53 ka k x k -AY a k^ k = 0, 

k=0 k=2 k=l k=0 

which can be simplified to 

oo 

(2a 2 - 4a 0 ) + (6a 3 - 10on)a; + 53l( fc + 2 )0 + l)<*fe+2 -{k + A){k + l)a k ]x k = 0. 

k=2 
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Therefore, 

(k + 2)(k + l)a k+2 - (k + 4)(fc + l) 0fc =0, k = 2, 3, . . . , 

so that, 

Qfc+2 = fc — 2 Qfc, = 0,1, 

Hence, 

a2n = («+l)ao, ra=l,2, and a 2 „+i = — - — ai, n = 0, 1, 

Consequently, 

oo oo 

= a ^ x2n + S a 2n+iz 2n+1 

n=0 n=0 

oo 1 oo 

= a 0 ]T(n + !)^ 2 " + 3«i E( 2n + 3)^ 2 " +1 . 

n— 1 n— 1 

Therefore, we obtain two linearly independent solutions 

oo oo 

y 1 (x) = Y / (n + l)x 2n and j/ 2 (a;) = j^(2n + 3)a; 2 ™ +1 . 

n=0 n=0 

These solutions are valid (at least) on the interval (—1,1). 
4. We begin by rewriting the given differential equation as 

// 1 / 2 

y + -y +-y = 0- 

X X 

We see that P(x) = ^ and Q(x) = 2 are not analytic at x — 0. Therefore, a; = 0 is not an ordinary point. 
Writing the differential equation in the form of (9.7.5), we have 

x 2 y" + xy' + 2xy = 0. 

Hence, p(x) = 1 and q(x) = 2x. Therefore, x — 0 is a regular singular point of the differential equation. 
The indicial equation (9.7.6) becomes r(r — 1) + r = 0, or r 2 = 0. By Theorem 9.5.1, there exist two linearly 
independent solutions to the differential equation of the form 

oo oo 

Vi( x ) = y^anX 71 , a 0 ^0, and y 2 {x) = y\(x) \nx + ^ b n x n . 

n—0 n—1 

These solutions are valid on (0, oo). Beginning with yi(x), we differentiate to obtain 

oo oo 

y[(x) — ^ na n x n ~ x and y'[ (x) = ^ n(n — l)a n x n ~ 2 . 

n=l n=2 

Substituting into the differential equation 

xy" + y' + 2y = 0, 

we obtain 

oo oo oo 

^2 n ( n - l)a n X n_1 + ^ na n^ n ~ X + 2 ^ a n% U = 0, 
n— 2 n—1 n—0 
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which can be written in the equivalent form 

oo oo oo 

^2(k + \)ka k+1 x k + ^(k + l)a k+1 x k + 2 ^ a k x k = 0. 

fc=l fc=0 fc=0 

Extracting the k — 0 term and combining the remaining terms, this becomes 



Hence, we have 
so that 



(oi + 2a 0 ) + ^ [(fc + l) 2 a fe+1 + 2a fc ] x fc = 0. 
fe=i 

(fc+ l) 2 a fe+ i +2a fe = 0, A; = 1,2,..., 



Ofc+l 



r a fe , fe = l,2,.... 



(fc+1) 2 

Since ai = — 2a 0 , this recurrence relation holds for fc = 0 as well. Iterative substitution into this formula 
gives 



(-2) fc 

a k = no a 0 , k=l,2, 



(k\y 



Hence, 



n=0 v ' 

We now determine a second solution of the form 

oo 

3/2 (a;) = yi(x)lnx+ ^6„x". 

n=l 

Differentiating this expression for 2/2(2;) yields 

^ 00 
V2( x ) = y[(x)lnx+ -y^x) + Vn&^x"' 1 , 

n— 1 

2 1 °° 

?/2 0) = ^'(x) In a; + -y[{x) - -^yi(x) + V n(n - l)b n x n - 

n— 1 

Inserting these results into the given differential equation and simplifying we find 

00 00 
2y[(x) + nH n x n ~ x + 2 £ b^x^ 1 = 0. 

That is, using (0.0.104), 

2 £ tS^"" 1 + E a*" -1 + 2 E 6 — - °. 

or equivalcntly, 



n=l 



n=2 



n=0 



71=1 



n=2 



(-4 + 6i) + £ 



2(-2)™n 2 , 

(n\y 



x n = 0. 



(0.0.104) 



887 



Hence, 



so that 



bi = 4 and b n = —~ 



»(-2) T 
(n!) 2 



- K-\ 



22 



Consequently, 



& 1 = 4, 6 2 = -3, 63 = ^, & 4 = - 216 



//.(.r) = ;/; (.r)!i) .c - .r ( 4 - 3z + - ^a; 3 + 



, n=2,3,..., 
25 



5. We begin by rewriting the given differential equation as 

y" + 2 y' + y = 0. 

X 

We see that P(x) = - is not analytic at x = 0. Therefore, x = 0 is not an ordinary point. Writing the 
differential equation in the form of (9.7.5), we have 

x 2 y" + 2xy' + x 2 y = 0. 

Hence, p(x) — 2 and q(x) — x 2 . Therefore, x = 0 is a regular singular point of the differential equation, 
and the solutions will be valid on (0, oo). Substituting 

oo 

y{x) = ^a n x n+r , a 0 ^0, 
into the given differential equation and simplifying yields 

oo oo 

^(r + n)(r + n+ l)a n x n + ^ a n~2X n = 0. 

n=0 n=2 

When n = 0, we obtain the indicial equation 

r(r+l) = 0, 

with roots r = 0, — 1. The remaining coefficients must satisfy 

(r+ l)(r + 2)ai = 0, (0.0.105) 

and 

(r + n)(r + n + l)a n = -a„_ 2 , n = 2,3,.... (0.0.106) 
When r = 0, Equation (0.0.105) implies that a\ = 0, and Equation (0.0.106) reduces to 

n(n + l)a n = -a„_ 2 , 

so that 



n = 2, 3, . . . 



1 



-a„_2, n = 2,3, 



Therefore, 



n(n+ 1) 
«2fe+i = 0, fc = 0,l, .... 
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and 

The preceding recurrence relation implies that 

1 1 

a2 -~2TIT3 ao ' a4 '22.(1.2)(3-5) a °' 



and in general, 



(-1)™ 

fl2n -2«.n!.[1.3...(2n+l)] a °' n = 1 ^-'-- 



Consequently, 

(—1)™ 

V1{X) = E 2«.n!.[1.3...(2n+l)] a;2 "- 
By combining factors in the denominator, this can be re-expressed as 

yn ' ^ 2n+l ! 

n=0 v ' 

When r = —1, Equation (0.0.105) reduces to 

0 • ai = 0 

which is satisfied for any value of a\ and, from Equation (0.0.106), the remaining coefficients are obtained 
from 

(n - l)no n = -a n -2, rc = 2,3, 

Choosing a\ = 0 it follows from the preceding equation that all odd coefficients are then zero, whereas the 
even coefficients are determined from the recurrence relation 

a2fe = ~2fc(2fc-l) a2fe - 2 ' fc=1 ' 2 "--- 

Therefore, 

a2 ^2TT7T a °' a4= 2 2.(1.3)(1.2) a °' •■" 

and in general, 

(-1)™ 

a 2n — ^Tjq 5 T- "Yj— rO 0 , 71—1,2, 

2™[1 • 3 • • • (2n — l)Jn! 

Consequently, 

By combining factors in the denominator, this can be re-expressed as 
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6. We begin by rewriting the given differential equation as 

,, 5(1 -2a;) , 5 

y + — -y - ^y = o. 

2x 2x 

We see that 

t>( \ 5(1 -2a;) 5 
P(x) = and Q(x) = - — 

are not analytic at x = 0. Therefore, x = 0 is not an ordinary point. Writing the differential equation in the 
form of (9.7.5), we have 

5 5 
x 2 y" + -x(l - 2x)y' - -xy = 0. 

Hence, 

5 5 
p( x ) = ^ ~ 2x ) and q ^ = ~2 X ' 

Therefore, x — 0 is a regular singular point of the differential equation, and the solutions will be valid on 
(0, oo). Substituting 

oo 

y{x) = ^a n x n+r , a 0 ^0, 

n=0 

into the given differential equation and simplifying yields 

oo oo 

^2(r + n)(2r + 2n + 3)a„x™ - 5 ^(2r + 2n - l)a„_ix" = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(2r + 3) = 0, 

with roots r = 0, —3/2. The remaining coefficients are obtained from the recurrence relation 

5(2r + 2n- 1) 



(r + n)(2r + 2n + 3) 
When r = 0, the preceding recurrence relation reduces to 

5(2n- 1) 



a„_ 1; n=l,2,.... (0.0.107) 



n(2n + 3) 



a n -i, n = 1,2, . . . , 



so that 



and in general, 



5-1 5 2 • 1 • 3 

ai=— a 0 , «2= (2 . 1)(5 . 7) ao,... : 



5 n -l-3---(2n-l) 

«n= , r- , 0 . oM a "' n=l,2,... 

n! ■ [5 ■ 7 ■ ■ ■ (2n + 3) J 



The choice ao = | alllows us to simplify the preceding formula to 

5™ 

n!(2n + 3)(2n+l)' n - 1 ' 2 '"-' 
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so that 

5™ „ ^ 5« 



1 , 5 n , 

Vi( x ) = 3 + XJ n!(2n + 3)f2n+l) a: " = 5 ^7 



3 ^ n!(2n + 3)(2n+ 1) ^ n!(2n + 3)(2n + 1) ' 
When r = — |, the recurrence relation (0.0.107) reduces to 

_ 10(n-2) 



n(2n - 3) 

so that 



a n _i, n=l,2, .... 



ai = 10ao, a„ = 0, n = 2,3, .... 

Consequently, 

y 2 (x) ^x- 3/2 (l + 10x). 
7. We begin by rewriting the given differential equation as 

y" +-y' + y = 0. 
x 

We see that 

p <*> = I 

is not analytic at x — 0. Therefore, x = 0 is not an ordinary point. Writing the differential equation in the 
form of (9.7.5), we have 

x 2 y" + xy' + x 2 y = 0. 

Hence, 

p(x) = 1 and q(x) = x 2 . 

Therefore, x = 0 is a regular singular point of the differential equation, and the solutions will be valid on 
(0, oo). The indicial equation for the given differential equation is 

r(r - 1) + p(0)r + q(0) = 0 

which in this case gives 

r(r — 1) + r = 0, 

or equivalcntly, r 2 = 0. Consequently, there is the single repeated root r = 0. The corresponding Frobcnius 
series solution to the given differential equation is of the form 

oo 

y(x) = ^2a n x n , a 0 ^0. 
Substituting the preceding expression for y(x) into the given differential equation and simplifying yields 

oo oo 

^2 n 2 a n x n + ^ a n-2X n = 0, 

n=0 n=2 

from which we can conclude that 

ai = 0, a n — --^a n - 2 , n = 2,3, 
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Consequently, 
and 

Therefore, 
and in general, 



Hence, 



«2fc+l = 0, fc = 0,l, 
a 2k — - ^ fc ^ 2 a2fc-2, fe = l,2, 

1 1 

«2--^a 0 , a 4 - 22 42 a 0 ,..., 

(- 1 )" 

° 2 "- 22-42... (2n)2 a °- 2 2«.(n!)2 a °' "- 1 ' 2 ."" 

^(-)-E^TT^- 2 "- (°- 0 - 108 ) 

n=0 V 

Since the indicial equation has a repeated root, there is a second linearly independent solution to the given 
differential equation of the form 

00 

J/2 (ar) = yi 0) lnx + ^6„x". 

n=l 

Differentiating this expression for 2/2(2:) yields 

1 v 

y'2 ( x ) = y[(x)lnx + -yi{x) + 'V]nb n x n ~ 1 , 

x 

n=l 

2 1 °° 

2/2 (») = yi(x)lnx+ -y[(x) - -^ Vl {x) + ^Tn{n - l)b n x n - 2 . 
x x z 

n=l 

Inserting these results into the given differential equation and simplifying we find 

00 00 
2y[(x) + n 2 b n x n - x + £ b^x^ 1 = 0. 

n— 1 n— 3 

That is, using (0.0.108), 



(-l)"n 

n=0 

or equivalcntly. 



4 E 2^7^" + E - 2 ^ n + E & «-2*« = 0, 

n— 0 n— 1 n— 3 



6ix + (46 2 - l)x 2 + (9b 3 + h)x 3 + I664 + b 2 ) x 4 + (256 5 + b 3 )x 5 



(1 \ 00 / 1 \n 00 

64 + 3656 - 192 r 6 + 4 E ra^ 2 " + E (- 2& « + = 0. 



n=4 v ' n=7 

Therefore, 

h = b 3 = 65 = • • • = 0, b 2 = -, b A = --— b 6 



4' 128' 13824' 
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so that 

y 2 (x) = Vl {x) In x + \x* ^x 4 + ^x 6 + • • • . 
8. We begin by rewriting the given differential equation as 

We see that 

P(x)=0, and Q(a;) = __-A_ 

are both analytic at x — 0. Therefore, x — 0 is an ordinary point of the given differential equation. Hence 
there exist two linearly independent solutions of the form 



n=0 

which will be valid (at least) on the interval (— §, 5)- Substituting the preceding expression for y(x) into the 
given differential equation and simplifying yields 

00 

^2(n + 1) [(n + 2)a„ +2 + 4(n - 2)a„] x" = 0, 

n=0 

from which we obtain the recurrence relation 

(n — 2) 

a n+2 = -4^— /a„, n = 0,l,..-. (0.0.109) 
n + 2 

For even n, the preceding recurrence relation gives 

a 2 =4a 0 , a 2 „ = 0, n=2,3, .... 

Hence, 

2/i (x) = 1 +4x 2 . 
For odd n, the recurrence relation (0.0.109) gives 



4 42 43 

03=2^1, a 5 = - — 01, a 7 =— ai, a 9 = - — 01, 

and in general, 



a 2 „ +1 = (-ir+ 1 (2n _ 1)(2n + 1) a 1 , n=l,2,.... 



Consequently, 

00 

(2n- l)(2n + l) 



y 2 (x) = £(-1)^ 4 

n=0 



+1 x 2n+1 



9. The given differential equation is Bessel's equation with p = \- Consequently, 

yi{x) = Ji/ 2 (x), y 2 (x) = J_i /2 (x) 
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which can be written in the equivalent form (see Problems 6 and 7 in Section 9.6) 

y 1 (x) = \—smx, y 2 (x) = J— cosx. 

V TTX V TTX 

10. We begin by rewriting the given differential equation as 

y " + l y,+ l y=0 - 

We see that 

P(x) = Q(x) = ^ 

is not analytic at x — 0. Therefore, x = 0 is not an ordinary point. Writing the differential equation in the 
form of (9.7.5), we have 

x 2 y" + -xy' + -xy = 0. 

Hence, 

p(x) = - and q(x) = -x. 

Therefore, x = 0 is a regular singular point of the differential equation, and the solutions will be valid on 
(0,oo). Substituting 

oo 

y( x ) = ^a n x r+n , a 0 ^0, 

n=0 

into the given differential equation and simplifying gives 

oo oo 

y^(r + n)(4r + An - l)a n x n + 3 ^ a„_ix" = 0. 

n— 0 n— 1 

When n = 0, we obtain the indicial equation 

r(4r - 1) = 0, 

with roots r = 0, \ . The remaining coefficients are determined from the recurrence relation 

3 

a n = -- ■ tt- — rrOn-l, n=l,2,.... (0.0.110) 

(r + n)(4r + 4n — 1) 

When r = 0, the preceding recurrence relation reduces to 

3 

a n — —r(i n —i , n 1,2,..., 

n(4n — 1) 

so that 

3 3 2 3 3 

ai = "TT3 ao ' (1.2)(3-7) a °' a3 = "(l-2.3)(3-7-ll) a °' 

and in general, 

(-3)™ 

a n — ir „ _ Tvi ao ' n— *' 2 ' 

n![3 • 7 • • • (4n — 1)J 
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Consequently, 

When r = \, the recurrence relation (0.0.110) reduces to 



yi(a) = 1 + ^ n![3-7--(4n-l)] a; " 

n— 1 L v /J 



3 

a„_i, n=l,2, 



so that 

and in general, 
Consequently, 



n(4n+ 1) 



3 3 2 3 3 

ai--— a 0 , «2- (1>2)(5 . 9) ao, a 3 - ^ ^ - ^ a 0 , 

(-3)™ 

' " r«o, n=l,2, 



n![l-5---(4n + l)] 



11. We begin by rewriting the given differential equation as 
We see that both 

P(x) = ^ and Q( x ) = -± 2 (l + x ) 

are not analytic at x = 0. Therefore, ir = 0 is not an ordinary point. Writing the differential equation in the 
form of (9.7.5), we have 

x 2 y" + ^xy' - l -{l + x)y = Q. 

Hence, 

3 1 

p(x) = - and q(x) = --(l + x). 

Therefore, x = 0 is a regular singular point of the differential equation, and the solutions will be valid on 
(0, oo). Substituting 

oo 

y( x ) = ^2a n x r+n , ao^O, 
into the given differential equation and simplifying gives 

oo oo 

J2[{r + n)(2r + 2n + 1) - l]a n x n - a n-ix n = 0. 

n— 0 n— 1 

When n = 0 we obtain the indicial equation 

r(2r + 1) -1 = 0. 

That is, 

2r 2 + r- 1 = (r+ l)(2r - 1) = 0, 
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with roots r = The remaining coefficients are determined from the recurrence relation 

a n = 77 — ■ — Uo — — tt — rrOn-i, n=l,2,.... (0.0.111) 
[(r + n)(2r + 2n + 1) — lj 

When r = \ , the preceding recurrence relation reduces to 

a n 77; : Trfln-l] ^ 1)2,..., 
n(2n + 3) 



so that 

and in general, 
Consequently, 

The choice ao = \ gives 



1 1 
a!-—a 0 , 02- (1 . 2)(5 . ?) «o, 



n![5 • 7 • • • (2n + 3) J 



yi(x) = a 0 a; 1/2 <l + 5Z 



J n![5-7---(2n + 3)]' 



yi (x) = x 1 / 2 V , ro - -.x™. 

^ o n![3-5---(2n + 3)] 



When r = — 1, the recurrence relation (0.0.111) reduces to 

tin 77* 7T a n-l] ^ 1)2,..., 

n(2n — 3) 

so that 

ai = -oo, a 2 = --a 0 , a 3 = -- - (i - -a 0 , a 4 = ~ 4 , ; (1 ; 3 ; 5) a 0 , 



and in general, 
Consequently, 



a « = rn — o To ovi ao ' « — 2,3,... 

n![l • 3 • • • (2n — 3)J 



f °° 1 

^ )= ^ 1 i 1 "^S^-3-(2n-3)] 



12. We begin by rewriting the given differential equation as 

y" - 1 (2-x)y' + \(2 + x 2 )y = 0. 



We see that both 

P(x) = --(2-x) and Q(x) = ^(2 + x 2 ) 

are not analytic at x = 0. Therefore, x = 0 is not an ordinary point. Writing the differential equation in the 
form of (9.7.5), we have 

x 2 y" - x(2 - x)y' + (2 + x 2 )y = 0. 
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Hence, 

p(x) = — (2 — x), and q(x) = 2 + x 2 . 

Therefore, x — 0 is a regular singular point of the differential equation, and the solutions will be valid on 
(0, oo). Substituting 

oo 

y{x) = ^a n x r+n , a 0 ^0, 

n=0 

into the given differential equation and simplifying gives 

oo oo oo 

5^[(r + n)(r + n - 3) + 2]a„a;" + ^(n + r - l)a n - lX n + ^ a n _ 2 x n = 0. (0.0.112) 

n— 0 n— 1 n— 2 

When n = 0, we obtain the indicial equation 

r(r - 3) + 2 = r 2 - 3r + 2 = (r - 2)(r - 1) = 0, 

with roots r = 2, 1. Equating the n = 1 terms in Equation (0.0.112) to zero gives 

r(r- l)ai + ra 0 = 0, (0.0.113) 

and the remaining terms in Equation (0.0.112) yield the recurrence relation 

[(r + n)(r + n-3) + 2]a„ + (n + r-l)a„_i+a„_ 2 = 0, n = 2,3,.... (0.0.114) 

When r = 2, Equation (0.0.113) gives a\ = — a 0 , and from Equation (0.0.114), the remaining coefficients 
must satisfy 

a ™ = 7 — r~n K n + i)' 1 "-! + a «-2] , n = 2, 3, . . . . 

n(n + 1) 



Therefore, 



so that 



!/o . 1 1 ,„ ,1 

a-2 = _ g( 3fl i + a o) = 3 a o, «3 = -^(4a 2 + ai) = ^^ a o, 

1 ,r ^ 7 

a 4 = -^(5a 3 + «2) = -^ao, 

yi (x) = x 2 (l-x + l -x 2 - ^x 3 - ^x A + • • • V (0.0.115) 



When r = 1, Equation (0.0.113) gives the contradiction 

0 • a\ + ao = 0. 

Therefore we seek a second linearly independent solution to the given differential equation of the form 



yi{x) = Ayi (x) In x + ^ b n x 



oo 

,n+l 



n=0 



Differentiating this expression for 2/2(2;) yields 



y^z) = Ayi (a:) Ins + ~Vi(x) + 2_> + i) 6 ^™, 
2A A 

= Ay? (a:) In a; + — ^(x) - ^ J/ifc) + X. n ( n + i)^*" -1 - 

n=0 
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Inserting these results into the given differential equation and simplifying we find 

oo 

A(2xy[ - 3j/i + xy-i) + b a x 2 + ^ [n(n - l)b n + nb n -i + 6„_ 2 ] x n+1 = 0. 



n=2 



Substitution for yi(x) from Equation (0.0.115) gives 

4,5, 7 



2 ( 2x* - 3a; 3 + -x 4 - —x 5 - —x 6 + 
3 36 120 



3 [x 2 - x A + -x 4 



1 



7 



36 720 



x 6 + . 



4 1 - x 4 + [/■ - { u .y + 

3 36 



+ b 0 x 2 + [n(n - 1)6„ + n6„_i + 6 n _ 2 ] = 0. 



n=2 



Collecting terms we find 



(A + b 0 )x 2 + (-2A + 2b 2 + 2^ + b Q )x 3 + - A + 6b 3 + 36 2 + b x ) x 4 + — A + 126 4 + 46 3 + 6 2 ) x 5 + ■ ■ ■ = 0, 



36 



from which we conclude 



A + b 0 = 0, 
-2A + 2b 2 + 2&i + 6 0 = 0, 

2 -A + 66 3 + 36 2 + h = 0, 

4^ + 126 4 + 46 3 + &2 = 0, 
36 



We see that b\ can be chosen arbitrarily, and for simplicity set b\ = 0. Then, 
A = -6 0 , b 2 = --b Q , b 3 =—b 0 , 6 4 = -^&o, 



so that 



r 3 o 31 o 65 a 

V2\x) — — Vi(x) mx + x 1 — -x + — x — -— x 
yi\ ) \ 2 36 432 



13. We begin by rewriting the given differential equation as 

y" - 3 ?/ + 4(- T + 1 )y = °- 

x x z 

We see that both 

P(x) = - 3 and Q{x) = ^{x+1) 
x x z 

are not analytic at x = 0. Therefore, x = 0 is not an ordinary point. Writing the differential equation in the 
form of (9.7.5), we have 

x 2 y" - 3xy' + 4(x + l)y = 0. 



Hence, 



p(x) = -3 and q(x) = A(x + 1). 
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Therefore, x = 0 is a regular singular point of the differential equation, and the solutions will be valid on 
(0, oo). The indicial equation for the given differential equation is 

r(r- 1) +p(0)r + q{0) = 0 

which in this case gives 

r(r - 1) - 3r + 4 = 0, 

or equivalently, 

r 2 -4r + 4 = (r - 2) 2 = 0. 

Consequently, there is the single repeated root r = 2. The corresponding Frobcnius series solution to the 
given differential equation is of the form 



y{x) = ^a n x n+2 , a 0 ^0. 

n=0 

Substituting the preceding expression for y(x) into the given differential equation and simplifying yields 

oo 

^](n 2 a„ +4a n - 1 )x n = 0, 

n=l 

from which we obtain the recurrence relation 

4 

a n = --^a n -i, n = l,2, .... 



Consequently, 
and in general, 
Therefore, 



42 43 
ai = -4a 0 , a 2 = ^a 0 , a 3 = - a 0 , 



(-4)™ 

— ip-ao, n=l,2, .... 



" (»0 

00 f-41™ 

^) =iJ Ew^ (0 -°- 116) 

n=0 W 

Since the indicial equation has the repeated root r = 2, there is a second linearly independent solution to 
the given differential equation of the form 

00 

y 2 (x) = 2/1(2;) Inx + b n x n+2 . 

71=1 

Differentiating this expression for y 2 (x) yields 

1 

y' 2 (x) =y' 1 {x)\nx+ - yi {x) + y^{n+2)b n x n+1 , 

X n=l 

2 1 °° 

y'i{x) = y"{x) \nx+ -y[(x) - ^Vi(x) + ^(n + 2)(n + l)6„a; n . 

n=l 
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Inserting these results into the given differential equation and simplifying we find 

oo oo 

2xy[(x) - A Vl (x) + n 2 b n x n + 2 + 4 E b n ^x n + 2 = 0, 



n=l 



n=2 



that is, using (0.0.116), 



(-4)"(n+2) _ n+2 ^(-4)"^ 



2 E f;)!) 2 („!) 

n=0 v ; n=0 y ' 



n=l 



n=2 



or equivalcntly 



Hence, 



so that 



Consequently, 



(-8 + M + E 



- 4 E j^ xn+2 + E " 2 ^" +2 + 4 E & — 11+2 - °. 

2n(-4) n 



n=2 



h2 



6i = 8 and b n 



(n!) 

2n(-4)" 
(n!) 2 

176 



n b n +4:b n - 1 



x n = 0. 



b„-i 



50 



, n = 2,3, 
1096 



b-t =8, 62 = —12, &•} = , 64 = , fee; = 

1,2 i 2? , 4 27' 3375 



176 o 50 , 1096 4 
iftfr) = yi(x) In a: + a; 3 ( 8 - 12a: + — x 2 - —a; 3 + —x 4 + 



14. (a) We begin by rewriting the given differential equation as 

„ [c - (a + b+ l)x] , ab 



y" + 



-y 

x(l — x) x(l — x) 

[c-(a+b+l)x] 



We see that for c ^ 0, 



y = o. 



P(x) 



x(l — x) 

is not analytic at x — 0. Therefore, a; = 0 is not an ordinary point. Writing the differential equation in the 
form of (9.7.5), we have 

2 „ x[c — (a + b + l)x] , abx 



x'y" + 



(1-x) 



-y - 



(l-x) 



y = 0. 



Hence, 



p(x)= [c - { " + b + 1)x] and q (x) 



(l-x) ^ ' (l-x)' 

Therefore, x = 0 is a regular singular point of the differential equation, 
(b) The indicial equation is 



that is 

or equivalcntly, 



r(r- 1) +p(0)r + q(0) = 0, 
r(r — 1) + cr = 0, 
r[r - (1 - c)] = 0. 
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Hence the roots are r = 0, 1 — c. 

(c) Inserting 

oo 

y{x) = ^a n x n+r , a 0 ^0, 

n=0 

into the given differential equation and simplifying yields 

oo oo 

^2(n + r)(n + r - 1 + c)a n x n ~ l - ^ [(n + r)(n + r + a + 6) + afe] a„x™ = 0, 

n=0 n=0 

that is, 

oo oo 

r(r - 1 + c)^ 1 + + r + l)(n + r + c)a n+1 x n - ^ [(rt + r)(n + r + a + 6) + aft] a„a;" = 0 

71=0 71=0 

or equivalently, 

oo 

r(r - I + c^- 1 + {(n + r + l){n + r + c)a n+1 - [{n + rf + (n + r){a + b) + ab] a n } x n = 0. 

ra=0 

The coefficient of a n can be factored to obtain 

oo 

r(r - 1 + cjaT 1 + ^ [(n + r + l)(n + r + c)a n+1 -(n + r + a)(n + r + b)a n ] x n = 0. 

71=0 

Therefore, we obtain the indicial equation 

r(r - 1 + c) = 0 

and the recurrence relation 

(n + r + a)(n + r + b) ^ „ /„„,,„x 

fln+i= , , , X . n = 0,l,.... 0.0.117 

(n + r + l)(n + r + c) 

(d) From (0.0.117) we have 

(r + a)(r + 6) 
(r + l)(r + c) 

_ (r + a+l)(r + b+l) _ (r + a)(r + a + l)(r + b)(r + 6+1) 
° 2 ~ (r + c+l)(r + 2) (r + c)(r + c+l)(r+l)(r + 2) ° 0 ' 

_ (r + a + 2)(r + 6 + 2) _ (r + a)(r + a + l)(r + a + 2)(r + &)(r + & + l)(r + & + 2) 
° 3 ~ (r + c + 2)(r + 3) ° 2 ~ (r + c)(r + c + l)(r + c + 2)(r + l)(r + 2)(r + 3) ° 0 ' 



(r + a)(r + a + l)---(r + a + n — l)(r + 6)(r + 6 + 1) • (r + 6 + n — 1) 

(r + c)(r + c+l)---(r + c + n-l)(r+l)(r + 2)---(r + n) a °' " ~~ ' ' ' ' ' ' 



We now let 



F(a + r b I r 1 I v r\ = V (r + fl)(r + - + 1} ' ' ' (r + - + n - 1)(r + &)(r + & + 1} ' {r + & + " ~ 1} r" 
l + ' + ' + ! J ^ ( r + c )( r + c+ i)...( r + c + n _i)( r+ i)( r + 2)...(r + n) 



71=0 
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Then, the first Frobenius series solution is (corresponding to r = 0) is 

m (x) =F(abl-x) = T + + 

m{ ) * {aMx > 2- ( C )( C + i) . . . ( C + n _ i)(i)( 2 ) ...(„) 

_ ^ a(a + 1) • • • (a + - 1)6(6 + 1) ■ (6 + n - 1) „ 
~ ^ (c)(c+l)---(c + n-l)n! 1 ' 

ro=0 \ / \ / \ / 

and the second Frobenius solution (corresponding to r = 1 — c) is 

y 2 (a;) = a; 1 " c F(a + 1 - c, 6 + 1 - c, 2 - c; cc). 

15. (a) The point x — 0 is a regular point of the given differential equation. Therefore the differential 
equation has two linearly independent solutions of the form 

oo 

y{x) = ^2a n x n . 

Differentiating twice, we obtain 

oo oo 

y'(x) — ^ na n x n ~ x and y"[x) — ^ n(n — l)a„x" _2 . 

n—1 n— 2 

Substituting into (9.7.9), this gives 

oo oo oo 

O 2 - 1) y~] n(n - l)a n x n ~ 2 + [1 - (a + 6)] a; na n x n_1 + a& a n x n = 0, 

n— 2 n—1 n—0 

which simplifies to 

oo 

[(n - a)(n - 6)a n - (n + l)(n + 2)a„ +2 ] ar" = 0. 

n=0 

Hence, 

(n - a)(n - b)a n - (n + l)(n + 2)a„ +2 = 0, n = 0, 1, . . . , 

so that 

a n +2= S"T?u"Toi ffl "' n = 0,l,.... (0.0.118) 
(n + l)(n + 2) 

When n is even, (0.0.118) implies that 

ab ab{2 - a) (2 - 6) a6(2 - a) (2 - 6)(4 - a) (4 - 6) 

'<2 — " 

nv<\ in general 



a 2 — ^[ a 0i a 4 — do, a 6 — — a 0 , 



ao(2 - a) (2 - 6)(4 - a)(4 - b) ■ ■ ■ (2n - 2 - a)(2n - 2 - 6) 
a2« = a 0 , ra=l,2, ... 

When n is odd, (0.0.118) implies that 

(l-a)(l-6) (l-a)(l-6)(3-a)(3-6) 

° 3 = 2~ 3 ai ' ° 5 = 5! au 

(l-a)(l-b)(3-a)(3-6)(5-a)(5-6) 
«7 = ^ ai, 
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and in general, 

(1 - o)(l - 6) (3 - a) (3 - b) ■ ■ ■ (2n - 1 - a)(2n - 1 - 6) 

«2n+l — — — ai, n— 1,2, 

(2n +1)! 

Therefore, we obtain the two linearly independent series solutions 

y l{ x) = l + p + ab(2 ~ - b) ^ + ab(2 ~ ~ Q)(4 = h) ^ + • • • 

and 

(1 - q)(l - b)(3 - a)(3 - 6)(5 - a)(5 - 6) 7 

7! ' 

(b) If a or 6 is an even non-negative integer, say 2fc (where fc is an integer), then the coefficients of x 2k+2 , 
x 2k+4 ,... in the solution yi(x) become zero, and therefore, yi(x) has only finitely many nonzero terms. 
That is, ?/i (x) is a polynomial. On the other hand, if either a or 6 is an odd non-negative integer, say 2k + 1 
(where k is an integer), then the coefficients of x 2k+3 , x 2k+5 , ... in the solution 1/2(2:) become zero, and 
therefore, 2/2(2;) has only finite many nonzero terms. That is, 2/2(2:) is a polynomial. 

(c) If a is an odd positive integer, then from part (b), we conclude that 2/2(2:) is a polynomial. If, in addition, 
b is an even positive integer, then from part (b), we conclude that 2/1(2:) is also a polynomial. In this case, 
both 2/1(2;) and 2/2(2:) are polynomials. 

(d) We can simply substitute the values a = 5 and b = 4 into the expressions for 2/1(2:) and 2/2(2:) that were 
derived in part (a). We get 

2/1 (x) = 1 + I0x 2 + 5x* and y 2 (x) = x + 2x 3 + \x b . 

5 

16. (a) We are considering the Chcbyshev equation 

{l-x 2 )y" -xy 1 + N 2 y = 0, 

where N is a nonnegative integer. Since x = 0 is a regular point of this differential equation, there exist two 
linearly independent solutions of the form 



y{x) = anXn - 

Differentiating twice, we obtain 

00 00 
y'(x) — ^ na„s n_1 and y"{x) — ^ n(n — l)a n x n ~ 2 . 

n—l n—2 

Substituting into (9.7.10), this gives 

00 00 00 

(1 - x 2 ) Y n(n - l)a n x n - 2 - ^ na n x n + N 2 ^ a n x n = 0, 

n—2 n—l n— 0 
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which simplifies to 

Hence, 
so that 



J2 [(k + 2)(fc + l)a k+2 - (k 2 - N 2 )a k ] x k = 0. 



k=0 



(k + 2){k + l)a k+2 - (k 2 - N 2 )a k - 0, k = 0, 1, . . . , 

(k-N)(k + N) 
ak+2 = (fc + 2)(fc+l) afc ' k = °> 1 > — 

Thus, a N+2 = 0, and hence = a N+e = • • • = 0. If N is even, then by choosing a 0 = 1 and 

ai = 0, we have oi = 03 = 05 = 07 = • • • = 0, but ao, 02, 04, . . . , ^ 0. Hence, the solution y{x) is 
a polynomial of degree N. On the other hand, if N is odd, then by choosing ao = 0 and a\ = 1, we have 
a 0 = a 2 = a 4 = • • • = 0, but ai, 03, 05, . . . , ajv 7^ 0, and once more we have a polynomial solution of degree 
N for 

(b) By part (a), the polynomial Tn(x) satisfies the differential equation (9.7.10). Thus, 

{l-x 2 )T'^-xT' N + N 2 T N = {). 
Dividing through by \fl — x 2 , this becomes 



y/l - x 2 T^ - 



V 1 — x- 



N 2 

,T' N + n „ T N = 0. 



VT^x 2 ' 



However, the first two terms on the left side can be combined as the derivative of a product: 

Vl - x 2 ■ T' N 



N 2 m r 
+ T N = 0. 



VT 



(c) From part (b), we have that 



y/l - x 2 T' N 



N 2 



VT 



<■ N 



0 and 



Vl - x 2 T' A 



M 



M 2 

n A = 0. 



VT^x 2 



Multiplying the first equation by T M and the second equation by T N gives 



V 7 ! - x 2 T\ 



T M N 2 

VT^x 2 



T N = 0 and T, 



N 



y/l - x 2 T\ 



' T N M 2 



Subtracting the second of these equations from the first yields 



<-M 



y/l - x 2 T\ 



-T, 



N 



y/l - x 2 T 



1 



VT 



- T (N 2 -M 2 )T N T M = 0. 



Using integration by parts to integrate over the interval [—1,1] gives 



T M T' N Vl - x 2 



y/l - x 2 T' M T' N dx - T N T' M y/l - x 2 



+ r vr^x~ 2 v N dx+(N 2 -M 2 ) r TN{ ^i x) dx=o, 

J-i 7-i y/l - x 2 
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which simplifies to 

cv- - \t 2 ) / ' d.v = o. 

Consequently, for TV ^ M, we have 



T 2 _ M 2, f 1 T N (x)T M (x ) 

'J-i 



1 TN{ ^ x) dx = o. 



17. 



(a) This differential equation is already in the form (9.7.5), with p(x) = 1 + 27V — x and q(x) = N 2 . Hence, 
p(0) = 1 + 2iV and q(0) = N 2 . The indicial equation (9.7.6) is therefore 

r(r-l) + (l + 2iV)r + iV 2 = 0. 

That is, r 2 + 2Nr + N 2 = 0, or (r + N) 2 = 0. We conclude that r = —N is the only root of the indicial 
equation (of multiplicity two) . 

(b) We have a Frobenius series solution of the form 

oo 

y(x) = a n x n ~ N , a 0 ^ 0. 

n=0 

Differentiating twice, we have that 

oo oo 

y '(x) = Y, a n(n-N)x n - N - 1 and y"(x) = ^ a„(n - iV)(n - iV - l)^^ 2 . 

71=0 71=0 

Substituting into the differential equation (9.7.11) and simplifying yields 

oo oo oo oo 

Y a n (n - N)(n -N- l)x n + (1 + 2N) ^ «n(n - N)x n - ^ a n (n - N)x n+1 +N 2 ^ a n x n = 0. 

n— 0 n— 0 n— 0 n— 0 

That is, 

OO OO 

[(n - JV)(n - AT - 1) + (1 + 27V)(n - N) + N 2 ] a n x n - j^(n - 1 - jV)a n _iir n = 0, 

n— 0 n— 1 

or equivalently, 

oo 

[n 2 a„ - (n - 1 - JV)a„_i] s n = 0. 

71=1 

Hence, 

n 2 a„ — (n — 1 — N)a n _i = 0, n = 1, 2, . . . , 

so that 

0„ = C"" 1 " ^ On-i, n=l,2,.... (0.0.119) 

Note that oat +1 = 0, and therefore aAr +2 = cin + 3 = ajy + 4 = • • • = 0. Hence, this Frobenius series solution 
terminates after N + 1 terms. 
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(c) When N = 0, we see from (0.0.119) that all coefficients except a 0 are zero. Hence, setting ao = 1, the 
corresponding solution is 

y(x) = 1. 

When N = 1, we see from (0.0.119) that 

ai = -a 0 , a n = 0, n = 2,3, 

Hence, setting ao = 1, the corresponding solution is 

y(x) = aT^l - x). 

When TV = 2, we see from (0.0.119) that 



a x — -2a 0 , a 2 = -a 0 , a n = 0, n = 3,4 



Hence, setting ao = 1, the corresponding solution is 



y{x) = x- 1 [1-2X+-X 2 ]. 



When TV = 3, we see from (0.0.119) that 



3 1 

ax = -Sa 0 , a 2 = -a 0 , a 3 = --a 0 , a n = 0, n = 4, 5.. 



Hence, setting ao = 1, the corresponding solution is 



j/(.t) = ir J 1 - 3.t + -x 



3 o 1 



2 x ^,3 



2 6 



(d) Iterative substitution into (0.0.119) yields 



ak 



(— JV)(1 — JV) ■ ■ ■ (fc — 1 — JV) 



a 0 . 



I 2 • 2 2 • 3 2 • • • fc 2 

Setting ao = 1 and factoring —1 out of each term in the numerator yields 



a k = (-1) 



k N(N-l)---(N+l-k) 
l 2 • 2 2 • - • (fc - l) 2 • fc 2 ' 



Hence, the Frobcnius scries solution becomes 



y(x) = x 



-N 



-N 



N 



N(N-l)...(N+l-kl xk 



j I2. 2 2...fc 2 

fe=l 
N k 

i+E(-D fe n 



fcTT (jy + i_ t) ^ 



k=l i=l 



18. The given differential equation has the form x 2 y" + xp(x)y' + q(x)y = 0, where 

p(x) = 1 — (a + b) + cx and q(x) — ab + dx. 
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Hence, 

p(0) = 1 - (a + b) and q(0) = ab. 

Therefore, the indicial equation is 

r(r - 1) + (1 - (a + b))r + ab = 0. 

That is, 

r 2 - (a + b)r + ab = 0, 

from which the roots r = a and r = b are quickly derived. Since a and b are distinct and do not differ by an 
integer, there exist two linearly independent Frobenius series solutions of the form 

oo oo 

yi(x) = x a ^ a n x n , a 0 ^ 0, and y 2 (x) = x b ^ b n x n , b 0 ^ 0. 

n=0 n=0 

Differentiating the expression for y\(x) yields 



y[(x) = ^2a n (a + n)x a+n \ y'l(x) = ^ a n (a + n)(a + n - 1) 



x a+n ~ 2 



n=0 n=0 

Substituting into the given differential equation gives 

oo oo oo 

a n (a + n)(a + n- l)x a+n + [1 - (a + b) + ex] ^ a n (a + n)x a+n + (ab + dx) ^ a n x a+n = 0, 

n— 0 n— 0 n— 0 

or equivalcntly, 

CO oo 

Y [{a + ri)(a + n- 1) + (a + n)[l - (a+ b)] + ab] a n x n + ^[(a + n)c + d]a n x n+1 = 0, 

n=0 rt=0 

which simplifies to 

oo 

{n(n + a — 6)a„ + [(a + n — l)c + d]a n _i} x n = 0. 

n=l 

Hence, 

n(n + a — 6)a„ + [(a + n — l)c + d]a„_i = 0, n = 1, 2, . . . , 

so that 

[(1 — a — n)c — d] 
a n = -. ■ tt a n — i , n = 1 , z, . . . . 
n(n + a — b) 

Iterative substitution into this expression gives 

[(1 — a — n)c — d] \ / [(2 — a — n)c — d] \ / [(3 — a — n)c — d] \ / —ac — d 



n(n + a-b) ) \ (n - l)(n - 1 + a - b) J \ (n - 2)(n - 2 + a - b) J \l(l + a-6) 
1 / [(1 — a — n)c — d] \ / [(2 — a — n)c — d] \ ( [(3 — a — n)c — d] \ ( —ac — d 



a 0 



n\\ n + a — b J\ n—l + a — b J\ n — 2 + a — b ) \l + a — b 
Thus, setting a 0 = 1, we obtain 

„ M-raf, i V 1 { ia-a-n)c-d] \( [(2-a-n)c-d] \( [(3-a-n)c-d] \ ( -ac - d \ \ 
yi W~ X \ L + 2^n\{ n + a-b ){ n-l + a-b ){ n-2 + a-b )"\l + a-b) X ]' 
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To obtain the second linearly independent solution to the differential equation, we use the root r = b. At 
this point, all of the ensuing calculations will follow the same lines as the case r — a above with the roles of 
a and 6 reversed, since a and b are interchangeable in the differential equation. Therefore, by the symmetry 
of a and b, we can immediately write down the second solution by interchanging the roles of a and b in the 
solution yi(x) above: 



n=l 



1 / [(1 - b - n)c - d] \ ( [(2 - b - n)c - d] \ / [(3 - b - n)c - d] \ f -be - d 



b — a J V n — 1 + b — a J \ n — 2 + 6 — a / \l + b — a 



19. (a) The given differential equation has the form x 2 y" + xp(x)y' + q(x)y = 0, where 

p(x) = l + bx and q(x) = 6(1 - N)x - N 2 . 
Hence, p(0) = 1 and q(0) = —N 2 . Therefore, the indicial equation is 

r(r- 1) + r - iV 2 = 0. 

That is, 

r 2 - N 2 = 0, 

with roots r = ±N. 
(b) Substituting 

oo 

y(x) = ^2a n x n+r , a 0 ^0, 
into the given differential equation and simplifying yields 

oo oo 

J2[{n + r)(n + r - 1) + (n + r) - 7V 2 ]a„x n + 6 ^(n + r + 1 - iV)a„a;"+ 1 = 0, 

ra=0 n=0 

which can be written in the equivalent form 

oo 

(r 2 - N 2 )a 0 + { i( n + r f - Ar2 ]«™ + b(n + r- N)a n ^} x n = 0. 

71=1 

Therefore, we obtain the indicial equation 

r 2 - N 2 = 0, 

and the general recurrence relation 

[(n + rf - N 2 ]a n + b{n + r- N)a n ^ = 0, n = 1, 2, . . . . 

That is, 

[(n + r) 2 - 7V 2 ]a„ = -6(n + r - JV)a„_i, n = l,2,.... (0.0.120) 
When r = N, (0.0.120) reduces to 

6 

a n = r^?' 1 "- 1 ' n=l,2,.... 

n + 2N 
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Iterative substitution into this expression yields 

_ (-6)"(2iV)! 



Hence, 



Using the fact that 



(n + 2N)l 

C 

2/i (a;) = a 0 x N ^2 



ao, n = 1,2, 



n=0 



(n + 2iV)! 



-foe 



E 

n=0 



(-bx) n 



it follows that we can write y\ (x) as 



y 1 (x) = a a b-™x- N Y J 



n=0 



(-b) n+2N X n+2N 
(n + 2iV)! 



= a 0 b- 2N x- N J2 



(-bx) n 



ni 



= a 0 b- 2N x- N 
Thus, letting a 0 = b 2N , we conclude that 

yi O) = aT^ 



=2JV 



- E 

n=0 



n! 



E 

n=0 



(c) When r = — N the recurrence relation (0.0.120) reduces to 

n(n-2N)a n = -b(n-2N)a n _ 1 , n = l,2,.... (0.0.121) 
When n = 2iV we obtain the following consistency condition for the existence of a second Frobenius solution: 

n ■ 0 • &2N = — b ■ 0 • a 2 Ar_i, 

which is satisfied for any choice of a 2 N- We choose a 2 N = 0 in which case, from (0.0.121), all subsequent 
coefficients are also zero, and 

a n = — o n _i, n= 1,2, ...27V-1. 



Iterative substitution into this expression yields 



Therefore, 



o 0 , n = 1,2,... 27V- 1. 



71 = 0 



909 

20. Let y = x 1 l 2 u. Then 

y' = x^u' + \x~ 1,2 u and y" = x 1 ' V + aT^V - \x~V 2 u. 
Therefore, the given differential equation becomes 



Z 1 / V + X-^U' - \x^l\, + (l- A ) x l/2 u = 0. 

4 \ Ax 2 J 



Multiplying this through by x 3 ^ 2 and simplifying yields the Bessel equation of order 1: 

x 2 u" + xu' + (x 2 - l)u = 0. 
Hence, the general solution to this differential equation is 

u(x) = cxJi(x) + c 2 Yi(x), 

and so 

y{x)^x 1 ' 2 [dJ^x) + c 2 Y 1 (x)\ . 
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Solutions to Appendix A 



1. We have z = 2 + 5i = 2 - 5i and \z\ = |2 + hi\ = \/4 + 25 = ^29- 

2. We have z = 3 - 4i = 3 + 4i and |z| = |3 - 4ij = \/9 + 16 = \/25 = 5. 



3. We have z = h-2i = h + 2i and \z\ = \h - 2i\ = ^J2h + 4 = V29. 

4. We have 2 = 7 + i = 7 - i and \z\ = |7 + i| = V49 + 1 = \/50 = 5\/2. 

5. We have 2 = l + 2i = 1 - 2i and j^J = |1 + 2i| = \/l + 4 = \/5. 

6. We have 

ziz 2 = (1 + i)(3 + 2i) = 3 + 5i + 2i 2 = 3 + hi - 2 = 1 + hi 



and 

7. We have 
and 

8. We have 
and 

9. We have 
and 

10. We have 
and 



z 1 _ 1 + i _ 1 + i 3 - 2i _ 3 + i - 2i 2 _ 1 
^~3 + 2i~3 + 2i'3-2i~ 9 + 4 ~ 13^ 



ziz 2 = (-1 + 3i)(2 - i) = -2 + 7i - 3i 2 = -2 + 7i + 3 = 1 + 7i 

Zl _ -l + 3i _ -l + 3i 2 + i _ -2 + 5i + 3i 2 _ -2 + 5i - 3 _ 
Z2 ~ 2 - i ~ 2 - i ' 2 + i ~ 4+1 ~ 5 

Zl z 2 = {2 + 3i)(l - i) = 2 + i-3i 2 = 2 + i + 3 = h + i 

Zl _2 + 3i _2 + 3i l + i _ 2 + hi + 3i 2 _ 2 + hi - 3 _ I 

V 2 ~ 1 - i ~ 1-i ' l + i ~ lTl" 2 _ 2^ + l '' 

z lZ2 = (4 - i)(l + M) = 4 + Hi - 3i 2 = 4 + Hi + 3 = 7 + Hi 



4-i 4-i l-3i A-13i + 3i 2 4 - 13i - 3 1 

= — (1 — 13z). 



£1 

z 2 1 + 3i 1 + 3i 1 - 3i 1 + 9 10 10 

z\z 2 = (1 - 2i)(3 + 4i) = 3 - 2i - 8i 2 = 3 - 2i + 8 = 11 - 2i 
zi l-2i 1 - 2i 3 - 4i 3 - lOi + 8i 2 3 - lOi - 8 1 



z 2 3 + 4i 3 + 4j 3-4i 9+ 16 25 5 

11. Let z\ = a + bi and z 2 = c + di, where a, b, c and d € K. Then 



(l + 2i). 



z\ + z 2 = (a + bi) + (c + di) = (a + c) + (b + d)i = (a + c) — (b + d)i = (a — bi) + (c — di) = z\ + z 2 . 



12. If Zk = afe + bki, where a,k,bk € M and k E {1,2,3,..., n}, then ^ Zk — ^ Zk for all positive integers 

fc=i fe=i 

n. 

Proof: The proposition is true for n — 2 by Problem 11. Suppose that the statement is true for some 
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positive integer k > 2, and consider the conjugate of the addition of k + 1 terms: 

fe+l k k n k+l 

j=l J=l j=l fc=l J=l 

Consequently, the proposition is true for fe+1 when it is true for fe; hence, by mathematical induction, the 
statement is true for all positive integers n > 2. 

13. Let zi = a + bi and z 2 = c + di, where a, 6, c, d e R. Then 



(a 4 


-fei)(c 


+ di) 


ac H 


- (acH 


- bc)i + bdi 2 


ac 4 


- (acH 


- bc)i — bd 


(ac 


-fed) 


+ (ad + bc)i 


(ac 


-fed) 


- (ad + bcji 


ac - 


-fed- 


adi — bci 


ac - 


- adi - 


- bci + bdi 2 


(a- 


-bi)(c 


-di) 


a + fei c + di 



= Zl z 2 . 

14. Let Zi = a + bi and z 2 = c + di, where z 2 0; an d let a, 6, c, d e R. Then 



a + foi 




l c+di J 




a + foi c — di 




c+ di c — di 




ac — adi + bci - 


-bdi 2 


c 2 + d 2 


(ac + bd) + (fee 


— ad)i 


c 2 + d 2 




(ac + bd) — (be 


— ad)i 


c 2 + d 2 




ac + adi — bci - 


-bdi 2 


c 2 + d 2 




a — bi c + di 





c — di c + di 
a — bi 



c — di 

- TL 

Z2~ 

15. We have e 2lx = cos(2x) + isin(2x). 
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16. Wc have e( 3+4i > x = e 3x cos(4x) + ie 3x sin(4a;). 

17. We have e~ 5lx — cos(5x) — zsin(5a;). 

18. We have e -( 2 + l ) x = e ~ 2x cosx ~ ie~ 2x sinx. 

19. We have x 2 -' 1 = e iux ^ % = e p- i 1 lnx = e 2lnx cos(lnx) - ie 2lnx sin(lnx). 

20. We have x 3t = e ln ^ = e 3llnx = cos(31nx) + i sin(31nx). 

21. Wc have 

X-™ = 1 -x 2i = 1 . = 1 ■ e 2 ^ x = 1 [cos(21nx) + *sin(21nx)] = + , sin ( 21 ^. 

rrt rrt T Of* T* 1* 

tkl tkl tAJ Jit tAJ JU 

22. We have 

x 2i e (3+4i)x _ e 3x ( cog (2 i n x ) _|_ j s j n (2 In x) ) (cos 4.t + i sin 4x) 

= e 3:E [cos(2 In x) cos(4x) - sin(2 In x) sin(4x)] + ie 3x [cos(2 In x) sin(4x) + sin(2 In x) cos(4x)] . 

23. Using Euler's identity, e tx = cosx + zsinx, we simply substitute x = n and rearrange the resulting 
equality: e l7T = cos n + i sin n = —1. 

24. Wc have 

e ibx + e -ibx _ ^ cog bx + j gin ^ + cos (_fo,) _|_ j s in(-&x)) 
= 2cos6x, 

from which the desired formula follows at once. The expression for sin bx is derived similarly. 

25. We have 



sin4x = i (e 4ix - e" 4 ") . 
2i v 



26. Wc have 



cos8x = l - [e Ux + e~ Six ) . 



27. We have 

sin x 1 e lx — e" 

tan x = 



cos x i e lx + e %x 
28. From Problem 24, we have 

cos 2 x = J (e M + e" ix ) 2 = J (e 2ix + 2 + e" 2ix ) 



and 



sin x 



2 1 1 „ — iir\ 2 ^ ( „2ix <-> . „ — 2ia; 



4 4 

Summing the two expressions gives 1, as desired. 



- (e tx - e~ ix ) = (e 2lx - 2 + e- 2tx ) . 



Solutions to Appendix B 
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2x — 1 A B 

1. From = 1 , wc find that 2x-l = A(x + 2) + B(x + 1). If x = -2, this implies 

(x+l)(x + 2) x+1 x + 2 

that —5 = (—1)B, so that B = 5. If x = — 1, on the other hand, we have — 3 = 1 • A, so that A = —3. Thus, 

2x - 1 -3 5 



(a;+l)(ar + 2) x + 1 x + 2' 
a; — 2 A B 

2. From 7 — = 1 , wc find that x - 2 = A(x + 4) + B(x - 1). If x = -4, this implies 

(x-l)(x + 4) x-1 x + A 

that —6 = — 5B, so that B = 6/5. If x = 1 on the other hand, we have —1 = 5A, so that A = —1/5. Thus, 

ir-2 -1 6 

(x- l)(x + 4) ~~ 5(x- 1) ~ 5(x + 4)' 

x + 1 A £> 

3. From 7 r- = 1 , wc find that x + 1 = A(x + 2) + B(x - 3). If x = -2, this implies 

(x-3)(x + 2) x-3 x+2 v ; v y 

that —1 = — 5.B, so that B = 1/5. If x = 3 on the other hand, we have 4 = 5 A, so that A = 4/5. Thus, 

x+1 4 1 



(x-3)(x + 2) 5(x-3) 5(x + 2)' 

ABC 

4. From -. — — —. — = H H -, we find that 

(x + 3)(x- l)(x + 2) x + 3 x-1 x + 2' 



x 2 — X 



+ 4 = A(x - l)(x + 2) + B(x + 3)(x + 2) + C(x + 3)(x - 1). 



If x = 1, then 4 = 125, so that B = 1/3. If x = -2, then we obtain 10 = C(-3), so that C = -10/3. 
Finally, if x = -3, then wc obtain 16 = AA, so that A = 4. Thus, 

4 1 10 

+ 



(x + 3)(x- l)(x + 2) x + 3 3(x-l) 3(x + 2)' 

2x - 1 A B C n , , 

5. Irom 7 —7 -—7^ — = H H -, wc find that 

(x + 4)(x - 2)(x + 1) x + 4 x-2 x+1' 

2x-l = A(x- 2)(x + 1) + B(x + 4)(x + 1) + C(x + 4)(x - 2). 

If x = —4, this implies that —9 = 18 A, so that A = —1/2. If x = 2, on the other hand, then 3 = 18B, so 
that B = 1/6. Finally, if x = -1, then -3 = C(-9), so that C = 1/3. Thus, 

2x - 1 1 1 1 



(x + 4)(x-2)(x + l) 2(x + 4) 6(x-2) 3(x + l)' 

3x 2 - 2x + 14 A B C n , , 

6. Irom 7- —7 —7 — - = H H -, wc find that 

(2x- l)(x + 5)(x + 2) 2x-l x + 5 x + 2' 

3x 2 - 2x + 14 = A(x + 5)(x + 2) + B(2x - l)(x + 2) + C(2x - l)(x + 5). 

If x — —2, this implies that 30 = C( — 15), so we have C = —2. If x = —5, on the other hand, we obtain 
99 = 33B, so that B = 3. Finally, if x = 1/2, wc have 55/4 = A(55/4), which implies that A = 1. Thus, 

3x 2 - 2x + 14 1 3 2 

(2x- l)(x + 5)(x + 2) ~ 2x - 1) + x + 5 ~ x + 2' 
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- 2x + l A B C n , , 

7. From — — - = H + — -, wc find that 

(x + 2)(x + l) 2 x + 2 x + 1 (x+l) 2 

2x + 1 = A(x + l) 2 + B(x + 2)(x + 1) + C{x + 2). 

Therefore, 2x + 1 = (A + B)x 2 + (2 A + 3B + C)x + (A + 2B + 2C), which leads to the system 

A + B = Q, 
2A + 3B + C = 2, 
A + 2B + 2C = 1 

Solving this system, we have A = —3, B = 3, and C = —1. Thus, 

2x + 1 3 3 1 



(x + 2)(a; + l) 2 x + 2 x+l (x+l) 2 ' 
5x 2 + 3 yl B C 

8 - From (x + i)(x-i) 2 = xTI + ^1 + (^T) 2 ' wc find that 

5x 2 + 3 = A(x - l) 2 + B(x + l)(x - 1) + C(x + 1). 

Therefore, 5x 2 + 3 = (A + B)x 2 + (-24 + C)x + (A - B + C), which leads to the system 

A + B = 5, 
-2A + C = 0, 
4-B+C=3 

Solving this system, we have A = 2, B = 3, and C = 4. Thus, 

5x 2 + 3 2 3 4 



(x+l)(x-l) 2 x+l x-l (x-1) 



2 ' 



3x + 4 A B Cx + D n , , 

9. Irom — = 1 ^ H 5 — , wc find that 

x 2 (x 2 + 4) x x 2 x 2 +4 

3x + 4 = Ax(x 2 + 4) + S(x 2 + 4) + (Cx + D)x 2 . 

Therefore, 3x + 4 = (A + C")x 3 + (B + L»)x 2 + Ax + 4B, which leads to the system 




Solving this system, we have A = 3/4, B = 1, C = —3/4, and D = —1. Thus, 

3x + 4 3 1 3x + 4 



x 2 (x 2 + 4) 4x x 2 4(x 2 +4)' 

3x-2 A Bx + C „ , , 

10 - Fr ° m (x-5)(x 2 + l) = —5 + -^+T' W ° find that 

3x - 2 = A(x 2 + 1) + (Bx + C)(x - 5). 
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Therefore, 3x - 2 = (A + B)x 2 + (-5B + C)x + {A- 5C), which leads to the system 

A + B = 0, 
-5B + C = 3, 
A - 5C* = -2 

Solving this system, we have A = 1/2, B = — 1/2, and C = 1/2. Thus, 

3a; - 2 1 x - 1 



(x-5)(x 2 + l) 2(x-5) 2(x 2 + 1) ' 

x 2 + 6 A Bx + C „ , , 

X1 - Fr ° m (x-2)(x 2 + 16) = ^2 + ^Tl6 ' W ° find that 

x 2 + 6 = ,4(x 2 + 16) + (Bx + C){x - 2). 

Therefore, x 2 + 6 = (A + B)x 2 + (-2B + C)x + {16 A - 2C), which leads to the system 

A + B = l, 
-2B + C = 0, 
16A-2C = 6 

Solving this system, we have A = 1/2, B = 1/2, and C = 1. Thus, 

x 2 + 6 1 x + 2 



(x-2)(x 2 + 16) 2(x-2) 2(x 2 + 16)' 

10 A Bx + C „ , , 

12. Irom t 7T7 o = 7 H n tt, we hnd that 

(x- l)(x 2 + 9) x - 1 x 2 + 9 ' 

10 = ^(x 2 + 9) + {Bx + C){x - 1). 

Therefore, 10 = {A + B)x 2 + {-B + C)x + (9 A - C), which leads to the system 

A + B = 0, 
-B + C = 0, 
9A-C = 10 

Solving this system, we have A = 1, B = —1, and C = — 1. Thus, 

10 1 x + 1 



(x-l)(x 2 + 9) x-l x 2 + 9' 

7x + 2 A B C n , , 

13. Irom t — -— = H + 7 -—, we hnd that 

(x-2)(x + 2) 2 x-2 x + 2 (x + 2) 2 ' 

7x + 2 = A(x + 2) 2 + B{x - 2){x + 2) + C{x - 2). 

Therefore, 7x - 2= {A + B)x 2 + {AA + C)x + {AA - AB - 2C), which leads to the system 

,4 + 5 = 0, 
AA + C = 7, 
4A - 4B - 2C = 2 
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Solving this system, we have A = 1, B = — 1, and C = 3. Thus, 

7x + 2 1 1 



2 ' 



(x-2)(x + 2) 2 x-2 x + 2 (x + 2) 

7x 2 -20 A Bx + C n , , 

14. Irom — - „ — = H — , we hnd that 

(x-2)(x 2 + 4) x-2 x 2 +4 

7x 2 - 20 = A(x 2 + 4) + (Bx + C)(x - 2). 

Therefore, 7x 2 - 20 = (A + B)x 2 + (-2B + C)x + (4A - 2C), which leads to the system 

A + B = 7, 
-2B + C = 0, 
4A-2C = -20 

Solving this system, we have A = 1, £? = 6, and C = 12. Thus, 

7a; 2 - 20 _ 1 ^ 6(x + 2) 



0-2)(a; 2 + 4) x-2 x 2 + 4 ' 
_ _, 7a; + 4 A B C D ,. , ^ 

15 - From (x + i)3(x-2) = x~^2 + x~Ti + oTTF + oTTF ' wc find that 

7x + 4 = + l) 3 + B(x - 2)(x + l) 2 + C(x - 2){x + 1) + D(x - 2) 

= (A + B)x 3 + (3A + C)x 2 + {3A-3B-C + D)x + (A - 2B - 2C - 2D. 

This leads to the system 

A + B = 0, 
3A + C = 0, 
3A-3B -C + D = 7, 
A - 2B - 2C - 2D = 4 

Solving this system, we have A = 2/3, B = — 2/3, C = —2, and D = 1. Thus, 

7x + 4 2 2 2 1 



(ar+ l) 3 (a; - 2) 3 (a; - 2) 3(a; + 1) (a; + l) 2 (x + 1) 3 ' 

2x 2 + 3x A Bx + C n , , 

16. Irom t ^ . . „ — = H = -, we hnd that 

(.x+l)(a; 2 + 2x + 2) .t + 1 x 2 + 2a; + 2 ' 

2a; 2 + 3a; = A(.t 2 + 2a; + 2) + (Bx + C)(x + 1). 

Therefore, 2x 2 + 3a; = (A + B)x 2 + (2 A + B + C)x + (2 A + C), which leads to the system 

A + B = 2, 
2A + B + C = 3, 
2 A + C = 0 

Solving this system, we have A = — 1, B = 3, and C = 2. Thus, 

2a; 2 + 3x _ 1 3x + 2 

(x+l)(x 2 + 2x + 2) _ ~ x+ 1 + x 2 + 2x + 2 ' 
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, „ _, 3x + 4 A Bx + C „ , xl 

17. From — — — — = + — -, we find that 

(x- 3)(x 2 +4x + 5) x-3 x 2 +4x + 5 

3x + 4 = A(x 2 + Ax + 5) + (Bx + C)(x - 3). 

Therefore, 3x + 4=(A + B)x 2 + (4A - 3B + C)x + (5 A - 3C), which leads to the system 

A + B = 0, 
AA - 3B + C = 3, 
5A - 3C = 4 

Solving this system, we have A = 1/2, B = —1/2, and C = —1/2. Thus, 

3x + 4 1 ar + 1 



(x-3)(x 2 +4x + 5) 2(x - 3) 2(x 2 + 4x + 5) ' 

7 -2a; 2 A Bx + C n , , 

18. From — — = H -, we find that 

(x- l)(x 2 +4) x-l x 2 + 4 

7 - 2x 2 = A(x 2 + 4) + (Bx + C)(x - 1). 

Therefore, 7-2x 2 = (A + B)x 2 + (-B + C)x + (4,4 - C), which leads to the system 

A + B = -2, 
-B + C = 0, 
4,4 - C = 7 

Solving this system, we have A = 1, B = —3, and C = —3. Thus, 

7 -2a; 2 1 3(x + 1) 

(x-l)(x 2 +4) ~~ x-l ~ x 2 + 4 ' 

Solutions to Appendix C 

1. Let u — x and Gfo = cosx. Then rfu = dx and v = sinx. Using integration by parts, 

y x cos xdx = x sin x — y sin xrfx = x sin x + cos x + C. 

2. Use integration by parts twice. Let u\ — x 2 and dv\ — e~ x dx. Then du\ — 2xdx and «i = — e~ x so that 

J x 2 e~ x dx = -x 2 e~ x + 2 J xe~ x dx. 
Now let U2 = x and c?u 2 = e~ x dx. Then c?m 2 = cfe and v 2 = —e~ x so that 

J xe~ x dx = -xe~ x + J e~ x dx = -xe~ x - e~ x . 
Substituting this expression into the integration above, we obtain 

J x 2 e- x dx = -x 2 e~ x + 2(-xe- x - e~ x ) = - e - x (x 2 + 2x + 2) + C. 
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dx 

3. The integrand is only denned for x > 0. Let u = In x and dv = dx. Then du = — and v = x so that 

In xdx = xlnx — I dx = x\nx — x + C . 



j In xdx = x In x — j 



4. Let u = tan 1 x and dv = dx. Then du = — and v ~ x so that 

1 + x 2 

J tan -1 a;c?.x = xtanT 1 x — j ^ ^ 2 dx = xtan -1 x — ^ ln(l + x 2 ) + C. 

5. Let w — x 2 so that du> = 2xdx. Then 

J x 3 e x2 dx= ^ y we w dw. 
Now let u = to and = e w dw. Then = <iu> and u = e™, so that 

J we w dw = we w - J e w dw = we w - e w . 
Substituting this expression into the above integral yields 



J x 3 e x2 dx = ^[we w - e w ] = \e x * {x 2 - 1). 



/x , 1 f 2x 1 , . o s „ 

—te = -J— idx= - H a> + l) + C. 

7. J^dx = J (l-^dx = Jdx-,J^d X = X -^\ X + 2\ + C. 

x + 2 A B 3 

8. From -. —. — = H -, we obtain x + 2 = A(x + 3) + — 1). Therefore, A = - and 

(x-l)(x + 3) x-1 x + 3' y ' y ' 4 

B=^- Thus, 

f 7 — n s dx = t / — r^a; + - / — "—da; = 7 In la; - 1| + - In \x + 3| + C. 
7 (x-l)(.x + 3) AJ X -l 4j x + 3 4 1 '4' 1 

2a; + 1 A Bx + C n , , 

9. Irom . „ — = 1 5 — , we hnd that 

x(x 2 +4) x x 2 + 4 

2x + 1 = ^(x 2 + 4) + x(Bx + C). 

Therefore, 2x + 1 = (A + B)x 2 + Cx + 4A, which leads to the system 

A + B = 0, 
C=2, 
4A = 1 

Solving the system, we have A = j, B = — |, and C = 2. Thus, 

f 2x + l _l f dx 1 /■ (a; - 2) _ 1 1 f 2x If dx 

J x{x 2 + A) IJ lc~4j ^+4 dX ~2 ^~8j x^+l + 2J (x 2 + 4) 
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x 2 + 5 



= - In Id - -ln(x 2 + 4)+tan~ 1 (x/2) + C. 
4 8 

3x - 9 , 3x - 9 

- , and we write 



A B 

-H : — -. Therefore, 



10 ' Wchavc (a;-l)(.T + 4) ^ (x-l)(a; + 4)'""" "~ ~ (x-l)(a; + 4) x-l'x + A' 
3x - 9 = A(x + 4) + B(x - 1). If x = 1, we have -6 = 5A, so that A = -6/5. If x = -4, on the other 
hand,then -21 = -5B, so that B = 21/5. Thus, 



(x 2 + 5) 



(x- l)(x + 4) 



dx = 



1 + 



21 



5(x-l) 5(x + 4) 

-dx — 



dx 



S dx+ ll r x^i dx - 2 iJ r xii 

6 21 
x+ - In \x- 1 - — In a; + 41 +C. 
5 5 



-dx 



11. We have 



(g + 3) 
2.x - 1 



2 2(2x-l)_ 



dx 



12. Let to = x 2 + 3x + 4 so that dw = (2x + 3)dx. Then 



(2x - 3) 
a; 2 + 3x + 4 



da; 



dw 



w 



In |w| + C = In |x 2 + 3x + 4| + C. 



13. From 



3a; + 2 A 



B 



C 



-, we find that 



x(x+l) 2 x x+1 (x+1) 2 ^ 

3x + 2 = A(x + l) 2 + Bx(x + 1) + Cx. 

Therefore, 3x + 2 = (A + B)x 2 + (2A + B + C)x + A, which leads to the system 

A + B = 0, 
2,4 + B + C^ 3, 
A = 2 



Solving the system, we have A = 2, B = —2, and C = 1. Thus, 



(3x + 2) 
x(x+ l) 2 



dx = 2 



dx 



-2 



dx 
x+1 



dr 1 

7 — = 21n|x|-21n|x+l| - + C. 

(x + 1) 2 x - 1 



x dx 
14. Let u = — so that du = —. Thus. 
2 2 



\/4 - x' 



--dx 



( . 1 du = sin -1 u + C = sin -1 (-") + C. 
J Vl^^u 2 V2/ 



15. Let u = x + 1 so that du = dx. Then 



/— s — -dx = / t — s -dx = [ —= -du = tan 1 (u) + C = tan 1 (x + l) + C. 
x 2 + 2x + 2 J (x + 1) 2 + 1 7 « 2 + l v ; v ; 
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dx 

16. The integrand is only denned for x > 0. Let u = In a; so that du = — . Then 



/ — r 1 — dx = [ -du = In Id + C = In llnxl + C. 
J xlnx J u 



17. Let u = cosx so that du — —s'mxdx. Then 



//* sin x / 1 

tan xdx = I dx = — I —du = — In Id + C = — In I cos x\ + C. 
J cosx J u 



x + l A B 

x — 6 x + 2 x — 3 ' 



18. Writing — ^ — - = - + - — -, we find that 



x+l = A(x - 3)+B{x + 2). 

If x = —2, this gives —1 = —5A, so that A = 1/5. If x = 3, on the other hand, then 4 = 55, so that 
B = 4/5. Hence, 

f 9 , /" (1 + cos 2a:) , x 1 . „ 1 ,„ . „ . _ 

19. / cos 2 xdx = / -dx = - + - sin 2x = -(2x + sin 2x) + C. 

7 J 2 2 4 4 

20. Let x = sin 0 where — n/2 < 9 < n/2 so that dx = cos 6d6. Then 
Vl — x 2 = VT — sin 2 0 = V cos 2 0 = | cos 9\ = cos 0. Thus, 

J y/l - x 2 dx = J cos 2 OdO = J ( 1+ c o826> ) rf g = ^J dd+ ^J cos 262d9 = °- + J sin20 + C 
= ^ sin -1 x + ^ sin#cos# + C = ^(sin -1 x + x\/l — x 2 ) + C. 

21. Integration by parts will be applied twice. Let u\ — e 3x and dv\ = sin2xdx. 
Then du\ = 3e 3x dx and v\ = — - cos2x so that 

/e 3x 3 f 

e 3x sin 2xdx = — — cos2x+ - / e 3x cos2xdx. (21-1) 

Now let u 2 = e 3x and dv 2 = cos 2xdx. Then du 2 = 3e 3x dx and v 2 = ^ sin 2x so that 

J e 3x cos2xdx= ^-sin2x- ^ J e 3x sin 2xc?x. (21.2) 

Substituting Equation (21.2) into (21.1) yields 

/e 3x 3 f e 3x 3 f \ 

e 3x sin 2xdx = - — — cos 2x + - — — sin 2x — - e 3x sin 2xdx 
2 2 V 2 2 J J 

e 3x 3e 3x 9 f 

e 3x sin 2xe?x = cos 2x H sin 2x / e 3x sin 2x<ix 

2 4 4 

13 



4 

/ 



J e 3x sin 2xdx = J (3e 3:E sin 2x - 2e 3x cos 2x) 
e 3a; sin 2xdx = — (3 sin 2x - 2 cos 2x) + C. 
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J e x sin 2 xdx = j 



22. Since / e x sin 2 xdx 



e x (l — cos 2x) , 1 

ax = - 

2 2 



° x dx — 



1 



e x cos 2xdx, we have / e x sin a:da; 



e x cos 2xda;. 



2 2 

Integration by parts will be performed twice to evaluate the right integral in Equation (22.1). 



Let Mi = e x and dv\ — cos2xdx. Then dui — e x dx and v± = - sin 2x so that 
e x . 1 

— sin 2x / sin 2xdx. 

2 2 



e x cos 2xdx 



Now let m 2 = e x and dw 2 = sin2a;d.T. Then du 2 = e x and v 2 = — - cos2x so that 



/ 



e x sin 2xdx 



— cos 2.t + „ 
2 2 



cos 2xdx. 



Substituting from (22.3) into (22.2) yields 



/ 



e x 1 

e x cos 2xdx — — sin 2.x 

2 2 



cos 2x H — 

2 2 



/ 

5 
4 



e 3 ' e 2 " 1 

e 2 cos 2xdx — — sin 2x H cos 2a; 

2 4 4 

e x 

e x cos 2xdx = — (cos 2x + 2 sin 2x) 
4 



e x cos 2xdx — — (cos 2x + 2 sin 2x) . 
5 

Substituting from (22.4) into (22.1) yields 

C" C 1 €- X 

e x sin 2 xdx = (cos 2x + 2 sin 2x) 

2 2 5 v ' 

/e x 
e x sin 2 xdx = — [5 - (cos 2x + 2 sin 2a;)] + C. 



e x cos 2xdx 
cos 2xdx 



(22.1) 



(22.2) 



(22.3) 



(22.4) 



